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Abstract

We prove homological stability results for the orthogonal group, special orthogonal

group, elementary orthogonal group and the spin group with respect to the hyper-
bolic form. We prove homological stability over a commutative local ring R with
infinite residue field such that 2 € R*.

In the orthogonal case, this improves the range for homological stability given
by Mirzaii by 1 and generalises the result obtained by Sprehn and Wahl to the case
of local rings. In the special orthogonal case, this generalises the result obtained
by Essert for infinite fields to the case of local rings, and is the first homological
stability result for the special orthogonal group over a local ring. For the elemen-
tary orthogonal group, this is the first known homological stability result. For the
spin group, this coincides with Hi-stability and Hs-stability results stated in Hahn-
O’Meara, and is the first homological stability result that accounts for all homology

groups.



Chapter 1
Introduction

In this thesis, we prove homological stability results for the orthogonal group, special
orthogonal group, elementary orthogonal group and the spin group with respect to
the hyperbolic form.

For the orthogonal group, this improves the current best homological stability
range and generalises the analogous result for fields to the case of local rings. For
the special orthogonal group, this is the first homological stability result over a
local ring, and generalises the analogous result for infinite fields. For the elementary
orthogonal group, this is the first known homological stability result. For the spin
group, this coincides with known Hi-stability and Hs-stability results, and is the
first homological stability result that accounts for all homology groups.

Recall, for a ring R, the (split) orthogonal group Oy, (R) C GL2,(R), is the
subgroup

Onn(R) :={A € GLoyp(R)| "Atpon, A = b2y }.

of R-linear automorphisms preserving the form
V2
V2 T 01
an = . = @ w27 17[}2 = )
- 1 10
V2

where YA denotes the transpose matrix of A. Define SO,, ,(R) to be the subgroup

of Opn(R) consisting of all matrices with determinant 1. We will always consider



Opnn(R) as a subgroup of Op41 n+41(R) via the embedding

On,n(R) C On+1,n+1<R) A=

o O =
o = O

0
0
A

We will be interested in studying homological stability under this embedding.

The homology of the orthogonal group O, ,, has long been known to stabilise,
in quite large generality; see, e.g., [Vog81], [Bet90], [Cha87]. Recently, Sprehn
and Wahl in [SW20] have shown that for every field F other than the field Fy,
Hi(Onn(F);Z) = Hi(Opg1n+1(F); Z) is an isomorphism for £ < n—1 and surjective
for k£ < n. In the context of fields, this is currently the best known range of stability.
However, they were unable to extend their results to local rings, essentially because
the framework that they use is only applicable to vector spaces, rather than modules
over local rings. In the context of local rings, the first precise range of stability was
given by Mirzaii in [Mir04]. Specfically, he proved that for R commutative local ring
with infinite residue field, Hy(Opn(R); Z) = Hi(Opt1,n+1(R); Z) is an isomorphism
for k < n — 2 and surjective for k <n — 1.

Our first main result is an improvement on the known stability range for
On,n over local rings with infinite residue field, with the additional assumption that

we require 2 to be invertible. Specifically, we prove that:

Theorem 1.0.1. Let R be a commutative local ring with infinite residue field such

that 2 € R*. Then, the natural homomorphism
Hp(Onpn(R)) — Hi(Ony1m+1(R))

s an isomorphism for k < n — 1 and surjective for k < n.

The proof is modelled on the homological stability proofs given in [NS89]
and [Schl17]. Specifically, we consider a highly acyclic chain complex on which
On,n acts, and analyse the resulting hyperhomology spectral sequences. This is a
standard method of proving such results, but the main innovation that gives us the
improvement in stability is the use of the technique of localising homology groups.
This technique was first introduced in [Sch17]. It is this technique that makes the
hyperhomology spectral sequences easy to analyse.

In addition, the methods we use to prove homological stability for O,, ,(R)
may be used to prove homological stability for SO, ,(R), which gives our second

main result:



Theorem 1.0.2. Let R be a commutative local ring with infinite residue field such

that 2 € R*. Then, the natural homomorphism
Hk(SOn,n(R)) — Hk(SOn+1,n+1(R))

18 an isomorphism for k < n — 1 and surjective for k < n.

This is the first homological stability result for the special orthogonal group
over a local ring, and generalises the analogous result for infinite fields obtained by
Essert [Ess13].

Next, the elementary orthogonal group EO,, ,(R) may be defined in terms
of generators and should be viewed as the orthogonal analogue of the elementary
linear group E,(R).

For r € R and 1 < k # [ < n, define () to be the n x n matrix with r in
the (k, 1) position, —r in the (I, k) position, and 0 elsewhere. Define vt (7) to be the
zero matrix. In addition, for 1 <i # j < n, define e;;(r) to be the n x n elementary
linear matrix with 1 along the diagonal and r in the (i, j) position. We then define

the family of elementary orthogonal matrices as

Eoa(r) := (’y;j(lr) ; ) : (1.1)

In ’Ykl(r)
[ o). »

E2k72171(7“) = <€lk(_7') 6kl(r)> . (14)

We define the elementary orthogonal group EO, ,(R) as the subgroup of Oy, »(R)

Eop—121-1(r) :

and for k # 1,

generated by the elementary orthogonal matrices. We refer the reader to [HOS89,
Sections 5.3A and 5.3B| for more information about EO, ,(R), including a list of

relations amongst these generators.

Remark 1. For the sake of notation, we have in the above definitions used the con-

1
vention that the hyperbolic form on R?" is taken with respect to matrix "
n

This convention therefore differs from the standard convention used in this thesis up



to conjugation by a suitable permutation matrix, and we will always tacitly assume
this whenever working with EO,, ,,(R).

Our third main result:

Theorem 1.0.3. Let R be a commutative local ring with infinite residue field such

that 2 € R*. Then, the natural homomorphism
Hk(EOn,n(R)) — Hk(EOn-i—Ln-i-l(R))

is an isomorphism for k <n — 1 and surjective for k < n.

To our best knowledge, this is the first ever homological stability result given
for EOy, .

Finally, let R be a commutative ring, which for the purposes of this article
is such that 2 € R*. We define Spin,, ,,(R) to be the Spin group of the quadratic
module (R?",(-,-)), where (-,-) is the symmetric bilinear form associated to the
matrix 9, as above. We refer the reader to the preliminaries for more information
about Spin groups. The reader may also want to look at [HO89], [Sch12] and [LM16]
as alternative references.

In the case R is a commutative local ring with infinite residue field such that
2 € R*, homological stability for Spin,, ,, will follow immediately from homological
stability of FO,, via the relative Hochschild-Serre spectral sequence applied to

short exact sequence
1 — Zy — Spin,, ,, — EOn, — 1,

see Theorem 2.4.21 in the Preliminaries. Indeed, for the purposes of this thesis, it
is perhaps best to think of EO, ,(R) as being defined in terms of this short exact
sequence. This is the perspective that we will adopt.

This gives us our fourth main result:

Theorem 1.0.4. Let R be a commutative local ring with infinite residue field such

that 2 € R*. Then, the natural homomorphism
Hk(Splnn,n(R)) — Hk(spinn+1,n+l(R))

s an isomorphism for k < n — 1 and surjective for k < n.

This coincides with known H; and Ha-stability results for Spin,, ,, given in
[HO89], and is the first such homological stability result that accounts for all ho-

mology groups.



Chapter 2

Preliminaries

2.1 Group homology

In this section, we give a quick review of group homology.
Group homology is defined in terms of left derived functors, so we quickly

introduce this concept.

2.1.1 Left derived functors

Let A be an abelian category. See for example [Wei94, Definition 1.2.2] or [Sri07,
Appendix B] for equivalent definitions. An object P in A is called projective if
it satisfies the following lifting property: Given an epimorphism e : £ — X and
morphism f : P — X, there exists a morphism f : P — E such that eo f = f. That

is to say, the diagram

commutes. As an example, when A is the the category of (left) R-modules for some
ring R, the projective objects are precisely the direct summands of free R-modules.
We say that A has enough projectives if for every object A of A there is an
epimorphism P — A with P projective.
Abelian categories with enough projectives are important because every ob-

ject has a projective resolution.

Definition 2.1.1. Let M be an object of A. A left resolution of M is a chain
complex P. with P; = 0 for ¢ < 0, together with a map € : Py — M so that the



augmented complex

i Pp—s PP S M—0
is exact. It is a projective resolution if moreover, each P; is projective.

Lemma 2.1.2. Let A be an abelian category with enough projectives. Then, every

object M in A has a projective resolution.
Proof. See [Wei94, Lemma 2.2.5]. O

We say that an (additive) functor F': A — B is exact if whenever
0—+A—=B—-C—=0
is a short exact sequence in A, then
0— F(A) - F(B)— F(C)—0

is a short exact sequence in B. Moreover, we say that F' : A — B is right exact if

whenever
0—-—A—-B—-C—=0

is a short exact sequence in A, then
F(A) - F(B) = F(C)—0

is an exact sequence in B.

It is the right exact functors which admit left derived functors.

Definition 2.1.3. Let F' : A — B be a right exact functor between two abelian
categories, and suppose A has enough projectives. For i > 0, we define the left
derived functors L;F' as follows: For A an object of A, let P — A be a projective
resolution of A. We define

Remark 2. The above definition does not depend in the choice of projective reso-
lution P. — A by [Wei94, Lemma 2.4.1].

Remark 3. The left derived functors L.F are indeed functorial. That is to say, if
f+ A" — Ais any map in A, there is a natural map L;F(f) : L;F(A") — L;F(A)
for each i. We refer to [Wei94, Lemma 2.4.4] for the details.



Remark 4. The definition is cooked up so that the left derived functors L. F form a
universal homological §-functor. We refer the reader to [Wei94, Definition 2.1.4] for
this definition and [Wei94, Theorem 2.4.7] for a proof of this fact. But intuitively,

this says that for every short exact sequence
0-A—>B—->C—=0

in A, the left derived functors L, (F') assemble into a long exact sequence

LQF(A) — LQF(B) E— LQF(C)

s

T

F(A) —— F(B) — F(C) —— 0,

and are ‘universal’ with this property in some sense. This compensates for the fact

that F': A — B is right exact, rather than being exact.

Example 2.1.4. Let R be a ring, B a left R-module, so that

T :Mod — R— Ab
A— A®rB

is a functor from right R-modules to abelian groups. The tensor-hom adjunction
states that this functor is left-adjoint and therefore by [Wei94, Theorem 2.6.1], T
is right exact, so that it has left derived functors. Specfically, we define the Tor
functors as

Tor(A, B) := L,(T)(A).

We refer the reader to [Wei94| for more information about these functors. Perhaps
one property that should be mentioned explixitly is that L, (—®rB)(A) = L,(A®Rr
—)(B). See [Wei94, Theorem 2.7.2].

2.1.2 Definition of group homology

Let G be a group. Group homology is defined in terms of G-modules, so we first

need to define this concept.



Definition 2.1.5. Let G be a group. A (left) G-module is an abelian group A
together with a group action - : G x A — A such that

g-(a+b)=g-a+g-b.

A morphism of G-modules ¢ : A — B is a morphism of abelian groups such that

©(g-a)=g-p(a) for every g € G, a € A.

We thus obtain a category G-mod of (left) G-modules. Note that this cate-
gory may be identified with the category of left Z[G] modules, where Z[G] denotes
the group ring of G. This identification is frequently used without mention. In
particular, the category of G-modules is an abelian category.

Group homology is defined as the left derived functors of the so called coin-

variants functor, which we shall now define.

Definition 2.1.6. Let GG be a group and A be a G-module. Then, the coinvariants
Aq of a G-module A are

Ag:=A/(g-a—alge G,a€ A,

where (g-a—alg € G,a € A) means the smallest submodule generated by {g-a—alg €
G,a € A}

Note that taking coinvariants is a functor —g : G — mod — Ab from the
category of G-modules to the category of Abelian groups. By [Wei%4, Exercise

6.1.1], —¢ is a right exact functor, so that we can make the following definition.

Definition 2.1.7. Let G be a group and A be a G-module. Then, the homology
groups of G with coefficients in A, denoted H,(G, A), are defined as the left derived

functors
H.(G,A) := L.(—¢)(A).
Remark 5. It is standard convention to write H.(G) := H.(G,Z), where Z denotes
the integers given the trivial G-module structure i.e. g-n = n for every g € G,n € Z.
The trivial G-module Z is universal amongst trivial G-modules in the follow-
ing sense: if A is an abelian group with trivial G-action, we have for every n a short

exact sequence of abelian groups
0— H,(G)® A — H,(G,A) = Tor?(H, 1(G), A) — 0.

This is known as the universal coefficient sequence for group homology. See [Bro94,

§IIT Exercise 1.3] for more details. In particular, if A is moreover assumed to be



torsion-free, then by [Wei94, Corollary 3.1.5], we have
H,(G,A) = H,(G) ® A.

Remark 6. Note that for any G-module A, Ag¢ = Z ®¢ A, so that H.(G, A) =
TorZ%(z, A).

Example 2.1.8. By definition, Hy(G) = Z. By [Wei%4, Theorem 6.1.11], H;(G) =
G/|G,G], the abelianisation of G. By [Wei%, Theorem 6.8.8], Hs(G) = %,
where G = (F|R) is a presentation of G. This is known as Hopf’s theorem.

Remark 7. The definition we present here is perhaps best suited for computations,
but there exists equivalent definitions. For example, for a group G, if we let BG :=
K(G,1) denote the Eilenberg-Maclane space of G (see for example [Hat01]), by
[Wei94, Theorem 6.10.5], we have

H,(BG,Z) = H,(G,Z),

where the left-hand side denotes singular homology. This result may be seen as the

start of homological algebra (see the remark after [Wei94, Theorem 6.10.5]).

Remark 8 (Functoriality of Group Homology). By definition, for a fixed group G,
group homology H,.(G, A) is functorial in G-modules A. However, it is also true
that group homology H.(G, A) is functorial in the pair (G, A).

More specifically, let G,G’ be groups and A, A’ be G,G’-modules respec-
tively. Let (¢, f) : (G, A) — (G, A’) a pair of maps where ¢ : G — G’ is a group
homomorphism and f : A — A’ is a homomorphism of abelian groups such that
flg-a) =¢(g) - f(a) for every g € G,a € A. Then, (¢, f) induces a map on group
homology (¢, f)« : Hi(G,A) — H,(G', A’). We refer the reader to [Bro94, §IIL.§]

for more details.

Remark 9 (Shapiro’s lemma). Shapiro’s lemma relates the homology of a sub-
group to the homology of its group. Unsurprisingly therefore, it is very useful when
performing computations.

In this thesis, we will use Shapiro’s lemma stated as follows:

Lemma 2.1.9. Let G be a group. Let H < G be a subgroup. Then, the map of
pairs
(i,1®1):(H,Z) = (G, ZG Qzy 7)



given by the inclusion i : H — G and 1 ®1:1+— 1® 1 induces an isomorphism on

homology groups
(i,1® 1)y : H(H,7Z) = H(G,ZG @z 7).
We refer the reader to [Bro94, Chapter III, Exercise 8.2] for more details.

2.1.2.1 Relative homology

As in topology, we can define a notion of relative group homology.

Specifically, let G be a group and let H < G be a subgroup. Let A be a
G-module. We want to define the relative homology groups H.(G, H; A).

Let P. — Z be a (right) projective G-module resolution of Z. Note, P. — 7Z
is also a projective H-mod resolution.

Furthermore, note that P. ®c A can be used to compute H,(G,A); P.®y A
can be used to compute H,(H, A) and there is a canonical map P g A — P.®qg A.

This motivates the following definition:

Definition 2.1.10. In the above notation, define
H.(G,H;A):= H.(Cone(P. @y A — P.®qg A)).

Here, recall that the cone of a map f : B. — C. between chain complexes is
a chain complex Cone(f) whose degree n part is B,—1 ® C,, and whose differential
is given by d(b,c) = (—d(b),d(c) — f(b)). In particular, by definition of the cone

construction, we have a long exact sequence
-+~ — H,(H,A) —» H,(G,A) - H,(G,H; A) - H,_1(H,A) = --- .

(See [Wei94, 1.5.2] for more details.) Thus, by the 5-lemma, we see that this defini-
tion is well-defined, as usual group homology is well defined.
In addition, this definition is entirely analogous to the situation in topology.

Indeed, for a map of topological space f: X — Y, we have

H. (Y, X) = H.(Cyl(f), X x{0})
H,(Cone(f)),

I

where the first isomorphism follows from the fact that the mapping cylinder Cyl(f)
deformation retracts onto Y, and the second isomorphism follows from the fact that
(Cyl(f), X x {0}) is a good pair, in the sense of [Hat01].

10



There is also a universal coefficient theorem for relative group homology
which will be used to prove homological stability for the Spin groups. We outline a

proof, as there does not seem to be a proof written in the literature.

Theorem 2.1.11. Let G be a group, H < G subgroup and A a trivial G-module.

Then, for all n > 1, there are (noncanonical) isomorphisms
H,(G,H;A) = (H,(G,H)® A) ® Tor’(H,,_1(G, H) ® A).

Proof. Let P. — Z be a free mod-G resolution of Z. As A is a trivial G-module, we
have P @y A= (P)g® A and P. ®g A = (P.)g ® A. Therefore,

Cone(P.®@g A — P.®g A) = Cone((P)g ® A — (P)g ® A)
= Cone((P)g — (P)g)® A
= Cone(P. @y Z — P.®cZ) ® A.

Thus, by [Wei9%4, Theorem 3.6.2]

H,(G,H;A) = H,(Cone(P.®ugZ — P.®qg Z)® A)
>~ (H,(G,H)® A) ® Tor?(H,_1(G, H), A).

2.1.3 The homological stability problem

Let {Gp}n>0 be a sequence of groups, equipped with inclusions G,, < Gj41. By
remark 8, these maps induce maps on group homology Hy(G,) — Hi(Gp+1). The
homological stability problem seeks to understand the behaviour of these maps.
This problem had been historically motivated by Algebraic K-Theory, and the idea
is that for a certain a collection of groups, the maps Hy(G,) — Hp(Gpt+1) even-
tually (depending on k) become isomorphisms. Note that by the above discussion
about relative homology groups, this problem is equivalent to the relative homology
Hy(G,, Gpt1) vanishing in a certain range.

For example, for a ring R, its Algebraic K-Theory

Ki(R) = m(BGL(R)*")

11



comes equipped with the hurewicz map into homology

7 (BGL(R)T) — H;(BGL(R)")

= H;(GL(R)).
It is therefore interesting to understand when does the homology of GL,(R) sta-
bilise? Indeed, this problem goes back to Quillen and has been studied by others,
for example [NS89]. We refer the reader to Wahl’s survey article [Wah22] for more
historical detail and motivation. The motivation for this thesis came from the anal-
ogous situation in Hermitian K-Theory, where for a ring R with 2 € R*, we have a
hurewicz map

GWZ(R) = Wi(BOoo oo(R)+) —

)

H;(BOx(R)T)
Hi(OOO,OO(R))7

e

where O oo (R) 1= ligOnm(R) is the infinite orthogonal group.

The strategy to prove such homological stability results is standard and goes
back to Quillen. Specifically, the idea is to construct a highly acyclic chain complex
on which the groups G, act on transitively, and analyse the resulting hyperhomology
spectral sequences. Hard work is usually necessary in proving the acyclicity of the
chain complex, and the analysis of the spectral sequences.

In particular, one needs to have a solid command of spectral sequences, so

we review this theory in the next section.

2.2 Spectral sequences

In this section, we give a quick review of the theory of spectral sequences, leading
to the hyperhomology spectral sequences that are needed to prove our homological

stability results.

Definition 2.2.1. A (homological) spectral sequence (starting with %) in an abelian

category A consists of the following data:

e A family of {E£] } of objects in A for every p,q € Z, r > a. We refer to E" as
the r’th page of the spectral sequence, and we say the total degree of the term

E,,isn:=p+q.

o A familily of maps d,, : B}, — Ej_, ., 4, called differentials, such that
d" od" = 0. (We say that the differentials d" have bidegree (—r,r — 1)).

12



e Isomorphisms between E’*! and the homology of E”, at the spot E” _:
P ok X

Byt = ker(dyq)/Tm(dy g pia)-

Moreover, there is a category of homological spectral sequences: a morphism f :

E'" — Eis a family of maps f;, : E;, — E;, in A with d"f" = f"d" such that

r+1

»q 18 the map induced by f; . on homology.

See figure 2.1 for an example of what a homological spectral sequence looks
like.

Page 3

Page 2

4

Page 1

Figure 2.1: An example of a homological spectral sequence. Image taken from
https://picturethismaths.wordpress.com/2016,/02/04 /spectral-sequences/

Example 2.2.2. We will usually be dealing with a specific type of spectral sequence,
namely a first quadrant spectral sequence. This is a spectral sequence where £ . = 0
unless p,q > 0. Note, if this condition holds for a given page E™, then its holds for
every r > rg. The spectral sequences shown in figure 2.1 shows the non-zero part
of a first quadrant spectral sequence. A first quadrant spectral sequence is itself an
example of a bounded spectral sequence: a spectral sequence {E;q} that for every

n € Z has only finitely many non-zero terms of total degree n on every page E".

Remark 10. For a first quadrant spectral sequence, note that E; , = E;fgl for
every large r (taking r > max{p, q + 1} will do). We say that the spectral sequence
stabilises, and denote the stable value EJS. More generally, a bounded spectral
sequence {E;7q} will have stable values EpS of Ej  for every (p,q), for similar

reasons as above.
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The spectral sequences that actually buy you computations are the conver-

gent spectral sequences.

Definition 2.2.3. Let {£} ,} be a (bounded) spectral sequence. We say that this
spectral sequence converges to a Z-graded object H, (in the abelian category A) if

for every H,, we have a finite filtration
O=FH,C---CF, 1H,CF,H,CF, H,C---CFH,=H,
such that for every (p,q) with p+ g = n, we are given isomorphisms
By = FpHy [ Fy 1 Hy,.
The traditional way to write such convergence is
Ep 4 = Hpiqg,

where E¢ is the starting page of the spectral sequence. It is common to call H, =
@,, Hy the abutment of the spectral sequence.

Moreover, there is a sensible notion of a morphism between convergent spec-
tral sequences. Indeed, let H, and H. be the abutments of convergent spectral
sequences {E) } and {E] } respectively, and let f : E — E’ be a morphism of
spectral sequences. We say a map h : H, — H, is compatible with morphism
[+ E — E"if h maps F,H, to F,H], and the diagrams

f

o0 N 100
Ep,q " Epvq

I ¥

FyH,/Fy 1 Hy —— F,H},/F, 1 H},

commute. We then refer to the pair (f, h) as the morphism between the convergent
spectral sequences E and FE’.

Let us see some examples of convergent spectral sequences.

Example 2.2.4 (Serre spectral sequence). Let F' — X — B be a fibration with B

path connected. If m(B) acts trivially on H.(F'), we have a spectral sequence
Eziq = Hy(B, Hy(F)) = Hp14(X).

We refer to [SS89, §9] for more details. Note that the trivial action hypothesis may

be removed if one is willing to work with local coefficents.
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Example 2.2.5 (Group homology spectral sequence). Let
l1-N—-G—-G/N—1

be a short exact sequence of groups, and let A be a G-module. Then, there is a

convergent first quadrant spectral sequence
E;q = Hp(G/N,Hq(N, A)) = Hpiq(G, A),

called the Hochschild-Serre Spectral Sequence. We refer the reader to [Bro94, §VII.6]
or [Wei94, §6.8] for more details. This spectral sequence will used frequently in this

thesis. Moreover, there is relative version of this spectral sequence. Specifically, let
1-N—-G— H —1

and
1-N—->Gy— Hy—1

be a pair of short exact sequences of groups, equipped with inclusions G; — Go,
H, — Hj such that the diagram

1 N > G1 >H1 1
ol
1 N >G2 >H2 1

commutes. Let A be a Ga-module. Then, there is a spectral sequence
Eg,q = HP(HQ’ Hl; Hq(N, A)) = Hp+q(G2a Gl; A)a

called the relative Hochschild-Serre Spectral Sequence. We refer to [McCO01, Exercise
5.5] for more details.
This spectral sequence will be used to immediately deduce homological sta-

bility of Spin,, ,, from homological stability of EOy, ;.

Example 2.2.6 (Spectral sequence of a filtration). let
0=FCC---CF, (CCFECCF,1CC.---CFC=C

be a bounded filtration of a chain complex C'. Then, there is convergent spectral
sequence

Ez%,q = Hy1(FpC/Fp1C) = Hpyq(O).
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We refer the reader to [Wei94, §5.5] for a proof of this fact. This is an important
example, as this in particular allows you to prove the existence of many convergent
spectral sequences associated to a double complex, such as the Lyndon-Hochschild-
Serre Spectral Sequence above (see for example [Bro94, §VIIL.6]) and the hyperho-
mology spectral sequences that we are now about to introduce. We give some details
in the next section, but we refer the reader to [Wei94, §5.6] for more details about
how a double complex gives rise to convergent spectral sequences via the above

example.

Example 2.2.7 (Spectral sequences associated to a double complex). An important
application of the above example are the spectral sequences obtained from a double
complex.

Let C = C,4 be a double complex. This is simply a family of object {C} 4}
in the abelian category A, together with maps

d": Cpy— Cp1y and d':Cpy — Cpg1

such that d"od" = d¥ o d” =0 and d¥ o d" = —d" o d". (Note, some authors require
the condition d¥ o d" = d" o d” instead of d” o d" = —d" o d”, but the two definitions
give equivalent theories provided one keeps track of the signs).

For our purposes, we may assume C is bounded i.e. Cp, = 0 along the
diagonal p + ¢ = n for all but finitely many (p, ¢). Let Tot(C) be the total complex
of C. This is a chain complex with Tot(C), = @, ,-n Cp,q, With differential

d = d" + d’. There are two natural filtrations that one can consider on Tot(C):

e The column filtration, given by
.. C1E, 1 Tot(C) C TF,Tot(C) C 'F, 1 Tot(C) C - - -,

where

"TF,Tot(C) := Tot("r<n(C)),

Cpq if p<n,
ITSn(C)p,q = e
0 if p>n.

e The row filtration, given by

. CcHE, 1 Tot(C) € E,Tot(C) C 11 F, 1 Tot(C) C - - -,
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where
HFnTot(C) = TOt(IITSn(C)),

Cpq if g<n,
HTSn(C)pq = pq

)

0 if g>n.

The reader should draw some pictures to visualise these filtrations. If C' is a first

quadrant double complex, these two filtrations give rise to spectral sequences
'E2, = HYHY(C) = Hyyq(Tot(C))
and
HE2 = HYH!NC) = Hypg(Tot(C))
respectively, where the superscripts HY and H" denote the direction in which ho-
mology is taken. We refer to [Wei94, §5.6] for more details.
2.2.1 Hyperhomology
Let G be a group. For a (left) G-module M, we have

H,(G, M) = Tor2%(z, M)
= H*(F da M)v

where F. — 7Z is a (right) ZG-projective resolution of Z.
It is useful to generalise this, allowing coefficients to take values in complexes
of (non-negative) G-modules. (Here, a complex of G-modules means a chain complex

consisting of G-modules, such that the actions commute with the differentials).

Definition 2.2.8. Let G be a group, and let C. = (C},),>0 be a complex of G-
modules. Define the homology of G with coefficients in C. as

H.(G,C.) = Hy(Tot(F. ®@¢ C.)),

where F. — Z is a (right) ZG-projective resolution of Z.
This is also known as the hyperhomology of G with coefficients in C., or

simply the hyperhomology of G when the complex of G-modules is understood.

Remark 11. This definition is well-defined up to canonical isomorphism, although
it is not obvious to see this. One way to show this definition is well-defined is

to identify the hyperhomology of G with coefficients in C. with a certain type of
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left hyper-derived functor L,F(C.), and use the fact that these functors are well-
defined. We will not go into the details, but we refer the reader to [Wei94, §5.7] for
the definition of left hyper-derived functor, and leave the connection between these

two concepts as an interesting exercise!

Remark 12. If C. is the single module M concentrated in degree 0, we have
H.(G,C) = H.(G,M). Thus, hyperhomology indeed generalizes usual group ho-

mology.

Since Tot(F. ® C.) is the total complex of double complex D, , := F), ®¢ Cy,
by the discussion in example 2.2.6 applied to row filtration ! F,Tot(D), noting that

Hp+q(HFpT0t(D)/HprlTOt(D)) = Hy(F @g Cp) = Hy(G, Cp),
we have the spectral sequence
E,,=Hy(G,Cp) = Hy (G, C.).

In addition, by the discussion in example 2.2.7 applied to the column filtration

IF,Tot(D), we have a convergent spectral sequence
E} = Hy(G, H,C.) = Hy (G, C.).

We call the spectral sequences

2
EP;‘]

1
Ep’q

H,(G,H,C.) = Hp4(G,C.)
Hy(G,Cp) = Hpyq(G,C)

the hyperhomology spectral sequences. We will use these spectral sequences to prove
our homological stability results.
For now, note that the first of these spectral sequences gives a slick proof

that quasi-isomorphic chain complexes have the same hyperhomology.

Proposition 2.2.9. Let 7 : C — C’ be a quasi-isomorphism of G-chain complexes
i.e. a G-equivariant chain map that induces an isomorphism on homology groups.

Then, T induces an isomorphism in hyperhomology H,.(G,C) =N H.(G,C").

Proof. Note that 7 induces a map of spectral sequences which is an isomorphism at

the E2-level, hence 7 induces an isomorphism on the abutments. O
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2.2.2 Exact couples

Exact couples are a general source of spectral sequences. The role that they will play
in this thesis is they will allow us to define actions on our hyperhomology spectral
sequences, as we will be able to act on their associated exact couples.

We briefly review the theory of exact couples and give some examples.

Definition 2.2.10. Let A be an abelian category. Then, an exact couple in A is a

commutative diagram of the form

E

ko
(E,D) = '\

which is exact at each vertex. A morphism of exact couples (E, D) — (E, D) is a

T

)

H

>

pair of maps (FE — E,D — b) that commute with the structure maps defining the

exact couples.

For our purposes, we will need to extend this definition to include an abut-

ment.

Definition 2.2.11. An ezact couple with (homological) abutment A is an an exact

couple as above with a map o : D — A such that the diagram

E-fsp_254

(E,D,A) = \ £/

commutes. A morphism of exact couples with abutment (E, D, A) — (E, D, A) is
a triple of maps (F — E,D— D,A— A) that commute with the structure maps

defining the exact couples with abutment.

Before introducing some examples, it is perhaps beneficial to see how exact
couples give rise to spectral sequences. This is done via the derived exact couple of

an exact couple.

Definition 2.2.12. Let

E

N
(E,D,A) = \

)

A

_o
g

%

)



be an exact couple with abutment. We define its derived exact couple with abutment

to be the diagram

/

E -, p 2
(E',D',A) = \ lﬂ/
ki o
D/
where ‘
o Xk i
Im jk
and

It is bookwork to check that the above definition is well-defined and results in
an exact couple with abutment. In particular, we can iterate the above construction
r-times to obtain an exact couple with abutment (E", D", A). We call this the rth
derived exact couple with abutment of (E, D, A). We will denote the structure maps

in the rth derived exact couple with abutment by k", "

,j", 0. Sometimes, we may
omit the superscripts if the context is clear.

The idea then is that {E"} will assemble into a spectral sequence, converg-
ing to something associated with the abutment A. This happens in a particular
situation, which we shall now briefly describe.

In an exact couple, we typically have

E=@E., D= D, A=EPA,

P,qEZ D,QEL nez

with k,4,j of bidegrees (0,—1),(1,—1),(0,0) respectively and o homogeneous. In

other words, k,t, j, o restrict to maps

k:Epq— Dpg
i:Dpg— Dpii,4-1
J:Dpq— Epg

0:Dpgq = Apiq.

In the derived exact couple, by definition of i and o', bidegree(i’) = bidegree(i)=
(1,—1), and ¢’ is homogeneous. Furthermore, note that Dj, , := ITm(Dj, 4 5 Dpi1g-1)-
Therefore, by definition of j', we deduce bidgree(j’) = bidegree(j)= (0,0). It re-

mains to work out the bidegree of k’.
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Let [z] € E, . ,- Then, by definition,

z € ker(jk) = {z € Ept1,4|jkz = 0}
={x € Epi1 4lkx € ker(j) =Im(:)}
=k~ (iDpq).

Therefore, k(z) € Im(D, 4 i Dyy1,4-1) = Dy, ;- Thus, we deduce
k/ . Ep+1,q — Dll)’q.

That is to say, bidegree(k’) = (—1,0) = bidegree(k) — bidegree(s).

Iterating, we deduce that for an rth derived exact couple (E", D", A), the
bidegree of k" is = (—r,r—1). More generally, if k starts of with bidegree (—a,a—1),
then the bidegree of k" is = (—a —r,r +a —1).

Defining differentials d;, , as

r+a . prta k7 r+a J" r+a
dp,q : Epvq - DP*T*G7CI+T+CL*1 - Epfrfa,tI+r+a71

and putting the above together, we have established the following proposition:

Proposition 2.2.13. Let

k
D, Eva —— Dy g Dra

(&.D)= S |

@p,q Dpvq

be an exact couple in which k,i,j have bidegrees (—a,a — 1), (1,—1) and (0,0) re-

spectively. Then, the derived exact couples {Eg,q} assemble into a spectral sequence,
starting at the ath page with differentials

+a . prta K pr+ it
d;qa : Eg,qa — D;*g*ayqﬂ“ﬂkl s E;Z*g*a,qurJrafl'

O

Moreover, note that a morphism of exact couples of the above type induce a

morphism of the corresponding spectral sequences. Thus, a map between spectral

sequences can be cooked up by defining a map on their corresponding exact couples.

Of course, what we are actually interested in are spectral sequence that

converge. This is where the abutment comes in.
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We begin by defining a filtration on A,,. Specifically, for n = p + ¢, define
FpAprq =1m(Dyg = Aprg).

Note that the map D), Z Apyq factors as Dp_1 441 SN D, 4 Z Api+q. Therefore,

)

we obtain a filtration
o CFp1Aprq © FpAprg © FpriApig S - € Apig-
In addition, note that
Im(D;’q % Apiq) = Im(i(Dp,q) 7 Apiq)
= Im(Dp,q % Aptq)-
Therefore, the filtration does not change when taking derived exact couples.

Proposition 2.2.14. Let {E;q} be a spectral sequence constructed from an exact

couple with abutment as above, with starting page E'. Suppose
e For every p < 0, D;ll),q =0

e For every n, there exists pp(n) such that for every p > po(n), Dzlm—p % A, is

an isomorphism.

Then, we have a convergent spectral sequence
1
Ep,q = Ap+q-
oy 1 .
Proof. By definition, E;,Jg is the homology of
E" N Ay )
p+rg—r+1 Pyq p—r,qtr—1-

To show that these terms stabilize, we will show each differential is zero for r suffi-

ciently large.
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For the first differential, consider the following commutative diagram

T d- I
_
E +r,q—r+1 Ep,q

” x [s

T T
<—
Dp+1,q71 i Dp,q

I [

p+rq r 2 p—H“—l,q—r—i—l
p+q

The map D} pira-r Z Apyq is an isomorphism for every p 4+ r > p,14, and the map

Dzl, S lgert1 % Aptq is an isomorphism for every p+r—1 > p,i,. Therefore, both

maps are isomorphisms when r > pyg — p, where pg := po(p + ¢q). Therefore, the map
D1+T 1g—r+1 RS Dqu , is an isomorphism when r > pg — p.

Then, as the maps D, , < Dp+r 1g—r41 and Dy g = D!}

ptrg—r Are

injective, it follows that the map D7, — Dy q g—1 1s injective when 7 > po — p.

Pyq
Therefore, by exactness, we deduce that k = 0 when r > pg — p. Thus, for every
r > pg — p, the differential E7 g1 , E} 4 1s zero.

For the second differential, consider the commutative diagram

T dar R T
EP#I ’ Ep—r,q+r—1
T
Dpfr,qurfl
Dp r,qg+r—1
Here, the bottom map Dp rqtr—1 — Dp_y q4r—1 1s the canonical projection.

By assumption, we have D _rq+r—1 = 0 for every p—r < 0. Therefore, k =0
for every r > p.

Thus, for every r > max(py — p,p), we have

d"=0 d"=0

T ET‘ '
p+r,g—r+1 D,q p—r,g+r—1-

We have shown that the terms of the spectral sequence stabilize. It remains
to show E;q = Apiq-
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Recall, we have a filtration given by
FpApiq = Im(D;q % Aptq)-

Note that this is a finite filtration as D;’q = 0 for every p < 0 and D;llmfp % A, s
an isomorphism for p sufficiently large.
Let r > max(po — p,p) + 1. From the exact couple, we obtain a commutative

diagram with the top row exact and the bottom row exact by commutativity:

r ( \ T J \ T Hk T
Dpfl,q+1 ’ Dp,q ’ Ep,q Dp

Eook

—r,q+r—1

l:

0 —— Fp1Aprg — FpAprg — B3 ———— 0

Here, the map D}, , — F,Ap.,is an isomorphism for every r > pg—p as D;+r—1,q—r+1 —

Aptq is an isomorphism in this range. Similarly, D), .1 — Fp_14p1, is an iso-

morphism for every r > pg —p+ 1.

Therefore, by exactness, we have
E;z?i; = FpAp+q/Fp—1Ap+q
ie. E;q = Ap+q' D

Example 2.2.15 (Exact couple of a filtration). Let C. be a filtered chain complex,
with filtration
- CF CCFECCFLCC---

which for our purposes we may assume to be bounded. The short exact sequences

of chain complexes
0— F,_1C = F,C = F,C/F,_1C =0
gives a long exact sequence of homology groups

i j k
« = Hypyq(Fp—1C) = Hp1q(F0) 2 Hyyo(FpC/Fp1C) = Hpig-1(Fp-1C) — -+,
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which may be rolled up into an exact couple

®p,q Hp1q(FpC/Fp-10) . @p,q Hp14(FpC)

- ~—— |

@p,q HP+Q(FPO)

satisfying the hypothesis of proposition 2.2.13 (with a = 1). Thus, by proposition
2.2.13, the derived couples assemble into a spectral sequence.
Moreover, if we assume further that C. = (Cy)n>0 is bounded from above

and our filtration is of the form
=FCC---CF, .CCFECCF,,4,(CC---ChRC=C

it would follow that the conditions of proposition 2.2.14 are satisfied, with A, =
H,(C) and o : H,(F,C) — Hy,(C) induced by the inclusion. This gives us a

convergent spectral sequence

Ez%,q = Hyy q(FyC/Fp1C) = Aprg = Hpy(O)

associated to the exact couple with abutment

@M Hyq(FpC/Fp1C) —E @ Hp+q(F C) —— @querq(C)

(B', D', 4) = \ l /

@p,q p+q (FPC)

One can show that this spectral sequence is naturally isomorphic to spectral sequence
cited in example 2.2.6, see for example [Wei94, Theorem 5.9.4].

As an important example of this, let G a group; C. = (Cy)n>0 a bounded
chain complex of G-modules and F. — Z be a (right) ZG-projective resolution.
Then, for the double complex D := F ®¢ C, we have the row filtration

0="F Tot(D)--- C " F,Tot(D) C --- C "' F,Tot(D) = Tot(D),
where one can show

Hyq("'F,Tot(D) /" Fy—1Tot(D)) = Hy(F. ©¢ Cp) = Hy(G, Cp).
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Thus, we obtain the hyperhomology spectral sequence
E;,q = Hy(G,Cp) = Hp4q(G,C)
from the exact couple with abutment

@p,q Hy4(G,C<p/C<p-1) o @p,q Hpiq(G,Csp) —"— @p,q Hpi4(G,C)

T

@p,q HP+Q(G’ Cﬁp)

Remark 13. It is possible (but not obvious!) to identify the maps i, j, k with the
maps in the long exact sequence in hyperhomology associated to the short exact

sequence of complexes
0— Cgp_l — Cgp — CSP/CSP—l — 0.

We do not need to use this in the thesis, so will not spell out the details.

2.3 The derived tensor product

In this thesis, it will be at times convenient to use the derived tensor product —®"—.
A complete exposition of the derived tensor product will take us too far afield. We
will only recall the main idea and state the properties that we will need to use in
this thesis. Precise references will be given throughout.

Annoyingly, almost all references about this material use cohomological in-
dexing convention (to keep the algebraic geometers happy), whereas we work exclu-
sively with homological indexing convention. Rather than reproduce all the proofs
in terms of homological indexing, we will just state the definitions and theorems
using this convention. The proofs we cite prove the analogous statements in the

other convention.

2.3.1 Derived category

Let A be an abelian category. Let Ch(.A) denote the category of chain complexes
of A. Define K(A) to be the category given by datum:

e Objects of K(.A) are the objects of Ch(.A)

e Morphisms of K(.A) are the chain homotopy equivalence classes of chain maps

in Ch(A).
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An important collection morphism in K (A) are the so called quasi-isomorphisms:
those morphisms which induce isomorphisms on homology groups. Denote the col-
lection of quasi-isomorphisms by Q). We then define the derived category D(A) to

be the localization of K(A) at the quasi-isomorphisms, i.e.
D(A) := K(A)Q].

Intuitively, this means that the objects of D(A) are the same as K(A), but the
morphisms of D(A) have been changed so that every quasi-isomorphism becomes
an isomorphism. For more details, we refer the reader to [Wei94, Section 10]. We
will write ¢ : K(A) — D(A) for the localization functor (so that in particular g(f)
is an isomorphism for every f in @), and we will think of D(A) in terms of its
universal property corresponding to its definition as a localization.

Note that K(A) and D(A) are examples of triangulated categories. Intu-
itively, a triangulated category T is an additive category equipped with an auto-

equivalence ¥ : T — T, called the suspension functor and exact triangles
X=Y—=7-=3YX

which are meant to mimic short exact sequences in abelian categories, and satisfy
various axioms. An exact functor is then a functor F' : 7 — T’ between triangulated
categories which commute the suspension functors up to natural isomorphism and
map exact triangles to exact triangles. For example, ¢ : K(A) — D(A) is an exact
functor. Thus, the collection of all triangulated categories form a category in this
sense. We refer the reader to [Wei94] for more details about triangulated categories.
Many important features of K(A) and D(A) are proven using this triangulated
structure.

Denoting Ch®(A), Ch™(A),Ch™ (A) to be the full subcategories of Ch(A) con-
sisting of bounded, bounded above and bounded below chain complexes respectively,
one can analogously define K°(A), K—(A), K*(A) and D°(A), D~(A), DT (A) re-

spectively.

2.3.2 Total derived functors

Let F' : A — B be an additive functor between two abelian categories. Since F
preserves chain homotopy equivalences, F' extends to a functor F': K(A) — K(B).
This is even an exact functor. However, F' may not preserve quasi-isomorphisms,
so that it may not extend to a functor D(A) — D(B). Derived functors are meant

to ‘fix’ this issue.
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We state the following definition in terms of Kan extensions. We refer the
reader to [ML71] for more details about this important concept. Intuitively, Kan
extensions are maps that will make the forthcoming diagrams commute up to natural

transformation, and is the universal functor that does this in some sense.

Definition 2.3.1. Let F': K(A) — K(B) as above. We define the total left derived
functor of F', denoted LF, to be the exact functor LF' : D(A) — D(B) which is the
right Kan extension of qF along ¢:

K(A) = K(B) — D(B)
\Lq LF:=Ran(¢F)
D(A).
One similarly defines the total right derived functor as a left Kan extension,
but we do not need this in this thesis.

When the domain of F'is K*(.A), the total left derived functor is denoted by
L*(F), where x = b, —, +.

Example 2.3.2. If FF : A — B is an exact functor, then F preserves quasi-
isomorphisms and therefore extends to a functor F' : D(A) — D(B). One can

check F' is its own left and right total derived functor.

The following theorem gives us a sufficient condition for the total left-derived
functor to exist, and a particular instance where we can compute the total left-

derived functor.

Theorem 2.3.3. Let F: KT (A) — K(B) be an exact functor of triangulated cat-
egories, and suppose A has enough projectives. Then, the total left derived functor
LtF on DT (A) exists. Moreover, if P is a bounded below chain complex of projec-

tives, then

LTF(P) = qF(P),
where q : K(B) — D(B).
Proof. See [Wei94, Theorem 10.5.6]. O

Remark 14. With this existence theorem at hand, one is able to make a precise
connection between the total left-derived functor and the usual left-derived functors
defined at the beginning of the thesis. Namely, if A has enough projectives, then
for any X € A,

LiF(X)= H,LTF(X),
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where X is viewed as a chain complex concentrated in degree 0. This follows from

the more general statement that for any X € Ch(A),
L,F(X)= H;,LTF(X),

where IL; F' is the left hyper-derived functors mentioned earlier in remark 11. One
deduces the former from the latter by noting that for every X € A, L,F(X) &
L;F(X), where X is viewed as a chain complex concentrated in degree 0. We refer
to [Wei%4, Corollary 10.5.7] for more details.

2.3.3 The derived tensor product
We are now in a position to define the derived tensor product.

Let R be a ring. Let A € K(Mod — R) and consider the functor

Tot(A®p —) :K~ (R — Mod) — K(Ab)
B+ Tot(A®p B),

where A ®p B is the double complex {A, ®r B,} with horizontal differentials d ® 1
and vertical differentials (—1)? ® d.
Observe that R-Mod has enough projectives, so that Tot(A®pg —) has a total

left derived functor.

Definition 2.3.4. In the above notation, the derived tensor product A ®% B is
defined as
A@% B:= L™ (Tot(A®g —))(B).

Remark 15. By [Wei94, Exercise 10.6.1], L™ (Tot(A ®r —))(B) = L™ (Tot(— ®r
B))(A).

We list the properties of the derived tensor product that we will need in this

thesis.

Lemma 2.3.5. If A, A’ and B are bounded below chain complezes and A — A’ is a
quasi-isomorphism, then A ®Hé BxA ®HR B.

Proof. See [Wei94, Lemma 10.6.2]. O

Lemma 2.3.6 (Shapiro’s lemma). Let 1 - N — G — G/N — 1 be a short exact
sequence of groups. Let M be a left G-module. Then,

ZIG/N] @4 M = 7. &% M.
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Proof. Note that

Z[G/N] 2 Z @ N ZG
~ 7.o% 7G,

where the second isomorphism uses the fact that ZG is a free N-module (combine
lemma 2.3.5 and Theorem 2.3.3).

Therefore,

Z[G/N] &% M = (Z ®% ZG) ®% M
>~ 7. 9% (ZG ®% M)
> 7. Q% M,

where the last two isomorphisms follow from the corresponding isomorphisms at the

level of usual tensor products. ]

2.4 Clifford algebras and spin groups

This section is needed to prove Homological stability for EO,,;, and Spin,, . Al-
though we do not claim any material in this section is new, it is perhaps the first
time anybody needed to prove theorem 2.4.21 in the case of local rings. In the
author’s opinion, this theorem is an important structural result in the context of
orthogonal groups, so may be of independent interest. This section can be safely

skipped until one needs to read chapter 5.

2.4.1 Definitions, existence and basic properties

To begin with, let M = (M, q) be a non-singular quadratic module over a commu-
tative ring R, which for the purposes of this thesis, is such that 2 € R*. We will
call an element © € M anisotropic if q(x) € R*. We define b(z,y) = by(x,y) =
3(q(z+y) —q(x) — q(y)) to be the symmetric bilinear form associated to g. We will
say that z,y € M are orthogonal if b(x,y) = 0.

Definition 2.4.1. A pair (A, f) consisting of an R-algebra A and a homomorphism
of R-modules f: M — A is said to be compatible with M if for every x € M,

Definition 2.4.2. A Clifford algebra of M is a compatible pair (Cl(M),i) which
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satisfies the following universal property:
If (A, f) is any pair which is compatible with M, then there exists a unique
homomorphism of R-algebras g : C1(M) — A such that the diagram

M —“ CI(M)

S

g
<
A
commutes.

We establish that any quadratic module M has a Clifford algebra:

Theorem 2.4.3. Let M be a quadratic module over R. Then, M has a Clifford

algebra (C1(M), ), which is unique up to unique isomorphism.

Proof. The uniqueness statement follows from the universal property of the Clifford

algebra, so it suffices to prove existence. We define

M®" .= M ®p---®@r M (ntimes) forn >0,
M®° .= R,
M®" =0 forn <0,

and define
T(M) = @M=",

ne”L

the tensor algebra of M. Let i : M — T'(M) denote the inclusion.
Note that the tensor algebra T'(M) is a Z-graded R-algebra, with product

(21Q @) (Tmr1 @ Q) = (21 R DTy @ Tyg1 @ - -+ ® Tyy).

Also note that T'(M) has the following universal property: If A is a R-algebra and
f: M — Ais a R-module homomorphism, then there exists a unique R-algebra

homomorphism ¢ : T(M) — A such that the diagram

M —— T(M)

N

A
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commutes. Of course, g is defined by

911 ® - @xy) = f(z1) ... f(zn).

Continuing with the construction, define I(q) to be the two-sided ideal of
T(M) generated by the set

{r @z —q(z)|x € M}.
We then define the quotient R-algebra
Ci(M) :=T(M)/I(q),

and define i : M — CI(M) to be the canonical map. By construction, it is clear
that (C1(M),1) is a compatible pair, so it remains to check the universal property.

Let (A, f) be a pair compatible with M. By the universal property of T'(M),
there exists an unique R-algebra homomorphism g : T'(M) — A such that gi = f.

Furthermore, note that

gz @z —q(x)) = g(z)* — q(z) = f(2)* — q(z) = q(x) — g(x) = 0.
Thus, g factors through the quotient, to give a map g : C1I(M) — A. O

Remark 16. If z,y € M are orthogonal, then in C1(M), zy = —yx, as 0 = b(z,y) =
a(z +y) —q(z) —qly) = (x +1)* —2° —y* = 2y +ya.

Remark 17. The identity of CI(M), denoted Lciar), together with the elements
{i(x)|z € M}, generate Cl(M) as an R-algebra.

Remark 18. The Clifford algebra Cl(M) is canonically a Zo-graded algebra, with
the grading defined as follows: We define Clo(M) be the submodule of Cl(M)
spanned by 1cyas) and {i(x;,) ... i(2;, )|k even}; and we define Cly(M) be the sub-
module of CI(M) spanned by {i(x;,)...i(z;, )|k odd}. Clearly, Clo(M) is a subal-
gebra of CI(M).

Remark 19. Consider the graded centre Zg, (Cl(M)) of the Clifford algebra C1(M).
This is defined to be the graded subspace of the Clifford algebra Cl(M) whose
homogeneous elements h(Z,(Cl(M))) are determined by

¢ € h(Zy(CUM))) <= cs = —(1)7%sc Vs € h(CI(M)),
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where h(CI(M)) denotes the homogeneous elements of Cl(M) and O denotes the
degree of the homogeneous element.
When M is free of finite rank, we cite the following important structural

result:
Lemma 2.4.4. Let M be a free non-singular quadratic module of finite rank. Then
Zgr(CI(M)) = R.

Proof. See [HO89, Theorem 7.1.11.]. O

Remark 20. By the universal property of the Clifford algebra, every o € O(M)
uniquely determines an automorphism of R-algebras Cl(o) : CI(M) — CI(M). This

association gives rise to a group homomorphism

Cl: O(M) — Aut(ClL(M)).

In particular, taking o := —1)s provides a unique automorphism Cl(—1,s) : CI(M) —
CI(M) such that CI(—1/)(i(z)) = —i(x) for allx € M. Observe that Cl(—1s)|c1,(ar) =
Lty and Cl(—1ar)lcr, () = —Lon (-

The map Cl(—1,s) is used to define the so called ‘canonical involution’ ~ on
Cl(M).
But first, let C1(M)°P denote the opposite algebra of C1(M). By the universal
property of the Clifford algebra, there exists an unique algebra homomorphism ~:
Cl(M) — CI(M)° such that the diagram

M —— CI(M)

S

CL(M)oP

commutes. We will consider ~ as a map ~: C1(M) — CI1(M). Note that cd = d¢

for every ¢,d € CI(M), and i(x) = i(z) for every & € M, so that ¢ = c for every
c € CI(M) and ~ is therefore an involution on Cl(M).

We then define the canonical involution — : CI(M) — CI(M) to be the
composite

Cl(—1)

Cl(M) Cl(M) = CI(M).

One easily checks that this does indeed define an involution on C1(M). Observe that

~ is the unique R-linear anti-automorphism of Cl(M) which satisfies i(z) = —i(x)
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for every x € M. We will use the canonical involution in our definition of the Spin

group.

2.4.2 The groups I'(M), ST'(M), Spin(M) and the Spinor Norm

We define the groups I'(M), ST(M) and Spin(M). We also define the Spinor norm
and study some of its basic properties, as needed in this thesis. Unless stated

otherwise, our exposition will closely follow [HO89, Chapter 7].

2.4.2.1 The Groups I'(M), ST(M), Spin(M)

Definition 2.4.5. We define the Clifford group T'(M) to be the group
(M) := {c € Cl(M)*|cMc™' = M}.
Note that for every ¢ € I'(M ), we canonically obtain a map

mc: M — M

(mc)(z) := cxe™ L.

Furthermore, note that 7c preserves the quadratic form ¢ as ¢(wc(x)) = g(cxe™t) =
cre! ® cxe™! = ca’c™! = q(x). Thus, the assignment ¢ — 7c defines a group
homomorphism

m: (M) — O(M).
Definition 2.4.6. We define the Special Clifford group ST(M) to be the group
ST(M) := {c € CI(M)}|cMc™ = M}.
Note that ST'(M) =T'(M) N Cl;.
Definition 2.4.7. We define the Spin group Spin(M) to be the group
Spin(M) :={c € ST(M)|cc = 1}.
Thus, by construction, we have a chain of inclusions Spin(M) C ST(M) C

I'(M).

Later, it will be important for us to understand ker(7|gp(ar)) and ker(7|gpin(ar))-

Proposition 2.4.8. ker(7 : ST'(M) — O(M)) = R*.
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Proof. Let ¢ € ker(w|gr(a))- Then, ¢ € Clj(M) and cxc™! = x for every z € M.
Therefore, as M generates C1(M) as an R-algebra, we use lemma 2.4.4 to conclude
that ¢ € Zg(CI(M)) = R. Similarly, ¢™! € R, so that ker(w|gr(n)) € R*. The

other inclusion is trivial. ]
Corollary 2.4.9. ker(7 : Spin(M) — O(M)) = Zs.

Proof. From proposition 2.4.8, it is clear that
ker(7 : Spin(M) — O(M)) = {r € R*|r* = 1}.

Passing to the residue field, we deduce that the square roots of 1 are of the form
r = ¢ 4 1 for some ¢ in the maximal ideal. Using the equation 72 = 1, we obtain

equation (e £2) = 0. As 2 is a unit, we deduce € + 2 is a unit, so that e =0. [

Definition 2.4.10. We define the spinorial kernel
O'(M)
to be the image of the homomorphism 7 : Spin(M) — O(M).

When R is a local ring with 2 € R*, we show that O'(M) is precisely the
kernel of the spinor map 6 : SO(M) — R*/R*?, see definition 2.4.16 and proposition
2.4.20.

In addition, we cite the following theorem, which says that when R?" is a
free hyperbolic module over a (semi-)local ring R, the spinorial kernel is precisely

the elementary orthogonal group EO,, ,,(R) when n > 2.

Theorem 2.4.11. Let R be a commutative semi-local ring. Let R*™ be the free
hyperbolic module. Denote O}, ,(R) := O'(R*"). Then, for everyn > 2, O, ,(R) =
EOpn(R).

Proof. See [HO89, Theorem 9.2.8.]. O

Thus, when R is a (semi-)local ring with 2 € R* and n > 2, we have the

short exact sequences
1 — Zy — Spin,, ,(R) & EOpn(R) — 1.

From now on, we will assume that R is a local ring with 2 € R*, and all

modules over R are finitely generated projective, so that they are free of finite rank.
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2.4.2.2 The Spinor Norm

In order to define the spinor norm, we first need to define an important class of

isometries.

Definition 2.4.12. Let 2 € M anisotropic and define N := (z)*. Then, the linear

map

Te i M — M
b(z,y)
-2
YT )

is called a reflection in hyperplane N orthogonal to x.
This name is suggested by the following lemma:
Lemma 2.4.13. 1. 7,(x) = —x, 72|y = 1N
2. 1, is an isometry of (M,b).
S TroTy, =1y,
4. dett, = —1.

Proof. The first three statements follow from direct computations. For the last
statement, note that M = (z) @ N. Therefore, by Witt’s Cancellation Theorem
[MH73, Chapter I, Theorem 4.4], we may choose a basis ea, . .., e, of N and complete
it to a basis of M by setting e; = x. The matrix of 7, with respect to this basis
shows that det 7, = —1. ]

Proposition 2.4.14. For every x € M anisotropic, we have w(x) = —7,.

Proof. For every y € M, we have

_ o)
., gz +y) —aq(z) —qly)
q(x)

=y — (vy +yx)r
1

= —xyr

— —r(2)(y).
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The next proposition will be used to show that our definition of the spinor

norm is well-defined.

Proposition 2.4.15. Let uq,...,u, be anisotropic elements in M. If the product
TuyTuy *** Tu, 18 the identity in O(M), then the product q(ui)---q(u,) belongs to
R*2.

Proof. Similar to [Lam05, Proposition 1.12.V]. By proposition 2.4.14, 7(u)|p =

—Tu, 0 that 1y = (—=1)"m(uy - - - uy )| ar. But,
(—1)" = det(Tuy Tuy -+ Tw,.) = det(1p) = 1.
Thus, we deduce that r must be even. Therefore, we have that
c:=uy--ur € Clo(M)NZ(CYM)) C Zy(CY(M)) = R.
Similarly, we have that ¢! € R, so that ¢ € R*. We conclude that
R?sP=ce=uy- -y -uy = q(uy) - - q(uy).

O]

Consider any isometry o € O(M), where the rank of M is at least 2. By
the Cartan-Dieudonné theorem for local rings, see for example [Kl1i61, Theorem 2],
there exists a factorisation o = 7,7y, - - - Tu,., Where the u; are anisotropic vectors.
We define
0(c) == q(uy) - q(u,) € R*/R*2.

By proposition 2.4.15, §(o) does not depend on the choice of factorisation chosen to

represent o.
Definition 2.4.16. The map 0 : O(M) — R*/R*? is called the spinor norm.

The spinor norm is the unique group homomorphism satisfying the property
0(1,) = q(u)R*? for every anisotropic element u € M.
For R a local ring with 2 € R*, we want to establish the existence of short

exact sequences

1= EOpn(R) = SOnn(R) S R /R -1

1 = EOnn(R) = Opn(R) Z9% R* /R % 7y — 1.
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We begin with the following proposition, which is useful when computing

with the Spinor norm.

Proposition 2.4.17. Let (M, qnr) and (N, qn) be free non-singular quadratic mod-
ules of finite rank over R. Let A € O(M) and let B € O(N), considered as matrices.

A
Let A B € O(M L N) denote the block sum of matrices A® B = B) . Then,
0(A® B) =0(A)0(B).

Proof. Suppose A € O(M) is represented by A = 7, - - -7, and suppose B € O(N)
is represented by B = 7, -+ Ty,. Then, A® B € O(M L N) is represented by
Toy ** To, Twy *** Ty, Where 03,w; € M L N are the images of of the vectors v; and
w; under the canonical embeddings M — M 1L N and N < M L N respectively.

Therefore,

0(A® B) = quin(01) - g N (Ok)qur N (W01) - - - qar v (07)
= qum(v1) -~ qu(v1)gn (w1) - - - g (wy)
— 0(A)0(B).

O]

The above proposition is used to prove that the spinor norm 6 : SO,, ,(R) —

R*/R*? is surjective.
Proposition 2.4.18. The spinor norm 6 : SOy, ,,(R) — R*/R*? is surjective.

r
Proof. Let » € R*, and consider the matrix ¢ = r1 . Note that
1

T‘_l

0 0 01
" = " is a product of reflections defined by vectors (r, —1)
0 r! r~1 0 1 0

and (1, —1), we compute that

0
o € SOpn(R). By proposition 2.4.17, we have that (o) = 6 <<g )) As
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Finally, we want to show that the spinorial kernel O'(M) is precisely the
kernel of the spinor map @ : SO(M) — R*/R*2. This is done in by the following

two propositions.
Proposition 2.4.19. Im(n : ST(M) - O(M)) = SO(M).

Proof. Firstly, note that SO(M) C Im(7). Indeed, if 7,7, are a product of any two
reflections, then 7(vw) = 7,Ty.

Suppose that SO(M) C Im(m). Then, there exists a ¢ € O(M) \ SO(M)
such that o € Im(7). As 0 € O(M) \ SO(M), we have that o = 7, -7, for v
anisotropic and k odd. Furthermore, as o € Im(7), there exists ¢ € ST (M) such
that w(c) = 0. Note, m(v1---vk) = —Ty, -+ Ty, = —0. Defining d := vy ---vg, we
deduce 7(cd~1') = —1,;. This means that cd 'z(cd')~! = —x for every x € M.

Note that ¢ € Clp(M) and d~* € Cly(M). Therefore, cd~! € Cly(M). As
cd tx(cd 1)~ = —x for every x € M and M generates Cl(M) as an R-algebra, we
use lemma 2.4.4 to conclude that cd=! € Z,,.(Cl(M)) = R. Thus, ¢ = dr for some
r € R, and it therefore follows that ¢ € Cly(M). Thus, ¢ € Cly(M) N ClL (M) =0,

which is a contradiction as c¢ is invertible. O
Proposition 2.4.20. We have O'(M) = ker(§ : SO(M) — R*/R*?).

Proof. Let o € ker(0|sonr). We want to show o € Oy, ,(M). Suppose o =
Tuy *** Tu,- Note that k is even and each v; is anisotropic.

By definition, 1 = (o) = q(v1) - - - q(vg). Therefore, r := q(v1)---q(vg) €
R*2. Suppose that r = s2. As 1, = Ts—1y,, We may replace vy with s~ 1v; to obtain
0 =Ty, - - Ty, such that ¢(vy)---q(vg) = 1. Therefore, in CI(M), vy - - - vx01 - - U =
1. Define ¢ :=v;...vg. As all v; € CI(M)* and k is even, we deduce ¢ € Spin(M).
By construction, 7(c) = 7y, - - Ty, = 0, so that o € O'(M).

Now let ¢ € Spin(M) and consider w(c) € O'(M). We want to show m(c) €
ker(0|so(ary). By proposition 2.4.19, 7(c) € SO(M). Therefore, m(c) = Ty, -+ Ty,
for v; anisotropic and k even. As k is even, we deduce ¢ lvy-- v, € ST(M).

Furthermore, by definition, m(c¢~!vy---v,) = 1. Therefore, by proposition 2.4.8

c vy ... vy € ker(m|sr) = R*. Thus, ¢ = rvy---vg for some r € R*. As ¢ €
Spin(M), we obtain 1 = c¢ = r2q(v1) - - - q(vg), so that q(v1)---q(vg) € R*?. Thus,

by definition, 6(m(c)) = 1. O

Thus, for R a local ring with 2 € R*, we have established the following

theorem:
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Theorem 2.4.21. Let R be a commutative local ring with 2 € R*, and let n > 2.

Then, we have short exact sequences

1 — Zy — Spin,, ,(R) = EOpn(R) — 1
1 — EOpn(R) = SOun(R) % R*/R™? - 1

1 = EOpn(R) = Onn(R) 9% R*/R* x 7y — 1.

Proof. Combine corollary 2.4.9; theorem 2.4.11; proposition 2.4.20 and proposition
2.4.18. O

These short exact sequences are used to prove homological stability for
EOun(R) and Spin,, ,(R), when R is a local ring with infinite residue field such
that 2 € R*.

2.4.2.3 Homological stability for Spin, (F)

As a fun aside, we can use the spinor norm to immediately prove a homological
stability result for Spin, (F), using a homological stability result for SO, (F) due
to Nakada [Nakl5]. Here, F is a Pythagorean field of characteristic # 2, and the
quadratic form is the Euclidean form ¢(z) = Y7 2?. (A Pythagorean field is a field

where the sum of two squares is always a square, for example the real numbers.)

Theorem 2.4.22. Let F be a Pythagorean field of characteristic # 2. Then, the

natural homomorphism
Hy,(Spin,,(F)) — Hy(Spin,, (1 (F))

s an tsomorphism for 2k < n — 1 and surjective for 2k < n.

Proof. We want to prove
1 — Zy — Spin, (F) = SO, (F) — 1

is a short exact sequence. The theorem then immediately follows from the relative

Serre spectral sequence
Eg%,q = HP(SOTL (F)7 Son—l (F)a Hl] (ZQ)) = Hp+q(spinn(F)v Spinn—l (F))a

and Nakada’s result [Nak15]. What needs to be proved is O/, (F) = SO, ().
By proposition 2.4.20, O’ (F) = ker(6 : SO, (F) — F*/F?*), so that it suffices

to prove the spinor norm in this case is the zero map.
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For 0 = 71, -+ 1y, € SOL(F), 0(0) = q(v1)---q(vg). But, F is Pythagorean
and q is the Euclidean form, so that q(v;) € F?* for every v;. Thus, §(c) = 0. O
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Chapter 3
Homological Stability for O,

From now on, unless stated otherwise, R will be a commutative local ring with

infinite residue field such that 2 invertible.

3.1 The complex of totally isotropic unimodular sequences

3.1.1 Notation and conventions

Let M,(R) denote the collection of n x n matrices with coefficients in R. Let
GL,(R) C M,(R) denote group of all invertible n x n matrices in M, (R).
Let ¥ := 19y, := 102 @ - - - @ 12 be the standard hyperbolic form of rank 2n

(e

(> - 0 1
Von = =®1/12, Tﬂz:(l 0).
(05

For u,v € R*™, we will always use the notation
(u,v) := "urhgnv

to denote the inner product of v and v with respect to form 9,. Note that the
form 19, defines a symmetric bilinear form, so that (u,v) = (v, u) for all u,v € R*".
In addition, we will always denote the ordered standard basis vectors of R?" as
e1, fi,. .., en, fn, so that (e;,e;) = (fi, fj) = 0 and (e;, f;) = d;; for all 1 < 7,5 < n.
For instance, e; = (1,0,0,...0), f1 = (0,1,0,0,...,0), e2 = (0,0,1,0,...,0), fo =

(0,0,0,1,0,...,0) etc. considered as column vectors.
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For a ring R, the (split) orthogonal group O, ,(R) C GLay(R), is the sub-

group
On,n(R) = {A € GLQn(R)| tA’ponA = 1/}271}

of R-linear automorphisms preserving the form 1)g,,, where ! A denotes the transpose
matrix of A. We define SO, ,(R) to be the subgroup of O, ,(R) consisting of
all matrices with determinant 1. We define EO,, ,(R) as the subgroup of O, »(R)
generated by matrices of the form (1.1),(1.2), (1.3) and (1.4). For R commutative
ring such that 2 € R*, we define Spin,, ,(R) to be the Spin group of quadratic
module (R?", (-,-)), where (-,-) is the symmetric bilinear form defined with respect
to matrix 1)g,. We will use the convention Spin, o(R) = EOgo(R) = SO o(R) =
O0,0(R) := 1 are the trivial groups. We will always consider R?>" embedded in R*"*2

via v — (0,0,v) and Oy, »(R) as a subgroup of Op41,n+1(R) via the embedding

On,n(R) C On+1,n+1<R) A=

o O =
o = O

0
0
A

We will be interested studying the homological stability of Oy, ,,, SOy n, EOy 5 and
Spin,, ,, with respect to the above embeddings. We will sometimes write Oy, 1, SOp n,
EOy,, and Spin,, ,, instead of Oy, ,(R), SOpn(R), EOp,(R) and Spin,, ,(R) when

the ring R is understood from context.

3.1.2 The chain complex

To define the chain complex we want to consider, we need to make some preliminary

definitions.

Definition 3.1.1. A space over a ring R is a projective R-module of finite rank. A

submodule M C V of a space V is called a subspace if it is a direct factor.

Definition 3.1.2. Let ¢ > 0 be an integer, and W a free R-module of rank n. A
sequence of g vectors (v1,...,vq) in W will be called unimodular if every subsequence
of length r < min{n, ¢} generates a subspace of rank r. We denote by U,(W) the

set of unimodular sequences of length ¢ in W.

Remark 21. For R a local ring, the sequence of vectors (vq,...,74) in R is
unimodular if and only if (91,...,7,) in k?" is unimodular, where k denotes the

residue field of R and o; the class of v; in k2™.

Definition 3.1.3. A sequence of vectors (vi,...,vq) in R?" will be called totally

isotropic if for every i,j = 1,...q we have (v;,v;) = 0.
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We now introduce the chain complex that we want to consider. Specifically,

consider chain complex
C.(n) = (CL.(R*™),d) = --- = C2(R*™) - C1(R*™) S Z -0 (3.1)

where for k > 1, Cj,(R?") is defined as the free abelian group Cy,(R?") := Z[ZU}(R*"))

generated by the set of unimodular totally isotropic sequences of length k in R?":
TUL(R™) == {(v1,...,v) : v; € R*™, (v1,...,v;) totally isotropic and unimodular}.
We set Cp(n) = Z.

The differential d is defined on basis elements by

k

d(vi,...,vE) = Z(—I)H_ldi(vh Ce sy UR),

=1
di(vl,. . .,Uk) = (Ul,.. . ,’LA)Z',.. .,’Uk).

Remark 22. The simplicial set that gives rise to chain complex (3.1) has already
been studied in [Pan87] and [Mir04]. As we do not need to consider simplicial sets

in this article, we stick to chain complex notation.

Note that for A € O, ,(R), A acts from the left on the chain complex
(C«(R?™),d) by acting on basis elements:

A-(v1,...,0) = (Avy, ..., Avg).

For a resolution P, of the trivial O, ,(R)-module Z by projective right O, ,(R)-
modules, the bicomplex P, ®op, , C«(n) gives rise to two hyperhomology spectral

sequences

Ef,’q(n)
E;)’q(n)

Hy(Onn; Hy(Cu(n))) = Hpyq(On,n, Ci(n)) (3.2)

)

Hy(Onn, Cp(n)) = Hpiq(Onp, Ci(n)). (3.3)

Replacing O,,,, with SO,, , and EQ, ;,, we similarly obtain hyperhomology spectral

sequences

E; ,(n) = Hy(SOpn, Hy(Cs(n))) = Hy1q(SOnn, Ci(n))
El,q(”) = Hy(50nn, Cp(n)) = Hp1q(SOnn, Ci(n))
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and

E; (n) = Hy(EOpn, Hy(Ci(n))) = Hyiq(EOy p, Cu(n))
E, ,(n) = Hy(EOnn, Cp(n)) = Hptq(EOnn, Ci(n)).

These spectral sequences will eventually give us our desired homological stability

results.

3.1.3 Proving acyclicity

We would like to prove that the complex (Ci(n),d) is (n — 1)-acyclic. This has
already been proven by Mirzaii [Mir04], but our proof has the advantage that it
does not refer to the simplicial techniques used in [vdK80]. However, we do make
use of a concept general position. This was first defined in [Pan87], and used in
both [Pan87] and [Mir04] to prove their respective acyclicity results. We give the
definition as stated in [Mir04].

Definition 3.1.4. Let S = {vy,...,v} and T = {wi,...,wy} be basis of two
totally isotropic free summands of R?". We say that 7T is in general position with
S, if k < k' and the k' x k- matrix ((w;,v;)) has a left inverse.

We may also say that a totally isotropic subspace W is in general position
with respect to a totally isotropic subspace V if there is a basis T' of W which is in
general position with respect to a basis .S of V' as in definition 3.1.4. The following
result, whose proof we refer to [Mir04, Chapter 2, Proposition 4.2], will be used to

prove acyclicity.

Proposition 3.1.5. Let n > 2 be an integer and assume T;, i = 1,...,£ are finitely
many subsets of R*™ such that each T; is a basis of a free totally isotropic summand
of R®™ with k elements, where k < n — 1. Then, there is a basis, T = {wy,...,w,},
of a free totally isotropic summand of R*™ such that T is in general position with
all T;, i = 1,...,0. Moreover, dim(W NV:t) = n —k, where W =Span(T) and
Vi =Span(T;), i =1, ..., L.

In addition, the following lemma will be both useful and reassuring.

Lemma 3.1.6. Let W and V be totally isotropic subspaces of R*™. Assume that W
is in general position with respect to V.. Then W NV = {0}.
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Remark 23. If R is a local ring, lemma 3.1.6 implies that if W is in general position
with respect to a unimodular sequence (uq,...,ux) for k < n, then (uq,...,ug, w)

is unimodular for every unimodular vector w € W.

Proof of lemma 3.1.6. As W is in general position with respect to V', the map

7 :W — RF

w = ((w,v1), ..., (w,vx))

is surjective. Therefore, for every 1 < i < k, there exists a UZ# € W such that
7T(Ui#) =(0,...,0,1,0,...,0), the 1 being in the ith position. Now, let y € W N V.
Note, as y € V and V is free with basis v1,...,vr, we may write y uniquely as
y = >, a;v; for some a; € R. Evaluating <vz#, -) on y and noting that <1)Z#, vj) = dij,
we deduce that a; = <vl#, y) for every i = 1,.,,, k. But U;#,y € W and W is totally
isotropic, so <v?, y) =0 for i = 1,..., k. Therefore, y = 0. O

For u = Y, miu; € Z[ZU,(R?")] and v = > Mvj € Z|TU4,(R*™)] such that
(ui,v;) € TUp4q(R?™) for all 4, j, we will write (u,v) for the element

(u,0) =Y min;(ui, v;) € Z[TUp4q(R*")).

i3
Using proposition 3.1.5 and lemma 3.1.6, we prove the following.

Lemma 3.1.7. Let p,g > 0 and p+ q < n. Let (u,f) € Z[IUpq(R?*™)] such
that w € TU, and f € ZU,(W)|, where W is a free totally isotropic summand of
R?™ of dimension n in general position with respect to U =Span(u). If df = 0 €
ZUy—1(W)], then there exists an element g € Z{Uy1(W)] such that dg = f and
(u,9) € Z[TUpq41(R*™)].

Proof. Since f € ZUy(W)] and (u, f) € Z[ZUp+q(R*™)], we have f € Z[U,(L)],
where L = W NUL. As W is in general position with respect to U, L is a finitely
generated free R-module of rank n — p. Write f = >, n;(vi, ... ,vé). Then, as R is
a local ring with infinite residue field and L is a finitely generated free R-module of
rank n—p > ¢, we deduce that there exists a v € L, such that (v, v, ... ,vé) € Uy(L)
for every . This is standard; see for instance [Sch17, Lemmas 5.5 and 5.6]. Let
g:=>,;ni(v,0i,... ,vfz). Then dg = f by construction. Moreover as g € Z[Uy11(L)],
(u,g) defines a totally isotropic sequence of vectors and as g € Z[Ug1(W)], by

lemma 3.1.6, (u, g) is a unimodular sequence, so that (u, g) € Z[ZUp1q+1(R*™)]. O
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Corollary 3.1.8. Let k < n — 1, and let 2 € Ck(n) = Z[ZUL(R?*™)] be a cycle.
Then, z is homologous to a cycle 2" € Z[U(W)] C Ck(n) contained within a free

totally isotropic summand W of R?*" of dimension n.

Proof. Suppose z = Y. n;u; where n; € Z and u; € Iuk(RQ”). By proposition
3.1.5, there exists a free totally isotropic subspace W of rank n in general position
with respect to all U; =Span(u;). Choose unimodular vectors f; € W N UZ»J- which
is possible since dim W N Uf > 1, by proposition 3.1.5. Note, by lemma 3.1.6,
(u;, fi) € TUp41(R?™) for every i. Consider the chain € := . n;(u;, fi) € Cry1(n).
Note that

dg = " mildug, fi) + (DY mwp = mildug, fi) + (~1)Fz,

so that 21 = (=1)*"1 3" n;(du, f;) is homologous to z, which we write as z; ~ z.
Now, recursively assume that z, € Ci(n) is cycle such that z, ~ >, (u;, fi), where
u; € IUy; fi € Z[U,(W)], W is a free totally isotropic summand of R?" of dimension
n in general position with respect to all u;, p,q > 0 such that p + ¢ = k <n. Then

we collect terms so that u; # u; for every i # j. By assumption, we have

0=dz, = Z d(ui, £;) = > [(dus, fi) + (=17 (ui, dfy)] -

1

As u; # u; and W is in general position with every w;, hence, no column vector of
u; is in W, we deduce df; = 0 for every i. Therefore, by lemma 3.1.7, for every i,
there exists g; € Z[Uy+1(W)] such that dg; = f; and (u;, g;) € Z[ZUp+1(R*™)]. Note
that

d(ui, gi) = (du, gi) + (—1)P " (us, dgi) = (dui, gi) + (1P (i, fi).

We deduce zq ~ > (us, fi) ~ (—=1)P > . (dus, 9;) = zg+1. The corollary is the case
qg =k, p=0 setting 2’ = z. O

Theorem 3.1.9. The complex (Ci(n),d) is (n — 1) — acyclic, that is,
Hi(Ci(n),d)=0  fori<n-—1.

Proof. Let k <n —1 and let z € Ci(n) a cycle. By corollary 3.1.8, z is homologous
to a cycle 2/ € Z[U(W)] contained within a free totally isotropic summand W of
R?" of dimension n. As R is a local ring with infinite residue field, we deduce
that there exists a 7 € Z[Ug11(W)] C Cry1(n) such that dr = 2/, by the standard
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argument recalled in the proof of Lemma 3.1.7. In paricular, z is a boundary. [

3.2 Homological stability for O,,,,

3.2.1 Transitivity of the group action

We need to prove that the action of O, , on IL{p(RZ”) is transitive for all p < n. It

suffices to prove the following lemma.

Lemma 3.2.1. Let p <n and let (uy,...,u,) € ZU,(R?"). Then, (u1,...,up) may
be extended to a hyperbolic basis of R>".

Proof. By Witt’s Cancelation theorem, which holds when R is a local ring with 2 in-
vertible (cf. [MH73, Chapter I, Theorem 4.4]), it will be sufficient to find u¥, ..., uff
such that (uq, uf, ce Up, u#) has Gram matrix 15,. (Note that Span{u,, uf&, ce Up, U
is a non-degenerate subspace).

We have that (ug,...,u,) € ZU,(R?*"), so this sequence is in particular a
unimodular sequence of vectors in R?". Thus, the matrix v = (ug,... ,up) is left
invertible. Therefore, the matrix *ui)g, is right invertible. This is equivalent to

saying that the map

T :R*™ — RP

z = ((ur,2),. .., (up, x))

is surjective. Thus, for ¢ = 1,...,p, there exists ufﬁ such that T(ufé) is the i-th

# _ (wfuf)
i 2
Gram matrix of (ul,uf&, e ,up,u#) is op. O

standard basis vector of RP. Replacing ufﬁ with u u;, we conclude the

3.2.2 Analysis of stabilisers
3.2.2.1 Computation of stabilisers

Let G be a group acting on a set S from the left. Shapiro’s lemma gives an isomor-
phism
P (iw2): P HGe.Z) = H(G,Z[9))
[x]eS/G [z]€S/G
of homology groups, where the direct sum is over a set of representatives x € S of
equivalence classes [x] € S/G; the group G is the stabiliser of G at x € S; the
homomorphism i, : G, C G is the inclusion; and x also denotes the homomorphism

of abelian groups Z — Z[S] : 1 — x.
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We apply Shapiro’s lemma in the case G = O, ,,(R) and S = ZU,(R?"). In
particular, as the action of Oy, ,,(R) on ZU,(R?") is transitive for all p < n, Shapiro’s

lemma gives isomorphisms
H.(St(er, ... ep)) = Ho(Opp, Cy(n)), (3.4)

for all p < n, where St(ey,...,e,) denotes the stabiliser of (e1,...,e,) € ZU,(R*").

We compute these stabilisers:

Proposition 3.2.2. Let 1 < k < n. Then, in the above notation, the stabilisers
A € St(eq,...,er) are of the form

1 ¢ 0 ¢ 0 ¢ ‘'w

0 1 0 O 0 0 O

0 & 1 0 C% bug

0 0 0 1 0 0 O

A= . .

0 c& 0 & 1 c’,ﬁ ug
oo o - 01 0

0 T1 0 Xro v 0 T B

where 03- € Ryu;,x; € R2"F) qnd B € My(,—y(R), subject to the conditions

Ui + "By mi = 0, (3.5)
C; + CZ + <xi,xj> =0, (36)
B e Onfk,nfk- (37)

For example, for kK = 1, we have

1 ¢ tu
Ste1) =<0 1 0| |u+ "Byz=0; 2c+ (z,) =0; BE Op_11-1.
0 z B

Proof. Let A € St(ey,...,ex). Then, Ae; = ¢; for all 1 < i < k by definition, which
gives the 1st, 3rd, ..., (2k — 1)st columns of A. Moreover, for a fixed 1 <14 < k and

any 1 < j < n, we have

(€i, Aej) = (Ae;, Aej) = (ei,ej) =0
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and

(ei, Afj) = (Aei, Afj) = (ei, f5) = 0ij-

Therefore, as (ex,e;) = 0 and (e, fi) = g for all 1 < k,I < n, we deduce that the
coefficient of f; in the expression for Ae; and Af; is 0 for all j # 7 and the coefficient
of f; in the expression for Af; is 1. This gives the 2nd, 4th, ..., 2kth rows of A. The
remaining coefficients give the c§- € Ryu;,x; € R*" % and B ¢ My —r) (R). We use
the equation A9 A = 1) to determine the conditions on these variables. Specifically,
one has that for any A € St(ey,...,ex),

1 0 0 0 0o 0 o 1 ¢ 0 o 0 cf  tup
ed 1 2 o koo tay 0 1 0 0 0o o 0
o 0 1 o0 0o 0 o0 0 2 1 3 0 2 ‘tup
s 0 2 1 .- &0 ta 0o 0 0 1 0o 0 0
R N L2 .
o 0o 0 0 -~ 1 0 0 0 cf o & 1 cf tuy
¢k 0 i 0 k1 tay 0 0 0 o0 0o 1 0
wy O wy O -+ wy O 'B 0 x 0 xo -+ 0 B
0 1 0 0 0 0 0
1 ci+c%+(zl,rl> 0 c%«&»c%«k(zl,zg) 0 ci+clf+<zl,zk.> tuy + tzi B
0 0 0 1 0 0 0
0 cl4+cE 4 (ea,z) 1 243+ (w2, 22) 0 ¢ +ck4(za, ) tus+ tzayB
0 0 0 0 -0 1 0
0 ck+clf+(zk,zl> 0 ci+c§+<zk,12> 1 CZ+CE+<11@,11¢> tup + topyB
0 uy + 'Byz, 0 ug + *Byao o0 up + By, 'ByB
= .
Whence the equations. ]
To ease notation, we will from now on denote T} := St(eq,...,er). We will

use the convention that 7o = O,,. Note, we may see from the structure of the
matrices in T}, that the projection map p : T}, = O, _ n—, sending the matrix A
in proposition 3.2.2 to p(A) = B, defines a group homomorphism. We denote its

kernel by L, so that we have a short exact sequence of groups
1= Ly =TS Oppi — 1. (3.8)
The associated Hochschild-Serre sepectral sequence is
Eﬁ,q = Hp(On—n—k; Hy(Lk)) = Hpyq(Tk).- (3.9)

3.2.2.2 The local R*-action

In this section, we will define an R*-action on short exact sequence (3.8) which we

call ‘local action’. Using spectral sequence (3.9), we will show that, after localisation,
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the homology of T}, and O,,_j, »,—k coincide. In the next section, we will see that the

local actions are induced by a ‘global’ R*-action on the spectral sequence (3.3).

Definition 3.2.3 (Local action). Let a € R*. For 0 < k < n, define a 2n X 2n
matrix D, j by

D,

. k
Dy = : = (@Da> @12(n_k), D, = (g (31> .
1

12n—2k

Note that D, € Onn(R). The local action of R* on Tj, is the conjugation action
of Dan on Tk.

The local action preserves T} because

1 ¢ 0 ¢ 0 ¢ ‘w

0 1 0 O 0 0 O

0 & 1 3 0 & ‘uy

0 0 0 1 0 0 O .
Darl o0 [Pk

0 & 0 1 o tuy

0 0 1 0

0 =1 T2 0 g

1 a’cl 0 a%c 0 (1201,1c aluy

0 1 0 0 0 0

0 a’c? 1 a%c2 0 a ci atug

0 0 0 1 0 0 0

= . , € 1.

0 a?cf 0 a%ck 1 azcllz alug,

0 0 0 0 0 1 0

0 ax1 0 azxzy --- 0 axp B

Also notice that this conjugation action restricted to Oy n—r C T}, is trivial. Thus,
we have an R*-action on short exact sequence (3.8), which will induce an R*-action
on spectral sequence (3.9).

We now introduce the idea of localising homology groups. Let m > 1 be
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an integer. Choose units aj,...,a, € R* such that for every non-empty subset
I c {1,...,m}, the partial sum ar := ) ;.;a; is a unit in R. Call such a sequence
(a1,...,am) an S(m)-sequence. Choosing an S(m)-sequence is possible for every
m > 0 because R has infinite residue field.

Let s, € Z[R*| be the element

sm=—»_  (=)Nar) € Z[R7],

0£IC{1,....,m}

first considered in [Sch17], where (u) € Z[R*] denotes the element of the group ring
corresponding to u € R*. Note that

l=— > (1"

0AIC{1,....m}

so that a trivial R*-action induces a trivial action by the elements s,,. The magic
of these elements sy, lie in the following proposition, for the proof of which we refer
the reader to [Sch21, Proposition D.4.].

Proposition 3.2.4. Let R be a commutative ring and v = (uy, ..., uny) an S(m)-
sequence in R. Let
N-G—A

be a central extension of groups. Assume that the group of units R* acts on the
exact sequence. Assume furthermore that the groups A and N are the underlying
abelian groups (A,+,0) and (N,+,0) of R-modules (A,+,0,-) and (N,+,0,-), and

the R*-actions on A and N in the exact sequence are given by
R*xA— A:(t,a)—~t-a

and
R*XN = N:(t,y)—t>y

respectively. Then, for every 1 <n < m/2,
s H,(G) = 0.

O

We may now localise the spectral sequence (3.9) with respect to the elements
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Sm to obtain for all m > 1 the localised spectral sequences

57_711qu = Saal(On—k:,n—k; Hy(Ly))
= 8 Hyprg(Th), (3.10)
= Hy(On—k,n—k; 5;11Hq(Lk))

the isomorphism coming from the fact that R* acts trivially on O, -
We show that localising with respect to the elements s, kills the non-zero

homology groups of Ly when m is taken to infinity.
Lemma 3.2.5. We have s,,' Ho(Ly) = Z and for all 1 < 2q < m, s,;;'H,(Ly) = 0.

Proof. We claim there is a short exact sequence of groups
1 (RG) 4+) 5 Ly — (R2™R)Yk 4y - 1. (3.11)

The first arrow maps

(Cl, .. ) — A(cl,..‘)

where A, ) € Ly is defined by the conditions (3.5), (3.6) and (3.7) subject to
B =1, z; = 0 and using equation (3.6) to determine the remaining constants
(with some ordering specified beforehand). Note that we have used here that 2 is

invertible, as (3.6) implies 202 = 0 for all . The second arrow maps

1 c 0 o 0 ¢ ‘tu
0 1 0 O 0 0 O
0 & 1 3 0 & ‘uy
0 0 0 1 0 0 O
. . »—>(w1,...,xk).

0 ¢ 0 ¢ 1 c’lz by,

oo o0 -~ 0 1 0
0 z1 0 20 -+ 0 x 1

One may check that these arrows define group homomorphisms, fitting into the short
exact sequence (3.11), and (3.11) is actually a central extension.

Furthermore, this central extension is R*-equivariant where b € R* acts on
(R(g),—l—) via pointwise multiplication by b2, the element b € R* acts on Lj via
conjugation by Dy, and it acts on ((R¥=k))k 1) via pointwise multiplication
by b. By Proposition 3.2.4, s, H,(Ly) = 0 for all 1 < 2¢ < m. The equality
s Ho(Ly) = Z follows from fact that R* acts trivially on Ho(Ly). O
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Corollary 3.2.6. The inclusion Op_j pn—t < T} induces isomorphism
Ht(Onfk,nfk) — Srlet(Tk)

for allt <m/2.

Proof. By lemma 3.2.5, the localised Hochschild-Serre spectral sequence degenerates

at E? for 1 < 2t < m to yield isomorphism
p sy Hy(Tk) = Hi(Op—kn—k)
for all t < m/2. Since p is a retract of the inclusion, we are done. O

3.2.2.3 A global action on the spectral sequence

Next, we want to realise these ‘local actions’ as a ‘global action’ on the spectral

sequence
Ezl;,q(n) = Hy(Onn, Cp(n)) = Hpiq(Onn, Ci(n)). (3.12)

We do this by defining an action on the associated exact couple with abutment.
Recall that for a group G and a chain complex of G-modules C,, the spectral
sequence
Eziq = Hy(G,Cp) = Hpi4(G,Cl)

may be obtained from the exact couple with abutment

1 k 1 o
@p,q Ep,q @p,q Dp,q 69p+q Aptq

X l / (3.13)

@qu Dp,q

with E;;,q - p+q(G7 CSp/CSP—l)S D;,q = p+q<G70§p)3 Ap+q = p+q(G7 C*)S the
maps i, j, k being the maps of the long exact sequence of homology groups associated

to the short exact sequence of complexes
0— Cgp_l — CSP — CSP/CSP—I — 0,

and o is induced by the inclusion.
To define the global action, it will be convenient to introduce the general

split orthogonal group, which is defined as follows.
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Definition 3.2.7. For a ring R, define GO, ,(R) C GL2,(R) as the subgroup
GOpn(R) := {A € GLayp(R)| ' Atpa, A = arhy,, for some a € R*}.

In the above notation, we will call a € R* the associated unit of A.

For n > 1 we have short exact sequence of groups
1= 0Opp— GO,y — R — 1 (3.14)

where the first arrow is given by the inclusion and the second arrow maps A € GO, ,

to its associated unit. For instance, for a € R*, the matrix

a

is in GO, and has associated unit a which proves exactness at the right.

Definition 3.2.8 (Global action). The group homomorphism GO, ,(R) — R*
makes Z[R*] into a right GO, ,,(R)-module and left R*-module, and both actions
commute. In particular, for any bounded below complex of GO,, ,-modules M., the

groups
GO
T Cn,n

Tor#O (Z[RY), M.) = H(Z[R") &0, , M)

are left Z[R*]-modules functorial in M., and the spectral sequence

GOn,n

GOn (Z[R*), M.) (3.15)

""(Z[R*], M,) = Tor

is a spectral sequence of left R*-modules. This spectral sequence is the spectral

sequence of the exact couple (3.13) with Ej , = Torg&"‘”(Z[R*],Mgp/Mgp_l);
Gon,n * . _ GOn,n * .
D}, = Tor, " (Z[R*], M<p); Aprq = Tor, " (Z[R*],M.). For n > 1, the in-

clusions Z C Z[R*] : 1 — 1 and O,,,, C GOy, yield isomorphisms
Z®g, , M. — Z[R*] ®¢o, , M.

by Shapiro’s lemma. For M. = C.(n), this identifies the spectral sequence (3.15)
with (3.12) and makes the latter into a spectral sequence of R*-modules. We use
this structure to define the global action of R* on (3.12).
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Specifically, we now show that, under the isomorphism (3.4), the local actions
corresponding to conjugation with D, j are induced by the global action correspond-
ing to multiplication with a2 € R*. For this end, we will need to prove that the

appropriate diagrams commute. We will use the following two lemmas.

Lemma 3.2.9. Let G and K be groups. Let M and N be a G-module and a K-

module, respectively. Consider the diagram of morphisms

(f1,01)
(G,M) = (K,N)
(f2,02)

where f1, fo are group homomorphisms and @1, p2 G-module homomorphisms, N is
considered a G-module via f1 and fo respectively. Suppose there exists a k € K such
that for all g € G and for all m € M,

f2(9) = rfi(g)x™"  and  p2(m) = Kp1(m).
Then

(fi, 1) = (fo,p2)« : Hi(G,M) — H.(K,N).

Proof. By assumption, we have the following commutative diagram:

«(G, M)

(f1,01) l wQ

H(K,N) —— H.(K.N),

where (cx, i) : (K,N) — (K,N) is the map (k,n) — (kkrx~!,kn). By [Bro%4,
Chapter I11.8], the bottom horizontal map equals the identity. O

We will also need to recall functoriality of Tor. This is given by the following

lemma.

Lemma 3.2.10. Let G and K be groups; let M and P be a right G-module and
right K-module respectively; and let N and Q be a left G-module and left K-module
respectively.

Consider the diagram of morphisms

(f1,1,91)
(M,G,N) = (P,K,Q)
(f2,%2,92)

where @1, po are group homomorphisms; fi1, fo right G-module homomorphisms where
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P is considered a right G-module via @1 and o respectively and g1, g2 left G-module
homomorphisms where Q is considered a left G-module via p1 and po respectively.

Suppose there exists a k € K such that for all g € G; for allm € M and for
alln € N,

-1

fam) = fi(m)s™" , @a(g) = Ke1(g)k and  ga(m) = Kgi(n).

Then
(f1,01,91)s = (f2, 02, g2)« : Tor% (M, N) — TorX (P, Q).

Proof. By assumption, the following diagram commutes:

H. (M ®% N)

(f1:¢1791)*l WQQ)*

H*(P ®Hf( Q) ()\K_l’c'{“u%)* H*(P ®%{ )7

where
M1 : P Ppepet, ¢ K— K,k kke™t, et Q = Q,q— Kq.
Therefore, the bottom horizontal map is induced by the map

P®qgQ — P®qQ
PRq— P I ®Kkg=p®yq

which is the identity. O

By definition the R*-action on ToquO”’" (Z|R*], C(n)) corresponding to left

multiplication with a € R* is induced by the map

(a,id,id)
-

(Z[R"], GOy, Ci(n)) (Z[R*], GOy, Cr(n))

where a : Z[R*] — Z[R*] is the map corresponding to left multiplication with a.
With this, we have the following proposition, which gives us a model of this action
in terms of the groups TorqO"’" (Z,Ck(n)) = Hy(Op pn, Cr(n)).

Proposition 3.2.11. Let k,q > 0 and n > 1. Then, for all a € R*, the following
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diagram commutes:

GOn.n (a,idid)«

Torg ™" (Z[R*], Cy(n)) Torg *"" (Z[R*], Ci(n))

(i,i,id)*T% ET(i,i,id)*
On,n On,n
TOI'q (Z, Ck (TL)) m T()rq (Z, Ck (n)),
where the vertical maps are the isomorphisms given by Shapiro’s lemma; B, denotes

left multiplication by B, € GO, and Cp, denotes the map induced by conjugation

with the element B, on Oy, .
Proof. We use lemma 3.2.10. Specifically, consider the diagram

(f1,01,91) .
(Z,0nn,Ck(n)) = (Z[R"],GOpp,Cr(n))
(f2,%2,92)

where (f1,¢1,91) = (la,?,1) and (f2,p2,92) := (,Cp,, up,). Here, u, is defined
via pg(l) := a and pp, is defined via left multiplication on basis elements by B,.
Let k := B, € GO, . Note that from short exact sequence 3.14, we deduce B,
acts on R* by multiplication with a. Thus, i(1) = 1 = u,(1)k~!. Furthermore,
Cp, = ki~ ! and for every (v1,...,v;) € ZUR(R®™), up,(v1,...,v8) = k(v1,. .., V%)
(the case k = 0 being trivial). Thus, by lemma 3.2.10, the diagram commutes. [

Next, note that the action on Torqo"’" (Z,Ck(n)) induced by

(id,Cg,,Ba)
S

(Z, Onns Ci(n)) (Z, Onn, Cr(n))

is equivalent to the action on Hy(Op n,Ck(n)) induced by

(CBa 7Ba)
et

(On,n, Cx(n)) (Onn, Ck(n)).

To make the connection with the action induced by conjugation with D, j, we prove

the following intermediate proposition.

Proposition 3.2.12. Let k,q > 0 and n > 1. Then, for all a € R*, the following

diagram commutes:

(CB,_5:B,-2)

Hy(Onn, Ci(n) " Hy(Opn, Ci(n)

] T

Hy(Onn, Cr(n)) W Hy(Opn, Cr(n)),
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where for a € R*, the map

(td, ¢q) : (Opn, Cr(n)) = (Op p, Cr(n))

is defined to be the identity on Oy, and on basis elements of Ci(n) as
ba: (v, .. vp) = (a7 o, ... a7 o).

Proof. We use lemma 3.2.9. Specifically, consider the diagram

(f1,01)
(On,nack(n)) = (On,mck(n))
(f2,02)

where (f1,¢1) = (id, ¢o) and (f2, p2) == (Cp,_,, By-2). Define

Denoting for a € R*,

a

note that B,—2 = ka~!, so that CBa_2 = CxC,-1. But, Cy-1 = id, so that CBa—2 =
C,. Furthermore, note that for every (vy,...,vz) € TUR(R®™), By-2(v1,...,v) =
K¢a(v1,...,v), since B,—2 = ka~!. Thus, by lemma 3.2.9, the diagram commutes.

O

Finally, we show that (id, ¢,) induces the desired local actions.

Proposition 3.2.13. Let k,q > 0. Then, for all a € R*, the following diagram
commutes:
id,Pa )
Hoy(Or s Cim)) "% Hy(Onn, Ciln)

(i,(el,...,ek))*T% %T(i,(el,...,ek))*
(T4, 2) —g—— Hy(Ti.2),
a,k
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where the vertical arrows are the isomorphisms given by Shapiro’s lemma and the
map Cp, , denotes the map induced by conjugation with the element Dy on the

stabiliser T},.

Proof. We use lemma 3.2.9. Specifically, we have to consider the diagram

(f1,1)
(Tx,Z) = (Onpn,Ci(n))
(f2,p2)
where (f1,¢1) := (i, (a"ter,...,a"teg)) and (f2,p2) = (iCp, > (€1, - -, ex)), and
i : Ty — Oy is the natural inclusion of groups. Let x = Dy € Oy . Then, for

every A € Ty,
f2(A) =iCp, , (A) = DagAD, } = Daii(A)D, ) = rfi(A)s"

and

(e1....,ex) = Dmk(a_lel, a7 tey) =k(aT ey, .. aey).

By lemma 3.2.9, the diagram commutes. O

Thus, we have shown that there exists an R*-action on the spectral sequence
E;,q(n) = Hy(Onn, Cp(n)) = Hpyq(Onp, Ci(n))

which induces the desired local actions considered previously. Using corollary 3.2.6,

we obtain the following.

Corollary 3.2.14. For every m > 1, the localised spectral sequence
(n) = s, Hp14(Onjn, Ci(n)) (3.16)
has mE;,q terms

mE;,q = nglHq(On,m Cp(n)) = Hq(On—pn—p)

for all g < m/2 and for all p < n.

O]

Under these identifications, the differentials d' : mE;’q — o Fl take the

p—1,q
form

d': Hy(On—pn—p) = Hy(On—pt1n—p+1)

whenever ¢ < m/2 and p < n. Our next task is to compute these differentials.
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3.2.3 Computation of the localised d' differentials, and proof of
homological stability

Proposition 3.2.15. For all ¢ < m/2 and p < n, the homomorphism dzlw :

Hy(On—pn—p) = Hy(On—pr1n-pt1) is

Ao 0, p even
P.q )
ix, p odd,

where i : Op—pn—p = Op_py1n—pt+1 denotes the inclusion.
Proof. For all p < n, we want to show that the following diagram commutes:

(Ev(e RRRLS ))*
Hq(On—p,n—p) s Hq(On,nv Cp(n))

| |- (3.17)
Hy(Onn, Cp-1(n)),

H(I(On*erl,n*ZH’l) (57(61,...761;71))*
where € : Op—pn—p — Oy denotes the inclusion map; (eq,...,ep) : 1+ (e1,...,€p)
and recall that d;(vi,...,vp) = (v1,...,0....,0p). Again, we will prove this diagram

commutes using lemma 3.2.9. Specifically, consider the diagram

(e,(€15ees€iyennsEp))
(On—p,n—pv Z) = (On,nv Cp—l(”))'

(Eoi7(elv“'7ep—1))

Define A € Oy, by sending a hyperbolic basis to a hyperbolic basis as follows:

(61,...,éi,...,€p)i—>(€1,...,6p_1)
(f17'-~,fi7~~-7fp)'_>(f17~--7fp—1>
€; — €p
fi'_>fp

ej—ejand f; — fjforallp+1<j<n.

Then, by construction, (e1,...,ep—1) = A(e1,...,&,...€p). Note the matrix of A

. o 0
0 lag—p)

for some permutation matrix o. Therefore, we deduce that for every B € O,—p n—p,

has the form

c0i(B) = Ae(B)A™ L.
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By lemma 3.2.9, the diagram commutes. The proposition then follows from the fact
that the differential d' : Hy(Opn, Cp(n)) — Hy(Opp, Cp—1(n)) is induced by the
differential d = Y-F_, (—1)"*!d; : C,(n) — Cp_1(n) and the above remains true after

localisation, with the horizontal arrows becoming the identification isomorphisms.

O]
We immediately deduce the following corollary:
Corollary 3.2.16. For all ¢ < m/2 and for all p < n,
g ker (Hq(On,pm,p) N Hq(On—p+17n7p+1))> s podd
e coker (Hq(On,p,l,n,p,l) N Hq(On,pm,p))) , D even.
O

To prove homological stability, we will need to prove the following.

Proposition 3.2.17. The differentials d, , in spectral sequence (3.16) are zero for

r>2and q<m/2, p<n. Hence, for all ¢ <m/2 and p <n, mEqu = By

Proof. Similar to [NS89] and [Sch17], we argue by induction on n. For n = 0,1, the
spectral sequence under consideration is located in columns 0 and 1. Therefore, the
differentials d” for r > 2 are zero by dimension arguments.

Assume n > 2. We seek to define a homomorphism of complexes of Oy, _2 ,,—o-

modules
7: Cy(n —2)[-2] = Ci(n).

For (v1,...,vp—2) € Cp(n — 2)[—2], define

To(vl, R ,vp_g) = (61,62,@1, .. .,Tlp_g)
T1(v1, ..., Vp—2) := (e1,e2 — €1,01,...,Up—2)
TQ(Ul, R ,Up_g) = (62,62 —e1,01,. .. ,T)p_g),
where
0
0
v;i:=10] € RQn.
0
Vg

Define 7 := 19 — 71 +72. Note that 7 commutes with differentials and commutes with

Oy —2n—2 multiplication from the left, so that it indeed defines a homomorphism of
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chain complexes of O,,_2 ,_2-modules. We need to check that 7 is equivariant for the
global R*-actions on the spectral sequences so that 7 induces a map on the localised
spectral sequences. By Proposition 3.2.11, the global action is induced by the map
(CBg,, Ba) on the spectral sequence (3.12). Therefore, R*-equivariance follows from

the fact that for every a € R* and for all j = 0,1, 2, the diagrams

(On-2n2,Cpa(n—2)) 224 (0, Cy(n))
<cBa,Ba>T T(CBG,B(L)
«?n—szzaC%—202—-2))‘?;;5* (Onn, Cp(n)),

commute, where i : Op_2,_2 < O, denotes the inclusion. The point is that

B,(e;) = e;. Therefore, 7 induces a map of spectral sequences of R*-modules

. E— F

where E := E(n — 2)[~2,0] and E := E(n).
Recall from Propositions 3.2.12 and 3.2.13 that the local actions are globally
induced by multiplication with a=2 for @ € R*. Localising with respect to the last

action, we obtain a map on the localised spectral sequences

Note that for all ¢ < m/2 and 2 < p < n,

mE;,q = mE;,q(n —-2)[-2,0] = mE;—Q,q

(n—2) = Hy(On—pn—p)
The claim will then follow by induction on r using the following lemma.

Lemma 3.2.18. The map ,,7x : mE’;’q — mE;’q is the identity for all ¢ < m/2 and
2<p<n.

Proof. If we can show that for j = 0,1,2, the diagrams

Hq(On—p,n—p>(M*Hq(on—ln—% Cp—2(n —2))
:l l(E’Tj)* (3.18)
Hy(On—pn—p) » Hy(Onm, Cp(n)),

(6,(61,...,617))*

commute, where the €’s denote inclusions, we will be done, as 7 = 79 — 7 + 7.
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Again, we will prove these diagrams commute using lemma 3.2.9. Specifically,

consider diagram

(E,Tj (61,..‘,613,2))
(On—p,n—py Z) j (On,ru Cp(n))

(8,(61,...,6p))

Note that 7o(eq,...,ep—2) = (e1,€2,€3,...,€p), so that diagram (3.18) commutes
in the case for j = 0 by functoriality of group homology. For j = 1,2, we have
Ti(e1,...,ep—2) = (e1,ea—e1,€3,...,€p) and mo(e1,...,ep—2) = (€2, €2—€1,€3,...,€p).
Define a matrix A € Oy, ,(R) by

e1 — el

e > eg — €1

fie= fi+ /o

far fo
ej—ejforall 3 <j<n

fi fijforal 3<j<n.
Similarly, define B € O,, ,, by

e1 — e

e — €3 — €]

fi= fit fo

farr—f1
ej—ejforall 3<j<n

fijijI‘aH?)San.

Then, A(ey,...ep) = Ti(e1,...,ep—2), Blei,...ep) = m(e1,...,ep—2) and for every
M € Op—pnyp, e(M) = Ae(M)A™" = Be(M)B~!. Thus, by lemma 3.2.9, diagram
(3.18) commutes for every j = 0,1,2. These diagrams still commute after localisa-

tion, but now the horizontal maps become the identification isomorphisms. ]
This proves the lemma, and thus proposition 3.2.17. O

Theorem 3.2.19. Let R be a commutative local ring with infinite residue field such

that 2 € R*. Then, the natural homomorphism

Hy(Onn(R)) — Hi(Ons1n+1(R))
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s an tsomorphism for k < n — 1 and surjective for k < n.

Remark 24. This improves Mirzaii’s result [Mir04] by 1 and matches the analogous
result for fields obtained by Sprehn-Wahl [SW20].

Proof. Choose m > 0 sufficiently large so that we may apply corollary 3.2.16 when
qg<n-—1.

Recall from theorem 3.1.9 that H,(Cy(n)) = 0 for all ¢ <n — 1. Thus, from
the spectral sequences (3.2) and (3.16), corollary 3.2.16 and proposition 3.2.17, we

deduce

coker (Hq(on—l,n—l) Z_*> Hq(On,n))) = m g,q

for all g <n —1, and

ker (Hy(On-10-1) 5 Hy(Onn))) = mE?

1,9
>~ Ei’z
=0
for all ¢ <n — 2.
The theorem follows. O
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Chapter 4
Homological Stability for SO, 5

Recall we have two hyperhomology spectral sequences

E; ,(n) = Hy(SOp 0, Hy(Ci(n))) = Hpiq(SOpn, Cu(n)) (4.1)
E, ,(n) = Hy(SOnn,Cp(n)) = Hpig(SOpn, Cu(n)). (4.2)

Moreover, recall that in Theorem 3.1.9, we proved Hy(Cy(n)) = 0 for every ¢ < n—1.
As we expect the homological stability range for SO, ,, to be the same as for O,, ,,
a reasonable proof strategy is to localise spectral sequence (4.2) in the same manner
as we did for the O,, ,, and analyse the localised spectral sequences. The analysis will
turn out to be very similar to the O, , case, except for the situation when p = n,
corresponding to the fact that the action of SO, , on ZU,(R*") is transitive only
for p < n, see lemma 4.1.2. But in the end, this will not prove to be too significant.

Note that for all n > 0, we have short exact sequences
1—=S0nn, — Opp — Zo — 1,

where the right arrow given is by the determinant map. Moreover, if we define
STy, < Ty, to be the subgroup of matrices in T}, having determinant 1, the projection
map p : Ty, — Op—p n—r restricts to a map p : STy, — SOy, —j n—i. Note that

ker(p: Ty — On—gn—i) = ker(p : STy, = SOp—gn—k),

since, by inspection on the matrices in T}, we deduce that det A = det p(A) for every
A € Ty, and that both kernels consist precisely of those matrices that map to the
identity matrix. This observation will turn out to be significant in the forthcoming

analysis. Furthermore, note that S7T;, = T;,. We use the conventions that SOy = 1
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and ST() = SOn,n

We obtain short exact sequences for every 0 < k < n.

1 — Ly — STy, = SOp—pp—i — 1. (4.3)

4.1 Local R*-actions and transitivity

Define a local R*-action on short exact sequence (4.3) in exactly the same was as
we did in section 3.2.2.2, namely we conjugate matrices in ST} with the matrix
Doy € SOpp. As ker(p : Ty, = Op—gn—k) = ker(p : STy, = SOp_kn—k), the ezact
same reasoning as in section 3.2.2.2 can be used to conclude that, after localistaion,

the homology of ST}, and SO,,_}, ,,— coincide:

Corollary 4.1.1. The inclusion SOp_ n— — T}, induces isomorphisms
Hy(SOy ) = s Hy(STy)

for allt < m/2.
Next, we study the transitivity of the SO,, ,, action on ZU,(R?").
Lemma 4.1.2. The action of SOy, on TU,(R?™) is transitive for all p < n.

Proof. Let (ui,...,up), (v1,...,vp) € ZUp(R*). By lemma 3.2.1, we deduce there
exists an ufﬁ, cee uﬁ such that (uq, uf&, Cey Up, uf) has Gram matrix 19, and which
may be extended to hyperbolic basis (uq, uf&, Ceey Up, u#, 1, afft, B x#_p).
Similarly, there exists an vf&, . ,v# such that (vq, vf&, ey Up, ’U#) has Gram matrix
1)ap, and which may be extended to hyperbolic basis (v1, vf, e Up, v#, Y1, yf, e Yn—ps y#_p).

Let B € Oy, be the matrix

B = (u uf& R T u# 1 xf R - x#_p),
and let C' € O, be the matrix
Co=( of - v oy o o e, Yl

If det B = detC, then CB~! € SO,,,, and maps (u1,...,u,) to (vi,...,v,). If
det B # det C, then define C := CT, where T is the matrix that swaps Yn—p and
y#_p in the columns of C. Then, as detT = —1, it follows det B = det C, and we
are in the previous case. O
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Recall that Shapiro’s lemma gives an isomorphism

P (iw2): P HGe.Z) = H.(G,Z[9))

[z]eS/G [z]esS/G

of homology groups, where the direct sum is over a set of representatives z € S of
equivalence classes [z] € S/G; the group G, is the stabiliser of G at x € S; the
homomorphism i, : G, C G is the inclusion; and x also denotes the homomorphism
of abelian groups Z — Z[S] : 1+ x.
We apply Shapiro’s lemma in the case G = SO, »,(R) and S = ZU,(R*").
Thus, by lemma 4.1.2 we have identification isomorphisms given by Shapiro’s

lemma for every, 0 < p <n and ¢ >0
Hy(ST,) = Hy(SOpn, Cp(n)). (4.4)

For p = n, we claim that the action of SO, , on ZU, (R?") has two orbits:

Proposition 4.1.3. For n > 1, the action of SO, on TU.,(R?*™) has orbits corre-
sponding to Zs.

Proof. We know by lemma 3.2.1 that the action of O,,, on TU,(R?") is transitive,

so that we have an isomorphism of O,, , —sets
Onon/Tn = TU(R™).

Furthermore, note that 7,, = ST,, < SO, , < O,p, so that we have a canonical
surjection Oy, /Ty, — Opyn/SOy, with fibre SO, ,/T,. Therefore, we have an
isomorphism of O, ,,-sets IUH(RQ”)/SOnm 2 Opn/SOp . This gives us

‘Iun(RQ”)/SOnm’ - ‘On,n/SOn,n

- |ZQ| )
where the last equality follows from the short exact sequence

1—=S0,, — Opp — Zy — 1.

Therefore, Shapiro’s lemma gives us an isomorphism

Hy(St(ex, ... en)) @ Hy(St(er, ... en-1, fn)) = Hy(SOpm, Cn, (n)).  (4.5)
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where St(e1,...,en—1, fn) denotes the stabiliser of (eq,...,ey,—1, fr) in SO, p, and
the identification map is given by Shapiro’s lemma. To ease notation, we define
Ty :=St(e1,...,en1, fn)-

We will compute T',, and show that, after localisation, all non-zero homology

groups of T',, vanish.

4.1.1 Computation of T, and a local R* action

We first compute T',.
Proposition 4.1.4. Matrices A € T,, are of the form

1 ¢ 0 cf 0 cty ¢ o0
0o 1 0 0 0 0 0 0
0 ¢ 1 o 02, ¢ o0
0 0 0 1 0 0 0 0
A= A
0 ™t 0 ! 1 =1 atoo
0 0 O 0 1 0 0
0 0 0 O 0 0 1 0
0 ¢ 0 cf 0 ¢y 0 1
where c§ € R, subject to the conditions
¢+ =0. (4.6)

Proof. Let A € T,,. Then, Ae; =e1,...,Aey_1 = e,_1 and Af, = f,. This gives
the 1st, 3rd, ....,(2n — 3)rd and 2n-th column of A. Moreover, for a fixed 1 <i <n

and for any 1 < j < n, we have

and
(€5, Aepn) = (Ae;, Aey) = (e, ep) = 0.

This gives the 2nd, 4th, ..., (2n — 2)nd rows of A.
Furthermore, note that for 1 < j < n,

(fnaAej> = <AfmA€j> = <fn,€j> =0
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and
(fn,Aen) = (Afp, Aepn) = (fn,en) = 1.

This gives the (2n — 1)th row of A. Filling in the remaining entries by constants to

be determined, we have that

1 e 0 ¢ 0 ¢ty ¢ 0
0 1 0 0 0 0 0 0
0 ¢ 1 ¢ 0 2, & 0
0 0 0 1 0 0 0 0
A= : : :
0 c?_l 0 c’g_l 1 cz:% cﬁ‘l 0
0 0 0 1 0 0
0 0 0 0 1 0
0 ¢ 0 & 0 ¢, A 1

where c;'», A € R.

We use the equation ‘Ao, A = 19, to determine the conditions on these
variables. Specifically, we have that

1 0 0 0 0 0 0 0 1 o 0 3 0 et ek o
d 1 2 o Tt 0 0 cp 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0o 2 1 2 0 2_, c2 0
c3 0 3 1 2™t 0 0 cF 0 0 0 1 0 0 0 0
tAYA = : : : R : B : P : : :
0 o 0 o0 1,00 o 0o 7t o ept 1 '] et oo
ek, 0 2, o 11 0 ey 0 0 0 0 0 0 0
ek 0 &2 o enml 0 1 A 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 ¥ 0 <y A 1
0 1 0 0 0 0 0 0
1 c% +c% 0 c% +c% 0 C%L71 +c;"71 c71L + 7 0
0 0 0 1 0 0 0 0
0 c%+c§ 1 c%—&-c% 0 0"71-9—0721_1 ci—&-cg 0
0 0 0 0 0 1 0 0
0 epgtef™h 0 f eyt 1 oepTidenTy eplden g 0
0 el +cp 0 c2 +cn 0 el 2A 1
0 0 0 0 0 0 1 0
Thus, we conclude A = 0 necessarily and we derive the required equations. ]

We now define a local R* action on T),,. This will be slightly different from
the local actions on T}. We will show that, after localisation, the non-zero homol-
ogy groups of T, vanish. Eventually, we will show the global action considered in

subsection 3.2.2.3 induces this local action on T,.
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Definition 4.1.5 (Local action). Let a € R*. Define a 2n x 2n matrix D, , by

el @Rty

Note that D, € SOy, (R). The local action of R* on T}, is the conjugation action
of Ea’n on T,,.

The local action preserves T',, because

1 e 0 & 0 ¢t ¢ 0
o 1 0 O 0 0 0 0
0 ¢ 1 ¢ 0 2, & 0
0 0 0 1 0 0 0 0
Don|: ¢ 1 & i i1 D,
0 c?_l 0 cg_l 1 ch cﬁ‘l 0
0 0 O 0 1 0 0
0 0 O 0 0 0
0 & 0 ¢ 0 ¢, 0 1
1 a% 0 a%c} 0 a’cl_, a?cl 0
0 1 0 0 0 0 0 0
0 a%c? 1 a%c 0 a?c2_; a%c2 0
0 0 0 1 0 0 0 0
ol : L | €T
0 CLQC’f_l 0 a2c§_1 1 a%Zj a%ﬁ‘l 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 a2c71‘ 0 azcg 0 CL2CZ_1 0 1

We show that localising with respect to the elements s,, kills the non-zero
homology groups of T,, when m is taken to infinity. This is used to make the

identifications in corollary 4.2.3.
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Lemma 4.1.6. We have s,,' Hy(Ty,) = Z and for all 1 < 2q < m, s;,'Hy(T,) = 0.

Proof. We claim there is a short exact sequence of groups

n

15 (RG),+) 5T, 51> 1. (4.7)

The first arrow maps
(Cl, - ) — 14(017“.)

where A, ) € T, is defined by conditions (4.6) (with some ordering specified
beforehand). The second maps A € T, to its bottom right identity matrix. One
may check that T, is abelian, and these arrows define a short exact sequence of
abelian groups.

Furthermore, this short exact sequence of abelian groups is R*-equivariant
where b € R* acts on (R(g),—i—) via pointwise multiplication by b2, the element
b € R* acts on T, via conjugation by D, and the action of b on 1 is taken to be
trivial.

By Proposition 3.2.4, s;,'H,(T,) = 0 for all 1 < 2¢ < m. The equality
s YHo(T,) = 7Z follows from fact that R* acts trivially on Ho(T},). O

4.2 A global action on the SO, , spectral sequence

As before, we want to realise these ‘local actions’ as a ‘global action’ on the spectral

sequence
E) (n) = Hy(SOnn,Cy(n)) = Hprq(SOnn, Ci(n)). (4.8)

Again, we do this by defining an action on the associated exact couple with abut-

ment. Specifically, the spectral sequence
E;,q = Hy(SOnn, Cp(n)) = Hp1q(SOnn, Ci(n))
may be obtained from the exact couple with abutment

1 k 1 o
@p,q Eyq } @p,q Dpq } @pﬂ Ap+g

S 1 P (4.9)

@qu Dp:q
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with Ezl),q = Hyp14(SOnn, C<p(n)/Cep-1(n)); Dle,q = Hyp14(SOnn, C<p(n)); Aptq =
H,14(SOp 1, Cy(n)); the maps i, j, k being the maps of the long exact sequence of

homology groups associated to the short exact sequence of complexes
0= Ccp1(n) = Cp(n) = Csp(n)/Cp1(n) = 0,

and o is induced by the inclusion.

For a € R*, we define the global action on spectral sequence (4.8) to be
the action induced by the map (Cp__,,B,-2) on exact couple (4.9), where Cp__,
denotes conjugation by the matrix B,-2 of section 3.2.2.3, and B,-2 also refers to
multiplication by this matrix.

As D1, € SOy, for every 0 < k < n, the proof of proposition 3.2.12 may be

used to prove following proposition continues to hold for SO, .

Proposition 4.2.1. Let k,q > 0 and n > 1. Then, for all a € R*, the following

diagram commutes:

(CBa_Q 7Ba*2 )*
Hy(SOp n,Cr(n)) ———— Hy (SO n, Cr(n))

] T

Hy(SOnn, Ck(n)) “Gden. Hy(SOnn, Ck(n)),

where for a € R*, the map
(id, da) : (SOnn, Cr(n)) = (SOnn, Ci(n))
is defined to be the identity on SOy, and on basis elements of Ci(n) as
ba: (v, .. vp) = (e oy, ... 0 o).

For the next proposition, we need to treat the case k = n separately:

Proposition 4.2.2. Let ¢ > 0 and 0 < k < n. Then, for all a € R*, the following

diagram commutes:

id,Pa )«
Hy(SOmn, Ci(n)) "% H (504, Ci(n)
(i,(el,.‘.,ek))*TE %T(’L',(eh...,ek))*
Hy (ST}, Z) ———— H, (ST}, Z),

CDa,k

where the vertical arrows are the isomorphisms given by Shapiro’s lemma and the
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map Cp, , denotes the map induced by conjugation with the element D on the
stabiliser STy,.

Moreover, for ¢ > 0 and k = n, the following diagram commutes for all
a€ R

Hy(SOpn, Cu(n)) — 4 1 (SO, Ca(n)
<i,(e1,...7en>>*@(zp<e17...,fn)>*% %T(i,(el,..-7en>>*@(@(eh...,fn))*
H(T0,2) & Hy(Tn, 7) oo Hy(Tos7) & Hy(To, ),

where the vertical arrows are the isomorphisms given by Shapiro’s lemma and the
map Cp,, ® Cp, ~ denotes the map induced by conjugation with the element Dq,,
on the stabiliser T,, sum with the map induced by conjugation with the element D,

on the stabiliser T,, .

Proof. The proof of the first half of the proposition is exactly the same as the O, ,,
case, since D, 1, € SOy, . See proposition 3.2.13. The proof that the first component
commutes is exactly the same as the O, case, since D, , € SO, . For the second

component, consider diagram

_ (f1,01)
(Tn,2Z) = (SOn,na Cn(n))
(f2,2)

where (f1,1) == (i,(a ter,...,a" f,)) and (fo, 2) := (z'Cﬁm, (e1,...,fn)), and
i:Ty — SOy, is the natural inclusion of groups. Let k = Ea,n € SOy, p. Then, for
every A €T,

—1 -——1 -1

f2(A) =iCp, (A) = DynAD,, = Dani(A)D,, = fi(A)x

and

(e1--vs fn) = Danlater,...;a7 o) = k(a ter,...,a7  fn).
By lemma 3.2.9, the diagram commutes. O

Thus, we have shown that there exists an R*-action on the spectral sequence
E;q(n) = H,(SOpn,Cp(n)) = Hpiq(SOp pn, Ci(n))

which induces the desired local actions considered previously. Putting everything

together, we obtain the following.
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Corollary 4.2.3. For every m > 1 and every q < m/2, the localised spectral se-

quence
mEypq(n) = 53/ By () = 7' Hyg(SOpn, Cu(n)) (4.10)
has mE;q terms

Hy(SOn—pn—p) 0<p<n

mEzl),q(n) = S Hy(SOnn, Cp(n)) = Z[Zs) p=n,q=0
0 p=mn,q>0.
O
Our next task is to compute the localised d! differentials d' : mE;yq —
mEzl)_lzq.

4.3 Computation of the localised d' differentials, and
proof of homological stability

Proposition 4.3.1. For all g < m/2 and 0 < p < n, the homomorphism d;q 18

Ao 0, ©p even
Pq )
ix, p odd,

where © : SOn—pn—p > SOn_pti1n—pt1 denotes the inclusion. For p = n, the
homomorphism d%z,q is 0 if ¢ > 0 or if n is even; and for ¢ = 0 and n odd, d,luo 18

the augmentation map € : Z|Zs| — Z.
Proof. For all p < n, we want to show that the following diagram commutes:
(i,(@l,...,EP))*
Hy(SOn—pn—p) Hy(SOnn, Cp(n))

HQ(SOn*p+1,nfp+1) HQ(SOn,m Cpfl(n))a

(iv(elv"'vepfl))*

where @ : SOn_pn—p — SOp, denotes the inclusion map; (e1,...,ep) : 1 —
(e1,...,ep) and recall that d;(v1,...,vp) = (v1,...,05....,0p).

The same proof as in proposition 3.2.15 will work, so long as we can show o
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has determinant 1. Note that permutation matrix ¢ will be of the form

o=(e1 fi - e-1 fic1 e fp e firor ep—1 fp—1)

From this, we may write id = o - Ty - T -+ Ty where the matrices T; are the

p—i)s
elementary matrices needed to swap columns in a)to transform it into the identity
matrix. Note that each of these matrices has determinant —1, and there are an even
number of such matrices.

Thus, we deduce 1 = det(id) = det(c-T1- Ty -+ Top—s)) = (—1)2F~9) det (o) =
det(o).

For p = n, it suffices to show that the following diagram commutes:

l—=(e1,....en),0—(e1,.... fn)

Z|Zs) » Cn(n)so,,,
al ldi
7 a Cnfl(n)son’n.

1»—>(e1,...,en,1)

For i = n, it is easy to see by inspection that the diagram commutes.

For 1 < i < n, commutativity follows from the fact that SO, , acts transi-
tively on ZU,_1(R*™).

These diagrams still commutes after localisation, but now the horizontal

arrows become the identification isomorphisms. O
We need to prove the following:

Proposition 4.3.2. The differentials dj, , in spectral sequence (4.10) are zero for
r>2and g <m/2, p<n. Hence, for all g <m/2 and p <mn, mE;q = mEpy-

Proof. For n = 0,1, the spectral sequence under consideration is located in columns
0 and 1. Therefore, the differentials d” for r > 2 are zero by dimension arguments.

For n > 2, consider the homomorphism of complexes of SO,,_2 ,,—2-modules
7:Cyu(n —2)[-2] = Ci(n).
as defined in proposition 3.2.17. Note that the diagram

(SOn-21-2, Cpa(n — 2)) ~225 (SO0, Cpl(n))
<cBmBa>T T(CJBmBa)

(SOn—2n—2,Cp—2(n —2)) N (SOnn, Cp(n)),
LR
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still commutes, so that we have an induced map on localised spectral sequences

The claim would then follow by induction on r using the following lemma:

Lemma 4.3.3. The map ,,7x : mE;’q — mE;q is the identity for all ¢ < m/2 and
2<p<n.

Proof. For 2 < p < n, the same proof as in lemma 3.2.18 works, as the matrices A
and B in lemma 3.2.18 have determinant 1. Thus, we only need to consider the case
p=n.

It suffices to show that for j = 0,1, 2, the following diagram commutes:

= (e, nen—2),0(e1,...,fn—2)

Z[ZQ] ” Cn72(n - 2)507172,”72
Z|Zs) Cn(n)s0,,,-

1—=(e1,....en),0>(€1,us fn)

For j = 0, the diagram is easily seen to commute by inspection.

For j = 1, we have that

Aley, ..., en) = (e1,e2 —e1,e3,...,6y)

A<617 . 7fn) = (61762 —€1,€3,... 7fn)7

where A € SO,,,, is the matrix A in the proof of lemma 3.2.18.
Similarly, for j = 2, we have that

Blei,...,en) = (e2,e2 —e1,€3,...,¢€p)

B(ela”'vfn):(62762_617637"'7fn)7

where B € SO, ,, is the matrix B in the proof of lemma 3.2.18.
Thus, the diagrams commute. These diagrams still commute after localisa-

tion, but now the horizontal maps become the identification isomorphisms. ]
This proves the lemma, and thus proposition 4.3.2. O

Theorem 4.3.4. Let R be a commutative local ring with infinite residue field such

that 2 € R*. Then, the natural homomorphism

Hp(SOnn(R)) — Hp(SOnt1m41(R))
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s an tsomorphism for k < n — 1 and surjective for k < n.

Remark 25. This is the first known homological stability result for SO, , over a
local ring and generalises the result obtained by Essert [Ess13] for infinite fields.

Proof. Choose m > 0 sufficiently large. We have a spectral sequence (4.10) with E'-
terms given by corollary 4.2.3 and d;q was computed for all ¢ < m/2 in proposition
4.3.1. From theorem 3.1.9, spectral sequences (4.1) and (4.10) and proposition 4.3.2,

we deduce mEgjq = mEgjz for all p+q < n—1and ¢ < m/2. The theorem follows. [
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Chapter 5

Homological Stability for £O,, p

and Spin,,

We define £O,,,, as follows.

Definition 5.0.1. Define FO, , to be the image of the map
EOy = Im(7 : Spin,, ,, — SOp»),

where 7 : Spin,, ,, — SO, is the canonical map from the Spin group into the

n,n

special orthogonal group.

From this definition, we see that EO,,,, sits inside short exact sequence
1 — Zy — Spin,,,, = EOnpn — 1.

We will study the homological stability of EO,, and will later apply the rela-
tive Hochschild-Serre spectral sequence to deduce a homological stability result for

Spin,, ,,.

Remark 26. Our definition agrees with the usual definition of the elementary or-
thogonal group EO,, , by [HO89, Theorem 9.2.8].

Remark 27. Note that [HO89, Theorem 9.2.8] as stated is true for n > 2. For
n = 1, we use the convention that FO; ;(R) = R*?, so that the above short exact

sequence is still true.

To prove homological stability of FO, ,, we will study the hyperhomology
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spectral sequences

E; (n) = Hy(EOpn, Hy(Ci(n))) = Hyiq(EOy p, Cu(n)) (5.1)
E, ,(n) = Hy(EOnn,Cp(n)) = Hyppg(EOpp, Ci(n)). (5.2)

As the action of EO,,, on ZU,(R?") is transitive only for p < n, see lemma 5.1.1,
it is reasonable to expect that the analysis for the FO, , case should be similar to
the SO, case. This is indeed what happens.

By Theorem 2.4.21, FO,, , also sits inside the short exact sequence
1= EOpp — SOpn 5 R /R 5 1,

where the first arrow is the inclusion and the second arrow 6 is the spinor norm (this
short exact sequence is also true for n = 1, given our convention EOq1(R) = R*?).
We refer the reader to the preliminaries for more details about the spinor norm. See
also [Sch12] and [HO89] as additional references. From this short exact sequence,
note that we have inclusion [SO,, , SOy, ] € EOy, p, where [SOy, , SOy, ] denotes
the commutator subgroup of SO, ,. Therefore, to prove a matrix is in FO,, ,, it

will be sufficient to prove it is in [SOy, p,, SOy, ). This will be very convenient for us.

5.1 Transitivity and local R*-actions

We want to prove that the canonical action of EO,,,, on ZU,(R?") is transitive for

all p < n.
Lemma 5.1.1. The action of EOy,, on TU,(R*") is transitive for all p < n.

Proof. Let (vi,...,v,) € TU,(R*). It suffices to show that there exists an A €
EOy, , such that A(eq,...,ep) = (v1,...,0p).

We know by lemma 4.1.2 that the action of SO, , is transitive for all p < n.
Therefore, there exists a B € SO, ,, such that B(ey,...,ep) = (v1,...,vp).

Furthermore, note that we have surjections ST, = Stabso, ,(e1,...,€p) —
SOpn—pn—p and SOyp_p n—p — R*/R*2.

Therefore, we deduce that there exists a C' € ST, < SO, such that
9(BC) =6(B)0(C) =1 and BC(e1,...,ep) = Ble1,...,ep) = (v1,...,0p).

As 0(BC) = 1, we have that BC' € ker(d) = EO,,. We may thus set
A:= BC. O

Define ETj, := Stabgo,, ,(e1,...,ex). Note that ET}, is precisely ker(ST, 4
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R*/R*?). This gives us the following diagram with exact rows:

1 ET; ST, —%— R*/R? — 1

A

1l —— EOn—k,n—k E— SOn—k,n—k L> R*/R*2 — 1

where the existence of the dashed arrow for all n > 2 will follow if we can show that

the right square commutes (the map trivially exists for n = 1). Let us prove this.

Proposition 5.1.2. For every n > 2, the square

ST, —%— R*/R*?

|k

SOn—k,n—k L> R*/R*2

commautes.

Proof. Let n > 2. Recall that [SO,, ,SOn | € EOy . Let A € ST}, such that

1
p(A) = B. Want to show 0(A) = 6 2k 5l Equivalently, want to show

1 1
0 << 2k A | = 1. Therefore, we want to show that ( 2k >A €
B! B!
[Son,n’ SOn,n] - EOn,n
1
Note that 2k B_1> A € L, therefore it suffices to prove that L, C

[SOn.n, SOy, p].

The inclusion Ly, — SO, induces a map on homology Hy(Ly) — Hy(SOp.1).
We claim this is the zero map for every ¢ > 1.

Recall from lemma 3.2.5 that s;,'H,(Ly) = 0 for every 1 < 2¢ < m and
note that s;,' Hy(SOp.n) = Hy(SOy ), as the R*-action defining this localization is
trivial on Hy (SO, ).

Taking m sufficiently large, we obtain for every ¢ > 1 commutative diagrams

Hq(Lk) Hq(SOn,n)

| I

splHy(Ly) = 0 —— s, Hy(SOy.0) = Hy(SOp »)

We therefore deduce that Hy(Ly) — Hy(SOy, ) is the zero map for every ¢ > 1. In
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particular, as H; corresponds to taking abelianization, we have that the diagram

Lk < SOnn

)

} |

Li/ Ly, L) —2— 80,.1/[SOnn, SOn 1l

commutes. Therefore, we conclude that the inclusion L — SO, , factors through
[SOn.n, SOy pl. 0

Thus, the projection map p : STy, = SOy_j n—r induces a map p : BT}, —
EO,,_in—r. Moreover, the above proof shows that ET, = ST,, = T, and L; =

ker (p : ET), - EOp_k n—k), so that we have short exact sequence
1— Ly — ET, = EOp_ppn—r — 1.
The associated Hochschild-Serre spectral sequence is
Eg,q = Hp(EOn—kn—k; Hy(Lx)) = Hpiq(ETy).

Knowing that ET,, = ST, =T, allows us to prove the following proposition:

Proposition 5.1.3. Forn > 1, the action of EO,,, on TU,,(R*") has orbits corre-
sponding to R*/R*? x Zs.

Proof. We know by lemma 3.2.1 that the action of O, , on Ibln(RQ”) is transitive,

so that we have an isomorphism of O,, ,,—sets
Onn/Ty = IUn(RZ”).

Furthermore, note that T,, = ET;,, < EO,, < Opp, so that we have a canonical
surjection Oy, /Ty, — Oppn/EOy , with fibre EO, ,/T,,. Therefore, we have an
isomorphism of Oy, ,-sets ZU,,(R**)/EOy, 1, = Op.p/ EOy . This gives us

|TU,(R*™)/EOyp | = |Onp/EOny| = |R* /R x Ly,
where the last equality follows from the short exact sequence
1= EOy, — Opy — RY/R™? x Zy — 1, (5.3)

see theorem 2.4.21. O
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5.1.1 The local R*-action

Note that for every a € R*,

so that

Da2k = A GEOnn

)

lon—ok

We will define the local action of R* on ETj to be the conjugation action of D,z j,
on ETj,.

Replacing every unit by its square where necessary in the proof of lemma
3.2.5 shows that:

Corollary 5.1.4. The inclusion EO,_j i — ET}, induces isomorphisms
Ht(EOn—k,n—k) — 5777,1Ht(ETk)

for allt <m/2.

5.2 A global action on the EO,,, spectral sequence

As before, we want to realise these local actions as a global action on the spectral

Sequence
E;,q(n) = Hy(EOy 1, Cp(n)) = Hptq(EOy , Ci(n)). (5.4)

Again, we do this by defining an action on the associated exact couple with abut-

ment. Specifically, the spectral sequence

E;,q = HQ(EOTL,TH Cp(n)) = Hp+q(EOn,n7 C*(TL))
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may be obtained from the exact couple with abutment

1 k 1 o
EBZMJ Ep,q EB:M Dp,q eBp+q Ap+q

I (5:5)

1
@p,q DP,(I

with E;,q = Hp14(EOnn, C<p(n)/Csp-1(n)); Dzlhq = Hy14(EOnn, C<p(n)); Aptq =
Hyg(EOp pn, Ci(n)); the maps i, j, k being the maps of the long exact sequence of

homology groups associated to the short exact sequence of complexes
0= Csp1(n) = Csp(n) = C<p(n)/Cspr(n) — 0,

and o is induced by the inclusion.

For a € R*, we define the global action on spectral sequence (5.4) to be
the action induced by the map (CBG_4,B,174) on exact couple (5.5), where CB, 4
denotes conjugation by the matrix B,-4 of section 3.2.2.3, and B,-4 also refers to

multiplication by this matrix.

Proposition 5.2.1. Let k,q > 0 and n > 1. Then, for all a € R*, the following

diagram commutes:

(CB _4 ’Ba_4)*

Hy(EOpn, Ci(n)) ——""""5" H,(EOpn, Ci(n))

4 T
Hy(EOn ., Ci(n)) ) Hy(EOpn, Ci(n)),

where for a € R*, the map
(id, ¢g2) : (EOp p,Cr(n)) = (EOp 5, Cr(n))

is defined to be the identity on EO,,, and on basis elements of C(n) as

Boz (V1. ) = (@ 201, . .., a 2up).

Proof. We use lemma 3.2.9. Specifically, consider the diagram

(f1,01)
(EOpn,Cr(n)) = (EOpnp,Ck(n))
(f2,02)
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where (f1,¢1) = (id, ¢,2) and (f2,¢2) := (Cp,_,, B4-4). Define

K= D2, =

Denoting for a € R*,

a

note that B,-4 = ka2, so that CBQ74 = CxCy—2. But, Cy—2 = id, so that CBcr4 =
Cy. Furthermore, note that for every (vy,...,vx) € TUR(R®*), By-a(v1,...,v) =
kg2 (v1, ..., v;), since B,—a = ka~2. Thus, by lemma 3.2.9, the diagram commutes.

O

Proposition 5.2.2. Let ¢ > 0 and 0 < k < n. Then, for all a € R*, the following

diagram commutes:

id, *
Hy(EOpn, Co(n) 222 H(EO, 1, Ci(n))

QEmSNE =i ermen))s
H,(ETy,Z) —— H,(ETy, Z),
DaQ,k
where the vertical arrows are the isomorphisms given by Shapiro’s lemma and the

map Cp , ~denotes the map induced by conjugation with the element D2 ). on the
stabiliser E'T},.

Proof. We use lemma 3.2.9. Specifically, we have to consider the diagram

(f1:01)
(ETk,Z) = (EOn,n, C’k(n))
(f2,p2)
where (f1,¢1) := (i, (a2e1,...,a %e;)) and (fa, p2) := (z’CDa%,(el,...,ek)), and
i1 ETy, — EOpy is the natural inclusion of groups. Let £ = D2, € EOy, . Then,
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for every A € Tk,
f2(A) =iCp, , (A) = Dg2 4 AD 5, = Dg2 4i(A) D = rfi(A)r™

and

(e1....,ex) = Daz,k(a_2el, coa%er) = k(e ey, ... ,a “e).
By lemma 3.2.9, the diagram commutes. O

Furthermore, we need to compute H,(EO) ,,Cy,(n)) and show that, after

localisation, they vanish for all ¢ > 0.

Proposition 5.2.3. For every m > 1 and ¢ < m/2, we have

ZIR*/R*? x 7o) q=0
0 q > 0.

1

5 Hy(EOn 1, Cn(n))

Proof. We have isomorphisms

Hy(EOy n, ZITU,)) = Tor, O™ (Z, Z[TU,,))

~ Tors ™™ (Z[R*/R*® x ), Z|TU,))

= Hy(Z[R*/R* x L) ®p,, , L[IUy))

= Hy(Z[R*/R*® x T3] @6,  Z[Onn/Ty))
= Hy(Z[R*/R* x Ls) @7, Z)

>~ H,(Tn, Z|[R*/R* x Zs))

>~ Z[R*/R* x Zs) ®z Hy(Ty, Z),

where we have used short exact sequence (5.3), transitivity of the O, ,-action and
the Universal Coefficient Theorem. We therefore want to show that the action kills
the Hy(T,,) terms for all ¢ > 0, whilst leaving the Z[R*/R*? x Zs] term invariant.
This will follow from the commutativity of the following two diagrams, which we

state as lemmas.

Lemma 5.2.4. The following diagram commutes:

(id,id,¢ 2 )«

Tor. O™ (Z., Z|TU,)) Tor. O™ (Z., Z|TU,))

(i,i,id)*l% %l(i,i,id)*

Tor§"™" (ZIR* /R* X L), ZTU,]) —————— Torg™" (Z[R*/R*? x Zo], ZITU)),



where the vertical maps are the isomorphisms given by short exact sequence (5.3);
i:Z < ZIR*/R*] and i : EOyy — Oy, denote the canonical inclusions and recall
that ¢q2 : Z[IU,| — Z[IUy] is the map defined on basis elements by (v1,...,v,)

(a2v1,...,a %,).
Proof. Easily seen by inspection. O

Lemma 5.2.5. The following diagram commutes:

id,id, «
TorO"™ (Z[R* /R X Zo], Z[TUs,]) —002), oOnn(Z[R* /R x Tia), Z[TU])
(id,i,(el,...,en))*T% ET(id,i,(el,..‘,en))*
Tor," (Z[R* | R** x Zs),7.) » Tori (Z[R* | R** x Zs), Z),

—1 .
(Da,2 ,n’CDaQ ,n ﬂd)*

where the vertical maps are the isomorphisms given by the transitivity of the O, -
action; D;an denotes the map induced right multiplication by Da_an € Opyp and

Cp,,  denotes the map induced by conjugation with D2 ;.
Proof. We use lemma 3.2.10. Specifically, consider the diagram

5 (fi,1,91) 9
(ZIR* /R X o), To,Z) = (ZIR* /R x Zs), Onns Z[TUs))
(f2,02,92)

where (flv $1, gl) = (Zda i, ((1_261, s ,(1_26n)) and (f27 ¥2, 92) = (D;217na Z.CfD‘127n7 (617 ce

Let k := D2, € Op . We have that o = k1Y go = kgr and fy = fik7!, so
that by lemma 3.2.10, the diagram commutes. O

Note that in the previous lemma, D,2, € FEO;p, so that the action on
Z[R*/R*? x Zs] is trivial. Tt follows therefore that the action on Z[R*/R*? x Zs] ®7,
H,(T,,Z) is trivial on Z[R*/R*? x Zs] and is the action induced by conjugation by
D,2,, on Hy(T},). By lemma 3.2.5 (using the fact that 7,, = L,), the proposition
follows. O

Thus, we have shown that there exists an R*-action on the spectral sequence
E;,q(n) = Hy(EOnn, Cp(n)) = Hp1q(EOnn, Ci(n))

which induces the desired local actions considered previously. Using corollary 5.1.4

and proposition 5.2.3, we obtain the following.
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Corollary 5.2.6. For every m > 1 and every q < m/2, the localised spectral se-

quence
mE;’q(n) = S;LlEévq(n) = S;lalJrq(EOn’n, Cy(n)) (5.6)
has mE;q terms

Hy(EOp—pn—p), 0<p<n
mEgl),q(n) = S;anq(EOn,na Cp(n)) = Z[R*/R*2 X ZQ], p=n,q= 0
0 p=mn,q>0.
O

Our next task is to compute the localised d! differentials d' : mE;yq —

1
mEp—l,q‘

5.3 Computation of the localised d' differentials, and
proof of homological stability

Proposition 5.3.1. For all ¢ < m/2 and 0 < p < n, the homomorphism d;q is

Ao 0, p even
Dq )
ix, p odd,

where © 1 EOp_ppn—p — EOn_pi1n—pt1 denotes the inclusion. For p = n, the
homomorphism d}z,q is 0 if ¢ > 0 or if n is even; and for ¢ = 0 and n odd, d'}z,O 18
the augmentation map € : Z[R*/R*? x 7] — Z.

Proof. For all p < n, we want to show that the following diagram commutes:

(3,(€1,..y€p))x
Hy(EOpn_pn—p) Lot H,(EOp 1, Cp(n))

.| J@> 67

Hy(EOn—pt1,n—p+1) Hy(EOnn, Cp-1(n)),

(iv(elv"'vep—l))*

where i : EOp_pn—p — EO,, denotes the inclusion map; (er,...,ep) : 1
(e1,...,ep) and recall that d;(vi,...,vp) = (v1,...,0;....,0p). Suppose the ma-

trix A in the proof of proposition 3.2.15 has spinor norm §(A) = a. Note that, as
A= (U 1 >’ it follows that 6(A) = (o). If a = 1, we are done. Otherwise,
2(n—p)
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define A € On,n by sending a hyperbolic basis to a hyperbolic basis as follows:

(€1, 3 €iy...yep) = (e1,...,ep—1)
(Frrees fireos o) = (f1s s fpm1)
e; — aep
firra 'y

ej—ejand f;— fjforallp+1<j<n.

Write A = (U . ), so that 8(A) = 6(5). We prove that & € EO,,. Indeed,
2(n—p)

this follows from the matrix equation

1

Q>
I

—
Q

Clearly, we still have (e1,...,ep—1) = fl(el, ...s€&,...ep) and forevery B € EOp_p n—p,

so that by lemma 3.2.9, the diagram commutes.

For p = n, it suffices to show that the diagram commutes:

Z[R*/R*? X Zy] ——— Cp(n)Eo

| Js.

Z Cn-1(N)EO, n -

1!—)(61,“.,6”,1)

n,n

where the top horizontal arrow maps a given basis element © € R*/R*2 x Zy to
the element given by the isomorphism of O, ,,-sets R*/R*? x Zy = Onn/EOy, =
TU,(R*)/EOy,p, see proposition 5.1.3. But this follows from the fact that EO,,,
acts transitively on ZU,,_1(R*"). O

In the proof of the next proposition, we will use the so called hyperbolic map.

Definition 5.3.2. Define the hyperbolic map as a group homomorphism H : GL,(R) —
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Opn(R) given by

H : GLn(R) — Opn(R)

A— <A ) .
t(A—l)

Remark 28. In the above definition, we have used the convention that R?" is

I,

equipped with symmetric bilinear form given by , and has ordered basis

n

€1, €n, f1,..., fn, s0 that (e;,e;) = (fi, f;) = 0 and (e;, fj) = ;5. We have done
this for the sake of notation. It is clear that this convention differs from our usual
convention up to matrix conjugation (by a suitable permutation matrix). We tacitly

assume this whenever using the hyperbolic map.
We need to prove the following proposition:

Proposition 5.3.3. The differentials dj, , in spectral sequence (5.6) are zero for
r>2and g <m/2, p<n. Hence, for all ¢ <m/2 and p <n, mE,?,q > By

Proof. For n = 0,1, the spectral sequence under consideration is located in columns
0 and 1. Therefore, the differentials d" for r > 2 are zero by dimension arguments.

For n > 2, consider the homomorphism of complexes of FO,,_2 ,,_2-modules
7 : Cy(n —2)[=2] = Ci(n).
as defined in proposition 3.2.17. Note that the diagram

(EOn-2,n-2,Cp-2(n —2)) M (EOnn, Cp(n))
(Coa50)| (o080
(EOn—2mn-2,Cp2(n —2)) —— (EOyn, Cp(n)),

(4,75)

still commutes, so that we have an induced map on localised spectral sequences

The claim would then follow by induction on r using the following lemma:

Lemma 5.3.4. The map ,,7x : mE’;q — mE;q is the identity for all ¢ < m/2 and
2<p<n.
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Proof. For 2 < p < n, the same proof as in lemma 3.2.18 will work, as long as the
matrices A and B of lemma 3.2.18 are in FO,, . Recall that A € O,, ,, was defined
by

el — el

€2 — eg — €1

fi= fit fo

far fo

ej—ejforall 3<j<n

fi fjforall 3<j5<n,
and B € Oy, was defined by

e1 — e

€9 > €9 — €1

fie= fi+ /o

farr —f1
ejrrejforal 3<j5<n

fi fijforal 3<j<n.

It suffices to prove that

1 0 -1 0
01 0 O
M =
00 1 O
01 0 1
and
00 -1 O
01 0 -1
N =
1 0 1 0
01 O 0

are in £QO32. Note that the hyperbolic map H : GLa(R) — O22(R) is a group
homomorphism. In addition, note that SLy(R) is perfect. For example, this fol-
lows from [HO89, Theorem 4.3.9.] and [Schl7, Lemma 3.8.]. Therefore, we de-
duce H(SLy(R)) C [SO22(R),SO22(R)] € EO22(R). We then note that M =

(o))
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Finally, we need to consider the case p = n. It suffices to show that for

j =0,1,2, the following diagram commutes:

ZIR*|R** x Zy) — Cp—2(n —2)go

:l y

Z[R*/R* X L] ————— Cn(n)E0, .,

n—2,n—2

where the top and bottom horizontal arrows map a given basis element x € R*/R*2 x
Zy to the element given by the isomorphism of O,_3,_2-sets R*/ R*2 x 7y =
On—2n-2/EOp_2,—2 = Zun_g(RQ(”_Q))/EOn_gm_z and isomorphism of O, ,-sets
R*/R*2 x 7o = Onn/EOpn = IZ/ln(RQ”)/EOnm respectively, see proposition 5.1.3.

Under the isomorphism R*/R*? x Zy = TU,,_o(R*"2)/EO,,_3,,_2, an ele-
ment x € R*/R*? x Zs is sent to the element P(ey, ... ,e,_2) for some P € Op—2 -2,

and under the isomorphism R*/R*? x Zs = TU,(R*")/EO,,,, the same element
- - 1
r € R*/R*? x Zs is sent to the element P(ey,...,e,), where P := ! P)' Re-

calling that each 7; is a map of O,,_2 ,_2-modules, we have that

ﬁ’(el,...,en), j=
Ti(Plet, ... en—2)) = Prj(er,...,en—2) = { Pler, e —e1,e3,...,en), j=
15(62762—61,637---7671)7 Jj=2.

Thus, for j = 0, the diagram commutes by inspection. For j = 1, we note that

AP(e1,ea,e3,...,e,) = PA(ej,ea,e3,...,e,) = P(e1,ea —e1,€3,...,6€n),

o)) )

Similarly, for j = 2, we note that

since

BP(e1,e9,€3,...,en) = PB(e1,e2,€3,...,6,) = 15(62,62 —e1,e3,...,€p),

where B and P commute for similar reasons. Thus, the diagrams commute. These
diagrams still commute after localisation, but now the horizontal maps become the

identification isomorphisms. O

This proves the lemma, and thus proposition 5.3.3. O
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Theorem 5.3.5. Let R be a commutative local ring with infinite field such that

2 € R*. Then, the natural homomorphism
Hk:(EOn,n(R)) — Hk(EOnJrl,nJrl(R))

18 an isomorphism for k < n — 1 and surjective for k < n.

Remark 29. To our best knowledge, this is the first known homological stability
result for EO,, .

Proof. Choose m > 0 sufficiently large. We have a spectral sequence (5.6) with E'-
terms given by corollary 5.2.6 and d;,,q was computed for all ¢ < m/2 in proposition
5.3.1. From theorem 3.1.9, spectral sequences (5.1) and (5.6) and proposition 5.3.3,

we deduce ,,, E? Ep5 forallp+g <n—1landq < m/2. The theorem follows. [

p,g — ™

5.4 Homological Stability for Spin,,,

Homological stability for EO,, , immediately gives homological stability for Spin,, ,,

Theorem 5.4.1. Let R be commutative local ring with infinite field such that2 € R*.

Then, the natural homomorphism
Hk(Spinn,n(R)) — Hk(spinn+1,n+l<R))

is an isomorphism for k <n — 1 and surjective for k <n.

Remark 30. This coincides with the Hj-stability result for Spin,, ,, in [HO89, The-
orem 9.1.15.] and the Ha-stability result for Spin,, ,, in [HO89, Theorem 9.1.17,
Theorem 9.1.19 and discussion thereafter]. To our best knowledge, this is the first

known homological stability result for Spin,, ,, that accounts for all homology groups.

Proof. Immediate from theorem 5.3.5 and the relative Hochschild-Serre spectral

sequence

Ez,q = HP(EONJ"H EOn_Ln_l; HQ(Z2)) = Hp-i-q(spinn,na Spinn—l,n—l)'
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Chapter 6
Summary and future work

To summarise, the main achievement of this thesis has been proving the following

homological stability results:

Theorem 6.0.1. Let R be a commutative local ring with infinite residue field such

that 2 € R*. Then, the natural homomorphisms

(
Hy(SOpn(R)) — Hp(SOny1,n11(R))
Hi(EOnn(R)) — Hi(EOpt1n+1(R))
(

are isomorphisms for k <n — 1 and surjective for k < n.
The following remain open problems and are suitable for future investigation:

e Prove our homological stability range is optimal.

e Compute the obstructions to further homological stability
Hn(Omna On—l,n—l)
(

(Eon,na EOn—l,n—l)

H,,(Spin,, ,,, Spin,,_q ,,—1)-

e Prove homological stability without the assumption that 2 € R*.

We will end by giving a conjecture for what the obstructions to further homolog-

ical stability should be, and give some rough calculations as to why we think our
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conjecture is true.

Conjecture 6.0.2. Let R be a commutative local ring with infinite residue field
such that 2 € R*. Then, for all n > 2, we have

Hn(On,n, Onfl,nfl) = K%/Z @ K1]1w—1/2
Hyy(SOnpn, SOn_1n1) = KM & K,
Hn(EOn,ny EOn—l,n—l) = Hn(Spinn,nv Spinn,Ln,l) = Krij D Krjl{l/lv

For the case n = 2, we give a rough calculation that supports the validity of
this conjecture.

We have the exceptional isomorphisms

Spiny, = GLy

Sping = SLo

Sping =2 SLy x SLo
Sping = Spy

Sping = SLy,

where Spiny,, is understood as Spin,, ,, and Spiny,; is understood as Spin,, ;-
These exceptional isomorphisms are proven in [HO89, §7.3]. We want to use these

exceptional isomorphisms to compute Ha(Spin, o, Spin; ;).
Proposition 6.0.3. H3(Spiny 5, Spin, ;) = Ha(Spiny, Sping) @ Ha(Sping, Spiny).

Proof. We want to show that the long exact sequence of the triple (SLyx.SLo, SLy, GL)

has the following sections as indicated:

R 4 H3(SL2 X SLQ,GLl) Q} H3(SL2 X SLQ,SLQ) — HQ(SLQ,GLl)
— Hy(SLy x SLy,GL1) =% Ho(SLy x SLo, SLy) — - .

This will then prove the existence of a split short exact sequence
0 — Hy(SLy,GL1) — Hy(SLy x SLo, GLy) =5 Hy(SLy x SLy, SLy) — 0.

Note that SLg is perfect, so that by Kiinneth’s theorem, Hy(SLg x SLg) =
Hk(SLQ) D Hk-(SLQ) for k= 2,3.
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Therefore, for k = 2,3, we obtain the following diagram:

Hy(SLs)

|a

o

Hy(SLs) ® Hy(SLs) —— Hy(SLy x SLa,GL1) —2— Hy.(SLy x SLa, SLo).

Here, A is the diagonal map; « comes from the long exact sequence of the pair
(SLy x SL2,GL1) and [ comes from the long exact sequence of the triple (SLg x
SLsg,SLs, GL1). Furthermore, by functoriality of relative group homology, the sec-
ond vertical arrow is the composition Sa.

We argue that

coker A = Hy(SLy x SLo,SLo).
For k = 2, this follows from the fact that H;(SL2) = 0. For k = 3, note that
coker A = ker(Hs(SLy x SLo,SLy) — Ho(SLs))
and
Tm(Hs(SLo x SLa, SLa) — Ha(SLs)) = ker(HaSLy 25 Ha(SLa) @ Ha(SLs)) = 0.

The claim follows.

In general, note that for an abelian group A and the diagonal map A : A —
A ® A, we have an isomorphism coker A = A. This isomorphism is realised by
the map a — (a,0), with inverse (a,b) = (a — b,0) — a — b. Thus, we obtain an
isomorphism Hy(SLa x SLa,SLa) = Hy(SL2). We then use this isomorphism to

define a map
Hi(SLa x SLa, SLa) = Hy(SLa) %% Hy(SLo)® Hy(SLs) 2 Hy(SLax SLa, GL1),

which one can check defines a section for .
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Thus, we compute

HQ(SpiIlzg,Spinl’l) = HQ(SLQ X SLQ,GLl)
= HQ(SLQ X SLo, SLQ) D HQ(SLQ, GLl)
2 Hy(Spiny, Sping) @& Ha(Spins, Spiny).

O]

By personal communications with Marco Schlichting, we have Ha(Spin,, Spins) =
KMW and Ha(Sping, Spin,y) = KMW | so that

H>(Sping 5, Spiny ;) = K™ o KW
Furthermore, this suggests that we have the following isomorphisms:
HQ(SOQ,Q, 50171) = KQJW D K{VI and HQ(OZQ, 0171) = Kéw/Q D K{w/2

In more detail, consider the spectral sequences associated to the short exact se-

quences

1 — Zy — Spin,, ,(R) = EOpn(R) — 1

1 = EOpn(R) = SOnn(R) S R /R -1

1 = 8SO0pn(R) = Oppn(R) def, Zo — 1.

The first short exact sequence gives us spectral sequence
E2 = Hy(EO23, EOy1; Hy(Z2)) = Hp4q(Sping o, Spiny ;).

By homological stability for EO,, ,, and the universal coefficient theorem, we com-
pute
HQ(EOQ}Q,EOLl) = Hg(SpinZQ, Spinlgl) = KéVIW D K{VIW

From the second short exact sequence, we obtain spectral sequence

Ezaq = HP(R*/R*Q? Hy(EO22, EO11)) = Hptq(SO22,5011).
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One computes

H3(803,2,8011) = Eg% = E§ 5 = Hy(R*/R**; Hy(EO22, EO1 1))

= (K™ @ K" pe joa.
If we can show
(K™ @ K" pejpee = (K3™ ) pejpee @ (KMY) oo
and the action is given by multiplication by the map

Q :R*/R* — K"
r—14+nr]=:(r),

we would have proven Hy(SO2 2,50 1) = Ké\/[ @K{VI. Indeed, it suffices to see that
for n > 1, (K}"W) e jpee = KM,

Recall that for n > 1, KMW is generated by the symbols [u1] - - - [u,] subject
to the relation [u][l —u] = 0 for all u,1 —u € R*. We also have the relation
[ru] = [r] + (r)[u], see for example [Sch17]. Therefore, in (KMW)

n " )R+/R*2, We obtain

the addition relation [ruq]---[un] = [r|[ug] - [un] + [u1] - - [uy], and similarly for
the other components. Thus, we deduce for all n > 1, (KT{LWW)R*/R*Q ~ KM,

Finally, the third short exact sequence gives us spectral sequence
E; = Hy(Z2, Hy(S022,5011)) = Hyi4(O22,011).
One computes

H3(022,01,1) = Eg% = E§ o = Ho(Z2, H2(S02,2,501 1))
= (Ké\/[ S3] K{V[)Zz'

If one can show
(Kéw @ K{w)zz = (Ké\/I)Z2 S (K{VI)ZQ

and the action of Zy on Kfy isgiven by g-u; @ -+ Q@ up = ul_l ® ug -+ ® Uy, then
we would have (KM)z, = KM /2 so that Hy(O22,011) = KM /20 KM /2.

These above arguments would turn into a proof if one could prove the actions
trace through the isomorphisms as one expects. The author believes this seems

reasonable, although a proof will require some work!
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