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Students should hand in solutions by 1pm Monday of week 7 to the maths pi-
geonloft.

Exercise 9: Let λµ > 0 and let X = (Xt)t≥0 be a Markov process on I = {1, 2}
with Q-matrix

Q =

(
−µ µ
λ −λ

)
.

(a) Write down the forward equations and solve them for the transition proba-
bilities Pt(i, j), i, j ∈ I.

(b) Calculate Qn and hence find
∑∞

n=0(t
n/n!)Qn. Compare your answer with

that of part (a).

(c) Solve the equation πQ = 0 in order to find the stationary distribution. Verify
that Pt(i, j)→ πj as t→∞, i ∈ I.

(d) Find (i) P(X(t) = 2|X(0) = 1, X(3t) = 1) and (ii) P(X(t) = 2|X(0) =
1, X(3t) = 1, X(4t) = 1).

Exercise 10: In each of the following cases, the state space I and non-zero rates
qi,j (i 6= j) of a continuous-time Markov chain are given. Determine in which cases
the chain is explosive.

(a) I = N and qi,i+1 = i2, i ∈ I.

(b) I = Z and qi,i+1 = qi,i−1 = 2i, i ∈ I.

Exercise 11: Children arrive at a see-saw according to a Poisson process of rate
1. Initially there are no children. The first child to arrive waits at the see-saw.
When the second child arrives, they play on the see-saw. When the third child
arrives, they all decide to go and play on the merry-go-around. The cycle then
repeats. Show that the number of children at the see-saw evolves as a Markov
process and determine its Q-matrix (generator matrix). Find the probability that
there are no children at the see-saw at time t. Hence obtain the identity
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2
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.

Hint: The Q-matrix is a 3× 3-matrix, and you need to do some elementary linear
algebra computations.



Exercise 12:

(a) Describe the jump chain for a birth-death process with rates λn and µn.

(b) Consider an immigration-death process X = (X(t))t≥0, being a birth-death
process with birth rates λn = λ and death rates µn = nµ. Find the transition
matrix of the jump chain Z, and show that it has as stationary distribution

πn =
1

2(n!)

(
1 +

n

ρ

)
ρne−ρ, ρ = λ/µ.

Explain why this differs from the stationary distribution of X.


