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Spatial random permutations: the model

A C R? | finite volmue V.

x={21,...,axy} CACR?
Sy = set of permutations on
m:{l,...,N} - {1,...,N}.

Typical example for a measure
on SNZ

Pr({7}) =

SN i
—x )
\k ( /}\/ﬂ o~

SIS

Penalization parameter I} determlnes expected jump length.
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Spatial random permutations: the model

A C R? | finite volmue V.

x={21,...,axy} CACR?
Sy = set of permutations on
m:{l,...,N} - {1,...,N}.

Typical example for a measure
on SNZ

Pr({7}) =

SN i
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Penalization parameter I} determlnes expected jump length.
Aim: Study the infinite volume limit at density p = 1:

V.N — o0,
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Spatial random permutations: the model

A C R? | finite volmue V.
x={21,...,axy} CACR?
Sy = set of permutations on
m:{l,...,N} - {1,...,N}.
Typical example for a measure
on SNZ

Pr({7}) =
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e e
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Penalization parameter I} determlnes expected jump length.
Aim: Study the infinite volume limit at density p = 1:

V.N — o0,

» Periodic boundary conditions.
Question: Existence, distribution, geometry and evolution
(under Glauber dynamics) of long cycles.
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Three (or more) dimensions: phase transition

Po((7) = exp< ﬁZm Za(y )

» Conjecture: For d > 3 there exists Bmt > 0 such that for
[ < Berit there are macroscopic cycles:

]P’((Iength of cycle containing x1) > £N> > c(B,e) >0

for some £ > 0, uniformly in N.
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Three (or more) dimensions: phase transition

Po((7) = exp< ﬁZm Za(y )

» Conjecture: For d > 3 there exists Bcrit > 0 such that for
B < Beit there are macroscopic cycles:

]P’((Iength of cycle containing x1) > 5N> > c(B,e) >0

for some £ > 0, uniformly in N.
» Proved for the annealed model [8.-ueltschi, 2000-2011]:
» Phase transition - connections with the free Bose gas
» Poisson-Dirichlet distribution of long cycles.
» No mesoscopic cycles.
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Three (or more) dimensions: phase transition

Po((7) = exp< /azm Za(y )

» Conjecture: For d > 3 there exists @;m > 0 such that for
[ < Berit there are macroscopic cycles:

]P((Iength of cycle containing x1) > 5N> > c(B,e) >0

for some £ > 0, uniformly in N.

» Proved for the annealed model [8.-ueltschi, 2000-2011]:
» Phase transition - connections with the free Bose gas
» Poisson-Dirichlet distribution of long cycles.
» No mesoscopic cycles.

» MCMC for the cubic lattice: [Grosskinsky-Lovisolo-Ueltschi 2012]
» Numerical support for all the above statements in the lattice

CaSe. See also [Gandolfo-Ruiz-Ueltschi 2007]

» Geometry: points in long cycles are equidistributed.
» Dynamics: split-merge process.
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Kosterlitz- Thouless phase transition

V. Betz (Darmstadt) Planar random permutations



Two dimensions: Kosterlitz- Thouless transition

Standard example for a KT-transition:
XY-model with nearest neighbour
interaction.

X := ANZ?* Spins (S;)jex with

Sj € RZ, |SJ‘ =1.
Hamiltonian H = — >
Inverse Temperature 3.
KT-transition: |E(Sp)| = 0 for all 3, but decay of correlations
goes from exponential to algebraic. [Frshiich, Spencer 1981]

S; - S;.

TinT;

Reason: formation of vertices.
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Two dimensions: Kosterlitz- Thouless transition

Standard example for a KT-transition:
XY-model with nearest neighbour
interaction.

X := ANZ?* Spins (S;)jex with

Sj € RZ, |SJ‘ =1.
Hamiltonian H = — >
Inverse Temperature 3.
KT-transition: |E(Sp)| = 0 for all 3, but decay of correlations
goes from exponential to algebraic. [Frshiich, Spencer 1981]

S; - S;.

TinT;

Reason: formation of vertices.

Analogue in spatial random permutations: bubbles.

[see also Siitd 1993]
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SRP for parameter 5 = 1.3



SRP for parameter § = 1.2
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SRP for parameter 5 = 1.1
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SRP for parameter 5 = 1.0



SRP for parameter 5 = 0.9
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SRP for parameter [




SRP for parameter 3 = 0.75
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KT phase transition in SRP

Qunatity to observe: P(z; ~ x;) as a function of |z; — x;|.
x; ~ x; means that they are in the same cycle.
Let /(x;) denote the length of the cycle containing z;.

For large 5: High temperature estimate leads to

P(|lz;—z;| > n) < P(l(x;) > cn) < exp(—an) (c,a>0).

Reasonable assumption: For all 5 > 0 there exist C' > 0 such
that whenever |z; = z;| = n

P(e(z;) > en) = P(z; ~ x;) = P(U(z;) > Cn?).

P(¢(x;) > ¢) = the fraction of points in cycles longer than ¢
and thus numerically easy to observe.
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KT phase transition: numerics

» Clear power law decay of
P(¢(x;) > ¢) for = 0.5.

~0s}

Log-log-plot of P(¢(z;) > ¢)
for n = 10002, 20002, 40002.



KT phase transition: numerics

» Clear power law decay of
P(4(x;) > ¢) for B =0.5.

» Numerical evidence suggests

0.7 < B < 0.75.

500 1000 1500 2000 2500 3000
Logplot of P(£(x;) > ¢) for n = 1000
and different 3.
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Log-log-plot of P(¢(z;) > ¢)
for n = 10002, 20002, 40002,
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KT phase transition: numerics

» Clear power law decay of
P(4(x;) > ¢) for B =0.5.

» Numerical evidence suggests

0.7 < B < 0.75.

> Determining (. precisely is very .

difficult due to large

05|

flucutuations in cycle lengths

over time.

500 1000 1500 2000 2500 3000
Logplot of P(£(x;) > ¢) for n = 1000
and different 3.
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Log-log-plot of P(¢(z;) > ¢)
for n = 10002, 20002, 40002,

10 full sweep:

5000 10000 15000 20000

Time series of longest cycle length at n = 1000 with

s between each measurement.
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Curve shortening flow
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Curve shortening flow

Start with one circular cycle.
Run Glauber dynamics with
B> 1.

At zero temperature:
Connection to zero temperature
Ising model.

Adapting techniques from
[Sphon 93], [Lacoin, Simenhaus, Toninelli 2012]:
Map to a SSEP with 'range-2-blocking’ lattice points. Study
hydrodynamic limit.  (Joint project with Stefan Walter, Darmstadt).
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Curve shortening flow

Start with one circular cycle.

Run Glauber dynamics with P i
B> 1. A

At zero temperature:
Connection to zero temperature

>

Ising model. /' {
Adapting techniques from ¢ ¢
[Sphon 93], [Lacoin, Simenhaus, Toninelli 2012]: Aot

Map to a SSEP with 'range-2-blocking’ lattice points. Study
hyd rOdynamiC I|m|t (Joint project with Stefan Walter, Darmstadt).

Added flexibility: More hope of doing the 8 < oo case, or
different point configurations.
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Fractal dimension
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Fractal dimension

» Compute the box-counting dimension:

. In(# of e-boxes needed to cover longest cycle)
dpox = lim

e—0 1n(1/€)



Fractal dimension

» Compute the box-counting dimension:

. In(# of e-boxes needed to cover longest cycle)
dpox = lim
e—0 ln(l/s)

» Sample with 2000 x 2000 points in A = [0, 1]?, with
1/1000 < e < 1/10:

Loglog plot of the number of boxes needed
to cover the longest cycle vs the box side
length
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Fractal dimension

» Compute the box-counting dimension:

. In(# of e-boxes needed to cover longest cycle)
dpox = lim
e—0 ln(l/s)

» Sample with 2000 x 2000 points in A = [0, 1]?, with
1/1000 < e < 1/10:

» Linear fitting gives dpox () ~ 2 — %5-

= o & s
Loglog plot of the number of boxes needed
Box counting dimension as function of the
to cover the longest cycle vs the box side
temperature
length
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Fractal dimension and (possibly) SLE

» It seems that

o < W, o e
dpox(8) = 2 — 5. ::"&%?ﬁ?‘“""{g %
%‘fifg: 3 *L'::%'ﬁ. % P

s ¥ H?-“ =
<.

» The same result can be obtained
for the triangular lattice. .
» For an SLE(k)-curve it is known b
that almost surely

.;.xp .‘}‘1%, '{v:""x; &ﬁ;.H}

du(e) =min (2,1- %) AERLGE L R

IAG L RNAS

[Rohde and Schramm 2005, Beffara 2008]
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Fractal dimension and (possibly) SLE

It seems that

S SR e e
d ~92— L3, Bt L
box 10 DR L AN SRR S 299 T 400
P
3 ‘ i3
: OIS
The same result can be obtained :"""‘:;;@*:;‘,.

for the triangular lattice. Ry,
/s

For an SLE(k)-curve it is known "‘%-g R
e 1 T oy %
that almost surely 5 ._{ﬂtcd_ T T
S’

dy (k) = min (2, 1 g)

[Rohde and Schramm 2005, Beffara 2008]
Assuming that SRP cycles are SLE curves, we get

k() =8(dn — 1) =8(1 - {58) =8 — FB;

for k = 4 (transition from simple to non-simple curves) we
find g = % ~ 0.71. This fits well with the KT-Transition!
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Double dimer model, SLE and SRP
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Double dimer model, conformal invariance, SLE

> DOUbIe dlmel’ mOde| [Kenyon and Wilson, 2010]. SRP Where eaCh Jump
has to be of length one.
» The double dimer model is known to be conformally invariant

[Kenyon 2011].
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Double dimer model, conformal invariance, SLE

» Double dimer model (kenyon and wison, 2010): SRP where each jump
has to be of length one.

» The double dimer model is known to be conformally invariant
[Kenyon 2011].

» Other evidence / reason for hope: SRP are like a collection of
self-avoiding, interacting random walks with Gaussian step
distribution.

» So with some good reason we can conjecture that the long
cycles of SRP are SLE curves.
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Double dimer model, conformal invariance, SLE

» Double dimer model (kenyon and wison, 2010): SRP where each jump
has to be of length one.

» The double dimer model is known to be conformally invariant
[Kenyon 2011].

» Other evidence / reason for hope: SRP are like a collection of
self-avoiding, interacting random walks with Gaussian step
distribution.

» So with some good reason we can conjecture that the long
cycles of SRP are SLE curves.

» With slightly less good reason we conjecture that Kk = 8 — %ﬁ.
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Thank you for your attention!
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