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Background

A random polymer model (n,n)

Z, = Z Hxif

PE () (if)EP

(L 1)

Let a, b € R" with a; + b; > 0 and define

P(dX) = [[T(ai + b))~ a0 e vy,
ij

This model was introduced by Seppalainen (2010), who computed the free
energy explicitly and obtained sharp estimates on fluctuations.
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Background

Theorem (Corwin-O’C-Seppildinen-Zygouras 11)

Under P, the partition function Z, has the same distribution as the first
marginal of the Whittaker measure on R’} defined by

n
dx,-
X ’

pap(dx) = [T (ai + b))~ e /"W, (x) Ty ()
ij i=1

c.f. last passage percolation and random matrices.
Analogous result for semi-discrete polymer was obtained in [O’C 2009].

Proofs based on A.N. Kirillov’s (2000) geometric RSK correspondence,
and multi-dimensional variants of Pitman’s 2M — X theorem.

This approach does not extend to polymer models with symmetry constraints.
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Outline

This talk: combinatorial approach, which ‘explains’ the appearance of
Whittaker functions and facilitates the study of symmetries.
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Outline

This talk: combinatorial approach, which ‘explains’ the appearance of
Whittaker functions and facilitates the study of symmetries.

Whittaker functions
Geometric RSK (gRSK)
Main result: on the link between gRSK and Whittaker functions

Key ingredient of proof: new ‘local moves’ description of gRSK

Applications to random polymers with symmetry
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Whittaker functions

@ Whittaker functions were first introduced by Jacquet (67). They play an
important role in the theory of automorphic forms and also arise as
eigenfunctions of the open quantum Toda chain (Kostant 77)
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Whittaker functions

o Whittaker functions were first introduced by Jacquet (67). They play an
important role in the theory of automorphic forms and also arise as
eigenfunctions of the open quantum Toda chain (Kostant 77)

o In the context of GL(n, R), they can be considered as functions ¥ (x) on
(R-0)", indexed by a (spectral) parameter A € C"

@ The following ‘Gauss-Givental’ representation for W is due to Givental
(97), Joe-Kim (03), Gerasimov-Kharchev-Lebedev-Oblezin (06)
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Whittaker functions

A triangle P with shape x € (R)" is an array of positive real numbers:

211

222 221

Zmn e Zn1

with bottom row z,,. = x.

Denote by A(x) the set of triangles with shape x.
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Whittaker functions

Let
211
222 221

Znn Znl

Define

pr gy (R /\2... R, \™ rect RZfIZ'
1 Rl Rn—l ) ) k _ ki
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Whittaker functions

Let
211
22 221
P =
Znn Znl
Define
Ao A k
R, R, \
P* =R} rec Re =]z
1 (R]) <Rn—1> ) ) k ll;Il ki
211
zZ Z 4 \z
2 21
FRy =, = 2N AN
a—b P 233 &P 231
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Whittaker functions

The Whittaker functions are defined, for A € C" and x € (R~)", by
Uy\(x) = / P e Pgp,
Ax)

where dP = [, <<t e, d2ii/ 24

Forn =2,

Vi 2,—0/2)(x) = 2K, <2W\/X2/X1> -
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Geometric RSK correspondence

A.N. Kirillov (00), Noumi-Yamada (04): geometric lifting of
Robinson-Schensted-Knuth (RSK) correspondence.

Bi-rational map
T: (Rog)™" = (Rog)™"
X = (xj) = (1) = T = T(X).
Forn =2,

1531 X11X21
531 ty = Xxipx1/(x12 +x21)

x11x2(x12 + x21)
I

X11X12
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Geometric RSK correspondence

We identify T with a pair of triangles (P, Q) of the same shape (#,,

131

53] 132

t o) 3 = (P,Q)

2 13

113
131 13
P= f I3 0= t %3
I 155) 133 581 155) 133
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Connection to polymers

From Kirillov’s definition of the map 7 in terms of lattice paths:

tin = Z H Xij

¢en(n,n) (111)6¢

(n,n)
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Main result
Recall: X = (x;) — (t;) = T(X) = (P, Q).

Theorem (O’ C-Seppéldinen-Zygouras 12)
@ The map (logx;) — (logt;;) has Jacobian +1
e Forv, \ € C",
]:[xl/,—i—)\

@ The following identity holds:

==+ F(P) + F(Q)

Xij n

p
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A Whittaker integral identity

It follows that

fol/i*)‘je—l/x,-j dxij — P—AQ—ue—l/m—]‘—(P)—]:(Q) H ﬁ
i
i i i i

Integrating both sides gives, for R(v; + A;) > 0:
Corollary (Stade 02)

n

dx;

Xi

Vi )= ey, (x X
[Tres) JRR 2O

+ i=1

As observed by Gerasimov-Kharchev-Lebedev-Oblezin (06), this is equivalent
to a Whittaker integral identity which was conjectured by Bump (89) and
proved by Stade (02). In our setting, it is the analogue of Cauchy-Littlewood.
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Local moves

Proof of main result uses a new description of the gRSK map T as a
composition of a sequence of ‘local moves’ applied to the input matrix

X31
X21 X32
X11 X22 X33
X12 X23
X13

This description is a re-formulation of Noumi and Yamada’s (2004) geometric
row insertion algorithm.
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Local moves

The basic move is:
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Local moves

This can be applied at any position in the matrix:

c
b f
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Local moves

This can be applied at any position in the matrix:

C
b f
a e l
d h
dg

Neil O’Connell Geometric RSK and Whittaker functions



Local moves

This can be applied at any position in the matrix:

c
b f
a e i
d h
8

Neil O’Connell Geometric RSK and Whittaker functions



Local moves

This can be applied at any position in the matrix:

c
ab b
a e l
d h
8

Neil O’Connell Geometric RSK and Whittaker functions



Local moves

This can be applied at any position in the matrix:

c
b f
a e i
d h
8

Neil O’Connell Geometric RSK and Whittaker functions



Local moves

This can be applied at any position in the matrix:
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Local moves

Start with:
X31
X21 X32
X11 X22 X33
X12 X23
X13
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Local moves

Apply the local moves in the following order:
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Local moves

Apply the local moves in the following order:
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Local moves

To arrive at:

131
53} 13
1 2 133
3P) 3
13

Neil O’Connell Geometric  and Whittaker functions



Local moves

Here goes:
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Local moves
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Local moves

Here goes:
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Local moves

Here goes:

c
ab b
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— b+d j
pra  ebtd :
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Local moves

Here goes:
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Local moves

Here goes:
c
ab f
blji—_dd ae(b+d) i
be~|—bj—zg—|-dg ah(be + de + dg)
adg
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Local moves

Here goes:
c
ab f
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Local moves

Here goes:
abc
ab f
blji—_dd ae(b +d) i
laeﬁli—:g—i-dg ah(be + de + dg)
adg
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Local moves

Here goes:
abc
ab f
blji—_dd ae(b +d) i
laeﬁli—:g—i-dg ah(be + de + dg)
adg
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Local moves

Here goes:

abc

bece(b + d)
et d) g b+d
Fotbepra) S Haelbrdf

bd
L btd -
btd ae(b+d) !

bdeg

_— h(be 4 de + d
be + de + dg ah(be + de + dg)

adg
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Local moves
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Geometric RSK correspondence

Kirillov’s definition of the map 7 in terms of lattice paths:

tin = Z H Xij

¢en(n,n) (111)6¢

(n,n)
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Geometric RSK correspondence

Kirillov’s definition of the map T in terms of lattice paths:

thm = Z H Xij

€L nm) ()€
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Geometric RSK correspondence

Kirillov’s definition of the map T in terms of lattice paths:

T—k+1,m—k+1 -« - tnm = E H Xij

(k) (ij)e
pen) (ij)eo
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Geometric RSK correspondence

Kirillov’s definition of the map T in terms of lattice paths:

b—k+1,m—k+1 -« - Inm = E H Xij

(k) (ij)e
pen) (ij)eo
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Symmetric input matrix

Symmetry properties of gRSK:

The restriction of T to symmetric matrices is volume-preserving.

Theorem (O’ C-Seppéldinen-Zygouras 2012) J

Combined with the first main result, this yields formulas for the distribution
of partition functions for polymer models with symmetry constraints.
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Symmetric random polymer

Corollary
Let a; > 0 for each i and define

1 1 1
1 X X, T, 2 > TH*ZKJ o
ii U )

i<j

i<j
Then
Py (sh P € dx) = cZle~ ! /2ngn i
Ol(s € )C) =Cqy € a(x) D
i
where
ca—HF ;) HF a; + o).
i<j
.
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Interpolating ensembles (cf. Baik-Rains O1)

Corollary
Let ¢ > 0 and o; > 0 for each i, and define

_ Ly L dx;;

i<j i<j
Then
dxi

Xi

Py (sh P € dx) = c;,lgf(x)cefl/zx" U (x)
where

f) =TI,

i

CO(,C —221 1 051+<)HF al_'_c HF al+a])
i<j
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Random polymer above a wall (cf. Gueudre-La Doussal 12)
(absorbing boundary conditions)

Let o; > O for each i and define

- s ALy 1 di
Qal(dx) = 7, H xijal %7 iy T i H Sy

. i, i
i<j<n i<j<n

o= T[ =

¢ (ij)€d

where the sum is over above-diagonal paths from (1,2) to (n — 1, n).

Let

Theorem (O’ C-Seppéldinen-Zygouras 12 (v2, to appear))

. —1
Law of z, under Qy, is same as law of 2t,_1 ,— under IP’%ZI ) )
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