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Ginibre evolutions

#® The Ginibre(N) evolutionT
IS a gLy (R)-valued

e Brownian motion
. ® [My);j = Byj(t),

Independent BM’s.

R ® The law of M, Is called

the real Ginibre random
matrix ensemble
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Ginibre evolutions

Note:

9o

Stochastic motion of a
real eigenvalue

'Annihilation’ of two real
eigenvalues

-

# The Ginibre(N) evolution
IS a gLy (R)-valued
Brownian motion

® [Miij = Bij(1),

Independent BM’s.

® The law of M; Is called

the Ginibre random
matrix ensemble
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Ginibre evolutions
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I A #® The Ginibre(N) evolution

= ¥ Isa gLy(R)-valued

S Brownian motion
Note: ® [Mi]ij = Bij(t),

# Stochastic motion of a Independent BM's.

real eigenvalue # The law of M; Is called
the Ginibre random

# ’'Annthilation’ of two real .
matrix ensemble

eigenvalues

® Stochastic motion of
complex e.v.'s
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Ginibre evolutions

o Te e ® The Ginibre(N) evolution |
| . IS a gLy (R)-valued
- A Brownian motion
S Eme e [My=By(),
S independent BM’s.
Note: ® The law of M is called

the Ginibre random

® Stochastic motion of a .
matrix ensemble

real eigenvalue
# |s there an interpretation
of the evolution of real

_ _ eigenvalues in terms of
# Stochastic motion  of an annihilation process?

complex e.v.s

o |

Venice, 06-10.05.2013 — p. 7/19

# ’'Annihilation’ of two real
eigenvalues



ABM’s and random matrices

-

Theorem 1 (Borodin-Sinclair, 2009) Forany N =1.2,.. .,
the law of real eigenvalues for the real Ginibre(N) random
matrix ensemble is a Pfaffian point process.

-

Corollary 2

1 o x Y
KABM T _ _Kszbre ( | ) |
t ( y) \/Q_t rr \/Q_t \/Q_t

where KGmibre js the N — oo limit of the kernel of the
Pfaffian point process characterising the law of real
eigenvalues in the real Ginibre(/N) ensemble.
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Spin variablesfor Ginibre evolutions.

f.o Ginibre ensemble is mathematically the hardest of all T
classical random matrix ensembles.
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Spin variablesfor Ginibre evolutions.

Ginibre ensemble is mathematically the hardest of all T
classical random matrix ensembles.

Spin variables representation makes it tractable
N¢(x) = #{Real eigenvalues less or equal than x}

Si(z) = (—1)N+(*) - gpin variable

Sy(z) = (—1)Ne@)| Ny(x) = #{Eigenvalues with real part
less or equal than =}
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Spin variablesfor Ginibre evolutions.

Ginibre ensemble is mathematically the hardest of all T
classical random matrix ensembles.

Spin variables representation makes it tractable
N¢(x) = #{Real eigenvalues less or equal than x}

Si(z) = (—1)N+(*) - gpin variable

Sy(z) = (—1)Ne@)| Ny(x) = #{Eigenvalues with real part
less or equal than =}

Si(x) = sign (det (My — x)) J
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Tools.

. Berezin integral: Let A € RV*N T

det (A) = / dadﬁeaTAB
RO2N

. Integral representation for spin variables

. . d.fljdo&dﬁ _xT(ATA‘I'EQI)ZIJ—I—OzTAﬂ
o <det (A)) - lﬁlﬁ} /RNZN 7TN/2 c

. Fyodorov formula:

N—m—1

/R H dViF' ({Vi - Viti<ij<m) = / dQdet(Q)

(+)

. F(Q)
m |

. Laplace method for N — o0 |limit Venice, 06-10.05.2013 — p. 15/19



Matrix integral representation for the product expectation of spins

fTheorem 3 T

lim py(x1,22,...,05) = CK]A(X)\/ ,uH(dU)e_%TT(H_HR)
U(K)

N—00

where C is a positive constant, H = UXU" is a Hermitian
matrix with eigenvalues =, xo, ..., xx, uy IS Haar measure
on the unitary group U(K), H* = JH' J is a symplectic
iInvolution of matrix H, J Is a canonical symplectic matrix,
A(x) = ][, ;(zi — z;) Is the Van-der-Monde determinant.

To restore Borodin-Sinclair result: use HCIZ theorem, then de
Brujn formula.
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Thetwo-time correlation functions of spinsfor Ginibre evolutions.

- N

heorem 4

lim By (S (2)S:(0)) = 0

N —o0

2 T
Jim Ey (St+%($)5t(0)) = erfc (\/xt + 2t>

Observation. ABM’s # Ginibre(co) evolutions as processes.
An interesting instance of a solvable long-range system?
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Open problems
B -

® Multi-time correlation functions for Ginibre evolutions

# Dynamic characterization of the real Ginibre evolutions
In terms of SDE’s and/or an interacting particle system
(similar to Dyson BM'’s)
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