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Abstract

Let C/K be a hyperelliptic curve over some number field K. We study the general
reduction behaviour of both C and its Jacobian Jac(C) using the method of cluster pictures,
introduced by [31]. Using these ideas, we also attempt to characterise and give some results
on when Jac(C) has good reduction outside 2 for genus 2 curves C/Q. By computing L-
functions and solving the required S-unit equations, we give a (non-exhaustive) list of 115
genus 2 curves C/Q, separated into 53 isogeny classes, such that Jac(C) has good reduction
outside 2, with C not having good reduction outside 2.

Introduction

For a given number field K, the problem of studying and classifying both elliptic and hyperel-
liptic curves C/K has been an important problem in number theory over the last few decades.

We first consider the simplest case: the theory of elliptic curves. The study of elliptic curves
had their origins as far back as Diophantus [4] in the 2nd century AD, with their study truly
being at the forefront of modern number theory over the last 150 years. More recently, the use
elliptic curves in cryptography has truly cemented its importance both in pure number theory
as well as applications in computer science. An excellent overview of the theory of elliptic curves
is given by Silverman [85, 86].

Whilst there is an extensive swathe of literature covering the theory of elliptic curves, for our
purposes, we shall be interested more generally in the theory of hyperelliptic curves. Whilst
it originally didn’t receive as much attention as elliptic curves, nowadays there has been a lot
more further research done in this area. In addition to elliptic curves, hyperelliptic curves have
also started to see their use in integer factorisation algorithms [58] and public-key cryptography
[55], making its study just as important as the elliptic case.

For this project, we shall be interested in classifying hyperelliptic curves specifically by their re-
duction behaviour. Many authors have previously classified elliptic curves with good reduction
outside some finite set S. For the genus 2 case, Merriman and Smart [66, 87] have classified all
curves C/Q with good reduction outside 2. Indeed, these procedures have been generalised to
give a practical algorithm for determining all hyperelliptic curves of a given genus g with good
reduction outside a given finite set of primes S.

We shall aim to revisit the above ideas for general hyperelliptic curves, using the recent notion
of cluster pictures introduced by Dokchitser, Dokchitser, Maistret, Morgan [31]. This will help
us extend some results to analysing the Jacobian Jac(C) of hyperelliptic curves C. Our primary
goal will be to extend Merriman and Smart’s list whereby we shall attempt to classify all genus
2 curves C over Q such that Jac(C) has good reduction outside 2.

History

It’s perhaps worth first giving a brief history of the classification of hyperelliptic curves with
good reduction outside a finite set of primes S. Naturally, we first start with the genus 1 case,
elliptic curves.

There is an extensive amount of literature available on classifying elliptic curves E/K with good
reduction outside S, and thus the following is certainly not an exhaustive overview.
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Firstly, we note that the case K = Q, and S = ∅ simply corresponds to showing that there is no
elliptic curves over Q with everywhere good reduction. This can be handled by an elementary
diophantine argument, first stated by Tate, with a proof published by Ogg [72, p. 144]. In the
1960s, Ogg [72] then classified all 24 elliptic curves over Q with good reduction outside S = {2},
followed independently by Coghlan [17] and Stephens [89] who handled the S = {2, 3} case.

Various other papers then followed, giving a full classification of elliptic curves E/Q with good
reduction outside of various sets of primes S. An overview of some of these results are given in
Table 1.

Table 1: Summary of total number of elliptic curves E/Q with good reduction outside S, for
various sets S. We denote |E(S)| as the total number of such elliptic curves.

Set S |E(S)| Authors Year

∅ 0 Tate, proof published by Ogg [72] 1965
{2} 24 Ogg [72] 1965
{2, 3} 752 Coghlan1[17], Stephens [89] 1967, 1965
{11} 12 Agrawal-Coates-Hunt-Van der Poorten [1] 1980
{2, p}, p ∈ {5, . . . , 23} 280, 288, . . . Cremona, Lingham [25] 2007
{2, 3, 23} 5520 Koutsianas [56] 2015
{2, 3, 5, 7, 11} 592 192 von Känel, Matschke [96] 2016
{2, 3, . . . , 23} 1 390 818 304 Matschke2 2021

The next step would be to classify elliptic curves over various quadratic fields K. Indeed, as
with the rational case, this has similarly been extensively studied by many authors [57, 73, 74,
75, 91, 26], with the specific case of S = ∅ receiving much attention over the last few decades
by Setzer [83, 84], Ishii [43, 44], Rohrlich [77], Comalada, Nart [20, 21, 22], and Kida, Kagawa
[49, 50, 51, 52, 53, 54].

Whilst an exhaustive overview of results computed over quadratic fields K is certainly not
possible within the scope of this project, we simply give a brief table summarising some of the
results, given in Table 2.

Table 2: Summary of elliptic curves over quadratic fields K with good reduction outside S.

Field K Set S

∅ {2} {2, 3}

Q(i) 0 64 1280
Q(
√
−2) 0 40 2570

Q(
√
−3) 0 44 1776

Q(
√

2) 0 400 9536

Nowadays, effective algorithms to classify all elliptic curves over K with good reduction outside
any finite set S have been well-studied [25], with many practical optimisations having being
well-developed in the elliptic case.

It’s also worth mentioning that historically many early classifications of elliptic curves were com-
puted only for modular elliptic curves, before an unconditional computation was performed. For

1We note the Coghlan’s original paper mentions 760 curves, however a few of these are actually Q-isomorphic.
2This was computed assuming the generalised Riemann hypothesis.
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example, we should also mention the list of modular elliptic curves E/Q with conductor N ≤ 200
computed in 1975, given in [6].

The corresponding problem of determining all genus 2 curves with good reduction outside a
given set S has similarly been well-studied, with Merriman, Smart [66, 87] having classified all
genus 2 curves over Q with good reduction outside {2}, by using finiteness results from Evertse
and Győry [34]. A recent project by Rowan [78] has also considered the case of genus 2 curves
with good reduction outside {3}.

Very recently, Dabrowski-Sadek [27] have attempted to classify all genus 2 curves with good
reduction outside one odd prime, under the assumption that C has at least two rational Weier-
strass points.

Finally, we mention the works of Malmskog, Rasmussen [62] as well as Bouw-Koutsianas-Sijsling-
Wewers [9] who gave a classification of Picard curves (i.e. genus 3 curves with affine equation
y3 = f(x) for some quartic f) with good reduction outside {2} and {2, 3} respectively.

Preliminaries

We shall first state some preliminary definitions and results: Before we can define hyperelliptic
curves, we first need to define a suitable ambient space.

Definition 1: [90, p. 5] Let K be a field, and let d1, d2, d3 be fixed positive integers. We
define the weighted projective space P2

d1,d2,d3
as the ambient space whose points over K are

weighted equivalence classes of K3\{0, 0, 0}. In other words, we define

P2
d1,d2,d3 := K3\{0, 0, 0}/ ∼

where ∼ denotes an equivalence on K3\{0, 0, 0}, where for (X,Y, Z), (X ′, Y ′, Z ′) ∈ K3\{0, 0, 0},
we have

(X,Y, Z) ∼ (X ′, Y ′, Z ′) if and only if (X,Y, Z) = (λd1X ′, λd2Y ′, λd3Z ′)

for some λ ∈ K×.

We do note that there are various equivalent ways of defining hyperelliptic curves. One elegant
definition is to define such a curve C/K as a complete non-singular curve of genus g ≥ 2 which
admits a map x : C → P1 of degree 2. Now by picking some function y ∈ k(C) such that
y 6∈ k(x), one can show that this is equivalent to the following more explicit definition:

Definition 2: [90, p. 5] Let K be a field, and let g ≥ 2 be a fixed positive integer. If
char(K) 6= 2, then a hyperelliptic curve of genus g is a subvariety of P2

1,g+1,1 defined by an
equation of the form

Y 2 = F (X,Z) (1)

where F ∈ K[X,Z] is homogeneous of degree 2g+2 and is squarefree. Otherwise, if char(K) = 2,
then a hyperelliptic curve of genus g is a subvariety of P2

1,g+1,1 defined by an equation of
the form

Y 2 +H(X,Z)Y = F (X,Z) (2)

where H,F ∈ K[X,Z] are homogeneous polynomials of degrees g + 1 and 2g + 2 respectively.
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We note in the above definition that, if char(K) 6= 2, then if some curve C is given in the form
(2), then one can complete the square on the left hand side to obtain a curve in the form (1).

It’s also worth noting that one can define hyperelliptic curves without needing weighted pro-
jective space, however it’s not as simple as just taking the projective closure of the affine curve
y2 = f(x) (otherwise, this introduces singular points). Indeed, an alternative definition using
ordinary projective space is to first consider an affine curve C0 : y2 = f(x), and then define the
hyperelliptic curve C as the closure of the image of the map [1, x, x2, . . . , xg+1, y] : C0 −→ Pg+2

[85, p. 40].

For convenience, we shall often only refer to affine models y2 = f(x) of hyperelliptic curves for
the remainder of this project (and will thus not explicitly refer to weighted projective space
very often).

Affine models

For a given hyperelliptic curve C/K, any point (X : Y : Z) ∈ C must have either X 6= 0 or
Z 6= 0. Therefore, we can cover C with two affine charts, given by ψ1 and ψ2:

ψ1 : A2 −→ P2
1,g+1,1

(x, y) 7−→ (x : y : 1)

and

ψ2 : A2 −→ P2
1,g+1,1

(y, z) 7−→ (1 : y : z)

We note that almost all points of C lie in the affine patch ψ1(A2). Indeed, let c′ be the coefficient
of X2g+2 in F (X,Z). Then note that, if (1 : Y : 0) ∈ C, then Y 2 = c′, which yields exactly one
additional solution (1 : 0 : 0) if c′ = 0, otherwise, two distinct solutions if c′ 6= 0. We denote
these points as the points at infinity of C.

Therefore, one can easily study C by simply restricting to the affine patch ψ1(A2) and defining
f(x) = F (X, 1), whilst keeping in mind the additional one (resp. two) points at infinity if
deg f(x) is odd (resp. even). We simply notate the unique point at infinity as ∞ if deg f(x) is
odd, or as the two points ∞1 and ∞2 if deg f(x) is even.

We shall therefore study hyperelliptic curves as non-singular projective models of the affine
curve

y2 + h(x)y = f(x) (3)

where degh(x) < g + 2 and deg f(x) ∈ {2g + 1, 2g + 2} with f(x) having distinct roots. We
shall furthermore assume that K doesn’t have characteristic 2, then as before we can complete
the square on the left hand side of (3) which allows us to assume h = 0, and thus obtain a
simplified affine model for C as

y2 = f(x)

where deg f(x) ∈ {2g + 1, 2g + 2}.

We denote the roots of f(x) as the Weierstrass points of C, or equivalently, these are the
ramification points of the degree-2 cover C → P1.
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Given a hyperelliptic curve C/K, for many of our arguments, it will be most convenient to
assume some structure on the Weierstrass points of C, such as assuming that all Weierstrass
points are integral, or alternatively that 0, 1 are Weierstrass points. With this aim, we consider
the following computations:

We first consider the case for elliptic curves (i.e. genus g = 1). We recall that any elliptic curve
E/K is isomorphic (over K) to an elliptic curve given in Legendre form: y2 = x(x− 1)(x− λ),
for some λ ∈ K with λ 6= 0, 1 [85, p. 49]. This allows us to study the Q-isomorphism classes of
elliptic curves by simply specifying λ. We now consider the generalisation of this argument to
hyperelliptic curves:

Let C/K be a hyperelliptic curve over some field K, with char(K) 6= 2. We assume that a
simplified model for C is given by y2 = f(x). First consider the case where deg f = 2g+ 2. We
thus have that

y2 = c(x− a1)(x− a2) · · · (x− a2g+2)

for some c ∈ K and distinct roots ai ∈ K.

Now we consider the Mobius transformations sending the roots a1, a2, a3 to 0, 1 and ∞ respec-
tively, given by

x =
a3(a2 − a1)x′ + a1(a3 − a2)

(a2 − a1)x′ + (a3 − a2)
and y =

Ay′(
(a2 − a1)x′ + (a3 − a2)

)g+1

where we have A ∈ K given by

A =
√
c · (a3 − a2)(a3 − a1)(a2 − a1)g ·

√
a1 − a2 ·

2g+2∏
i=4

√
a3 − ai.

We therefore have that C is isomorphic over K to a non-singular projective curve with affine
model

y2 = x(x− 1)(x− λ1)(x− λ2) · · · (x− λ2g−1) (4)

where λ1, . . . , λ2g−1 are distinct roots given by

λi =
(a3 − a2)(ai+3 − a1)
(a2 − a1)(a3 − ai+3)

(5)

for all i ∈ {1, . . . , 2g − 1}. Similarly, in the case where deg f = 2g + 1, then we obtain a similar
result by considering the simpler transformations

x = (a2 − a1)x′ + a1 and y =
√
c · (a2 − a1)(2g+1)/2y′

which again yields that C is isomorphic over K to a non-singular projective curve with affine
model

y2 = x(x− 1)(x− λ1)(x− λ2) · · · (x− λ2g−1)

where λ1, . . . , λ2g−1 are distinct roots given by

λi =
ai+2 − a1
a2 − a1

for all i ∈ {1, . . . , 2g − 1}.
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Transforming a hyperelliptic curve C into the above form is known as transforming into Rosen-
hain normal form.

Whilst the above isomorphism allows us to represent any hyperelliptic curve as one with Weier-
strass points including 0, 1, and∞, we note that this only yields an isomorphic curve over some
quadratic extension of K(a1, . . . , an). To instead consider isomorphisms only over K(a1, . . . , an),
we can instead adjust the constant A to be in K(a1, . . . , an). This therefore yields an isomor-
phism of C over K(a1, . . . , an) to an equation of the form:

y2 = c′x(x− 1)(x− λ1) · · · (x− λ2g−1)

where λi is given as before in (5), and c′ ∈ K(a1, . . . , an).

We also note that we are free to choose any three of the roots a1, . . . , a2g+2 to send to 0, 1, ∞,
and not necessarily just a1, a2, a3. Thus, for a given hyperelliptic curve of genus g, there may be
several possible representations given in the form (4), however there will always be only finitely
many (specifically, at most (2g + 2)!) possible representations in the form (4). We note that
this agrees with the fact that the moduli space of genus g hyperelliptic curves Hg has dimension
2g − 1 [38, p. 75].

Jacobians

As with hyperelliptic curves, there are various ways one can define and work with the Jacobian.
We shall not dive too deeply into the specifics of working with Jacobians, but will simply con-
sider them for the most part in a naive black box sense. However, for completeness, we shall
give the following general functorial definition for the Jacobian for arbitrary non-singular curves:

Definition 3: [68, p. 85] Let C be a smooth projective curve. Let VarK denote the category
of varieties3 over K and let Set denote the category of sets. For any variety T in VarK , we
denote Pic0(T ) as the degree 0 Picard group of T .

We define P 0
C as the contravariant functor between VarK and Set given by

P 0
C : VarK −→ Set

T 7−→ Pic0(C × T )

Pic0(T )
.

Furthermore, for any variety J ′, we define the contravariant functor hJ ′ given by

hJ ′ : VarK −→ Set

T 7−→ Hom(T, J ′).

We thus define the Jacobian J(C) of C as the variety J such that the functor P 0
C is isomorphic

to hJ .4 We note that J is unique (up to isomorphism) by Yoneda’s lemma.

We note that, in the general case, J(C) may not exist if C(K) = ∅ [68, p. 86], however since
hyperelliptic curves always contain at least one point at infinity, the Jacobian J(C) of any hy-
perelliptic curve C always exists.

3Here, we consider varieties in the most general sense, as a topological space covered by finitely many open
sets, each of which has the structure of an affine variety. See Milne’s notes [68] for a full formal definition.

4We remark that this definition is also simply the statement that P 0
C is represented by J(C).

6



One corollary of the above definition is that the functorial definition of the Jacobian J(C) is
isomorphic to Pic0(C) and thus J(C) is naturally an abelian variety. However, we note that
this definition does not give any explicit construction for J(C).

In general, providing an explicit description of the Jacobian is a highly non-trivial task. For
elliptic curves (g = 1) E, we simply have that Jac(E) is isomorphic to E, since E is isomorphic
to Pic0(E) by the map P 7→ P − (∞). Already in the genus 2 case, things become a lot more
complicated. Indeed, Cassels and Flynn [16] gave an explicit construction for the Jacobian of
an arbitrary genus 2 curve over K as a smooth projective curve in P15 defined by 72 quadratic
forms over K.

Giving a full overview of Jacobian varieties is far beyond the scope of this project, so we shall
not go into much further detail regarding Jacobians, as most of our calculations will simply use
results from [31] and not need to work directly with the Jacobian. For the most part, it suffices
to know that the Jacobian of a hyperelliptic curve C/K of genus g is some finitely generated
abelian variety (by the Mordell-Weil theorem [90, p. 20]) of dimension g which naturally repre-
sents the group Pic0(C).

Finally, we shall give some results about torsion points over the Jacobian Jac(C). If the con-
text of the hyperelliptic curve C is clear, we abbreviate Jac(C) simply by J . As with elliptic
curves, we also denote the set of n-torsion points on J (over K) by J [n]. It’s well-known that
J [n] ∼= (Z/nZ)2g if char(K) does not divide n. Otherwise, if char(K) = p, then there exists
some integer i ∈ {0, . . . , g} such that for all m ≥ 1. we have J [pm] ∼= (Z/pmZ)i [69, p. 64].

We now give a sketch proof of the field in which the 2-torsion J [2] lies.

Theorem 4: [97, p. 5] Let C/K be a hyperelliptic curve with affine model C : y2 =
c(x− a1) · · · (x− an). Then the field of 2-torsion K(J [2]) is K(a1, . . . , an).

Proof: [97, p. 5] We shall first give an explicit description of the elements of J [2]. Indeed,
let W denote the Weierstrass points of C. Then for any subset U ⊂ W of even cardinality, we
define the divisor eU ∈ Div0(C) as

eU :=


∑
P∈U

P − |U | · (∞) if n odd∑
P∈U

P − |U |
2
·
(
(∞1) + (∞2)

)
if n even

We claim that the set of all eU over all subsets U ⊆ W of even cardinality cover all elements in
J [2]. Indeed, we first note that, for any ai, we have that the divisor of the function x − ai ∈
K(C)× is

div(x− ai) =

{
2(ai, 0)− 2(∞) if n odd

2(ai, 0)−
(
(∞1) + (∞2)

)
if n even

Therefore, by taking the appropriate product of functions (x−ai), we have that 2eU is principal,
and thus each eU is an element of J [2].

Next, we aim to show which elements eU are equivalent in Pic0(C). We first note that eU1 +eU2

is equivalent to eU1	U2 where U1 	 U2 = (U1 ∪ U2)\(U1 ∩ U2) is the symmetric difference of U1

and U2. Since div(y) = eW , we have that eW is principal, and furthermore that eU is principal
if and only if eW\U is principal. Thus it suffices to classify when eU is principal for subsets
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U ⊂ W where |U | ≤ g.

Now let U ⊂ W be non-empty and |U | ≤ g. Assume for contradiction that eU = div(g) for
some function g ∈ K(C)×. By definition of eU , g cannot have any poles at any affine (i.e.
non-infinite) point in C, thus g is some polynomial in x and y. Furthermore, noting that the
divisor of poles of y has degree n, and the divisors of poles of g has degree |U | ≤ g = bn−12 c,
this implies g must be a polynomial only in x. As U non-empty, we have for some (ai, 0) ∈ U ,
that g(ai) = 0 and so (x− ai) divides g. However, since ord(ai,0)(x− ai) = 2, this implies that
g/(x− ai) must have some pole on the affine part of C, which yields a contradiction.

By the above argument, this proves that we have a unique distinct divisor eU in Pic0(C) for
every partition of W into two even subsets. As there are 22g such partitions, and |J [2]| = 22g,
this finally implies that all elements of J [2] are represented by divisors of the form eU . There-
fore, K(J [2]) ⊆ K(a1, . . . , an).

For the other inclusion, one can show that the only permutation in the Galois group Gal(K(a1, . . . , an)/K)
which fixes every partition ofW into two even subsets is the identity [97, p. 6], assuming n 6= 4.
This therefore proves the other inclusion, and thus the claim holds.

We shall also state without proof an analogous result for the four-torsion J [4]. This will be
useful when proving Theorem 22 in a later section.

Theorem 5: [97, p. 7] Let C/K be a hyperelliptic curve with affine model C : y2 = c(x −
a1) · · · (x− an). Then the field of 4-torsion K(J [4]) is

K(J [4]) =


K(J [2])

(
ζ4,

{√
ai − aj

}
1≤i,j≤n

)
if n odd

K(J [2])
(
ζ4,

{√
ai − aj

∏
1≤`≤n−1
`6=i,j

√
a` − an

}
1≤i,j≤n

)
if n even

Before moving on to cluster pictures, it’s worth mentioning the following definition, which will
allow us to classify the various Jacobians seen in a later section:

Definition 6: Let C/K be a hyperelliptic curve of genus g with its associated Jacobian
Jac(C). Then we say that Jac(C) is split (over K) if there exist abelian varieties A1 and A2

over K of lower dimension than g, such that Jac(C) is isogenous (over K) to A1 ×A2.

Otherwise, we say the Jacobian is simple (over K). Furthermore, if there do not exist abelian
varieties A1, A2 over K such that Jac(C) is isogenous (over K) to A1 × A2, then we say that
the Jacobian is geometrically simple.

Specifically, if C/K is a genus 2 curve, then Jac(C) splits exactly when it’s isogenous to E1×E2

for some two elliptic curves E1, E2 over K.

It’s worth also mentioning the following theorem, which in some cases allows us to easily identify
when the Jacobian of a genus 2 curve C is split:

Theorem 7: [16, p. 155] Let C/K be a genus 2 curve, and assume it has a model of the form

y2 = ax6 + bx4 + cx2 + d.
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Then the Jacobian Jac(C) is isogenous to the product of the two elliptic curves E1/K and E2/K
given by

E1 : y2 = ax3 + bx2 + cx+ d, and

E2 : y2 = dx3 + cx2 + bx+ a.

We further note that this also gives an alternative way to calculate the rank, since we have that
rank(Jac(C)) = rank(E1) + rank(E2). A proof of this theorem can be found in Cassels-Flynn
[16, p. 155].

Cluster pictures

We shall finally introduce the main machinery which we’ll use to study the reduction of hy-
perelliptic curves. For a given hyperelliptic curve C over K, we consider the notion of cluster
pictures, introduced by Dokchitser, Dokchitser, Maistret, Morgan [31].

Definition 8: [30, p. 2] Let g ≥ 2, and let C/K be a hyperelliptic curve of genus g given by

y2 = f(x) = c(x− a1)(x− a2) · · · (x− an)

where n ∈ {2g+ 1, 2g+ 2}. Let R = {a1, . . . , an} denote the set of roots of f , with P(R) being
the power set of R. Let p be an odd prime in K, and let vp denote the discrete normalised
p-adic valuation induced by p. We define the cluster picture Σp ⊂ P(R) associated to C
(with respect to p) as the following set:

Σp :=
{
s ∈ P(R) | ∀x ∈ s, vp(x− z) ≥ d for some z ∈ K, d ∈ Q

}
i.e. these are simply the subsets of R which are cut out by bounded p-adic discs in K. 5

We also define the depth ds of a cluster s as

ds := min
r,r′∈s

vp(r − r′)

(i.e. the maximal valuation which cuts out s) and furthermore define νs as

νs := vp(c) +
∑
r∈R

dr∧s

We easily note that Σp will always contain all the singleton elements {ri} for all ri ∈ R, as well
as the entire set of roots R. If Σp consists of only these elements, we say that the cluster picture
at p is trivial.

We call a cluster s odd (resp. even) if |s| is odd (resp. even). We call s principal if |s| ≥ 3
except if either s = R is even and has exactly two children, or if s has a child of size 2g.

The remarkable property of cluster pictures (and why it’s so useful) is that, for any hyperelliptic
curve C/K, it provides a very simple way of easily reading off the reduction type of C as well
as Jac(C) at any odd prime p.

5Strictly speaking, the extension of the p-adic valuation from K to K(J [2]) is not uniquely determined if p
is not totally ramified in K(J [2])/K , however choosing a different valuation simply corresponds to constructing
Σp over σ(R) for some σ ∈ Gal(K(R)/K), and thus yields an isomorphic cluster picture.
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We now partially restate the main theorem given in [30]:

Theorem 9: [30, p. 4] Let C/K be a hyperelliptic curve of genus g, and let p be an odd prime
in K. Then we can read off the reduction type of C at p using Σp as follows:

(i) C has potentially good reduction at p if and only if Σp has no proper clusters of size < 2g+1
(i.e. Σp is either trivial, or consists of a single non-trivial cluster of size 2g + 1)

(ii) Assuming C has potentially good reduction at p, it then furthermore has good reduction
at p, if K(R)/K is unramified at p and vs ∈ 2Z for the unique principal cluster.

(iii) Jac(C) has potentially good reduction at p if and only if all clusters s 6= R in Σp is odd.

(iv) Furthermore, Jac(C) has good reduction at p if and only if K(R)/K is unramified and
vs ∈ 2Z for all principal clusters.

We now illustrate applying this theorem to the following example of a genus 2 curve over Q:

Example 10: Let C/Q be a genus 2 curve given by 6

y2 = 6x6 − 13x5 + 27x4 − 28x3 + 27x2 − 13x+ 6 (6)

By factorising the right hand side of (6), we obtain y2 = (x2−x+ 1)(2x2−x+ 2)(3x2−2x+ 3),
and therefore the Weierstrass points of C can be presented as

y2 = 6(x− a1)(x− a2) · · · (x− a6)

where

a1 = 1+i
√
3

2 , a2 = 1−i
√
3

2 , a3 = 1+i
√
15

4 , a4 = 1−i
√
15

4 , a5 = 1+2i
√
2

3 , a6 = 1−2i
√
2

3 ,

Therefore, a splitting field can be obtained as the degree 8 extension K = Q(
√
−2,
√
−3,
√

5).
We note that the ideals (2), (3), (5) ramify into two prime factors each:

(2) = p22 · q22, (3) = p23 · q23, (5) = p25 · q25
Let’s now consider calculating the cluster picture at the prime p = 3. We can therefore without
loss of generality extend the 3-adic valuation to K using q3. We therefore notice the following
valuations between the roots ai: Note that (a1− a2) = (i

√
3) = p3q3, and thus v3(a1− a2) = 1

2 .

Similarly, we note (a3 − a4) = ( i
√
15
2 ), which also has 3-adic valuation of 1/2. Indeed, we can

tabulate the the differences between each of the roots a1, . . . , a6:

Table 3: Factorisation of the ideals (ai − aj) (i.e. up to units)

a1 a2 a3 a4 a5 a6

a1 0 p3q3 p−22 q−22 p−23 q−23

a2 0 p−22 q−22 p−23 q−23

a3 0 p−22 q−22 p3q3p5q5 p−22 p−23 p−22 q−23

a4 0 q−22 p−23 q−22 q−23

a5 0 p52q
5
2p
−2
3 q−23

a6 0

6This is the genus 2 curve 2880.c.368640.1 given on the LMFDB: https://www.lmfdb.org/Genus2Curve/

Q/2880/c/368640/1
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From the above table, we note that 3-adic valuation, is at least −1 for any difference ai − aj ,
thus the depth of the cluster around all roots is −1. Furthermore, we’ll have a cluster of size
5 around all the roots except a6, and finally we’ll have two twin clusters around {a1, a2}, and
{a3, a4} of depth 1/2. This yields the following cluster picture Σ3:

a1 a2 a3 a4 a5 a6

−1
01

2
1
2

Figure 1: Cluster picture Σ3 for the genus 2 curve C given in (6).

Note that, if we chose to extend the 3-adic valuation to p3 instead of q3, this would yield an
isomorphic cluster with a5 and a6 swapped.

Using the above Theorem 9, we can show that determining whether a curve C or its Jacobian
Jac(C) has (potentially) good reduction can be done purely by analysing the p-adic valuations
of differences between the roots:

Proposition 11: Let C/K be a hyperelliptic curve, given in the form

y2 = cx(x− 1)(x− λ1) . . . (x− λ2g−1).

Let p be an odd prime of K. Then C has potentially good reduction at p if and only if we
have vp(λi) = vp(λi − 1) = 0 for all i ∈ 1, . . . , 2g − 1, and vp(λi − λj) = 0 for all distinct
i, j ∈ {1, . . . , 2g − 1}. (i.e. the values λi, λi − 1, λi − λj are all p-units)

Proof: Let C/K be given in the above form, and let R denote the Weierstrass points, i.e.
R := {0, 1, λ1, . . . , λ2g−1}. Then by Theorem 9, since |R| = 2g + 1, we have that C has poten-
tially good reduction at p if and only if Σp is trivial.

Note that Σp is trivial if and only if vp(ri − rj) is constant over all distinct pairs ri, rj ∈ R.
However, since vp(1 − 0) = 0, this implies that vp(λi) = vp(λi − 1) = 0 for all i, and that
vp(λi − λj) = 0 for all i, j, which yields the result.

This immediately yields the following corollary:

Corollary 12: Let K be a number field, and let S be a finite set of primes of K, and assume
that S consists of all even primes of K. Let O×S denote the set of S-units in K. Then for a
given hyperelliptic curve C/K of the above form, C has potentially good reduction outside S if
and only if λi and λi − 1 are in O×S , and if λi − λj are in O×S .

This therefore gives us an effective procedure to list the Rosenhain normal forms of all hyper-
elliptic curves C over a given number field K, with potentially good reduction outside a finite
set of prime S. It relies purely on (i) determining all number fields having bounded degree and
discriminant, as well as (ii) solving S-unit equations over these fields:

1. Initialise a list A of all such curves.
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2. Compute a list F all fields L/K which are unramified outside S, with degree d = [L : K]
at most (2g + 1)! as follows:

(a) Use [71, p. 203] to show that any such field must have discriminant dividing the ideal∏
p∈S

pd(d+1). This yields a finite number of possible discriminants for L.

(b) For each possible discriminant, do a Hunter search [18, p. 445] to compute all possible
number fields with degree d and given discriminant.

3. For each L in F , do the following:

(a) Enumerate all solutions (λ1, . . . , λ2g+1) to the 2g − 1 S-unit equations:

λ1 + µ1 = 1, . . . , λ2g−1 + µ2g+1 = 1, λi, µi ∈ O×S

such that λi − λj ∈ O×S for all i, j ∈ {1, . . . , 2g − 1}.

(b) For each solution (λ1, . . . , λ2g+1), construct the curve C/L of the form C : y2 =
x(x− 1)(x− λ1) . . . (x− λ2g−1).

(c) If C ∼= Cσ for all σ ∈ Gal(L/K), then C can be defined over K, and so we add C to
A.

This therefore gives an effective procedure to find all possible Rosenhain normal forms of hy-
perelliptic curves, and thus all possible K-isomorphism classes. However, to translate this into
a complete list of K-isomorphism classes requires some more technical details, which we defer
(in the genus 2 case over Q) to a later section.

It’s easy to note that, as there are only finitely many solutions to any given S-unit equation,
we have the following corollary:

Corollary 13: For a given number field K, finite set of primes S, and genus g, there are only
finitely many hyperelliptic curves C/K of genus g with potentially good reduction outside S.
Moreover, these curves can be effectively computed, as given in the above algorithm.

We now present a theorem which yields a lower bound on the number of bad primes for a given
genus g:

Theorem 14: Let C be a hyperelliptic curve with Weierstrass points in K. Then C cannot
have potentially good reduction at any odd prime p such that NK/Q(p) ≤ 2g.

Proof: Let C be given by its Rosenhain normal form:

y2 = x(x− 1)(x− λ1) · · · (x− λ2g−1)

and let p be a prime ideal of K such that the norm satisfies N(p) ≤ 2g.

We have by Theorem 11 that λ1, . . . , λ2g−1 must all be p-units. Furthermore, note that each of
the roots 0, 1, λ1, . . . , λ2g−1 must yield distinct values under the reduction map OK → OK/p.
However, this is a contradiction if 2g+ 1 > N(p), noting that the size of the residue field OK/p
is N(p).

It’s furthermore clear that the above inequality is tight, since given any p with N(p) > 2g, we
can simply let 0, 1, λ1, . . . , λ2g−1 be some distinct representative elements in the residue ideal
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to yield an example of a curve C with good reduction at p.

Unfortunately, it doesn’t seem as easy to derive a similarly simple necessary and sufficient con-
dition for the Jacobian Jac(C) to have potentially good reduction at p, other than restating
Theorem 9. This is a matter which we shall investigate in more detail in a later section.

We shall now restrict our attention to the specific case where C is a hyperelliptic curve over Q,
with all of its Weierstrass points in Q.

Hyperelliptic curves with rational Weierstrass points

Firstly, it’s worth stating the application of Theorem 14 to the rational case:

Corollary 15: Let C be a hyperelliptic curve with rational Weierstrass points. Then C cannot
have potentially good reduction at any odd prime p ≤ 2g.

Note that this clearly implies that no genus 2 hyperelliptic curve with rational Weierstrass
points has potentially good reduction at 3. As no such curve has potentially good reduction at
p = 2 either, we note that this therefore yields a quick proof of the following result from Box
and Le Fourn [11]:

Corollary 16: [11, p. 3] There is no genus 2 hyperelliptic curve C over Q such that all Weier-
strass points of C are rational and C has potentially good reduction at all but one of the primes.

Already, this illustrates the versatility of cluster pictures by easily proving not just the above
corollary, but a generalisation for hyperelliptic curves of any genus g over arbitrary number
fields K.

Of course, we remark that the above is not true for genus 2 curves over Q with non-rational
Weierstrass points. For example y2 = x(x− 1)(x+ 1)(x− i)(x+ i) does have good reduction at
p = 3.

Note that this immediately implies that there are only finitely many hyperelliptic curves of
genus g with rational Weierstrass points having potentially good reduction outside at most
π(2g)− 1 odd primes. However, we can go one step further:

Theorem 17: There are only finitely many hyperelliptic curves of genus g with rational
Weierstrass points having potentially good reduction outside at most π(2g) odd primes.

Proof: Let C/Q be a hyperelliptic curve of genus g given in Rosenhain normal form C : y2 =
x(x − 1)(x − λ1) · · · (x − λ2g−1) with rational Weierstrass points. By Corollary 15, C cannot
have potentially good reduction at any odd primes less than 2g. Now assume C has potentially
good reduction outside exactly π(2g) odd primes S.

Thus, S must consist of all primes below 2g, plus one additional prime p. Now by Theorem 11,
we must have that λ1, λ2, λ1 − 1, λ2 − 1 and λ1 − λ2 are all S-units. Therefore, by Lemma 28,
there are only finitely many possible primes p, and thus by Corollary 13, there are only finitely
many hyperelliptic curves with potentially good reduction outside S.

It’s worth mentioning that at this stage, we are still unsure if there are only finitely many
hyperelliptic curves of genus g having potentially good reduction outside r odd primes, for any
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r > π(2g).

We can illustrate the effectiveness of the above theorem by applying Lemma 28 concretely to
the genus 2 case:

Theorem 18: Let C be a genus 2 hyperelliptic curve with rational Weierstrass points,
having potentially good reduction outside S = {2, 3, p} for some prime p ≥ 5. Then p ∈
{5, 7, 11, 13, 17, 73}.

Proof: This follows by effectively going through the computations in Lemma 28.

We also mention that for hyperelliptic curves C/Q of genus 3 with rational Weierstrass points
having potentially good reduction outside {2, 3, 5, p}, we’ve checked computationally that p ∈
{7, 11, 13, 17, 19, 23, 29, 41, 43, 53} after an extensive search, although this hasn’t been formally
proven.

We now shift our attention to studying the Jacobian Jac(C) of hyperelliptic curves. We shall
first show that, in general, there are far more curves with Jacobian having potentially good re-
duction outside a given set S, than curves themselves having potentially good reduction outside
S.

Proposition 19: There are infinitely many (non-isomorphic over Q) genus 2 hyperelliptic
curves C over Q with rational Weierstrass points with Jac(C) having potentially good reduction
outside {2}.

We note that this is in contrast to the elliptic case, where the above is not true.

Proof: Let r ≥ 1 be any positive integer, and consider the genus 2 curve C/Q given by
Rosenhain normal form λ1 = 2r + 1, λ2 = 2r+1

2 , λ3 = 2r., i.e.

C : y2 = x(x− 1)(x− 2r − 1)(x− 2r+1
2 )(x− 2r)

We now consider a few cases depending on each odd prime p.

• Case 1: p divides 2r + 1. Let d := vp(λ1) ≥ 1. We clearly note that vp(λ2) = d and
vp(λ1−λ2) = vp(2

r +1) = d, with all other valuations being 0. (noting that 2r +1 doesn’t
have any odd primes in common with 2r − 1).

Therefore, the only non-trivial cluster is the cluster of size 3 formed by {0, λ1, λ2}.

0 λ1 λ2 λ3 1

d
0

Figure 2: Cluster picture Σp for primes p dividing 2r + 1.

• Case 2: p divides 2r − 1. Similarly, we let d := vp(2
r − 1) ≥ 1. Note that vp(λ3 − 1) =

vp(2
r − 1) = d and vp(λ2 − λ3) = d, with all other valuations being 0.

Therefore, the non-trivial cluster is the cluster of size 3 formed by {1, λ2, λ3}.
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0 λ1 λ2 λ3 1

d
0

Figure 3: Cluster picture Σp for primes p dividing 2r − 1.

• Case 3: All other odd p. Clearly, vp(λi) = vp(λi− 1) = 0, and vp(λi−λj) = 0, and thus
the cluster picture Σp is trivial.

Therefore, in all cases, the cluster picture Σp only contains odd clusters, which proves that
Jac(C) has potentially good reduction at all primes outside {2}.

We also remark that hyperelliptic curves of genus 3, 4 and 5 with potentially good reduction
outside {2} can easily be found, however we are still unsure if any such curves exist with genus
≥ 6. In many cases, the numerical evidence suggests that constructions similar to those given in
Theorem 19 seem to yield infinite families of curves, however it’s certainly not trivial to prove
these for higher genus.

For example, one can prove that there are infinitely many genus 3 curves C with rational Weier-
strass points such that Jac(C) has potentially good reduction outside {2}, if one can prove that
there are infinitely many triples of distinct primes (p, q, r) such that rad(p2−q2) = rad(p2−r2) =
rad(q2 − r2).

We now look at conditions for when the Jacobian itself has good reduction:

Theorem 20: Let C/K be a hyperelliptic curve in the form

y2 = cx(x− 1)(x− λ1) · · · (x− λ2g−1)

Then Jac(C) has good reduction at an odd prime p if and only if Jac(C) has potentially good
reduction at p, and K(R)/K is unramified, and if vp(λi), vp(λi−1) and vp(λi−λj) all have the
same parity as vp(c).

Proof: Let Σp be the cluster picture of C at p. By Theorem 9, to show that Jac(C) has good
reduction at p, it suffices to show that νs is even, for all principal clusters s.

Firstly, we note that since vp(λi), vp(λi − 1) and vp(λi − λj) all have the same parity as vp(c),
this implies the depths ds of all principal clusters have the same parity as vp(c).

We can proceed by a standard inductive approach. Let s be a principal cluster of Σp. Let C1

denote the parent of s, C2 denote the parent of C1, and so on, until we have Cn = R, as shown
in Figure 4. This therefore yields the following chain of clusters:

s ( C1 ( C2 ( · · · ( Cn = R

The calculation of νs can therefore be given as

νs = vp(c) +
∑
r∈R

dr∧s = vp(c) +
∑
r∈s

ds +
∑
r∈C1
r 6∈s

dC1 +
∑
r∈C2
r 6∈C1

dC2 + · · ·+
∑
r∈Cn
r 6∈Cn−1

dCn

Now as Jac(C) has potentially good reduction, this implies that all clusters s have odd size.
Therefore, we note that, except for the first vp(cf ) and

∑
r∈s ds, each of the remaining sums

contains an even number of terms, and therefore has even parity.
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Furthermore, as |s| odd, this implies the parity of the first sum is simply ds. Finally, as ds has
the same parity as vp(cf ), this gives us

νs ≡ vp(cf ) + ds ≡ 0 (mod 2)

which proves the claim.

. . . . . . . . . . . . . . .

s C1 C2
Cn

Figure 4: A chain of clusters s ( C1 ( C2 ( · · · ( Cn.

Applying this to all odd primes p, we get the following immediate corollary:

Corollary 21: Let C/K be a hyperelliptic curve given as above. Then Jac(C) has good re-
duction outside S if and only if Jac(C) has potentially good reduction outside S, and K(R)/K
unramified outside S, and such that λi, λi − 1 and λi − λj are in cO×S · (K×)2.

Finally, we show that there are no solutions in the case where g = 2, K = Q and S = {2}.

Theorem 22: Let C/Q be a hyperelliptic curve with rational Weierstrass points. Then Jac(C)
cannot have good reduction outside {2}.

Proof: Let a1, a2, . . . , an be the rational Weierstrass points of C. By sending one of the roots
to∞, we may also assume that an affine model for C is y2 = f(x) where f(x) is monic of degree
5. Now the main idea is to analyse the 4-torsion field Q(J [4]) where J = Jac(C).

Firstly, since C has all rational Weierstrass points, this implies Q(J [2]) = Q. Furthermore,
since Jac(C) has good reduction outside 2, then by Corollary 21, this implies that

√
ai − aj all

lie in Q(i,
√

2).

Therefore, by Theorem 5, we have that Q(J [4]) is either Q(i) or Q(i,
√

2). Let K = Q(J [4]).
We now recall that the torsion subgroup C(K)tors injects into J(OK/p) for all primes p of good
reduction for J , as noted in the Appendix of [47].

We shall assume for contradiction that J has good reduction specifically at p = 3. Considering
the two cases for K, if K = Q(i), then the ideal (3) is prime (3 is inert), otherwise if Q(i,

√
2)

then (3) splits into two primes p1p2. In either case, we note that the prime(s) p above 3 have
norm N(p) = 9.

Thus by considering the 4-torsion over K, and noting that #J [4] = #(Z/4Z)4 = 256, this
implies that 256 divides J(OK/p) for the prime p lying above 3. However, by Weil’s inequality,
we have

#J(OK/p) = N(p)2 + 1 +
4∑
i=1

αi ≤ 82 + 4 · 9 = 118,

and thus, since 256 > 118, this contradicts the fact that C(K)tors injects into J(OK/p).
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Invariants

When characterising hyperelliptic curves C, it is often useful to work with a set of invariants
corresponding to the Q-isomorphism class of C. This area of study has its roots in 19th century
mathematics, where a good treatment of some results from that time can be found in Elliott [33].

Let C be a hyperelliptic curve of the form y2 = c(x − a1) · · · (x − an). For some positive even
integer m, we define the invariant Im(C) by

Im(C) = (4c)m
∑

(αi − αj) · · · (αk − α`)

where the expression under the sum contains each ai m times, and where the sum runs over all
permutations of the index set {1, . . . , n} which yield distinct expressions (i.e. over all Sn-Galois
orbits of the given expression).

We can then characterise Q-isomorphism classes of hyperelliptic curves by noting the following
proposition:

Proposition 23: Let C,D be two hyperelliptic curves of genus g over K. Then C is isomorphic
to D over K if and only if there exists some λ ∈ K× such that

Im(C) = λmIm(D)

for all positive m.

In practice, one need only compute finitely many of the Igusa invariants Im, by a famous result
of Hilbert which states that the dimension of the space of invariants is finite.

Invariants for genus 2

In our case, we shall be interested in the invariants characterising the K-isomorphism classes
for genus 2 curves. Let K be a field with char(K) 6= 2, and let C/K be a genus 2 hyperelliptic
curve. We can therefore explicitly define the following set of Igusa-Clebsch invariants [42,
p. 620]:

I2 := (4c)2
∑

(a1 − a2)2(a3 − a4)2(a5 − a6)2

I4 := (4c)4
∑

(a1 − a2)2(a2 − a3)2(a3 − a1)2(a4 − a5)2(a5 − a6)2(a6 − a4)2

I6 := (4c)6
∑

(a1 − a2)2(a2 − a3)2(a3 − a1)2(a4 − a5)2(a5 − a6)2(a6 − a4)2

(a1 − a4)2(a2 − a5)2(a3 − a6)2

I10 := (4c)10
∏

(ai − aj)2

where, as before, each sum/product runs over the permutations of {1, . . . , 6} which yield differ-
ent expressions.

To work in addition to the case where char(K) = 2, we can furthermore define the Igusa
invariants [42, p. 621-622], as follows:

J2 := I2/8,

J4 := (4J2
2 − I4)/96,
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J6 := (8J3
2 − 160J2J4 − I6)/576,

J8 := (J2J6 − J2
4 )/4,

J10 := I10/4096.

whereby we also that, for any two genus 2 curves C,D, then C is isomorphic to D over K if
and only if Jm(C) = λmJm(D) for some λ ∈ K×.

To give a simpler description of the Q-isomorphism classes of genus 2 curves, we also consider
the G2 invariants, defined by Cardona-Quer-Nart-Pujolás [14, 15], defined in terms of the
Igusa invarints, as follows:

(g1, g2, g3) =


(J5

2/J10, J
3
2J4/J10, J

2
2J6/J10), if J2 6= 0

(0, J5
4/J

2
10, J4J6/J10) if J2 = 0, J4 6= 0

(0, 0, J5
6/J

3
10), otherwise

This time, we have that two genus 2 curves C,D are K-isomorphic if and only if their G2-
invarints are the same. We also remark that, if any prime p divides any of the denominators of
g1, g2, g3, then C will not have potentially good reduction at p (however, the converse is not true).

For completeness, we note that a set of explicit formulae for the Igusa invariants I2, I4, I6 and
I10 in terms of λ1, λ2, λ3 for a curve C in Rosenhain norm form C : y2 = x(x− 1)(x− λ1)(x−
λ2)(x− λ3) is given in the appendix of Malmendier-Shaska [61, p. 20].

L-functions

One of the most important isogeny invariants of hyperelliptic curves C/K is its L-function
L(C/K, s). Since the L-function of a curve C is the same as its Jacobian Jac(C), studying
L(C/K, s) is instrumental into understanding and classifying curves according to its Jacobian.

We first define the L-function of a hyperelliptic curve:

Definition 24: Let C be a hyperelliptic curve over some number field K. We recall the
L-function of C/K is given by the Euler product:

L(C/K, s) :=
∏

pCOK

Lp(N(p)−s)−1

where N(p) denotes the norm of p, and where the product is taken over all prime ideals p of
OK (or equivalently finite places of K).

Each of the local Euler factors Lp(T ) essentially depends on the reduction type of Jac(C) at p.
It can be defined generally in terms of the geometric Frobenius in a decomposition group at p, as
follows: [10] Let Dp ⊂ Gal(K/K) be a decomposition group at p, and let Ip ⊂ Dp denote the in-
ertia group at p. We pick an arithmetic Frovenius element σp ∈ Dp (i.e. σp(α) ≡ αN(p)(mod p)).

Then we define the local Euler factor Lp(T ) at p as

Lp(T ) := det
(
1− Tσ−1p

∣∣V Ip
)

where V denotes
V := H1

et(C ⊗K K, Q`)
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being the first étale cohomology group of C, for some prime ` different from the residue char-
acteristic of p.

Whilst this gives a full general definition of the local Euler factors for any prime p, we can be
more specific in the case where p is a prime of good reduction for C:

Good reduction

Indeed, if p is a prime of good reduction, then the local Euler factor Lp(T ) is simply given by
the zeta function:

Lp(T ) = Zp(T )(1− T )(1−N(p)T ) (7)

In order to define Zp(T ), we let #C̃pk denote the number of points in the reduction of C modulo

pk. We can then give Zp(T ) as

Zp(T ) = exp
( ∞∑
k=1

#C̃pk

k
T k
)

where the above is interpreted as a formal power series with coefficients in Q. Whilst it might
seem that we need to evaluate #C̃pk for infinitely many k to evaluate Lp(T ), we can use the

fact that Lp(T ) is a degree 2g polynomial. If we let Lp(T ) =
∏2g
i=1(1 − αiT ) for some αi ∈ C,

then we can evaluate Lp(T ) by taking logarithms of (7) and subsequently using the power series
for log, to obtain

#C̃pk = N(p)k + 1−
2g∑
i=1

αki (8)

for all positive k [19, p. 135]. Therefore, by utilising Newton relations between the roots and
coefficients of Lp(T ), we can calculate any good Euler factor by simply counting points on C
modulo pk for k = 1, . . . , g.

It’s worth also mentioning that an alternative method to computing Lp(T ) directly from Jac(C)

if g ≤ 3 involves first calculating J(C/Fp) = Lp(1), and J(C̃/Fp) = Lp(−1), where C̃ denotes
the quadratic twist of C mod p. We can then use Lemma 4 from [92] to compute Lp(T ) for
sufficienfly large p. Kedlaya and Sutherland [48] gives a nice overview of computing L-functions
of hyperelliptic curves in the genus g ≤ 3 case.

Bad reduction

If p is a prime of bad reduction, then it’s usually not as simple to calculate the Euler factor
Lp(T ). Whilst there are ways to do this calculation by computing regular models of C at p, a
simpler (albeit conjectural) way is to simply make a guess for the local factor Lp(T ), and then
verify whether the L-function L(C/K, s) satisfies its conjectural functional equation.

Since, for each p, there are only finitely many possible bad Euler factors Lp(T ), and only finitely
many primes p of bad reduction, this yields an effective procedure to calculate both the con-
ductor N and all the Euler factors Lp(T ) at all primes.

We now state the conjectural functional equation for C/K:
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Conjecture 25: [36, p. 368] (L-modularity) Let C be a hyperelliptic curve over K of genus
g. We define the completed L-function Λ(C/K, s) of C as [8]

Λ(C/K, s) := N s/2(2π)−gsΓ(s)gL(C/K, s)

Then Λ(C/K, s) has analytic continuation to the complex plane and satisfies the conjectured
functional equation:

Λ(C/K, s) = εΛ(C/K, 2− s) (9)

for some ε ∈ {−1,+1}.
We note that the above conjecture is known in some special cases (such as for elliptic curves
over Q), but is otherwise still conjectural in almost all cases.

It’s also worth noting that the above conjecture is weaker than the Paramodular conjecture,
sated by Brumer-Kramer [13]. At a very naive level, this essentially asserts moreover that
isogenies classes of paramodular abelian surfaces of conductor N are in 1-1 correspondence with
paramodular newforms of level N .

Genus 2 case

Let’s now restrict to the genus 2 case: Let C/K be a genus 2 curve. For a prime p of good
reduction at C, we let #C̃p and #C̃p2denote the number of points in the reduction of E modulo

p and modulo p2 respecitvely. We define the trace at p as ap := N(p) + 1−#C̃p, and similarly

define ap2 := N(p) + 1−#C̃p2 .

Now, by using (8) and Newton relations between the roots and coefficients of Lp(T ), we obtain
the following formula for all good Euler factors

Lp(T ) = 1− apT + (a2p − ap2)T 2 − apN(p)T 3 +N(p)2T 4 (10)

For primes p of bad reduction, we simply make a guess of the Euler factor, which we know will
be of the form

Lp(T ) = 1 +A1T +A2T
2 +A3T

3

for some Ai ∈ Z. Now, using that the roots of Lp(T ) must have size no greater than
√
N(p),

this yields a bound on the coefficients Ai, which therefore implies there are only finitely many
possible bad Euler factors to check. For example, if C/Q is a genus 2 curve with bad reduction
at p = 2, then there are only 26 possible bad Euler factors for L2(T ).

Classifying genus 2 curves C/Q where Jac(C) is good outside 2

We shall now attempt to classify all hyperelliptic curves C of genus 2 over Q, such that Jac(C)
has good reduction outside 2.

We first note from [70, p. 1] that, given some abelian variety J , there are only finitely many
curves C such that Jac(C) = J . Furthermore, by Falting’s theorem [23, p. 22], there are only
finitely many abelian varieties with good reduction outside a given set S. Therefore, we expect
there to only be finitely many such curves (up to Q isomorphism) where J(C) has good reduc-
tion outside {2}.

Unfortunately, this theorem of Falting’s is ineffective and so doesn’t provide us with any algo-
rithm to practically compute such a list of curve.
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It’s perhaps also worth noting that Schoof [81] has shown that no curve C exists such that
Jac(C) has good reduction outside 2 with semi-stable reduction at 2. However these results do
make essential use of the fact that the abelian variety Jac(C) is semi-stable, and thus cannot
be applied to our case in general.

First of all, we note that such a list must contain all 428 equivalence classes of curves with good
reduction outside 2, given by Smart [87]. Thus, it suffices for us to simply present a list of curves
C such that Jac(C) has good reduction outside 2, but C does not have good reduction outside 2.

Now let C/Q be a genus 2 curve with Jac(C) having good reduction outside 2. Then if R
denotes the Weierstrass points of C, then by Theorem 9, we have that Q(R)/Q is unramified
outside 2. Thus, our first task is to classify all such number fields K(R). Fortunately, this has
already been well-studied for small degrees:

Theorem 26: [66, p. 206] Let K be a number field with [K : Q] ≤ 6 and K/Q unramified
outside 2. Then [K : Q] ∈ {1, 2, 4}, and the 11 possibilities for K (up to conjugation) are:7

Q if [K : Q] = 1

Q
(√
−1
)
, Q
(√

2
)
, Q
(√
−2
)
, if [K : Q] = 2

Q
(

4
√
−1
)
, Q
(√

1 +
√
−1
)
, Q
(√

1 +
√

2
)
,

Q
(

4
√

2
)
, Q
(

4
√
−2
)
, Q
(√
−2−

√
2
)
, Q
(√

2 +
√

2
)
, if [K : Q] = 4

Therefore, if α is a Weierstrass point of C, then Q(α) must be one of the above extensions, and
thus Q(R) is some compositum of the above fields of degree no more than 8.8

For brevity, we shall adopt the same as Smart’s [87, p. 290] notation for field systems, That
is, we let K1,K2,K3 denote the quadratic fields Q(

√
−1), Q(

√
−2), Q(

√
2) respectively, and

L1, L2, . . . , L7 denote the quartic fields Q( 4
√
−1),Q( 4

√
2),Q( 4

√
−2),Q(

√
2 +
√

2),

Q(
√
−2−

√
2),Q(

√
1 +
√

2),Q(
√

1 +
√
−1) respectively.

From a technical standpoint, it’s perhaps also worth noting that all possible extensions K(R)
will have class number 1 in the genus 2 case, however this need not be true in the general case.

We first introduce the notion of field system for a curve C. Indeed, let C : y2 = f(x) be a
hyperelliptic curve. Let f(x) factor over K as

f(x) = cf1(x)f2(x) . . . fm(x)

where fi(x) are irreducible polynomials over K. Let Mi be the field K(αi) where fi(αi) = 0.
Then we call the typle (M1,M2, . . . ,Mm) a field system for C. Indeed, one can show that
field systems are invariant (up to ordering) under K-isomorphism [88].

From Theorem 26, it’s not hard to observe that there are only a finite number of possible field
systems for curves C where Jac(C) has good reduction outside 2. These are given in Table 4.

7We remark that the quartic field Q(i,
√

2) is the same as Q
(

4
√
−1

)
.

8At this stage, one might conjecture that any number field K unramified outside 2 has degree a power of
2. Whilst this is true if [K : Q] ≤ 16, remarkably there is a degree 17 field unramified outside 2 which gives a
counterexample to this conjecture [39, p. 57].
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Table 4: List of possible field systems for genus 2 curves C : y2 = f(x) with Q(R) unramified
outside 2. The number of rational 2-torsion points on Jac(C) is also tabulated.

Field system Jac(C)[2](Q)

[Q,Q,Q,Q,Q,Q] 16

[Q,Q,Q,Q,Ki] 8

[Q,Q,Ki,Kj ] 4

[Q,Q, Li] 2

[Ki,Kj ,Kk] 4

[Ki, Lj ] 2

At this stage, we unfortunately don’t yet have an unconditional effective algorithm to yield all
possible curves with Jac(C) good outside 2. We therefore focus our efforts on rather giving
as complete a list of possible, by considering two possible approaches: directly computing L-
functions, and computing curves C with good reduction outside a small finite list of primes.
These are described in the following two sections:

Computing L-functions of 2-power conductor

One of the first approaches one can take is to attempt to classify all possible L-functions with
good Euler factors outside 2.

In order to do this, we follow the procedure done by Farmer-Koutsoliotas-Lemurell [36], where
they generate L-functions purely from the assumption of its functional equation, without any
prior knowledge of the coefficients.

In summary, the procedure is as follows: We fix some conductor N and sign ε which is either
+1 or −1. We then consider an L-function

L(s) =
∞∑
n=1

an
ns

for some coefficients an ∈ Z satisfying a Ramanujan bound an = O(n1/2+ε). We also assume
L-modularity, that is that the completed L-function

Λ(s) := N s/2ΓC(s)2L(s)

satisfies the functional equation
Λ(s) = εΛ(2− s).

At this stage, we form a system of equations, from which we hope to at least solve for the first
few Dirichlet coefficients an. To do this, we shall use the approximate functional equation:

Theorem 27: [79, p. 444] Let L(s) be an L-function as described above, with completed
L-function Λ(s). Let g : C→ C be an entire function such that, for a fixed s, we have

|Λ(z + s)g(z + s)z−1| → 0

as |Im(z)| → ∞ in vertical strips where −x0 ≤ Re(z) ≤ x0 for some x0 ∈ R+. Also define
Q :=

√
N/π2. Then for any s for which Λ(s) well-defined, we have

Λ(s)g(s) =
∑̀
k=1

rkg(sk)

s− sk
+
∞∑
n=1

an

((Q
n

)s
f1(s, n) + ε

(Q
n

)2−s
f2(s, n)

)
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where f1(s, n) and f2(s, n) are defined to be

f1(s, n) :=
1

2πi

∫ ν+i∞

ν−i∞
ΓC(s)2z−1g(s+ z)(Q/n)zdz, and

f2(s, n) :=
1

2πi

∫ ν+i∞

ν−i∞
ΓC(2− s)2z−1g(s− z)(Q/n)zdz

such that ν > max(0,−Re(s)).

Proof sketch: [79, p. 445] The result follows by doing a standard contour integral argument,
where we evaluate a contour integral of Λ(s)g(s) over the rectangle with vertices (−α,−iT ), (α,−iT ),
(α, iT ), (−α, iT ) and apply Cauchy’s theorem. By letting T → ∞, this yields the desired re-
sult. The full calculations (for an analytic normalisation of Λ(s)) are given in Rubinstein [79,
p. 445].

By thus using the approximate functional equation for various points s and functions g, we can
divide through by g(s) to yield several equations of the form

Λ(s) = cg,s,1a1 + cg,s,2a2 + · · ·+ cg,s,iai + . . .

where cg,s,i are explicitly calculated coefficients, depending on the weight function g and the
point s. We can therefore generate an arbitrary number of these equations by simply choosing
different points s and functions g.

By choosing the weight function g(s) = ecs for various real values of c between −2 and 2, we
obtain that the coefficients cg,s,i decay exponentially, which will ideally allow us to efficiently
solve for the first few Dirichlet coefficients an.

Thus is done by performing a breadth first search, going through each of the possible Euler
factors Lp(T ), whilst pruning the branches which yield no solutions. The idea is that this even-
tually whittles down the number of possible candidate L-functions to just a handful of candidate
solutions for L(s), at which stage we can search of genus 2 curve C/Q having the L-function L(s).

For our purposes, we do this for all possible Euler factors Lp(T ) for all primes p < 250. We can
thus describe the general algorithm as follows:

1. First generate a list of all bad Euler factors L2,i for p = 2, and a list of all good Euler
factors Lp,i for odd primes p < 250.

2. Choose a list of various points s, and weight functions g, and calculate the values cg,s,n
for sufficiently many n. This generates a system of equations for an to satisfy.

3. Initialise a list of possible L-functions L (where each element in L consists of a tuple of
Euler factors (L2,j1 , L3,j2 , . . . )).

4. For each prime p from 2 to 241, do the following:

(a) For each candidate L-function L in L, and for each Euler factor Lp,i, append Lp,i to
L.

(b) Check if the tuple of Euler factors L is consistent with our system of equations.

(c) If so, update L to include Lp,i. Otherwise, if the system is not consistent for any
Euler factor Lp,i, remove L from L.
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After doing the above breadth-first search, our hope is that either at some stage, no possible
candidate L-functions are left, in which case we have proven that no L-function of conductor N
exists. Or alternatively we are left with just a few candidate L-functions, from which for each
one we can hopefully find an explicit genus 2 curve that gives the desired L-function.

Results

We performed the above procedure for conductors N = 2a for powers a = 1, . . . , 10, and
ε ∈ {−1,+1}, implemented with Sage [80] using complex ball arithmetic. We verified that no
L-functions of conductor N ≤ 27 exist, and that there exists exactly one L-function of conductor
N = 28, corresponding to the square of the elliptic curve isogeny class 4.4.2048.1-1.1-a. These
agreed with Farmer-Koutsoliotas-Lemurell’s calculations [36].

We furthermore obtained that no L-function exists with conductor 29, and that there is only
one L-function of conductor 210, corresponding to the split 32a × 32a isogeny class.

Whilst the above algorithm is in principle effective for any conductor N , in practice we were
unfortunately unable to extend our calculations beyond N = 210. As an example, for N = 212

and ε = +1, after searching through the first four primes, no pruning occurs and all branches
are still possible, which makes the search unbearably slow. In order to overcome this hurdle,
we will need to investigate a better way of choosing weight functions g(s), a matter of which
could be the focus of future work.

Table 5: List of all L-functions computed so far corresponding to genus 2 curves C/Q where
Jac(C) is good outside 2. The set of L-functions for N ≤ 210 is conjecturally complete (assuming
L-modularity). For N ≥ 211, the values quoted below are only lower bounds.

Conductor Rank Split Simple Totals

N 0 1 2 (over Q)

≤ 27 0 0 0 0 0 0

28 1 0 0 1 0 1

29 0 0 0 0 0 0

210 1 0 0 1 0 1

211 1 0 0 1 0 1

212 6 1 0 7 0 7

213 7 3 0 10 0 10

214 13 5 1 19 0 19

215 10 10 2 22 0 22

216 10 6 2 18 0 18

217 11 12 1 16 8 24

218 6 7 6 15 4 19

219 8 8 4 0 20 20

220 11 14 7 20 12 32

Total: 85 66 23 130 44 174

In total, we obtained 174 isogeny classes which have good reduction outside 2, including 9
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classes not obtained from Smart’s original list (8 of which were split over Q, and one which was
split over Q(

√
2)).

Remark: By a result of [12], one can check that the highest exponent of 2 in the conductor of
a genus 2 curve over Q is 20.

We also note that the Euler factor at p = 2, for every L-function found was L2(T ) = 1,
with the only exception being the unique conductor 28 L-function, where the Euler factor was
L2(T ) = 2T 2 + 2T + 1.

It’s worth mentioning that, on the rare occasion, we can read off primes p from the L-function
which are good for Jac(C), but must be bad for C. For example, some of the L-functions yield
an Euler factor at 3 as L3(T ) = 1− 6T 2 + 9T 4. Now assuming C has good reduction at 3, then
using (10), we obtain that #C̃32 = −2, which is clearly impossible.

Solving the S-unit equations

We now focus on solving the required S-unit equations, following the procedure laid out by
Smart [88]. Whilst we cannot use this to provably provide a complete list of genus 2 curves
with Jac(C) good outside 2, we can at least give a partial list with completeness guaranteed for
C having good reduction outside some finite set of primes S.

From the list of possible field systems for C, we note that Q(R) is a subfield of one of the three
following Galois octic fields Q(α), given by

Q(α), where α8 + 1 = 0, (LMFDB label: 8.0.16777216.1)

Q(α), where α8 − 4α6 + 8α4 − 4α2 + 1 = 0, (LMFDB label: 8.0.16777216.2)

Q(α), where α8 + 6α4 + 1 = 0. (LMFDB label: 8.0.4194304.1)

We therefore solve the S-unit equation τ1+τ2 = 1 in the three above fields for S being the primes
above {2, 3}, {2, 5} and {2, 7}. Matschke [65] very kindly provided these solutions, described
below:

• We first consider the octic field Q(α) where α8 + 1 = 0. Solving the S-unit equation

τ1 + τ2 = 1

for τ1, τ2 S-units where S denotes all primes above {2, 3}, {2, 5} and {2, 7}, yields a total
of 2019, 1155, and 7881 solutions respectively.

• For the octic field Q(α) where α8 − 4α6 + 8α4 − 4α2 + 1 = 0, the number of solutions to
the S-unit equation τ1 + τ2 = 1 where S denotes all primes above {2, 3}, {2, 5} and {2, 7},
yields a total of 59595, 807, 7197 respectively.

• Finally, for the octic field Q(α) where α8 + 6α4 + 1 = 0, the number of solutions obtained
was 3723, 33387, and 18501 respectively.

The S-unit equation τ1 + τ2 = 1 was also solved for S being just the primes above 2, for each
of the above octic fields. We note that the number of solutions obtained agreed with the totals
given by Smart [88].

We note that the times taken to run these solutions varied from just a few minutes to several
weeks. To see how far we could extend these result, Matschke furthermore computed the above
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S-unit equations for various other subsets of {2, 3, 5, 7} of size 3. A summary of these the S-unit
solutions is given in Table 6.

Table 6: Number of S-unit solutions to τ1 + τ2 = 1 where τi ∈ O×S over the field Q(α). All
computations were run by Matschke [65]. For each S-unit equation, the total CPU time in
seconds (rounded to the nearest second) is also given.

Field Set S = all primes above:

Q(α) {2} {2, 3} {2, 5} {2, 7} {2, 3, 5} {2, 3, 7} {2, 5, 7}

α8 + 1
795
(81s)

2019
(453s)

1155
(355s)

7881
(8822s)

4653
(4925s)

21 927
(769 586s)

13 401
(388 501s)

α8 − 4α6 + 8α4 − 4α2 + 1
459
(62s)

59 595
(54 061s)

807
(304s)

7197
(8528s)

? ?
11 877

(380 463s)

α8 + 6α4 + 1
1335
(88s)

3723
(766s)

33 387
(37 920s)

18 501
(18 853s)

?
52 563

(1 986 021s)
?

We note that, even in the case where |S| = 3, some of the above S-unit solutions were not
able to be computed in a reasonable time-frame. Furthermore, one also obtains a large amount
of variability between different fields with the same rational primes below S, due to the fact
that different rational primes will have different splitting behaviour over differing fields, thus
changing the rank of S, and therefore affecting the CPU time.

Therefore, to obtain results in these cases and furthermore when |S| > 3, it is thus essential
that we make use of Galois symmetries, to constrain the possible solutions.

Galois constraints

To speed up the computation of our S-unit solutions τ1 + τ2 = 1, we now consider making
essential use of the fact that τ1, τ2 arise from roots from polynomials, which are in one of the
fields listed in Theorem 26.

To illustrate this idea, consider the example where we have a curve C : y2 = f(x), where the
roots of f(x) are given by f(x) = c(x − a1)(x − a2) · · · (x − a6). As shown on page 5, we can
write f(x) in Rosenhain normal form as x(x− 1)(x− λ1)(x− λ2)(x− λ3) where

λ1 =
(a3 − a2)(a4 − a1)
(a2 − a1)(a3 − a4)

, λ2 =
(a3 − a2)(a5 − a1)
(a2 − a1)(a3 − a5)

, λ3 =
(a3 − a2)(a6 − a1)
(a2 − a1)(a3 − a6)

Now, assume that four of the roots a1, a2, a3, a4 of f(x) arise from one of the fields Li given in
Theorem 26. Let σ ∈ Gal(Li/Q) be an automorphism of order 4 which permutes the roots in
the order a1 7→ a3 7→ a2 7→ a4 7→ a1. Then we have

σ(λ1) =
(σ(a3)− σ(a2))(σ(a4)− σ(a1))

(σ(a2)− σ(a1))(σ(a3)− σ(a4))
=

(a2 − a4)(a3 − a1)
(a2 − a1)(a3 − a4)

= 1− λ1

This therefore yields the constraint that σ(λ1) = 1 − λ1, which heavily constrains the number
of S-unit solutions. In general, if the roots a1, a2, a3, a4 arise from an irreducible quartic, then
one can verify that σ(λ1) will be one of

λ1, 1− λ1,
1

λ1
,

1

1− λ1
,

λ1 − 1

λ1
,

λ1
λ1 − 1

26



Therefore, in order to make effective use of these Galois constraints, we first need to consider
all possible Galois groups arising from the possible field systems.

In our case, we note that the Galois group Gal(M/Q) for M being any of the three quadratic
fieldsK1,K2,K3 is simply C2. Furthermore, the Galois group for the quartic fields are Gal(L1/Q) =
C2
2 , Gal(Li/Q) = C4 for i = 4, 5, and Gal(Li/Q) = D4 for i = 2, 3, 6, 7 (where Cn denotes the

cyclic group of order n, and Dn denotes the dihedral group of order 2n).

Therefore, in all but one of the Galois groups, we have the existence of a unique order 2
automorphism σ ∈ Gal(M/Q), with the exception of σ ∈ Gal(L1/Q) which contains three
order 2 automorphisms. With the above Galois constraints in mind, we therefore aim to solve
τ1 + τ2 = 1 such that σ(τ1) = 1− τ1 for some order 2 automorphism σ.

Table 7: The number of S-unit solutions to τ1 + τ2 = 1 where τi ∈ O×S such that σ(τ1) = 1− τ1
for an order 2 automorphism σ ∈ Gal(M/Q), and where S denotes all primes in M above the
first N rational primes. All computations were run by Matschke [65]. Note that σ is uniquely
determined in almost all cases, except for M = L1 for which the number of solutions are given
for the automorphisms σ1 : 4

√
−1 7→ − 4

√
−1, σ2 : 4

√
−1 7→ − 4

√
−1

3
, and σ3 : 4

√
−1 7→ 4

√
−1

3

respectively.

Field M N
1 2 3 4 5 6 7 8

K1 9 9 75 93 105 441 1455 1731

K2 3 45 57 69 321 375 1293 3831

K3 21 33 39 213 279 333 1119 1311

75 225 351 825 1479 . . .
L1 21 99 249 471 999 . . .

51 99 255 615 981 . . .

L2 33 111 123 843 1539 . . .

L3 9 147 159 351 1797 . . .

L4 99 123 135 243 243 . . .

L5 3 3 3 279 279 . . .

L6 39 45 129 879 927 . . .

L7 27 27 243 447 483 . . .

With the above mentioned Galois constraints in place, all of the computations done in Table 7
took merely a few minutes at most, hence there is certainly scope to extend these computations
further.

Finally, to compute a full list of genus 2 curves C corresponding to the above S-unit solutions,
we follow Section 5 of Smart [88, p. 279] which describes an explicit algorithm to calculate all
possible curves up to Q-isomorphism, given the values of λ1, λ2 and λ3.

Our current implementation of this final step is done rather naively, and optimisations can
certainly be made to improve this.
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With all these computations done, we finally present a list of curves which we’ve obtained so
far:

List of curves

We note that a full list of curves C with good reduction outside 2 has already been tabulated
in [88, pp. 296-305], so we do not include these curves as this would be superfluous.

In total, there are 12 Q-isomorphism classes containing curves where Jac(C) is good outside 2,
but C isn’t. For each Q-isomorphism class, we present a table consisting of all curves separated
by isogeny class.

It’s worth mentioning that most of the curves presented in our list have split Jacobian. If this
is the case, we therefore give its isogeny class by the split elliptic curve isogeny class labels.
Specifically, if Jac(C) splits over Q, we give its isogeny classes over Q, otherwise we give its
labels over one of the quadratic or quartic fields given in Theorem 26.

As there own only 10 isogeny classes of elliptic curves E/Q with good reduction outside 2, we
tabulate a list of these classes. We also note that the Cremona labels agree with the LMFDB
labels in these cases.

Table 8: List of isogeny classes of elliptic curves E/Q with good reduction outside 2.

Cremona label Rank CM Sato-Tate group

32a 0 yes (in Q(
√
−1)) N(U(1))

64a 0 yes (in Q(
√
−1)) N(U(1))

128a 1 . SU(2)

128b 0 . SU(2)

128c 0 . SU(2)

128d 0 . SU(2)

256a 1 yes (in Q(
√
−2)) N(U(1))

256b 1 yes (in Q(
√
−1)) N(U(1))

256c 0 yes (in Q(
√
−1)) N(U(1))

256d 0 yes (in Q(
√
−2)) N(U(1))

Interestingly, we observed that any two curves in the same isogeny class appearing in our list
also had the same G2-invariants. We do recall that, in general, an isogeny class can consist
of curves with several different G2-invariants (for example the split isogeny class 32a × 128c
consists of both the curve 4096.c.65536.1 (with bad reduction at {2}) as well as two of the
curves given in Table 17 (with bad reduction at {2, 5})).

For each curve C in our list, we computed the following various arithmetic invariants:

• For each curve C/Q, we calculated a minimal Weierstrass model for C using the Magma
function ReducedMinimalWeierstrassModel. This returns a minimal integral model of
C which is reduced with respect to the action of SL2(Z) using Stoll’s algorithm. In most
cases, this model was already in simplified form y2 = f(x), in which case we simply tabu-
late the polynomial f(x). Otherwise, we tabulate a simplified model for C, with a globally
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minimal model given as an additional footnote.

• The conductor N for each curve C was computed using the Dokchitser-Doris [32] Magma
package. We present the conductor in the format 2nt+nw where nt and nw denote the
tame and wild part of the conductor at 2 respectively. Indeed, one notes that nt = 4 for
all curves in our tables.

We furthermore verified for all curves found, that the functional equation for L(C/Q, s)
as given in (9), holds for the value of N obtained. This was verified using the Sage imple-
mentation of Dokchitser’s L-function calculator [29].

• For each curve C, the Mordell-Weil rank of Jac(C) and torsion subgroup over Q are also
given. These were again computed using the built-in Magma functions. There were a few
cases where the rank could not be unconditionally verified, and we therefore simply give
lower and upper bounds in these cases.

• The Sato-Tate identity component ST0 for the Jacobian J = Jac(C) was calculated by
computing the geometric endomorphism ring End(JQ)⊗R. This was done using a Magma
package developed by Costa-Mascot-Sijsling-Voight [24].

• Each of the 115 curves were grouped into their isogeny class by computing the number
of points in the reduction #C̃p of C, for all primes p < 1000 of good reduction. In many
cases, we were able to use Theorem 7 to unconditionally classify curves into their split
isogeny class.

We do mention that, in principle, one could apply the Faltings-Serre method [63] (or al-
ternatively explicitly construct isogenies, as done in [95]) to prove that all of our isogeny
classes are correct, however these computations were not done for this project.

• For each curve C, we also calculated all rational points lying on C with height less than 107

using Magma’s default RationalPoints function (however, these values are not included
in the tables below). We were able to prove that all the rational points found were a com-
plete list for all the rank 0 curves and some of the rank 1 curves using Chabauty’s method.

The point with largest height found was P = (− 4
17 ,
±13392

17 ) lying on the rank 2 curve9

C : y2 = x6 + 4x5− 40x4 + 32x3 + 8x2− 32x. It’s worth remarking that all rational points
found, except for this one, had height less than 500, and so it appears rather likely that
our list of rational points is complete.

Without further ado, we present our (partial) list of 115 genus 2 curves C/Q where Jac(C) has
good reduction outside 2, but C has bad reduction at some odd prime.

9This curve also had the most number of rational points (10 points) out of all curves in our list.
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Table 9: A list of all 12 G2-invariants found for curves C where Jac(C), but not C, is good
away from 2.

Bad Primes G2 Invariants (g1, g2, g3)
Num Isog

Classes
Num

Curves

{2, 3}
(

29 · 235

37
,

24 · 5 · 11 · 233 · 37

38
,
−28 · 232 · 89

310

)
5 19

.

(
−218 · 55

37
,

210 · 53 · 1549

38
,
−211 · 52 · 3673

310

)
4 16

.

(
210 · 135

37
,

25 · 133 · 883

38
,
−28 · 132 · 281

310

)
4 4

.

(
− 24 · 235

37
,
−26 · 233 · 239

38
,
−22 · 5 · 232 · 29 · 1451

310

)
2 4

.

(
− 219

37
,

211 · 13

38
,
−211 · 11 · 107

310

)
8 16

.

(
− 55 · 135

22 · 37
,
−53 · 134 · 829

25 · 38
,
−53 · 132 · 29 · 163 · 179

26 · 310

)
2 4

.

(
− 24 · 415

37
,
−2 · 413 · 1789

38
,
−5 · 17 · 412 · 281

310

)
4 4

{2, 5}
(
−29 · 35 · 675

512
,
−25 · 33 · 23 · 673 · 383

512
,
−27 · 32 · 132 · 672 · 113

512

)
8 16

.

(
25 · 135 · 1375

512
,

22 ·134 ·1373 ·193·443

512
,

2·7· 132 ·89·1372 ·390821

512

)
4 4

.

(
−29 · 295

512
,

24 · 293 · 61 · 67

512
,
−28 · 292 · 27529

512

)
3 6

{2, 7}
(

213 · 310 · 195

712
,

27 · 36 · 193 · 59 · 2339

712
,
−29 · 34 · 17 · 192 · 6337

712

)
4 16

.

(
−28 · 1515

712
,

23 · 5 · 41 · 43 · 1513

712
,
−28 · 71 · 1512 · 2663

712

)
5 6

Total: 12 53 115

For each of the 12 G2-invariants, we tabulate a full list of such curves C. In each table, the curves
are ordered first by conductor, then grouped by isogeny class which are ordered lexicography by
isogeny label, if available. Within each isogeny class, the curves are not given in any particular
order. For each curve C, a simplified minimal model y2 = f(x) is given wherever possible. If
not, a simplified model is tabulated, with a global minimal model given thereafter as a remark.
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Table 10: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =
(
29·235
37

, 24·5·11·233·37
38

, −2
8·232·89
310

)
. A

total of 19 curves separated into 5 isogeny classes are given.

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Tors. subgroup GL2−type ST0

32a × 32a (2x+ 1)(x2 + 2)(x2 + 2x+ 3) [Q,Q,K2,K2] 216312 24+6 0 Z/2Z× Z/2Z U(1)

2x(x4 − 14x2 + 81) [Q,Q, L1] 236312 24+6 0 Z/4Z U(1)

3(x2 − 2)(x2 + 1)(2x2 − 1) [K1,K3,K3] 216322 24+6 0 Z/2Z× Z/4Z U(1)

−3(x2 − 2)(x2 + 1)(2x2 − 1) [K1,K3,K3] 216322 24+6 0 Z/2Z× Z/2Z U(1)

32a × 64a 3(x2 − 2)(x4 + 68x2 + 4) [K3, L1] 251322 24+7 0 Z/4Z X U(1)

−3(x2 − 2)(x4 + 68x2 + 4) [K3, L1] 251322 24+7 0 Z/4Z X U(1)

3(x2 − 2)(x2 + 1)(x2 + 4) [K1,K1,K3] 221322 24+7 0 Z/2Z× Z/2Z X U(1)

−3(x2 − 2)(x2 + 1)(x2 + 4) [K1,K1,K3] 221322 24+7 0 Z/2Z× Z/4Z X U(1)

−(x2 − 2)(x2 + 2)(7x2 + 16x− 14) [K2,K3,K3] 251312 24+7 0 Z/2Z× Z/2Z X U(1)

(x2 − 2)(x2 + 2)(7x2 + 16x− 14) [K2,K3,K3] 251312 24+7 0 Z/2Z× Z/4Z X U(1)

x(2x+ 1)(x− 4)(x2 + 2) [Q,Q,Q,Q,K2] 221312 24+7 0 Z/2Z× Z/2Z× Z/2Z X U(1)

−x(2x+ 1)(x− 4)(x2 + 2) [Q,Q,Q,Q,K2] 221312 24+7 0 Z/2Z× Z/2Z× Z/2Z X U(1)

64a × 64a 2(2x+ 1)(x2 + 2)(x2 + 2x+ 3) [Q,Q,K2,K2] 226312 24+8 0 Z/2Z× Z/2Z U(1)

x(x4 − 14x2 + 81) [Q,Q, L1] 226312 24+8 0 Z/4Z U(1)

6(x2 − 2)(x2 + 1)(2x2 − 1) [K1,K3,K3] 226322 24+8 0 Z/4Z× Z/4Z U(1)

−6(x2 − 2)(x2 + 1)(2x2 − 1) [K1,K3,K3] 226322 24+8 0 Z/2Z× Z/2Z U(1)

(2.2.8.1-256.1-a)2 −3(x2 − 4x+ 5)(x2 + 2x− 1)(5x2 + 4x+ 1) [K1,K1,K3] 241322 24+10 0 Z/2Z× Z/2Z X U(1)

256b × 256c x(x2 − 8x+ 18)(x2 + 8x+ 18) [Q,Q,K2,K2] 236312 24+12 1 Z/2Z× Z/2Z X U(1)

x(x4 + 28x2 + 324) [Q,Q, L1] 236312 24+12 1 Z/2Z X U(1)
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Table 11: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =
(−218·55

37
, 210·53·1549

38
, −2

11·52·3673
310

)
.

A total of 16 curves seperated into 4 isogeny classes are given

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Tors. subgroup GL2−type ST0

32a × 256b (x2 + 2)(x4 + 4x3 + 2x2 + 4x+ 7) [K2, L2] 222312 24+9 1 Z/4Z X U(1)

−(x2 + 2)(x4 + 4x3 + 2x2 + 4x+ 7) [K2, L2] 222312 24+9 1 Z/2Z X U(1)

3(x2 − 2)(2x4 − 8x2 − 1) [K3, L2] 222322 24+9 1 Z/4Z X U(1)

−3(x2 − 2)(2x4 − 8x2 − 1) [K3, L2] 222322 24+9 1 Z/2Z X U(1)

32a × 256c 3(x2 + 1)(x4 − 16x2 − 8) [K1, L2] 227322 24+9 0 Z/2Z X U(1)

−3(x2 + 1)(x4 − 16x2 − 8) [K1, L2] 227322 24+9 0 Z/4Z X U(1)

−(2x+ 1)(x4 + 8x3 − 8x2 + 8) [Q,Q, L2] 227312 24+9 0 Z/2Z X U(1)

(2x+ 1)(x4 + 8x3 − 8x2 + 8) [Q,Q, L2] 227312 24+9 0 Z/4Z X U(1)

64a × 256b −3(x2 + 4)(x4 + 8x2 − 2) [K1, L2] 227322 24+10 1 Z/2Z X U(1)

3(x2 + 4)(x4 + 8x2 − 2) [K1, L2] 227322 24+10 1 Z/4Z X U(1)

−x(x− 4)(x4 − 4x2 − 8x+ 2) [Q,Q, L2] 227312 24+10 1 Z/2Z X U(1)

x(x− 4)(x4 − 4x2 − 8x+ 2) [Q,Q, L2] 227312 24+10 1 Z/4Z X U(1)

64a × 256c 2(x2 + 2)(x4 + 4x3 + 2x2 + 4x+ 7) [K2, L2] 232312 24+10 0 Z/4Z X U(1)

−(3x2 + 4x+ 4)(x4 − 8x3 − 8x2 + 8)a [K2, L2] 222312 24+10 0 Z/2Z X U(1)

6(x2 − 2)(2x4 − 8x2 − 1) [K3, L2] 232312 24+10 0 Z/4Z X U(1)

. −3(x2 − 8)(x4 − 16x2 − 8)b [K3, L2] 222312 24+10 0 Z/2Z X U(1)

a A global minimal model for this curve is y2 + x3y = −x6 + 5x5 + 13x4 + 16x3 + 2x2 − 8x− 8.
b A global minimal model for this curve is y2 + x3y = −x6 + 18x4 − 90x2 − 48.
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Table 12: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =
(
210·135

37
, 25·133·883

38
, −2

8·132·281
310

)
. A

total of 4 curves separated into 4 isogeny classes are given.

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Tors. subgroup GL2−type ST0

2.2.8.1-512.1-e × (2x2 + 1)(4x4 − 4x2 − 32x− 31) [K2, L2] 250312 24+11 0..1 Z/2Z no SU(2)× SU(2)
2.2.8.1-512.1-g

2.2.8.1-512.1-a × −(2x2 + 1)(4x4 − 4x2 − 32x− 31) [K2, L2] 250312 24+11 0 Z/2Z no SU(2)× SU(2)
2.2.8.1-512.1-c

2.2.8.1-1024.1-a × (x− 1)(4x4 + 16x3 + 20x2 + 40x+ 1) [Q,Q, L2] 235312 24+12 0 Z/2Z no SU(2)× SU(2)
2.2.8.1-1024.1-o

2.2.8.1-1024.1-e × −(x− 1)(4x4 + 16x3 + 20x2 + 40x+ 1) [Q,Q, L2] 235312 24+12 1 Z/2Z no SU(2)× SU(2)
2.2.8.1-1024.1-n

Table 13: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =
(
− 24·235

37
, −2

6·233·239
38

, −2
2·5·232·29·1451

310

)
.

A total of 4 curves separated into 2 isogeny classes are given.

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Tors. subgroup GL2−type ST0

128c × 128d (x− 1)(x4 + 40x3 + 20x2 + 16x+ 4) [Q,Q, L2] 231312 24+10 0 Z/2Z X SU(2)

−2(x− 1)(x4 + 40x3 + 20x2 + 16x+ 4) [Q,Q, L2] 241312 24+10 0 Z/2Z X SU(2)

128a × 128b −(x− 1)(x4 + 40x3 + 20x2 + 16x+ 4) [Q,Q, L2] 231312 24+10 1 Z/2Z X SU(2)

2(x− 1)(x4 + 40x3 + 20x2 + 16x+ 4) [Q,Q, L2] 241312 24+10 1 Z/2Z X SU(2)
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Table 14: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =
(
− 219

37
, 211·13

38
, −2

11·11·107
310

)
. A total

of 16 curves separated into 8 isogeny classes are given

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Tors. subgroup GL2−type ST0

128a × 256a (x2 + 2)(x4 − 4x2 + 8x+ 2) [K2, L2] 226312 24+11 2 Z/2Z X U(1)× SU(2)

. x(x− 4)(x4 + 8x3 − 8x2 + 8)a [Q,Q, L2] 221312 24+11 2 Z/2Z X U(1)× SU(2)

128a × 256d −3(x2 − 2)(x4 + 8x2 − 2) [K3, L2] 226322 24+11 1 Z/2Z X U(1)× SU(2)

−3(x2 + 4)(x4 − 16x2 − 8)b [K1, L2] 221322 24+11 1 Z/2Z X U(1)× SU(2)

128b × 256a −2(x2 + 2)(x4 − 4x2 + 8x+ 2) [K2, L2] 236312 24+11 1 Z/2Z X U(1)× SU(2)

. −(2x+ 1)(x4 − 4x2 − 8x+ 2) [Q,Q, L2] 221312 24+11 1 Z/2Z X U(1)× SU(2)

128b × 256d 6(x2 − 2)(x4 + 8x2 − 2) [K3, L2] 236322 24+11 0 Z/2Z X U(1)× SU(2)

−3(x2 + 1)(x4 + 8x2 − 2) [K1, L2] 221322 24+11 0 Z/2Z X U(1)× SU(2)

128c × 256a 3(x2 − 2)(x4 + 8x2 − 2) [K3, L2] 226322 24+11 1 Z/2Z X U(1)× SU(2)

. −6(x2 + 1)(x4 + 8x2 − 2) [K1, L2] 231322 24+11 1 Z/2Z X U(1)× SU(2)

128c × 256d −(x2 + 2)(x4 − 4x2 + 8x+ 2) [K2, L2] 226312 24+11 0 Z/2Z X U(1)× SU(2)

. −2(2x+ 1)(x4 − 4x2 − 8x+ 2) [Q,Q, L2] 231312 24+11 0 Z/2Z X U(1)× SU(2)

128d × 256a 3(x2 + 1)(x4 + 8x2 − 2) [K1, L2] 221322 24+11 1 Z/2Z X U(1)× SU(2)

−6(x2 − 2)(x4 + 8x2 − 2) [K3, L2] 236322 24+11 1 Z/2Z X U(1)× SU(2)

128d × 256d 2(x2 + 2)(x4 − 4x2 + 8x+ 2) [K2, L2] 236312 24+11 0 Z/2Z X U(1)× SU(2)

. (2x+ 1)(x4 − 4x2 − 8x+ 2) [Q,Q, L2] 221312 24+11 0 Z/2Z X U(1)× SU(2)

a A global minimal model for this curve is y2 + x3y = x5 − 10x4 + 8x3 + 2x2 − 8x.
b A global minimal model for this curve is y2 + x3y = −x6 + 9x4 + 54x2 + 24.
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Table 15: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =
(−55·135

22·37 , −5
3·134·829
25·38 , −5

3·132·29·163·179
26·310

)
.

A total of 4 curves separated into 2 isogeny classes are given. Both of the isogeny classes split over the number field L2.

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Torsion subgroup GL2−type ST0

8192a 3(x2 − 2x− 1)(x2 − 2x+ 2)(x2 + 4x+ 2) [K1,K3,K3] 222322 24+9 0 Z/2Z× Z/2Z no SU(2)

−3(x2 − 2x− 1)(x2 − 2x+ 2)(x2 + 4x+ 2) [K1,K3,K3] 222322 24+9 0 Z/2Z× Z/4Z no SU(2)

16384a 6(x2 − 2x− 1)(x2 − 2x+ 2)(x2 + 4x+ 2) [K1,K3,K3] 232322 24+10 0 Z/2Z× Z/2Z no SU(2)

−6(x2 − 2x− 1)(x2 − 2x+ 2)(x2 + 4x+ 2) [K1,K3,K3] 232322 24+10 0 Z/2Z× Z/2Z no SU(2)

Table 16: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =
(
− 24·415

37
, −2·41

3·1789
38

, −5·17·41
2·281

310

)
.

A total of 4 curves separated into 4 isogeny classes are given. None of the isogeny classes below have been allocated an LMFDB label currently.

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Torsion subgroup GL2−type ST0

* (x+ 2)(2x4 − 8x3 − 4x2 + 1) [Q,Q, L2] 221312 24+16 0 Z/2Z no USp(4)

* −(x+ 2)(2x4 − 8x3 − 4x2 + 1) [Q,Q, L2] 221312 24+16 1 Z/2Z no USp(4)

* −2(x+ 2)(2x4 − 8x3 − 4x2 + 1) [Q,Q, L2] 231312 24+16 1 Z/2Z no USp(4)

* 2(x+ 2)(2x4 − 8x3 − 4x2 + 1) [Q,Q, L2] 231312 24+16 2 Z/2Z no USp(4)
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Table 17: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =(−29·35·675
512

, −2
5·33·23·673·383

512
, −2

7·32·132·672·113
512

)
. A total of 16 curves separated into 8 isogeny classes are given.

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Tors. subgroup GL2−type ST0

32a × 128a (2x− 1)(x4 − 4x3 − 14x2 + 4x+ 41) [Q,Q, L6] 226512 24+8 1 Z/2Z X U(1)× SU(2)

(x2 + 4)(x4 + 8x3 + 4x2 − 16x+ 28)a [K1, L6] 216512 24+8 1 Z/4Z X U(1)× SU(2)

32a × 128b 5(x2 − 2)(x4 − 14x2 − 1) [K3, L6] 221522 24+8 0 Z/8Z X U(1)× SU(2)

−5(x2 + 2)(x4 + 14x2 − 1) [K2, L6] 221522 24+8 0 Z/2Z X U(1)× SU(2)

32a × 128c −(4x+ 1)(4x4 − 20x2 − 16x+ 7)b [Q,Q, L6] 216512 24+8 0 Z/8Z X U(1)× SU(2)

−(x2 + 1)(4x4 + 16x3 + 4x2 − 8x+ 7) [K1, L6] 226512 24+8 0 Z/2Z X U(1)× SU(2)

32a × 128d −5(x2 − 2)(x4 − 14x2 − 1) [K3, L6] 221522 24+8 0 Z/2Z X U(1)× SU(2)

5(x2 + 2)(x4 + 14x2 − 1) [K2, L6] 221522 24+8 0 Z/4Z X U(1)× SU(2)

64a × 128a −5(x2 − 6x+ 1)(7x4 − 4x3 − 14x2 − 4x+ 7)c [K3, L6] 221522 24+9 1 Z/2Z X U(1)× SU(2)

5(3x2 + 2x+ 3)(7x4 − 4x3 − 14x2 − 4x+ 7)d [K2, L6] 221522 24+9 1 Z/4Z X U(1)× SU(2)

64a × 128b −2(2x− 1)(x4 − 4x3 − 14x2 + 4x+ 41) [Q,Q, L6] 236512 24+9 0 Z/4Z X U(1)× SU(2)

−2(x2 + 1)(4x4 + 16x3 + 4x2 − 8x+ 7) [K1, L6] 236512 24+9 0 Z/2Z X U(1)× SU(2)

64a × 128c 10(x2 − 2)(x4 − 14x2 − 1) [K3, L6] 231522 24+9 0 Z/4Z X U(1)× SU(2)

−10(x2 + 2)(x4 + 14x2 − 1) [K2, L6] 231522 24+9 0 Z/2Z X U(1)× SU(2)

64a × 128d 2(2x− 1)(x4 − 4x3 − 14x2 + 4x+ 41) [Q,Q, L6] 236512 24+9 0 Z/2Z X U(1)× SU(2)

2(x2 + 1)(4x4 + 16x3 + 4x2 − 8x+ 7) [K1, L6] 236512 24+9 0 Z/4Z X U(1)× SU(2)

a A global minimal model for this curve is y2 + x3y = 2x5 + 2x4 + 4x3 + 11x2 − 16x+ 28.
b A global minimal model for this curve is y2 + y = −4x5 − x4 + 20x3 + 21x2 − 3x− 2.
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c A global minimal model for this curve is y2 + (x3 + x2 + x+ 1)y = −9x6 + 57x5 − 22x4 − 96x3 − 22x2 + 57x− 9.
d A global minimal model for this curve is y2 + (x3 + x2 + x+ 1)y = 26x6 + 2x5 − 37x4 − 66x3 − 37x2 + 2x+ 26.

Table 18: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =(
25·135·1375

512
, 22·134·1373·193·443

512
, 2·7·132·89·1372·390821

512

)
. A total of 4 curves separated into 4 isogeny classes are given. None of the isogeny classes

below have been allocated an LMFDB label currently.

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Tors. subgroup GL2−type ST0

* −(x2 − 4x+ 5)(7x4 + 12x3 − 26x2 − 60x− 25) [K1, L6] 240512 24+15 0 Z/2Z no USp(4)

* (x2 − 4x+ 5)(7x4 + 12x3 − 26x2 − 60x− 25) [K1, L6] 240512 24+15 0..1 Z/2Z no USp(4)

* (x2 + 2x+ 2)(23x4 − 24x3 − 52x2 + 80x− 28) [K1, L6] 240512 24+15 0 Z/2Z no USp(4)

* −(x2 + 2x+ 2)(23x4 − 24x3 − 52x2 + 80x− 28) [K1, L6] 240512 24+15 0..1 Z/2Z no USp(4)

Table 19: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =
(−29·295

512
, 24·293·61·67

512
, −2

8·292·27529
512

)
.

A total of 6 curves separated into 3 isogeny classes are given.

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Tors. subgroup GL2−type ST0

(2.2.8.1-256.1-c)2 5(x2 − 4x+ 2)(x4 + 32x3 + 60x2 + 64x+ 4) [K3, L6] 251522 24+10 0 Z/2Z X U(1)

−5(x2 − 4x+ 2)(x4 + 32x3 + 60x2 + 64x+ 4) [K3, L6] 251522 24+10 0 Z/4Z X U(1)

(2.0.4.1-4096.1-b)2 (x+ 3)(4x4 − 16x3 − 12x2 − 8x− 47) [Q,Q, L6] 236512 24+12 0 Z/2Z X U(1)

−(x+ 3)(4x4 − 16x3 − 12x2 − 8x− 47) [Q,Q, L6] 236512 24+12 0 Z/2Z X U(1)

256a × 256d (x2 + 1)(x4 + 4x3 − 30x2 + 60x− 223) [K1, L6] 246512 24+12 1 Z/2Z X U(1)

−(x2 + 1)(x4 + 4x3 − 30x2 + 60x− 223) [K1, L6] 246512 24+12 1 Z/2Z X U(1)
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Table 20: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =(
213·310·195

712
, 27·36·193·59·2339

712
, −2

9·34·17·192·6337
712

)
. A total of 16 curves separated into 4 isogeny classes are given.

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Tors. subgroup GL2−type ST0

32a × 256a (2x+ 1)(x4 − 8x2 − 32x+ 136) [Q,Q, L5] 227712 24+9 1 Z/4Z X U(1)×U(1)

−(x2 + 2x− 1)(2x4 − 8x3 + 8x2 + 8x+ 7) [K3, L5] 222712 24+9 1 Z/4Z X U(1)×U(1)

7(x2 + 1)(x4 − 40x2 + 8) [K1, L4] 227722 24+9 1 Z/2Z X U(1)×U(1)

−7(x2 + 2)(2x4 − 20x2 + 1) [K2, L4] 222722 24+9 1 Z/4Z X U(1)×U(1)

32a × 256d −(2x+ 1)(x4 − 8x2 − 32x+ 136) [Q,Q, L5] 227712 24+9 0 Z/2Z X U(1)×U(1)

(x2 + 2x− 1)(2x4 − 8x3 + 8x2 + 8x+ 7) [K3, L5] 222712 24+9 0 Z/4Z X U(1)×U(1)

−7(x2 + 1)(x4 − 40x2 + 8) [K1, L4] 227722 24+9 0 Z/4Z X U(1)×U(1)

7(x2 + 2)(2x4 − 20x2 + 1) [K2, L4] 222722 24+9 0 Z/2Z X U(1)×U(1)

64a × 256a −(4x+ 1)(2x4 − 4x2 − 8x+ 17) [Q,Q, L5] 227712 24+10 1 Z/2Z X U(1)×U(1)

(x2 + 4x− 4)(x4 − 8x3 + 16x2 + 32x+ 56)a [K3, L5] 222712 24+10 1 Z/4Z X U(1)×U(1)

−7(x2 + 4)(x4 − 20x2 + 2) [K1, L4] 227722 24+10 1 Z/8Z X U(1)×U(1)

14(x2 + 2)(2x4 − 20x2 + 1) [K2, L4] 232722 24+10 1 Z/2Z X U(1)×U(1)

64a × 256d (4x+ 1)(2x4 − 4x2 − 8x+ 17) [Q,Q, L5] 227712 24+10 0 Z/4Z X U(1)×U(1)

−2(x2 + 2x− 1)(2x4 − 8x3 + 8x2 + 8x+ 7) [K3, L5] 232712 24+10 0 Z/2Z X U(1)×U(1)

7(x2 + 4)(x4 − 20x2 + 2) [K1, L4] 227722 24+10 0 Z/2Z X U(1)×U(1)

−7(x2 + 8)(x4 − 40x2 + 8)b [K2, L4] 222722 24+10 0 Z/8Z X U(1)×U(1)

a A global minimal model for this curve is y2 + x3y = −x5 − 5x4 + 32x3 + 30x2 + 24x− 56.
b A global minimal model for this curve is y2 + x3y = −2x6 + 56x4 + 546x2 − 112.
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Table 21: List of genus 2 curves C where Jac(C) has good reduction outside 2, with G2 invariants (g1, g2, g3) =(−28·1515
712

, 23·5·41·43·1513
712

, −2
8·71·1512·2663

712

)
. A total of 6 curves separated into 5 isogeny classes are given.

Isogeny Class Minimal Weierstrass equation Field system ∆min Conductor Rank Tors. subgroup GL2−type ST0

128a × 128d (x2 + 2x− 1)(x4 − 4x3 + 66x2 + 4x+ 577) [K3, L5] 252712 24+10 1 Z/2Z X SU(2)

128b × 128c −(x2 + 2x− 1)(x4 − 4x3 + 66x2 + 4x+ 577) [K3, L5] 252712 24+10 0 Z/2Z X SU(2)

(2.2.8.1-1024.1-j)2 (x+ 7)(x4 − 4x3 + 66x2 − 252x+ 833) [Q,Q, L5] 237712 24+12 0 Z/2Z X SU(2)

(2.2.8.1-1024.1-h)2 −(x+ 7)(x4 − 4x3 + 66x2 − 252x+ 833) [Q,Q, L5] 237712 24+12 0 Z/2Z X SU(2)

2.0.8.1-1024.1-a × 7(x2 + 2x+ 2)(x4 + 32x3 − 132x2 + 64x+ 4) [K1, L4] 247722 24+12 0 Z/2Z no SU(2)

2.0.8.1-1024.1-c −7(x2 + 2x+ 2)(x4 + 32x3 − 132x2 + 64x+ 4) [K1, L4] 247722 24+12 0 Z/4Z no SU(2)
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Conclusion

In conclusion, we’ve shown that the method of cluster pictures introduced by Dokchitser, Dok-
chitser, Maistret, Morgan [31] can be effectively applied to yield many quick proofs of various
results regarding the reduction behaviour of hyperelliptic curves. Not only have these gener-
alised existing theorems, such as those from Box and Le Fourn [11], but can also give simple
criterion for determining whether a given curve C or its Jacobian Jac(C) has (potentially) good
reduction outside a given set of primes, as illustrated in Corollaries 12 and 21.

On the computational side, we have also been able to extend Smart’s [88] original list by pre-
senting 115 new genus 2 curves C/Q where Jac(C) has good reduction outside 2, with C having
bad reduction at some odd prime. Interestingly, none of our curves are currently listed on the
LMFDB, and so extending the LMFDB database would hopefully be on our radar for future
work.

There are certainly many further avenues one could still investigate. One such possibility is
to effectively extend the computations done by Farmer-Koutsoliotas-Lemurell [36] where we
use L-modularity to give a conjecturally complete list of L-functions for conductors N > 210.
As higher precision is required for larger conductors, a practical algorithm would thus require
further investigation into choosing a more optimal choice of weight functions g(s).

Another possibility would be to extend the computation of solutions to S-unit equations by
either considering further Galois constraints or symmetries. Of course, our ideal goal would
be to construct an effective algorithm to calculate all curves C/K with Jac(C) having good
reduction outside some finite set of primes. Even with the method of cluster pictures under
our belt, this still seems out of reach at the moment, although we will certainly keep working
towards this goal in future work.
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Appendix

The following lemma is used to prove Theorem 17 (i.e. there exist only finitely many hyperel-
liptic curves of genus g with rational Weierstrass points and with potentially good reduction at
all but at most π(2g) odd primes).

Lemma 28: Let K be a number field, and S a fixed finite set of primes of K, Then there
are only finitely many odd primes p, such that there exist distinct T -units x, y, z ∈ O×T , where
T = S ∪ {p} such that x− y, x− z and y− z are all T -units (and where p appears at least once
in at least one of x, y, z, x− y, x− z, y − z).

Proof: We first fix some odd prime p, and shall aim to derive a system of equations which can
only be satisfied for finitely many p. With this in mind, we can first assume without loss of
generality that vp(x) ≥ vp(y) ≥ vp(z). Therefore, we have x

z = spa and y
z = tpb for some S-units

s, t ∈ O×S and non-negative integers a, b ∈ Z≥0 where a ≥ b. By assumption, since x
z − 1, yz − 1

and x
z −

y
z are in O×T , we have u, v, w ∈ O×S and c, d, e ∈ Z such that

spa − 1 = upc

tpb − 1 = vpd

spa − tpb = wpe (11)

Now, by considering the valuation at p, we have that c = 0 if a 6= 0, and similarly d = 0 if b 6= 0,
and e = b if a 6= b. Thus, informally speaking, we have 6 equations restricting the 5 variables
a, b, c, d, e, and therefore we can aim to eliminate the prime p and obtain a three term S-unit
equation which yields finitely many solutions.

With this in mind, we can proceed formally by considering the various cases:

• Case 1: a, b > 0 and a > b. We therefore have c = d = 0 and e = b. This yields the
equations

spa − 1 = u,

tpb − 1 = v,

spa − tpb = wpb

By solving for pa and pb in the 1st and 2nd equation, and substituting into the third, we
obtain the three term S-unit equation:

s(u+ 1)/s− t(v + 1)/t = w(v + 1)/t =⇒ tuw−1 − tvw−1 − v = 1

At this stage, we would like to apply Theorem 6.1.1 from [35, p. 130] in order to conclude
that there are only finitely many solutions to the above equation. This however requires
showing that we do not obtain (or only obtain finitely many) degenerate solutions where
some subset of the above three terms equals 0. This is equivalent to checking the three
cases where each term above is 1:

(i) If tu = w, then t = −w, which from the third equation implies x = 0, contradiction.

(ii) If tv = −w, then spa − tpb = −tvpb and thus spa = t(1 − v)pb, which implies 1 − v
has positive p-adic valuation. But v− 1 = tpb− 2 which yields a contradiction, since
p is odd.

(iii) If v = −1, then y = tpb = 0, contradiction.
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Therefore, we have a 3-term S-unit equation with no subset being 0. Therefore, by the
result from [35, p. 130], there are only finitely many solutions to the above, and thus only
finitely many v, and thus clearly only finitely many p, noting that b is positive.

• Case 2: a, b > 0 and a = b. We therefore have c = d = 0. This yields the equations

spa − 1 = u,

tpa − 1 = v,

spa − tpa = wpe

By equating pa from the first two equations, we get

(u+ 1)/s = pa = (v + 1)/t =⇒ tus−1 + ts−1 − v = 1

Once again, we check no subset can be zero:

(i) If tu = s, then t = vs. This implies uv = 1. Now by multiply the first two equations
we get

stp2a − (s+ t)pa + 1 = (spa − 1)(tpa − 1) = uv = 1

This yields stpa = s + t, and thus s + t has valuation a > 0. Therefore s − t has
p-adic valuation 0. By eq 3, this implies e = a, and thus s− t = w. By finiteness of
two-term S-unit equations, this implies finitely many values for s/t and thus for u.
Therefore by eq 1, only finitely many values for p.

(ii) If t = s, then x = y, contradiction.

(iii) If v = −1, then u = 1, and so spa = 2, contradiction.

Thus, as before, only finitely many solutions.

• Case 3: a > 0 and b = 0. We therefore have c = 0 and e = 0. This yields

spa − 1 = u,

t− 1 = vpd,

spa − t = w

By equating pa from the first and third equations, we have

(u+ 1)/s = (w + t)/s =⇒ w + t− u = 1

(i) If w = 1, then t = u. This implies spa − 2 = t− 1 = vpd, and thus d = 0 (as p odd).
This yields a 2-term S-unit equation, of which there are only finitely many solutions
for t, v, and thus for u, hence only finitely many for p.

(ii) If t = 1, then y = z, contradiction.

(iii) If u = −1, then x = 0, contradiction.

• Case 4: a = b = 0 and c > d. We therefore have

s− 1 = upc,

t− 1 = vpd,

s− t = wpd

By solving for pd in the last two equations, we get

(t− 1)/v = pd = (s− t)/w =⇒ vtw−1 − vsw−1 + t = 1
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(i) If vt = w, then we have s− t = vtpd, which implies s = t(vpd + 1) = t2. This yields

upc = s− 1 = t2 − 1 = (t− 1)(t+ 1) = vpd(t+ 1)

which implies t+ 1 has positive p-adic valuation. But t+ 1 = vpd + 2, which yields
a contradiction as p odd.

(ii) If vs = −w, then v = −w. This implies t − 1 = −wpd = t − s, and thus s = 1,
contradiction.

(iii) If t = 1, then y = z, contradiction.

• Case 5: a = b = 0 and c = d. We therefore have

s− 1 = upc,

t− 1 = vpc,

s− t = wpe

Firstly, we note that if c = d = 0, then s and t satisfy two-term S-unit equations, of
which there are only finitely many solutions. In the third equation, this thus implies only
finitely many p, since we’d then have e 6= 0 by assumption.

Now assume c, d 6= 0, and note that c, e must necessarily be positive. By equating the
first two equations, we get

(s− 1)/u = pc = (t− 1)/v =⇒ uv−1 − utv−1 + s = 1

(i) If u = v, then s = t. This implies x = y which is a contradiction.

(ii) If ut = −v, then u = −sv and st = 1. Note that we have

−vpc(vpc + 2)

t
=

(1− t)(1 + t)

t
=

1− t2

t
= s− t = wpe

Since vpc + 2 has zero p-adic valuation, this implies e = c. Therefore, substituting
the first two equations into the third yields

upc − vpc = wpc =⇒ uv−1 − wv−1 = 1

which gives a two-term S-unit equation, and thus finitely many solutions for uv−1.
Therefore, this gives finitely many t, and thus finitely many p.

(iii) If s = 1, then x = z, contradiction.

• Case 6: a = b = 0 and c < d. Done analogously to case 4.

Therefore, in all cases, only finitely many primes p satisfy the given equations in (11), which
concludes the proof.

We note that effectively obtaining a list of all possible p depends entirely on the effectiveness
of solving the above three term S-unit equations. From the results of [35], no finite algorithm
has been found to determine all possible solutions, however one can obtain an explicit bound
on the number of possible p, which for a fixed number of terms, is exponential in |S| [35, p. 132].

Aside: To potentially generalise the above argument, let’s fix some set of primes S, and
consider adjoining an extra k primes p1, . . . , pk and let T := S ∪ {p1, . . . , pk}. Now given a hy-
perelliptic curve of genus g having potentially good reduction outside T , this yields

(
2g
2

)
T -unit
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equations. Note that each variable λi introduces k new variables for the exponents of p1, . . . , pk.

Thus, in a very informal sense, if we have the number of equations more than variables in the
exponents, i.e.

k(2g − 1) <

(
2g

2

)
( =⇒ k < g )

then we expect that a similar (albeit tedious) case-by-case argument could yield only finitely
many choices for the primes p1, . . . , pk.

With this in mind, we can formulate the following conjecture:

Conjecture 29: There are only finitely many hyperelliptic curves C/Q of genus g (with
rational Weierstrass points) having potentially good reduction at all but at most π(2g) + g − 2
odd primes.

Jacobians of genus 2 curves split over Q

We’ve noted that the problem of classifying all genus 2 curves C/Q with Jac(C) having good
reduction outside 2 is certainly a non-trivial task, whereby proving completeness for a given list
seems to be currently out of reach.

The aim of this section is to therefore try to understand the (hopefully simpler) sub-problem
of finding all genus 2 curves C/Q where Jac(C) is good outside 2 in the case where Jac(C) is
split over Q.

We note from Table 8 that there are 10 isogeny classes of elliptic curves E/Q having good
reduction outside 2. By therefore considering each pair E1 ×E2, this therefore yields a total of
55 isogeny classes of abelian surfaces (split over Q) which have good reduction outside 2. The
next natural question is to ask whether we can classify all genus 2 curves C/Q where Jac(C) is
isogenous to one of these abelian surfaces.

Whilst this is not proven here, we do give a summary of the possible primes of bad reduction
for C which we’ve found, as shown in Table 22.

Firstly, we note that examples of genus 2 curves C/Q have been found such that Jac(C) is
isogenous to each of the above isogeny classes in almost all cases, the only exception being the
256b × 256b, and 256c × 256c isogeny classes.

Of particular interest is that the isogeny classes A for which there does not exist a genus 2 curve
C/Q with good reduction outside 2, such that Jac(C) ∼= A, are precisely the classes A = E1×E2

where E1, E2 are elliptic curves with CM by an order in Q(i), i.e. the classes 32a, 64a, 256b,
and 256c (noting that all other possibilities arise from one of the genus 2 curves C/Q in Smart’s
[88] list).

Indeed, the question of whether an abelian surface of the form E1 ×E2 can be the Jacobian of
a genus 2 curve has been extensively studied since the 1960s, with Hayashida and Nishi [41, 40]
obtaining some of the first partial results. More recently, Kani [45, 46] has obtained further
results which essentially settles the existence problem (in least in our case of interest).
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Despite proving the existence of genus 2 curves C/Q with given Jacobian A, the more general
question still remains of how whether one can provide a full classification of all such curves,
up to Q-isomorphism, and in particular, what the possible bad primes for C could be given its
Jacobian Jac(C). This could certainly be an interesting topic of further research.

Table 22: Table of all 55 isogeny classes of genus 2 curves C/Q with split Jacobian over Q,
i.e. where Jac(C) ∼= E1 × E2 for some two elliptic curves E1, E2 good outside 2. Each cell in
the table denotes a list of subsets of primes S for which there exists a genus 2 curve C with
Jac(C) ∼= E1 × E2 where C is bad at S (with the rows (resp. columns) denoting the isogeny
class of E1 (resp. E2)).

32a 64a 128a 128b 128c 128d 256a 256b 256c 256d

32a {2, 3} {2, 3} {2},
{2, 5}

{2},
{2, 5}

{2},
{2, 5}

{2},
{2, 5}

{2},
{2, 7} {2, 3} {2, 3} {2},

{2, 7}

64a {2, 3} {2},
{2, 5}

{2},
{2, 5}

{2},
{2, 5}

{2},
{2, 5}

{2},
{2, 7} {2, 3} {2, 3} {2},

{2, 7}

128a {2} {2},
{2, 3} {2} {2},

{2, 7}
{2},
{2, 3} {2} {2} {2},

{2, 3}

128b {2} {2},
{2, 7} {2} {2},

{2, 3} {2} {2} {2},
{2, 3}

128c {2} {2},
{2, 3}

{2},
{2, 3} {2} {2} {2},

{2, 3}

128d {2} {2},
{2, 3} {2} {2} {2},

{2, 3}

256a {2} {2} {2} {2},
{2, 5}

256b ? {2, 3} {2}

256c ? {2}

256d {2}
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