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Abstract

Given an imaginary quadratic field K, let E/K be an elliptic curve, and ¢ a
Grossencharacter over K of conductor f,; and of infinity type (a,b) # (0,0). Assuming
s = 1is a critical value for L(E/K,, s), we provide computational evidence to suggest
that the transcendental part of L(E/K,,1) only depends on K and (a,b). Specifi-

cally, we conjecture that L(E/K,1,1) is an K (1).K (f,)-multiple of Qi}aibl/wa‘”’_l,
where K (f,) denotes the ray class field of K for f,,, and where Qx denotes the Chowla—
Selberg period of K. In the case where 1? is unramified, we furthermore conjecture a
refinement of the algebraic part of L(E/K,,1).

1 Introduction

The study of elliptic curves and their L-functions have been at the forefront of modern
number theory over the past few decades. For a given number field K and elliptic curve
E/K, a formula for the leading Taylor coefficient of L(FE/K,s) at s = 1 has famously
been conjectured by Birch and Swinnerton-Dyer [BSDG65]. Since then, various other more
elaborate conjectures have been made over the last few decades regarding general motives
[Bei85l, BK90, Del79].

Given an elliptic curve F/Q and Dirichlet character y, one can consider the twisted L-
function L(E/Q, x, s). Whilst these L-values at s = 1 have also been extensively studied,
they have recently been investigated by Dokchitser, Evans, and Wiersema [DEW21]. More
generally, over arbitrary number fields K one can consider the L-functions of elliptic curves
L(E/K,v,s) twisted by Grossencharacters ¢. These L-values shall be the focus of our
computations.

Whilst a general motivic definition for L(E/K,, s) can be found in [Del79], we note that
in the case where the conductor of 1 is coprime to the conductor of E, then the L-function
L(E/K,,s) can be given by the following simple definition:

L(E/K,¢,5) = Y an(E/K)(m)N(n)™*

n<Og
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where ay(E/K) denotes the n-th Fourier coefficient in the L-function of the elliptic curve
L(E/K,s) =0, a(E/K)N([n)=*.

For our purposes, we shall restrict to the imaginary quadratic number fields K, and shall
investigate the L-values of elliptic curves E/ K twisted by Grossencharacters v in the outer
critical region, as defined in Section 2. Based on extensive numerical computations, we
first make the following conjecture:

Conjecture 1. Let K be an imaginary quadratic field. Then for any elliptic curve E/ K,
and for any Grossencharacter ¢ of conductor f, and of infinity type (a,b) in the outer
critical region, we have

92|a—b|

L(E/K,,1) € K(¢).K(fy) - #
where K (1)) is the smallest field containing K and all values of ¢, and where K (f,) denotes
the ray class field of K for §,. Here, Qf is defined as the Chowla—Selberg period of K,

given by
|d|—1

dy\ w/4h
Q= ( il r(@)@))

where d, h and w are the discriminant, class number, and order of unit group of K re-
spectively.

Remark: One can show that Conjecture 1 is consistent with Deligne’s period conjecture
[Del79], as proven by |[GHI16, [HL16]. Indeed, if L(z), 1) # 0, then we note that Conjecture
1 is equivalent to the statement that

L(E/K,1,1) € K(¢) - wL(3,1)2.

In particular, we observe that L(,1) # 0 if a+b # 1. We also remark that this result has
already been proven in the case where E/K is base-change from Q using Rankin-Selberg
convolutions [Shi76].

The L-values L(v, 1) have been well-studied by many authors over the past several decades.
Indeed, it is well-known that L(1, 1)/(Q|;?b|7rl_(“+b)/2) is algebraic [Dam70], and has been
observed that this lies in the compositum of K (1)) and the ray class field of K for f,, [Kat76].
It it also worth mentioning the work of Asai [AsaQ7] where he explicitly describes these
L-values in terms of elliptic Gauss sums.

We note that, in comparison, the L-values L(E/K, ,1) for Grossencharacters ¢ in the
inner critical region have their transcendental part dependent on the elliptic curve E/K.
Indeed, we have that L(E/K,,1) is a K (1)-multiple of L(E/K, 1), if the infinity type of
) is trivial.

Whilst we do not have a precise BSD-type conjecture for the exact value of L(E/K,1,1)
in the outer critical region, we can provide a partial integrality result for quadratic
Grossencharacters @ over imaginary quadratic fields of class number 1. We define a
Grossencharacter of infinity type (a,b) as quadratic if ¥((\)) = 29X for all A € Ok
(or equivalently, if ¢ is unramified).



Conjecture 2. Let K be an imaginary quadratic field of class number 1 with discrim-
inant —D. Let E/K be an elliptic curve with conductor fg generated by Ag, and ¢ a
quadratic Grossencharacter of infinity type (a, b) in the outer critical region, of conductor

fy generated by Ay. Define L(E/K, 1)) as

i7‘ra+b—1

£(B/K ) = LB/K 1) oy

x (iD)|a—b| mc cel(c—1)! 9a+b+1 (1)
K

where ¢ := |min (a,b)|. Then L(E/K, ) € Ok.

We remark that our construction of L(E/K, 1) is only defined for class number 1 fields,
and furthermore is only defined up to a unit in Ok . However we can still pose the follow-
ing additional conjecture which relates the value of L(E/K, 1) for a Grossencharacter of
infinity type (a,b) with the shifted character of infinity type (—b, —a):

Conjecture 3. Let K be an imaginary quadratic field of class number 1. Let E/K
be an elliptic curve and 1 a Grossencharacter of infinity type (a,b) in the outer critical
region, with L(E/K, 1) as defined above. Let xnm denote the norm Grossencharacter of
infinity type (1,1). Then

L(E/K, ) = £L(E/K, Yxxm ")

We note that when a = —b, then a corollary of the above two conjectures implies that
L(E/K,) is an element of either Z or /—DZ.

2 Grossencharacters

Let K be an imaginary quadratic field with some fixed embedding K < C. For a given
ideal m < Ok, define I(m) as the group of fractional ideals in K coprime to m. For
simplicity and ease of computation, we shall consider a Grossencharacter of infinity type
(a,b) modulo m as a group homomorphism ¢ : I(m) — C* such that, for any principal

ideal n = (A) where A = 1 mod m, we have ¥ (n) = AN

We say that a Grossencharacter ¢ of infinity type (a,b) is in the inner critical region if
a =b =0, or we say that ¢ is in the outer critical region if either a > 1 and b < —1, or
a<-—1andb>1.

Note that, for any imaginary quadratic field K, we can denote xxm : O — C* as the
norm Grossencharacter of infinity type (1,1). To construct examples of Grossencharacters
in the outer critical region, let K be an imaginary quadratic field of class number 1. Then
for any infinity type (a, b) satisfying a = b (mod w), where w is the order of the unit group
of K, we can define the canonical Gréssencharacter 1, of infinity type (a,b) as

Yap((N) = AN,

To obtain examples of quadratic unitary Grossencharacters of imaginary quadratic fields of
class number 1, let m <t O be such that (=1) = 1. Here, () denotes the quadratic residue
symbol in Ok. We then define the Grossencharacter xm : I(m) — C* as xm((A)) = (%)

for all A € Ok . By therefore considering characters of the form x4, this yields infinitely
many examples of quadratic Grossencharacters of infinity type (a,b).



3 Computations

All our computations of L(E/K,,1) were done using the Sage implementation of Dok-
chitser’s L-function calculator [Dok04]. This requires utilising the functional equation of
the completed L-function A(E/K,1),s). Recall that given some elliptic curve E/K of
conductor fg, i and primitive Grossencharacter i of infinity type (a,b) of conductor f,
coprime to fg/x, we have:

ME/K, ¢, s) == Nm(fgif3)** Te(s — o)Te(s — c = 1) L(E/K, ), )

where I'c(s) := 2(27) *I'(s) and ¢ := min (a, b). Recall that if F/K is modular, then the
L-function L(E/K, 1), s) satisfies the functional equation

MNE/K,¢,s) =wp/kyp ME/K 1,24+ a+b—s)
where wg /K, is given by

Wiy = wp/ k¥ (FEK)T () 2D " Nm(fy) " Nm(fg p) T/

where wg /i is the global root number for /K and where 7(¢) is the Gauss sum of 9.

To define the Gauss sum 7(v)), let © be the different of K, and choose ¢ <« O coprime to
fy such that Dfyc is principal. Pick an element ¢t € O such that ©f,c = (¢). Then the
Gauss sum 7(1)) can be given by [Miy89, p. 92]:

_ 18" = () Q2mite(r/1)

)= G 2

where r runs over a complete set of residues for ¢/f,c. With the above convention, we
note that |7(¢)[? = DATON(f,,)2to+L,

Whilst modularity has not been proven for all elliptic curves E/K, we make note of the
work by Allen—Khare-Thorne [AKT19] proving that a positive proportion of elliptic curves
over K are modular, with notable recent work by Feng [Fen22] proving that at least 40%
of elliptic curves over imaginary quadratic fields K are modular.

Using the above functional equation with Dokchitser’s L-function calculator, we computed
L-values L(E/K,1,1) for various elliptic curves E/K and Grossencharacters ¢ over the

fields K = Q(v—7), Q(v/—11) and Q(v/—19).

We have tabulated some of the values obtained below for K = Q(v/—7), where we have

denoted « := HT‘E for brevity. All isogeny classes of elliptic curves are given by their
LMFDB label [LMFE21]. All L-value computations were done to (at least) 500 bits of
precision.



Table 1: List of values L(E/K, 1)) for various elliptic curves E over K = Q(+/—7) twisted
by Gréssencharacters ¢ of infinity type (1, —1).

Elliptic curves Grossencharacters
Isogeny Class 911 X3 ¥1-1 X ¥PL-1 Xuac1) P11 Xa—g) Y11

16.1-CMa +1 +23 +23%3 +26 +27

16.5-CMa +1 +23 +23 %3 +27 426
28.2-a +2 +23 0 +23 x 32 423 32
44.3-a +2 /724 +24 +25 +/=7-26
44.4-a +2 +/-7-2¢ +24 +/—7-26 +25
46.2-a +2 +23 +23 %3 +/—7 -2 427

Table 2: List of values L(E/K, 1)) for various elliptic curves E over K = Q(+/—7) twisted
by Grossencharacters ¢ of infinity type (2, —2).

Elliptic curves Grossencharacters
Isogeny Class  ¢1-1 Xy ¥1-1 Xy ¥L-1 Xua-1) P11 Xa—3) Y11
16.1-CMa +22 +24%3%2%5 +2%%3%43 +27 % 112 4929 % 41
16.5-CMa +22 +24 %325 £21%x3%43 +29 %41 +27 %112
28.2-a 0 0 LT 2T £25%3x72 £20 %3 T2
44.3-a +23  +£/=7-26%3 +25%3%19 +928 % 73 +/—7-26 %33
44.4-a +23 +/—7-26%3 £25%3%x19 +/—7-20%33 +28 %73
46.2-a +23 % 3 +26 % 3 +26 %283  4/—7-27 %17 +926 % 53




Table 3: List of values L(E/K, 1)) for various elliptic curves E over K = Q(+/—7) twisted
by Gréssencharacters ¢ of infinity type (1, —3).

Elliptic curves Grossencharacters
Isogeny Class 1,3 X(3) ¥1,-3 X(5) ¥1,-3
16.1-CMa +a? +(12a — 11)(—a + 1)3a* %32 £(—12a — 47)(—8a + 3)(—a + 1)3at x5
16.5-CMa +(—a+1)2 £(-12a+ 1) (—a+1)*a? %32 +£(12a — 59)(—a + 1)*a3(—8a + 5)5
28.2-a +2? +27 % 33 +29 %33 x5
44.3-a +(—a+1)1a? +(—a+1)°a” *32 %5 +(—48a + 13)(—a + 1)°a’(—2a + 3)3 % 5
44 4-a +(—a+1)%a* +(—a+1)%° %325 +(48a — 35)(—a + 1)%a®(2a+ 1)3 x5

Whilst we believe conjecture 1 holds for all elliptic curves E/K and Grossencharacters 1
in the outer critical region for any imaginary quadratic field K, we have yet to formulate
an analogous statement to Conjecture 2 for Grossencharacters of higher order, although
it’s very likely that a similar integrality statement for arbitrary ¢ can be made. Extending
and refining the statements of our conjectures will be the focus of future work.

I would finally like to give my sincere thanks to my supervisor, David LoefHler, for his
wonderful support and many valuable comments.
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