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III Algebra Michaelmas Term 2019

trXAMPLE SHEET 1

A11 rings on this sheet a,rc commut:rtive rvith a 1.

- 1. Prove that the diroct prodr-rct of finitely many Noethelian lings is Noetherian.

2. Sirou, that the set of prirne ideals in a ring possesses a minimal member (ivith respect

to inciusion). :

ii By consiricling trailirrg cor:i{iciont idcals, pl'ovc thtlt u ring fi is Noet}ielian if and orrly

if the power series ring /?[iX]l ls ]Joetireri:-r,n.

4. Let i? be tr Noethelian ring and 0 be a ring homomorphism from B to E. Prove that if

g is surjectir.e then it is also injectivi:.

5. Let 5' bc a mrrltipliczrtivell,' ciosed subset of a ring 1?., and M be a finitol1. generated

1?-rnodule. Provc that S-1,\'1 :0 if arrd only if ttiere exists s € S such that slNI :0.

6. Let B be a. ring. Supposc that fbr ea,ch prime ideal P the local ring fip h.as no non-zero

uilpotent elernent. Slior,r, that E h:rs no rron-zero nllpoterrt element. I{: eac}r ftp is an

integral rlomilin, is E necessaril5, an integral c-lornain? !/

7. Let qb : lv[ ---+ ,A/ be zln fi-rnodule rnap. Shou, that the fbllorving are equiralent: (i) r/

is irijective; (ii) pr : A.i[p ---+ lL, is injective lbr each prime idezr,l Pr (1ii) da : lulq ---+ l{q

is irjective lbr each maxinial ideal Q. ' , 
i' i | .:'

Prove the anaiogous result fbr surjective ntaps.

8. A rnuitipllc:itively closecl subset S of a ring fi ts satu,rctted when ry e S if and on1lr if
f' ...

botir z and g are in S. Prove tha,t (i) ,9 is saturated if and only if l?\S is zr r.rriion of prirne

ide,rls. (ii) If S is a multipliczrtively closed subset of R, there is a u.nique smallest sr-rturated

multiplicatir.ely closcd subset S/ containing ^9, arrd that S/ is thc complernent in R of the

union of thc prine ideals which do not meet S. If S : 1 * 1 for some ideal 1. find S'.

9. 'Kaplansky) Shor,v that ari integr:r1 domain is a unique factorisation domain if and only

if ail its non-zero primc idcals cont:rin a nor]-zero principal prime ideal. 
.Use 

this to show

thai if R is a principai ideal dornain then Rtlx]] is a uniclue factorisaticrn domain.
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10. Let fi be the ring of integers. Construct universal R -bilinear ma,ps

(R.l3R) x (Rl3R) ---+ (Rl3R)

(R,l6R.) x (Rl10R) ---+ (R.lzR)

and slrow that, if r and s are coprime integers, then any l?-bilinear ma,p on (RlrR) x(RlsR)

15 ZerO

11. Prove that for -B-modules IVI,N and L lirn q

rVI S (,^/ e L) o (A,I 8,^/) A,

I 2. Show that there can be an element in a tcnsor product L,[ e l'{ which ca,nnot be written

as a single term m E n for any elements rn e ,4,1 arid ?z € l/.

13. Shor,v that the universality of I irnplies that,4.f 8l/ is spanned by the elements m,8,n.

14. Let.I be an ideal of a ring l?. Shorv that (R/1) t &1 is isomorphic Lo lullIA,lt.

15. Let /i be a local ring, and LI and l/ be finitely generated .R-moduies. Prove that if

,4/ A ,A/ : 0 then Ir[ :0 or Ar- : 0.

16. Let Ii: fo|Xr,X2,..] t" the polynornial t'ing nith cotrntabiy infiuite indeterminatcs

anrl I be the ideal generated by a1l thc elerncnts Xf . Shou' t,hat RII is not Noettrcrian and

that its nilradical is not nilpotent.

17. Let 1 be an ideal contained in the Jacobson radical of /?, and let XI be an E-moduic

and l/ be a finitely generated -R-module. Let 0 be an fi-module rnap from ,4f to ,n/. Show

that if the induced map from litf IA,lt to NlIl{ is surjcctive then 6 is surjcctive

18. Let .I be an ir,Ieal of a ring /t, and let ,S : 1 -r 1. Shou,' that S-11 is containcd ln the

Jacobson ra,dical of ,9-1,8.
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