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III Algebra N'{ichaelrrras Terrn 2019

EXANTPLI! SHEET 2

Ali rings orr lhis sheet are commtttative r,r'ith a 1.

1. Shorv that r lies in lhe Jacobson radical of 1l if and orrly if 1-r,s is tr ttttil' tor rrll s in l?

2. Find an example o{'a ring 1? anrl a non-zero R-rnoclule .A.'1 such thal Jac(r?)I'I - .11

Vi Lt5-r

3. Let R be the real Laurent polynonrial ririg irr trvo valiables. Describe t]-re set of rnaxiutal

ideals of R.

4. Prove that any fieid rvhich is iinitely generatcd a,s a ling is finiter.

5. Shorv lhat for a proper ideai l of a Noetirerian ring 1l the condition tlrat 1l// has ori11'

one associatecl prirle P rs eqr-rivalent, to the condition t,hat if ab lics itt / brrl n cloes uot

then some power b" lies in 1. Show tlrat if these conditiorrs holcl then P is tire r:rclical of L

6. Let ,5 be a multiplicatively closed subset of 11, arid let P be tr prime ideal of tr disjolnt

from.9. Shor,v that there is a one-orre corresponcience betrveen the P-prirn;lrr,'ideals ol R

and the S- i P-primary ideals of S- 1,R. In particular the P-primar1,' ideals of' 11 corresponrl

to the Pp-primary ideals of 1?p. Show that the latter are precisell'1,he ideals of 1lp
t..,.,itii. 1,! ,_. i. ,_ 1,-;.:1.( .,1 ),i"1

confainirig a po\\rer of Pp / .i

7. A ring is Artinian if it satisfies the descending chain conclition ort icleals. Shorv that the

nilradical o|an Artinian ring is nilpotent.

B. Shou, that in an Artinian rrng all the prinre ideals are maxin'ral arid thirt there are onl-v

finitely rnariy of therr.

9. Shorv that everl, Artinian ring is Noetherian.

10. Show t,hat a Noetherian ring of zero dirnension is Artinian.

11. Let R <'l be rings rvith 7'\ R ciosed under umltip)ication. Shou, that ll is integrally

closed tn T.

12. Shou, t}-rat being integrall-v closed rs a iocal propertl, of integral dorttaius.

13. A valuation ring is an integral dorriain R such that for any r in the freld 1{ of fiactlorrs

of /?, at least one of z: or r 1 lies in R, Show that in a valuation ring any firritclv generatecl
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idoal is prirrcipal.

14. Let R be a vaiuation sulrring of a field /{. The grolrp U o{ units of E is a subgroup

of the multiplicative group K\ of K. Let f : K* lU . If a and iJ are represeritecl by r
and y e li cle{rnc a > 0 to ruea,ri zy-l € 1?. Shor,t, that this de nes a total ordering orr I'

wlrich is corrtpatible wittr the grotip stnrcture (i.e. o ) p irnplies a-,, ) l.t for:r11 1 e I').

(Irr other u,ortls f is a tolall,r, orclcred Abelian group. It is called i,he vajue group of ..1.)

Ler,'u: Ii" > f bc the canonical homornorphisrn. Show that, u(r I g) -- nrin(u(,r),r(y))

ior all .r',11 L lt-'

15' Let R. < 1' be rings with 7 gcnerat,ed Lry n elements a,s a,n R-moclule. Shorv thal or,'er

every rnaximal ideal of fi there lies at most rz rnaxirnal icleals of Z.

16. Let T be a finitely generated A-algebra, integral over an algebra l? anci tet P be a

prinle ideal of fi. Shorv that 7 has on11, finiiely rrlany prirrres iying over p.

17. Give an exanrple of'a Noetherian lntegral domain which has maximai ideals of clifferenl,

heights.

18' Let A ber a field. Shou, that evertr k-subalgebra R of k[X] is a hnitely generaterl

,k-algebra ancl is of dimension 1 if R + k.

19. Let Qt,,...Q,, be prime ideals of a rirrg ,?. Lei I be an ideal and suppose it is t.,i,.-

contained in the ttnion of these primes. Shor.v tliat l is corrtained in some Ql . ':"a '\c"'' lr';rn-'

20. Lct fr ile a Noethcnan ring and Pt <- Pz be prime ideals of /1. Suppose there is -some

other prirne Q lf ing strictlrr betrneerr Pr and P2, and show that there arc infinitel5r many

such Q.
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