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III Algebra lVlichaelnras Term 2019

trXAMPLtr SHEET 4

AIl rirrgs are cornrnutative s,ith tr 1 urrlc.ss sttrtec-l otheru,isc'

1. Let A be a field and I be a homogeneous polr'nornial of posii,ive tlegree in the ring

R : A'[,Yr.....,I,,]. gradecl in the nsual n,ay. Calculate tire Hilbert poly16,r1ot for the

gracleci urodnle Ifl(J) ancl hence shorv lhat tlrc clegree o{'the Sanruel function of RIU)
u,ith respect to the naxiilal icleai (X1,. ,X,,) is ri - 1.

2. Let.R be a Noetherian local ring u,ith rnaxirnal icleal P. Shol, lor rion-zero-divisor -r

that d(R/(r)) < d(,4) - i.
3. Let R be a Noethelian local ring rvith rnaxinrtrl idetrl P. Shou, that dinr(Ii) < ,1(E)

Furthermore slrppose tliat R is a regular loctrl ring. Shoxr that dim(11) : d(tr) ancl that

the trssociateci glacled rirrg of /? u,itli respect to the P-adic filtration is isornorphic to a
poh'rtornial ling. Deduce that Il is an irrteglal cionain.

,1. l.et R be a ring ancl let E be an E-module. Sliou, that the follorving are eclrrirralent. (1)

E is injective: (2) It p : E ---+ .11 is a nrouomolphisrri then there erists i3 : )[ ---+ E -quch

that d1r ls the identrtl'nrap; (3) E is a direct summand in evcry nrc-idr-rle u,hich contaius E

as a snbmodule.

5. Le R be ir ring. An R-moclule is sard tc,be diuisibleif. tbr €l\.er-\,€ irr E rirrd evelv r in R

u,hiclr is not ti zero-clivisor', there erists e' in E snch that e : re' . Shon. thal an injective

R-moclule is nccessarilr, divr-sible.

6. Let E Jre tr principal ideal domain. Shou. that an fi-module i-s injectir,e rf ancl only if it
rs divisible.

7. Let fi be tlic rirrg of integers. Shorv that anr, /l-moc'i,rle mav be errrbedclircl in arr injectir.c

R-modnlt'. Let,5 be a rirrg and let,\1 be an irrjective E moclule. Shol thtrt Hom6(S.,1.1)

is arr injective ,9-module. Decluce that arl,' S'-rnorlrrle can be ernberddertl iu arr in.jective

5'-rnocinie.

8. Let R be a ring ariti let l ancl ,/ be rdeals. Shou, that (tr) Torl(R.lI.RlJ) - (IaJ)lIJ,
ancl (b) Tor2(1?/1. Rl.l): ker'(I[!n J ---- IJ)
9. Let E lre the ring of integers. Shorv thal trxts1(Rf rrLR.RlnR\ : Rldll u,l-iere d is thc

l'righest conrnolt lactor of nl and n.

10. Let 1? bi: a Noetherian ring tiricl -11 be ir fiuitel.r, gener-aterl 1t-rnodule. Shon, that the

fbllou,irrgareeqnivaleritfbraiiJ?-mochrlesJI. (i) E-xt'6(,11,tr') :0,(ii) Extfr,.\),Ie,tvp) :0
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for r:r'clr'' pt'itne ic1ca1 /'of l?. ancl (rii) trxrii.(-11a,f'O) :0 fol r:ver1-n:rximal ideal Q of
f>,t

11. l.et Ar bc.i hekl arrci let R: ftlx.)'']. Let 11 be the tlivial E-ntoclttle,kl](,]']/(X,]').
LI..e the Koszril tronrplex lo c:rlcLilate hirtfi(t1.,\1) frrr all rz ) 0.

12. Sirorv that ltrtn(i11.,V) is lnrlepericleut o{ the choice of pro.ject,ivL] presertation for' 11.

13. Lct /r- lrc a lirrite frel11 erxtensiorr of a fielcl Ir. Shou'that it is ti sei,rat'tLblc fu-algebr:r

ex:rct1r' u'lrcii i1 is a selrarerblc fielcl extensiou of ,(.

1-1. Let 1r- bc the iieurel of the k-linenr rrrap frorrr 1t Er. ft to R -settcliilg 7'1 i: t'2 t,o i 1r'2.

Shorv that, ihere is a, derivation l) frorn Il. to Il sr,ir:h lhat the nitrp frorn Hotn6- n(1{ ,i/)
to Der(J?. rr,/l scrrcling 6l to the compositiorr of D u,ith 0 is a,tr isotnorphistn. \\:hich 0

correspontl to irrner dr:r'irratiorrs'l

bro okes,'Ocll)nr[]-s. crau.'] .;rr:. rrk
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