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Introduction

CW-COMPLEXES

Each CW-complexes C' in this talk is 2-dimensional and composed of

> vertices (0-cells)
> edges (1-cells)
> 2-cells
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Introduction

2-CELL ATTACHMENT (SIMPLICIAL, NOT NECESSARILY INJECTIVE)
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Introduction

EMBEDDING COMPLEXES

$: C — R

All embeddings in this talk are piecewise linear (PL).

> every d-complex embeds in R2¢+1

» some d-complexes embed in R?? (e.g. manifolds), others do not
— van Kampen obstruction

» this obstruction is “if and only if”, except for embeddings 2D — 4D
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Introduction

NON-EMBEDDABLE IN R*

Example: triple cone over K5

& OO0
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Introduction

CAN I TELL EMBEDDABILITY FROM THE GRAPH?

Observation: there are graphs, no matter what 2-cells we attach, the 2-complex
always embeds in R*.

Example: trees, cycles

What about Ky, K5, K¢, K7,... ?
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van der Holst's 4-flat graphs

FuULL COMPLEXES AND 4-FLAT GRAPHS

Definition.
Let G be a graph.

> the full regular complex C,es(G) is the 2-complex obtained from G by
attaching a 2-cell along each cycle of G.

> G is 4-flat if C,eg(G) embeds in R%.
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van der Holst's 4-flat graphs

FUuLL COMPLEXES AND 4-FLAT GRAPHS

Definition.
Let G be a graph.

> the full regular complex C,es(G) is the 2-complex obtained from G by
attaching a 2-cell along each cycle of G.

> G is 4-flat if C,eg(G) embeds in R%.

» ... along each closed walk — C(G) — strongly 4-flat
> ... along each cycle — Creg(G) —> 4-flat
> ... along each induced cycle — Cinq(G) — weakly 4-flat

Theorem. (GeorcAaKoPOULOS, NGUYEN-PHAN, W., 2023+)

strongly 4-flat <= 4-flat <= weakly 4-flat
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van der Holst's 4-flat graphs

Example: K

How to embed C;,q(K5)?
» the only induced cycles of Kg are triangles
» Kg is the edge-graph of the 5-simplex
> the 5-simplex contains a 2-face (i.e. a 2-cell) in each triangle

> the Schlegel diagram of the 5-simplex in R* contains an embedding of
Cina (Ks)

University of Warwick - Martin Winter 7/29



van der Holst's 4-flat graphs

Example: Kg AND K7 — ¢

How to embed C;,q(K5)?
» the only induced cycles of Kg are triangles
» Kg is the edge-graph of the 5-simplex
> the 5-simplex contains a 2-face (i.e. a 2-cell) in each triangle

> the Schlegel diagram of the 5-simplex in R* contains an embedding of
Cina (Ks)

How to embed Cinq(K7 —e)?
> ..

» K7 — e is the edge-graph of two 5-simplices glued at a facet
> .
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van der Holst's 4-flat graphs

Example: Kg AND K7 — ¢

How to embed C;,q(K5)?
» the only induced cycles of Kg are triangles
» Kg is the edge-graph of the 5-simplex
> the 5-simplex contains a 2-face (i.e. a 2-cell) in each triangle

> the Schlegel diagram of the 5-simplex in R* contains an embedding of
Cina (Ks)

How to embed Cinq(K7 —e)?
> ..

» K7 — e is the edge-graph of two 5-simplices glued at a facet
> .

K7 is not 4-flat ... by van Kampen obstruction.
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van der Holst's 4-flat graphs

FACTS ABOUT 4-FLAT GRAPHS

» planar graphs are 4-flat
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FACTS ABOUT 4-FLAT GRAPHS

» planar graphs are 4-flat

v

linkless graphs (aka. flat graphs) are 4-flat
> cones over linkless graphs are 4-flat (this includes Kjg)

— 4-flat graphs feel like a natural continuation of planar, linkless, ...

» 4-flat graphs form a minor-closed family
— characterized by forbidden minors (Robertson-Seymour theorem)
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van der Holst's 4-flat graphs

FACTS ABOUT 4-FLAT GRAPHS

» planar graphs are 4-flat
» linkless graphs (aka. flat graphs) are 4-flat
> cones over linkless graphs are 4-flat (this includes Kjg)

— 4-flat graphs feel like a natural continuation of planar, linkless, ...

» 4-flat graphs form a minor-closed family
— characterized by forbidden minors (Robertson-Seymour theorem)

What are the forbidden minors? K- is one of them.
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van der Holst's 4-flat graphs

FORBIDDEN MINORS

not planar:  Ks, K333
not linkless:

not 4-flat:
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van der Holst's 4-flat graphs

FORBIDDEN MINORS

not planar:  Ks, K333
not linkless: K¢, K331

not 4-flat: K7, K3311
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van der Holst's 4-flat graphs

FORBIDDEN MINORS

not planar:  Ks, K333
not linkless: Ks, K331 + AY /Y A-trafos 7 graphs
not 4-flat: K7, K3311

AY

YA
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van der Holst's 4-flat graphs

FORBIDDEN MINORS

not planar:  Ks, K333
not linkless: K, K331 + AY /Y A-trafos > 7 graphs
not 4-flat: K, K3311 + AY /Y A-trafos —+ 76 graphs (Heawood graphs)

AY

YA
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van der Holst's 4-flat graphs

INTRINSICALLY LINKED GRAPHS

K331

Petersen
Kg @ graph
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van der Holst's 4-flat graphs

THE K; FAMILY
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van der Holst's 4-flat graphs

THE K373,171 FAMILY (GOLDBERG, MATTMAN, NAIMI)

J\
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van der Holst's 4-flat graphs

THE HEAWOOD GRAPHS

Heawood graph

Conjecture.

(i) all Heawood graphs are forbidden minors.

(ii) there are no other forbidden minors.
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van der Holst's 4-flat graphs

COLIN DE VERDIERE GRAPH INVARIANT i

no edges

forest

=
—

» u <2 <= outer-planar
<= planar
—

linkless

o
» 1 <5 <= 4flat <+ conjectured by van der Holst

Cones over linkless graphs have p < 5. Heawood graphs have p = 6.
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van der Holst's 4-flat graphs

VAN DER HOLST’S CONJECTURES

Conjecture.

4-flat graphs are characterized as graphs without Heawood minors.

Conjecture.

4-flat graphs are characterized by i < 5.

Conjecture.

4-flat graphs are closed under ...
(i) doubling edges

(i) AY/Y A-transformations
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Operations on 2-complexes

DOUBLING EDGES PRESERVES 4-FLAT

Ce¢ ;A
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Operations on 2-complexes

DOUBLING EDGES PRESERVES 4-FLAT

(Caq¢

We need: cloning 2-cells + detaching discs
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Operations on 2-complexes

CLONING 2-CELLS

Given a 2-cell c C C.

Question: can we attach (and embed) another 2-cell with boundary 0¢?
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Operations on 2-complexes

CLONING 2-CELLS

Given a 2-cell c C C.

Question: can we attach (and embed) another 2-cell with boundary 0¢?

Conjecture.

Cloning is not possible as depicted here (i.e. with preserving the original 2-cell).
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Operations on 2-complexes

TRY CLONING THIS ...

-
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Operations on 2-complexes

TRY CLONING THIS ...

-

Lemma.

We can clone 2-cells, but we might need to modify the embedding of the
original 2-cell.
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Operations on 2-complexes

DETACHING DISCS

Given a disc D C C with 9D c C").
Question: Can we attach (and embed) a 2-cell with boundary 0D?

Lemma.

Yes, if D contains no vertices of C in its interior.
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Operations on 2-complexes

AY -TRANSFORMS PRESERVE 4-FLAT

AAATA
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Operations on 2-complexes

WHAT ABOUT YA-TRANSFORMS?

It's complicated ...

o

AT

AR
"
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Operations on 2-complexes

WHAT ABOUT YA-TRANSFORMS?

It's complicated ...

PPN UD N

... because detaching from vertices is complicated.
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Operations on 2-complexes

VERTEX LINKS

Vertex links in R* live in a 3-sphere and look more like this:
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Operations on 2-complexes

LINKLESS LINKS
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Operations on 2-complexes

SMALL LINKS CAN BE BAD AS WELL ...

Some complexes can force bad links, even at particular 3-vertices.

Question: But can this happen in 4-flat graphs?

.. whether YA-transforms preserve 4-flat remains open!
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Operations on 2-complexes

4-FLAT GRAPHS WITH BAD LINKS

If there are 4-flat graphs with bad 3-links, then there are more forbidden minors.
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Operations on 2-complexes

YA-TRANSFORMS FOR COMPLEXES

University of Warwick - Martin Winter 26 /29



Operations on 2-complexes

Y A-TRANSFORMS DON’T PRESERVE EMBEDDABILITY

Let G be a graph with “unavoidable Borromean rings”

YA

University of Warwick - Martin Winter 27 /29



Operations on 2-complexes

Y A-TRANSFORMS DON’T PRESERVE EMBEDDABILITY

Let G be a graph with “intrinsic Borromean rings"
cone (as a graph) trice over G with apices z1, T2, x3
add a 3-vertex v adjacent to x1,z2, T3

cone (as a complex) over this graph

for each cycle C C G, edge e C C and pair x; # x;, attach a 2-cell along
C but with a detour replacing e = ab with the path az;vx;b

vvyyVvyVvyy

?./
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Operations on 2-complexes

Y A-TRANSFORMS DON’T PRESERVE EMBEDDABILITY

\

T &1

PAN T AAN
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Thank you.



Bonus round: Smooth vs. PL



Volume Growth in Graphs

PL-EMBEDDABLE, NOT SMOOTHLY EMBEDDABLE

cone over K7 + attach a 2-cell to every Hamiltonian cycle of K~

attach Hamiltonian
2-cells here

Y
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Volume Growth in Graphs

PL-EMBEDDABLE, NOT SMOOTHLY EMBEDDABLE

> this complex embeds in R*
» every embedding must look essentially as follows:

> K7 “flat” in some 3-hyperplane
> the cone is on one side of the hyperplane
> the Hamiltonian 2-cells are on the other side of the hyperplane

» K7 is intrinsically knotted: every 3-embedding contains a knotted cycle

v

in fact, a knotted cycle with arf-invariant # 0

» such a knot is not smoothly slice, i.e. no smooth 2-disc with this knot at
the boundary can be only on one side of R3.
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Thank you.
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