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CONVEX POLYTOPES

P = conv{py,....pp} CR?Y d>1

» general dimension d > 1
> general combinatorics (not simple/simplicial etc.)
> general geometry (not lattice, etc.)
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POLYHEDRAL COMBINATORICS

f—VeCtOI’ f = (,/;\7f07f13“'7fd—27fd—17./‘(/)
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POLYHEDRAL COMBINATORICS
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POLYHEDRAL COMBINATORICS

( 74747 )

f-vector ... f=(/ 1, fo, f1,-; fa—2, fa—1, /)

» Euler-Poincaré identity: f_ 1 — fo+fi— -+ (=) f;=0
» Dehn-Sommerville equations:

d—1 .
Z(—1)J’ (éi 1) fi=ED)T, forke{-1,..,d—2}
Jj=k

> lower bound theorem / upper bound theorem / g-theorem
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CENTRALLY SYMMETRIC POLYTOPES

centrally symmetric <—= P =—-P

v v
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KALAT’S 3% CONJECTURE



Kalai's 3¢ conjecture

COUNTING FACES

s(P) = N-l- fo+ fi+ -+ fao1 + fa = Fnon-empty faces
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Kalai's 3¢ conjecture

COUNTING FACES

s(P) = N-l- fo+ fi+-+ fo_1 + fa = Fnon-empty faces

Example: d-cube :=[-1,1]¢, d >0
[ ] [ ]
ol le 8 o7 \o o/
° 2 2 9 6 D
[ ] [ ] [ ] [ ] [ ]
ST sy \
[ ] [ ]

s(d-cube) = 3¢
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Kalai's 3¢ conjecture

KALAI’S 3¢ CONJECTURE
s(P) :=="fsq+ fo+ fi+ -+ fai—1 + fa = #non-empty faces

Conjecture. (3 conjecture, KALAI, 1989)

For every centrally symmetric d-polytope P C R? holds

s(P) > s(d-cube) = 3%.
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Kalai's 3¢ conjecture

KALAI’S 3¢ CONJECTURE
s(P) :=Pfa+ fo+ fi+ -+ fau1 + fa = #non-empty faces

Conjecture. (3 conjecture, KALAI, 1989)

For every centrally symmetric d-polytope P C R? holds

s(P) > s(d-cube) = 3%.

But: cube is not the only minimizer! — Hanner polytopes

What is known ... ?
» dimension d <3 v
» dimensiond =4 v
> simple/simplicial polytopes v
» without requiring central symmetry v/
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Kalai's 3¢ conjecture

HANNER POLYTOPES

Hanner polytopes are defined recursively:

(i) start from a line segment.

(i) recursively apply Cartesian products (x) and sums (*)

| T T

—0
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Kalai's 3¢ conjecture

HANNER POLYTOPES

O @ @Xl @@
@*

#Hanner polytopes ford > 1 = 1,1,2,4,8,18,40,94,224,548, ...
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Kalai's 3¢ conjecture

HANNER POLYTOPES

O @ @Xl @@
@*

#Hanner polytopes ford > 1 = 1,1,2,4,8,18,40,94,224,548, ...

Note: Hanner polytopes do not minimize face numbers per dimension.
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Kalai's 3¢ conjecture

NAIVE APPROACH

Idea: induction by dimension
» slice your cs d-polytope P by a central hyperplane
— this yields a cs (d — 1)-polytope P’
— P’ has 3% faces by induction hypothesis
» somehow find three times as many faces in P

N
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Kalai's 3¢ conjecture

KALAI’S 3¢ CONJECTURE
s(P) :=Pfa+ fo+ fi+ -+ fau1 + fa = #non-empty faces

Conjecture. (3 conjecture, KALAI, 1989)

For every centrally symmetric d-polytope P C R? holds

s(P) > s(d-cube) = 3%.

But: cube is not the only minimizer! — Hanner polytopes

What is known ... ?
» dimension d <3 v
» dimensiond =4 v
> simple/simplicial polytopes v
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University of Warwick - Martin Winter (joint work with Raman Sanyal) 9 /22



Kalai's 3¢ conjecture

MAHLER’S CONJECTURE
Mahler volume ... M(P) := vol(P) - vol(P°)

Conjecture. (3 conjecture, MAHLER, 1939)

For every centrally symmetric d-polytope P C R? holds
d

M(P) > M(d-cube) = %

But: cube is not the only minimizer! — Hanner polytopes

What is known ... ?
» dimension d <3 v
» dimension d =4
» cube is a local minimizer v/

» without requiring central symmetry
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Kalai's 3¢ conjecture

POLAR DUALITY AND MAHLER VOLUME

Mabhler volume ... M (P) := vol(P) - vol(P°).

polar dual ... P°:= {2 € R*| (v,y) <1 forally € P}

Examples: line segment <£> line segment
n-gon <+— n-gon (but rotated)
cube <<— octahedron
d-cube <— d-crosspolytope
Hanner polytope <+— (other) Hanner polytope
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Mabhler volume ... M (P) := vol(P) - vol(P°).

polar dual ... P°:= {2 € R*| (v,y) <1 forally € P}

Examples: line segment <£> line segment
n-gon <+— n-gon (but rotated)
cube <<— octahedron
d-cube <— d-crosspolytope
Hanner polytope <+— (other) Hanner polytope

M{(d-cube) < M(P) < M(d-ball)
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(LocALLY)
COORDINATE SYMMETRIC
POLYTOPES



Coordinate symmetric polytopes

COORDINATE SYMMETRIC POLYTOPES

— UNCONDITIONAL POLYTOPES

>

VX

coordinate symmetric :<=- symmetric w.r.t. all coordinate hyperplanes

Theorem. (Sanvar, W.; 2023+)

Kalai’s conjecture holds for coordinate symmetric polytopes. - minimizers
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Coordinate symmetric polytopes

COORDINATE SYMMETRIC POLYTOPES

'
>

VY X

coordinate symmetric :<=- symmetric w.r.t. all coordinate hyperplanes

Theorem. (Sanvar, W.; 2023+)

Kalai’s conjecture holds for coordinate symmetric polytopes.

Theorem. (SaNT-RayMOND, 1980; REISNER, 1987)

Mahler’s conjecture holds for coordinate symmetric polytopes.
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Coordinate symmetric polytopes

LOCALLY COORDINATE SYMMETRIC POLYTOPES

= LOCALLY ANTI-BLOCKING POLYTOPES

All discussed results hold more generally ...

locally coordinate symmetric
<= “looks" coordinate symmetric in every orthant
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Coordinate symmetric polytopes

LOCALLY COORDINATE SYMMETRIC POLYTOPES

= LOCALLY ANTI-BLOCKING POLYTOPES

All discussed results hold more generally ...

i‘/ P X “

locally coordinate symmetric
<= “looks" coordinate symmetric in every orthant

Surprise: minimizers are still coordinate symmetric for Kalai's conjecture!
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Coordinate symmetric polytopes

BuT NOTE ...

“(locally) coordinate symmetric” is a geometric notion
BUT
s(P) < 3% is a combinatorial notion
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Coordinate symmetric polytopes

BuT NOTE ...

“(locally) coordinate symmetric” is a geometric notion
BUT
s(P) < 3% is a combinatorial notion

Challenges:

» Find a polytope that is provably not combinatorially equivalent to a locally
coordinate-symmetric polytope.

» Find many of them.
» Find many with few faces.
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Coordinate symmetric polytopes

WE HAVE TWO PROOFS

Proof I:
» mostly combinatorial
» makes the naive approach work — uses induction

» counts faces in a clever way

Proof IlI:

» almost entirely geometric

» reminds of the original proof for Mahler for coordinate symmetric !
» no induction !!
>

we used it to classify minimizers
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Coordinate symmetric polytopes

THE FACE LATTICE

F(P) := {faces of P ordered by inclusion }
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Coordinate symmetric polytopes

THE FACE LATTICE

Meet, join, intervals, ...
» o AT := largest face that contained inoc and 7 = o N7
» o V 7 := smallest face that contains o and 7
» [0, 7] := faces that are contained in 7 and contain o

Properties:
> F(P°)is “upside down” F(P)
> face lattices are complemented: for o € F(P) exists 7 € F(P) s.t.

ocANT=@ and oVT =P

» intervals in face lattices are face lattice
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Coordinate symmetric polytopes

KALAI FOR COORDINATE SYMMETRIC POLYTOPES (I)
s(P) :=="fq+ fo+ fi+ -+ fai—1 + fa = #non-empty faces

Theorem. (Sanvar, W.; 2023+)
For every coordinate symmetric d-polytope P C R¢ holds

s(P) > s(d-cube) = 3%

H
PNH
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Coordinate symmetric polytopes

KALAI FOR COORDINATE SYMMETRIC POLYTOPES (I)

(o2

H
PNH

AN

S := {faces of P that intersect o but not —c}
So := {faces of P that intersect both or neither of +o}
S_ := {faces of P that intersect —o but not o}
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KALAI FOR COORDINATE SYMMETRIC POLYTOPES (I)

(o2

H
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Coordinate symmetric polytopes

KALAI FOR COORDINATE SYMMETRIC POLYTOPES (I)

(o2

H
PNH

AN

S := {faces of P that intersect o but not —c}
So := {faces of P that intersect both or neither of +o} |S,| > 3471
S_ := {faces of P that intersect —o but not o}

[H d—1
1] = s(P N H) > 34~
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Coordinate symmetric polytopes

KALAI FOR COORDINATE SYMMETRIC POLYTOPES (I)

(o2

H
PNH

AN

S := {faces of P that intersect o but not —c} ]
So := {faces of P that intersect both or neither of +o} |S,| > 3471
_ := {faces of P that intersect —o but not o}
IH
[Sol =s(PNH)>3
1S, ] > Hcompl(o; 6,6])|@ecococsc PH

= s((®, a]) . s([a, P)) = s(o) - s(c°) Ii>| gdim(o) , gd—1-dim(e) _ 3d-1
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Coordinate symmetric polytopes

KALAI FOR COORDINATE SYMMETRIC POLYTOPES (II)

s€{—,0,+}% sorthant ... R := {x € R? | sign(z) = s}
d
#=3

1. identify one special point per orthant
= maximum of sy log(zy1) + - - + sqlog(zq)
in PNRY
2. show: a face contains at most one
special point
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Coordinate symmetric polytopes

CLASSIFICATION OF MINIMIZERS

If P has s(P) = 3¢ then define

1,...d}

i~j <= PnN{z;,z; =0} is an axis-aligned rectangle

G(P) :=

G(P) does not contain a path of length three.
= such graphs are cographs.

One can reconstruct P from G(P):

I C{1,..,d} where G[I] is a complete graph}.

P(G) = conv { Z +e;

iel

If G is a cograph, then P(G) is a Hanner polytope.
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Coordinate symmetric polytopes

KALAI’'S FLAG CONJECTURE

S(P) := #flags of P

Conjecture.

For every centrally symmetric d-polytope P C R holds

S(P) > S(d-cube) = d!2%.
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Thank you.

N

R. Sanyal, M. Winter. (arXiv:2308.02909)
“Kalai’s 3%-conjecture for unconditional and locally anti-blocking polytopes”.



Coordinate symmetric polytopes

MAHLER FOR COORDINATE SYMMETRIC POLYTOPES

Mabhler volume ... M (P) := vol(P) - vol(P°).

polar dual ... P°:= {2z € R?| (2,y) <1forally € P}

Theorem. (SAINT-RAYMOND, 1980; REISNER, 1987)

For every coordinate symmetric d-polytope P C R? holds
d

M(P) > M(d-cube) = %

vol(P) = 2¢vol(PT)
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