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THE SETTING: CONVEX POLYTOPES

P = conv{pi,...,pn} C R

» always convex!
» general dimension d > 2
> general geometry & combinatorics (not always simple/simplicial /lattice/...)

» always of full dimension
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COMBINATORICS OF POLYTOPES

edge-graph ... Gp := { vertices and edges of P }
face lattice ... F(P) := { faces of P ordered by inclusion }
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RECONSTRUCTION OF POLYTOPES

“In how far is a polytope determined by partial combinatorial and geometric
data, up to isometry, affine transformation or combinatorial equivalence?”

SlAA0)n
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RECONSTRUCTION OF POLYTOPES

“In how far is a polytope determined by partial combinatorial and geometric
data, up to isometry, affine transformation or combinatorial equivalence?”

dPHC

partial data — combinatorics — geometry
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EXAMPLE: EDGE-GRAPH & EDGE LENGTHS

Simple polytopes:
> combinatorics can be reconstructed (BLIND & MANI; KALAT)
» geometry cannot be reconstructed

Simplicial polytopes:
> geometry can be reconstructed, once combinatorics in known (CAUCHY)

> combinatorics cannot always be reconstructed (cyclic polytopes)

. what additional data is needed to permit a reconstruction?
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TwWO TOPICS

flexible polytopes pointed polytopes
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FLEXIBLE POLYTOPES
(with Bernd Schulze)



Flexible polytopes

FLEXING A POLYTOPE

v X

» preserving edge lengths
but also

» preserve planarity of faces

P preserve convexity

» preserve combinatorial type
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Flexible polytopes
FLEXING A POLYTOPE

Examples of rigid polytopes:
> every simplicial polytope (by Cauchy’s rigidity theorem)
» every polytope with triangular 2-faces

Examples of flexible polytopes:
» polygons
» cubes and other prisms
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Flexible polytopes
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Flexible polytopes

MINKOWSKI SUMS A+ B:={a+blac Abe B)
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Flexible polytopes

MINKOWSKI SUMS

VA

University of Warwick - Martin Winter 8 /27



Flexible polytopes

MINKOWSKI SUMS

VA

T4

This includes all zonotopes
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Flexible polytopes

AFFINE FLEXES

H<S R

Theorem. (ConNELLY, GORTLER, THERAN, 2018)

A framework has an affine flex <= its edge directions lie on a conic at co.
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Flexible polytopes

AFFINE FLEXES

H<S R

Theorem. (ConNELLY, GORTLER, THERAN, 2018)

A framework has an affine flex <= its edge directions lie on a conic at co.

For example, if there are at most 5 edge directions (in 3D).
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Flexible polytopes

SUMMARIZING ...

We know the following classes of flexible polytopes
> polygons
» Minkowski sums

> all edges on a conic at co (e.g. at most five edge directions)

Question: Are there any others?
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Flexible polytopes

SUMMARIZING ...

We know the following classes of flexible polytopes
> polygons
» Minkowski sums

> all edges on a conic at co (e.g. at most five edge directions)

Question: Are there any others?

Some other facts:
» d = 3: DOF minus constraints = 0

» for all known cases, flexibility is preserved under affine transformations
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Flexible polytopes

TOY EXAMPLE: THE REGULAR DODECAHEDRON

Question: Is the regular dodecahedron rigid?

» probably, but we don't know
» 5-dimensional space of non-trivial infinitesimal flexes

> infinitesimal flexes vanish for any linear transformation (that | tried)
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Flexible polytopes
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Flexible polytopes

Is the dodecahedron flexible (as a polytope with fixed edge-lengths)?

Asked 5 months ago  Modified 5 months ago  Viewed 317 times

Consider the (regular) dodecahedron D < R*. | want to continuously deform it so that throughout
the deformation

16

1. it stays a convex polytope,
2. it stays a combinatorial dodecahedron (i.e. its edge-graph does not change), and
3. all edge lengths stay the same.

Can I do this? If No, can | do it for some other realizations of the dodecahedron that is not
necessarily regular? If Yes, is this possible for all realizations?
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Flexible polytopes

A PHYSICAL MODEL ...
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RIGIDITY OF
POINTED POLYTOPES

“Rigidity, Tensegrity and Reconstruction of Polytopes under Metric Constraints”
(arXiv:2302.14194)



Rigidity of pointed polytopes

POINTED POLYTOPES
:= polytope P C R? 4 point 2p € R?

Conjecture. (W., 2023)

If p € int(P), then a pointed polytope is uniquely determined (up to isometry)
by its edge-graph, edge lengths and vertex-point distances.

implies e.g. reconstruction of matroids from base exchange graph
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Rigidity of pointed polytopes

POINT IN THE INTERIOR IS NECESSARY ...

Conjecture. (W., 2023)

If 2 € int(P), then a pointed polytope is uniquely determined (up to isometry)
by its edge-graph, edge lengths and vertex-point distances.
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Rigidity of pointed polytopes

TENSEGRITY VERSION

Conjecture. (W., 2023)

If P C R and Q C R are pointed polytopes with the same edge-graph and
(i) zg € int(Q)

(ii) edges in Q are at most as long as in P,

(iii) vertex-point distances in ) are at least as large as in P,
then P and () are isometric.

“A polytope cannot become larger if all its edges become shorter.”

P N
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Rigidity of pointed polytopes

MAIN RESULT (W., 2023)

The conjecture holds in the following cases:

l. Q is a small perturbation of P
> one can replace Q by a graph embedding ¢: Gp — R?

~

= |ocally rigid as a framework (actually prestress stable)

Il. P and @Q are combinatorially equivalent
= globally rigid as a polytope

Il. P and @ are centrally symmetric
» one can replace @ by a centrally symmetric graph embedding ¢: Gp — R®

o~

universally rigid as a framework
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Rigidity of pointed polytopes

NOT GLOBALLY RIGID AS A FRAMEWORK

.,/ AN |
A
N
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0 €int(Q),
(i) edges in @ are at most as long as in P.

(iii) vertex-origin distances @ are at least as large as in P.
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Rigidity of pointed polytopes
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P,Q c R? simplices,
(i) 0 €eint(Q), — 0 =1 g ... convex combination
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> aillpill* = H > aipi
i %

2 1 9
+3 z; i |lpi — pyl|
3
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0 €eint(Q), — 0 =1 g ... convex combination
(i) edges in @ are at most as long as in P.

(iii) vertex-origin distances @ are at least as large as in P.

Proof.

> aillpill* = H > aipi
i %

2 1 9
+3 z; i |lpi — pyl|
3

> aillail? =Y aia
i i

2 1 9
+ 3 izj:aiajﬂqz‘ — gl
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0 €eint(Q), — 0 =1 g ... convex combination
(i) edges in @ are at most as long as in P.

(iii) vertex-origin distances @ are at least as large as in P.

Proof.

21
S ailpl? = || > ami| + 5D asaglp = pil?
i i ij
N VI VI

2 1
Saillal? = | Y| +5 Y asaylla: - g5l
i i i,]
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
() 0 €eint(Q), — 0=> g ... convex combination
(i) edges in @ are at most as long as in P.

(iii) vertex-origin distances @ are at least as large as in P.

Proof.
2 2.1 2
ZCMHIHH = H Z aipi|| + B} Z e [lpi — s |
7 % i,
Al VI VI
2 21 2
Sailal? = | Yo + 52 aseylla - gyl
7 7 ]
Therefore P ~ Q. O
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Rigidity of pointed polytopes

EXPANSION OF POLYTOPES

Fixae A, = (o, ....0,) ¢ \R’L“ a1+t a, =1}

a-expansion: || P||? = %Z azalp; — pj1?
12
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Rigidity of pointed polytopes

EXPANSION OF POLYTOPES

Fixae A, = (o, ....0,) ¢ RYg |1+ +a, = 1}
a-expansion: || P||? = %Zaiaj”pi — pjll?
i?j

“If edges shrink, then the expansion decreases.”
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Rigidity of pointed polytopes

EXPANSION OF POLYTOPES

Fixae A, = (o, ....0,) ¢ \R’L“ a1+t a, =1}
a-expansion: || P||? = %Zai%‘”pz’ — pj|®
%,J

“If edges shrink, then the expansion decreases, if «v is chosen suitably.”
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Rigidity of pointed polytopes

EXPANSION OF POLYTOPES

Fix a € A,
. 2 ._ 1 2
a-expansion: || P[] == 3 g a;al|pi — pyl|
1,J
“If edges shrink, then the expansion decreases, if «v is chosen suitably.”

Theorem. (W., 2023)

Let P C R? be a polytope and q: Gp — R® an embedding of its edge-graph
with edges at most as long as in P. If « € A,, are Wachspress coordinates of
some interior point of P, then

IPlla = llglla-

Equality holds if and only if q is an affine transformation of the skeleton of P
and has the same edge lengths.
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Rigidity of pointed polytopes

EXPANSION OF POLYTOPES

Fix a € A,
. 2.1 2
a-expansion: || P2 = 3 E OliOlePi —pj||
1,J
“If edges shrink, then the expansion decreases, if «v is chosen suitably.”

Theorem. (W., 2023)

Let P C R? be a polytope and q: Gp — R® an embedding of its edge-graph
with edges at most as long as in P. If « € A,, are Wachspress coordinates of
some interior point of P, then

IPlla = llglla-

Equality holds if and only if q is an affine transformation of the skeleton of P
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Rigidity of pointed polytopes

INGREDIENTS

convex geometry + spectral graph theory

I. 1zmestiev (2007), “The Colin de Verdiére number and graphs of polytopes”
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Rigidity of pointed polytopes

INGREDIENTS

convex geometry + spectral graph theory

I. 1zmestiev (2007), “The Colin de Verdiére number and graphs of polytopes”

P°(c) :={x € R*| (x,p;) < ¢ foralli € V(Gp)}.

Expand vol(P°(c)) at c = 1:

vol(P°(c)) = vol(P°) + (d,e — 1) + 2 (c = 1) T V(e — 1) + -
1 I

Wachspress Izmestiev
coordinates matrix
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Rigidity of pointed polytopes

RECALLING THE STATEMENT

Theorem. (W., 2023)

Let P C R? be a polytope and q: Gp — R® an embedding of its edge-graph
with edges at most as long as in P. If « € A,, are Wachspress coordinates of
some interior point of P, then

1Plla = llglla-

Equality holds if and only if q is an affine transformation of the skeleton of P
and has the same edge lengths.

max [|gla
st |lg— gl < llpi —pjll, forallijeE
qi,---,4n S R"™
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Rigidity of pointed polytopes

PROOF: VIA SEMIDEFINITE PROGRAMMING

max g/l
st llai —g;ll < [lpi —psll, forallijeE
Qs qn € R”
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Rigidity of pointed polytopes

PROOF: VIA SEMIDEFINITE PROGRAMMING

max g/l
st llai —g;ll < [lpi —psll, forallijeE
Qs qn € R”

I

max Y, ollgi|?
s.t. Zz a;q; =0
llai — qjll < |lpi — pjll, forallij € B

q1;--,qn € R"
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Rigidity of pointed polytopes

PROOF: VIA SEMIDEFINITE PROGRAMMING

max g/l
st llai —g;ll < [lpi —psll, forallijeE
Qs qn € R”

I

max 3, aillqil|®
s.t. Zz a;q; =0
lai — qjll < llpi — psll, forallij € E
q1;--,qn € R™

I

min ZijeE wisllpi — pj?
st. L, —diag(a) + paa’ =0
w >0, u free
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Rigidity of pointed polytopes

PROOF: VIA SEMIDEFINITE PROGRAMMING

1Pl max P )
st |lai — gl < |lpi —pjll, forallijeE
qi,--,qn € R”

I

max Y, ollgi|?
s.t. Zz a;q; =0
llai — qjll < |lpi — pjll, forallij € B

1y Qn € R™
(Pl = min 30 Mo llpi = pyll
st. L, —diag(a) + paa’ =0
w >0, u free
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Rigidity of pointed polytopes
CONSEQUENCES

Corollary.

A polytope is uniquely determined (up to affine transformations) by its
edge-graph, edge lengths and the Wachspress coordinates of any interior point.

0 - vol(F;)
" lpil| vol(P)
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Rigidity of pointed polytopes

ARE WE DONE ... 7

2
+Plla

Z aillpi|* = H Z%‘Pi
i

7

Al \ VI

i i

2
+ Qo

Theorem. (W., 2023)

Let P C R? be a polytope and q: Gp — R® an embedding of its edge-graph
with edges at most as long as in P. If « € A,, are Wachspress coordinates of
some interior point of P, then

[Plla = llglla-
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Rigidity of pointed polytopes

THE WACHSPRESS MAP ¢: P — (@)

¢(x) = Z @i (2)gi-

Question: When do we have ¢(z) = 0 for some z € int(P)?
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Rigidity of pointed polytopes

THE WACHSPRESS MAP ¢: P — (@)

¢(x) = Z @i (2)gi-

Question: When do we have ¢(z) = 0 for some z € int(P)?

Centrally symmetric
— ¢(0) = 0.

Small perturbations
— if 0 € B<(0) C P, then 0 € ¢(B(0)).

Combinatorially equivalent

— ¢: P — Q@ is surjective.
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Rigidity of pointed polytopes

THE WACHSPRESS MAP ¢: P — (@)

¢(x) = Z @i (2)gi-

Question: When do we have ¢(z) = 0 for some z € int(P)?

Centrally symmetric
— ¢(0) = 0.

Small perturbations
— if 0 € B<(0) C P, then 0 € ¢(B(0)).

Combinatorially equivalent

— ¢: P — Q is surjective.  Conjecture (FLOATER): ¢ is injective.
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CONJECTURES

Conjecture.

A polytope is determined (up to isometry) by its edge-graph, edge lengths and
the distance of each vertex from some common interior point.

Conjecture.

The edge-graph and edge lengths determine the combinatorial type.

Conjecture. (strengthening Cauchy’s rigidity theorem)
A polytope is uniquely determined by its 2-skeleton and the shape of its 2-faces.
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Thank you.



	Flexible polytopes
	Rigidity of pointed polytopes
	Conjectures

