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Turán problems

Definition
Let F be a family of 𝑟-uniform hypergraphs.

The Turán number ex(𝑛, F ) is the maximum number of edges in an
𝑟-uniform hypergraph 𝐻 on 𝑛 vertices that does not contain a copy of 𝐹
for any 𝐹 ∈ F .

The Turán density 𝜋(F ) is defined to be

lim
𝑛→∞

ex(𝑛, F )(𝑛
𝑟

) .
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Turán problem for graphs (𝑟 = 2)

Very well understood for non-bipartite graphs.

Theorem (Mantel’s Theorem, 1907)
𝜋(𝐾3) = 1/2.
ex(𝑛, 𝐾3) =

⌊
𝑛2/4

⌋
, and the unique extremal graph is the balanced

complete bipartite graph 𝐾⌊𝑛/2⌋,⌈𝑛/2⌉ .

Theorem (Erdős-Stone Theorem, 1946)
If 𝜒(𝐹) = 𝜒 + 1, then 𝜋(𝐹) = 1 − 1/𝜒 and ex(𝑛, 𝐹) = (1 − 1/𝜒 + 𝑜(1))

(𝑛
2
)
.
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Turán problem for hypergraphs (𝑟 ≥ 3)

Let 𝑇𝑟 (𝑛) be the balanced complete 𝑟-partite 𝑟-uniform hypergraph.

Fact
Let 𝑟 ≥ 2 and let F be a family of 𝑟-uniform hypergraphs.

𝜋(F ) ≥ 𝑟!/𝑟𝑟 if no 𝐹 ∈ F is 𝑟-partite, because 𝑇𝑟 (𝑛) is F -free.
𝜋(F ) = 0 otherwise.

Question
Can we generalise Mantel’s Theorem by finding a family F of triangle-like
𝑟-uniform hypergraphs such that 𝜋(F ) = 𝑟!/𝑟𝑟?
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Some attempts
Let T𝑟 and Δ(1,1,...,1) be the following 𝑟-uniform hypergraphs.

...

· · ·

T𝑟

· · ·

· ·
· · · ·· ·
· · · ·

Δ(1,1,...,1)

Note that T2 = Δ(1,1) = 𝐾3.
[Frankl, Füredi, 1983] 𝜋(T3) = 3!/33.
[Pikhurko, 2008] 𝜋(T4) = 4!/44.
[Frankl, Füredi, 1989] 𝜋(T5) > 5!/55 and 𝜋(T6) > 6!/66.
[Mubayi, Pikhurko, 2007] 𝜋(Δ(1,1,...,1) ) = 𝑟!/𝑟𝑟 .
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New attempt
Let Δ(𝑟−𝑖,𝑖) be given below, and let F𝑟 ,𝑘 = {Δ(𝑟−𝑖,𝑖) | 1 ≤ 𝑖 ≤ 𝑘}.

· · · · · ·

· ·
· · · ·

Δ(𝑟−𝑖,𝑖)

Theorem (Chao, Yu, 2024+)

𝜋(F𝑟 ,⌊𝑟/2⌋) = 𝑟!/𝑟𝑟 .

Theorem (Liu, 2025+)
ex(F𝑟 ,⌊𝑟/2⌋) = |𝐸 (𝑇𝑟 (𝑛)) |, with 𝑇𝑟 (𝑛) being the unique extremal construction.
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Our Results
Let Δ(𝑟−𝑖,𝑖) be given below, and let F𝑟 ,𝑘 = {Δ(𝑟−𝑖,𝑖) | 1 ≤ 𝑖 ≤ 𝑘}.

· · · · · ·

· ·
· · · ·

Δ(𝑟−𝑖,𝑖)

Theorem (Iľkovič, Y., 2025+)

𝜋(F𝑟 ,⌈𝑟/𝑒⌉) = 𝑟!/𝑟𝑟 .

Theorem (Iľkovič, Y., 2025+)
ex(F𝑟 ,⌈𝑟/𝑒⌉) = |𝐸 (𝑇𝑟 (𝑛)) |, with 𝑇𝑟 (𝑛) being the unique extremal construction.

7 / 13



Reduction to optimisation with entropy

Chao and Yu’s novel entropy method:

· · · · · ·

· ·
· · · ·

𝜋(F𝑟 ,𝑘) ⇐⇒
∏𝑟

𝑖=1 𝑥𝑖

Turán density problem ⇐⇒ Optimisation problem

Δ(𝑟−𝑖,𝑖)

⇐⇒
𝑥𝑖 + 𝑥𝑟−𝑖 ≤ 𝑥𝑟

𝑥𝑖 + 𝑥 𝑗 ≤ 𝑥𝑖+ 𝑗
for each 𝑖 ≤ 𝑗 ≤ 𝑟 − 𝑖
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Reduction to optimisation with entropy

For every 1 ≤ 𝑘 ≤ ⌊𝑟/2⌋, define X𝑟 ,𝑘 ⊂ [0, 1]𝑟 to be{
0 < 𝑥1 ≤ · · · ≤ 𝑥𝑟 = 1 | 𝑥𝑖 + 𝑥 𝑗 ≤ 𝑥𝑖+ 𝑗 for every 𝑖 ∈ [𝑘] and 𝑖 ≤ 𝑗 ≤ 𝑟 − 𝑖

}
.

Lemma (Chao, Yu, 2024+)

𝜋(F𝑟 ,⌊𝑟/2⌋) ≤ max

{
𝑟∏
𝑖=1

𝑥𝑖

����� (𝑥1, . . . , 𝑥𝑟 ) ∈ X𝑟 ,⌊𝑟/2⌋

}
Theorem (Chao, Yu, 2024+)

max

{
𝑟∏
𝑖=1

𝑥𝑖

����� (𝑥1, . . . , 𝑥𝑟 ) ∈ X𝑟 ,⌊𝑟/2⌋

}
=
𝑟!
𝑟𝑟
.
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𝑟!
𝑟𝑟
.

Moreover, the choice of ⌈𝑟/𝑒⌉ here cannot be improved.
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Where does 𝑒 come from?
Let 𝜀 > 0 be sufficiently small, and let 1 ≤ 𝑘 ≤ ⌊𝑟/2⌋. Consider the sequence
(𝑥1, . . . , 𝑥𝑟 ) given by

𝑥𝑖 =

{
(1 − 𝜀)𝑖/𝑟, if 𝑖 ∈ [𝑘],
𝜀 + (1 − 𝜀)𝑖/𝑟, if 𝑘 + 1 ≤ 𝑖 ≤ 𝑟.

It is easy to check that (𝑥1, . . . , 𝑥𝑟 ) ∈ X𝑟 ,𝑘 . Define 𝑓 (𝜀) to be

𝑓 (𝜀) =
∏𝑟

𝑖=1 𝑥𝑖

𝑟!/𝑟𝑟 =

∏𝑟
𝑖=1 𝑥𝑖∏𝑟
𝑖=1

𝑖
𝑟

=

𝑘∏
𝑖=1

(1 − 𝜀)
𝑟∏

𝑖=𝑘+1

(
1 + (𝑟 − 𝑖)𝜀

𝑖

)
.

If 𝑘 < ⌊𝑟/𝑒⌋,

𝑓 ′(0) = −𝑘 +
𝑟∑︁

𝑖=𝑘+1

(𝑟 − 𝑖)
𝑖

≥ −𝑘 + 𝑟
∫ 1

𝑘+1
𝑟

1 − 𝑡
𝑡

d𝑡 > 0,

so
∏𝑟

𝑖=1 𝑥𝑖 > 𝑟!/𝑟𝑟 for small 𝜀.
11 / 13
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Solving the optimisation problem

Theorem (Iľkovič, Y., 2025+)

max

{
𝑟∏
𝑖=1

𝑥𝑖

����� (𝑥1, . . . , 𝑥𝑟 ) ∈ X𝑟 ,⌈𝑟/𝑒⌉

}
=
𝑟!
𝑟𝑟
.

Proof sketch.
From the conditions, 𝑥1 ≤ 1/𝑟, so suppose 𝑥1 = (1 − 𝜀)/𝑟 .

If 𝑥𝑖 = (1 − 𝜀)𝑖/𝑟 for all 𝑖 ≤ ⌈𝑟/𝑒⌉, then 𝑥𝑖 ≤ 𝜀 + (1 − 𝜀)𝑖/𝑟 for all 𝑖 > ⌈𝑟/𝑒⌉.
Then,

log
(∏𝑟

𝑖=1 𝑥𝑖

𝑟!/𝑟𝑟

)
≤ −𝑘𝜀 +

𝑟∑︁
𝑖=𝑘+1

(𝑟 − 𝑖)𝜀
𝑖

≤ 𝜀
(
𝑟

∫ 1

𝑘
𝑟

1 − 𝑡
𝑡

d𝑡 − 𝑘
)
≤ 0.

Otherwise, with some small adjustments we get (𝑥′1, . . . , 𝑥
′
𝑟 ) ∈ X𝑟 ,⌈𝑟/𝑒⌉ such

that
∏𝑟

𝑖=1 𝑥𝑖 <
∏𝑟

𝑖=1 𝑥
′
𝑖
, so (𝑥1, . . . , 𝑥𝑟 ) is not optimal. □
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Final remarks

Theorem (Iľkovič, Y., 2025+)

max

{
𝑟∏
𝑖=1

𝑥𝑖

����� (𝑥1, . . . , 𝑥𝑟 ) ∈ X𝑟 ,⌈𝑟/𝑒⌉

}
=
𝑟!
𝑟𝑟
.

Ma and Zhu (2025+) gave an alternate proof of this with a very clever and
sophisticated application of the AM-GM inequality.

Recall that the entropy methods cannot prove 𝜋(F𝑟 ,𝑘) = 𝑟!/𝑟𝑟 for 𝑘 < ⌊𝑟/𝑒⌋.

Question
Is 𝜋(F𝑟 ,𝑘) > 𝑟!/𝑟𝑟 if 𝑘 < ⌊𝑟/𝑒⌋?
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Ma and Zhu (2025+) gave an alternate proof of this with a very clever and
sophisticated application of the AM-GM inequality.

Recall that the entropy methods cannot prove 𝜋(F𝑟 ,𝑘) = 𝑟!/𝑟𝑟 for 𝑘 < ⌊𝑟/𝑒⌋.
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