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Prologue
This notes consists of my learnings in the structure of Radon measures on an abstract measure space, in partic-
ular, on a locally compact Hausdorff (LCH) topological space. I have tried to link this rather under-appreciated
part of measure theory with some aspects in functional analysis, including weak-* topology, positive linear
functionals and their representations. Some aspects arising from geometric measure theory and the calculus
of variations are discussed after having introduced the general framework with Radon measures. This note
should be more or less self-contained in the sense that the readers are only expected to know some elementary
measure theory. The material here is largely inspired by the content in the excellent books by Folland [Fol13]
and by Ambrosio-Fusco-Pallara [AFP00]. All mistakes or typos are almost certainly my own and any comment
or corrections will be appreciated.

1 Locally compact Hausdorff topological spaces
Recall a locally compact Hausdorff(LCH) topological space admits a compact neighbourhood around each point
and the defining topology is Hausdorff. For sufficiently regular measures, we can approximate any measurable
sets with compact subsets from the inside. Moreover, the space of Radon measures naturally gives rise to a
characterisation of the continuous dual space for the space of continuous functions. This fact constitutes of
an important link between integration theory and functional analysis, as well as the study of rough geometric
objects. Throughout this text, we will refer to countable unions/intersections of closed/open sets Fσ or Gδ sets.

Definition 1.1 (Separation axioms). Let X be a topological space. We say X is a Tj-space if:

• T0 (Kolmogorov), if for x ̸= y ∈ X , there exists U ∈ TX such that x ∈ U and y /∈ U or an open set
V ∈ TX such that x /∈ V and y ∈ V ;

• T1 (Fréchet), if for x ̸= y ∈ X , there exists U ∈ TX such that x ∈ U and y /∈ U ;

• T2 (Hausdorff), if for x ̸= y ∈ X , we can find disjoint open sets U, V ∈ TX with x ∈ U and y ∈ V ;

• T3 (regular), if X is T1-space and for any F ⊂ X closed, x ∈ X \ F , there are disjoint open sets
U, V ∈ TX with x ∈ U and F ⊂ V ;

• T4 (normal), if X is T1-space and for any disjoint closed sets F,K ⊂ X , we can find disjoint open
neighbourhoods U, V ∈ TX with F ⊂ U and K ⊂ V .

We will establish another topological separation condition. A prototype on normal spaces is discussed below.

Lemma 1.1. Let X be T4-space and A,B ⊂ X disjoint closed subsets. Denote the set of dyadic rationals in
(0, 1) by D = {k2−i | i ∈ N, k ∈ (0, 2i)}. Then there exists a family {Ud | δ ∈ D} of open subsets in X such
that A ⊂ Uδ ⊂ X \B for any δ ∈ D and Uδ ⊂ Us for all δ < s.

Proof. By normality, we find disjoint V,W ∈ TX with A ⊂ V and B ⊂ W . Then since X \W is closed,
setting U 1

2
= V gives us A ⊂ U 1

2
⊂ U 1

2
⊂ X \W ⊂ X \B.

We now proceed by induction on i to find Uk2−i . Suppose for induction we have found Uk2−i for any k ∈ (0, 2i)
and i ⩽ N . Set for convenience U0 = A and X \U1 = B. Note U j2−N and X \U(j+1)2−N are disjoint closed
sets for any j ∈ [0, 2N ). Thus by the base case, we can find U(2j+1)2−(N+1) ∈ TX such that:

A ⊂ U j2−N ⊂ U(2j+1)2−(N+1) ⊂ U (2j+1)2−(N+1) ⊂ U(j+1)2−N ⊂ X \B.

The collection {Uδ | δ ∈ D} clearly satisfies all the desired conditions.
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A geometric intuition for the above lemma comes from simply taking X to be the plane R2. Then the sets Uδ
can be thought of as regions bounded by plane curves ∂Uδ , forming a topographical map for f .

Proposition 1.1 (Urysohn’s lemma on normal spaces). LetX be a normal space and A,B ⊂ X disjoint closed
subsets. Then there exists f ∈ C0(X; [0, 1]) such that f ≡ 0 on A and f ≡ 1 on B.

Proof. Let {Uδ | δ ∈ D} be the collection from lemma 1.1 and set for convenience U1 = X . We can define:

f : X → [0, 1], x 7−→ inf{δ ∈ D ∪ {1} | x ∈ Uδ},

which is now well-defined. We clearly have the required separation since A ⊂ Uδ ⊂ X \B for all δ ∈ (0, 1):

f(x) = 0∀x ∈ A, f(x) = 1∀x ∈ B, f(x) ∈ [0, 1]∀x ∈ X.

Now it suffices to show that the pre-images of the half-lines under f are open for continuity of f . Indeed, note
f(x) < λ if and only if x ∈ Uδ for some δ < λ, which is then equivalent to x ∈

⋃
δ<λ Uδ by construction. Thus,

f−1((−∞, λ)) =
⋃
δ<λ Uδ is open. Similarly, f(x) > λ if and only if x /∈

⋂
δ>λ Uδ =

⋃
δ>λX \ U δ , whence

f−1((λ,∞)) =
⋃
δ>λX \Uδ is open. Then it suffices to recall the half-lines generates the topology on R.

Lemma 1.2. If X is a locally compact Hausdorff topological space and U ∈ TX , then for any x ∈ U , there
exists a compact neighbourhood K of x such that K ⊂ U .

Proof. By shrinking the neighbourhood(e.g. replacing U with U ∩ V with V ∋ x open precompact), we can
assume without loss of generality that U is precompact. Since X is Hausdorff and in particular regular, we can
separate the singleton x and ∂U by relatively open neighbourhoods V,W ⊂ U of x and ∂U respectively. Then
V is a compact neighbourhood of x contained in U since it is disjoint from the boundary.

Lemma 1.3. Let X be locally compact Hausdorff topological space and K ⊂ U ⊂ X , where K is compact
and U is open. Then there exists a precompact open set V ∈ TX such that K ⊂ V ⊂ V ⊂ U .

Proof. Choose for any x ∈ K, a compact neighbourhood F (x) ⊂ U . Then {int(F (x)) | x ∈ K} forms an open
cover for compact K. The finite subcover {int(F (xi)) | i = 1, . . . , N} gives rise to an open neighbourhood:

V =

N⋃
i=1

int(F (xi)) with K ⊂ V ⊂ V =

N⋃
i=1

F (x) ⊂ U,

where V is a finite union of compact sets and thus compact.

We can now prove the more general version of Urysohn’s lemma on LCH spaces.

Theorem 1.1 (Urysohn’s lemma on LCH spaces). Let X be a locally compact Hausdorff topological vector
space and K ⊂ U ⊂ X with U ∈ TX and K compact. Then there exists f ∈ C0(X; [0, 1]) such that f ≡ 1 on
K and f ≡ 0 outside a compact subset of U .

Proof. Choose a neighbourhoodV ofK withK ⊂ V ⊂ V ⊂ U as in lemma 1.3. ThenV is a compact Hausdorff
space and thus normal. Indeed, for given disjoint closed subsets E,F ⊂ V , we can separate each point in E
from F by some open neighbourhoods N(x), Z(x) ⊂ X . This gives rise to an open cover {N(x) | x ∈ E}
of the compact subset E. Thus for some finite subcover, E′ =

⋃k
j=1N(xj) and F ′ =

⋂k
j=1 Z(xj) are disjoint

open neighbourhoods separating E and F .
Now we can apply Urysohn’s lemma for normal spaces on V , which separatesK and ∂V via f ∈ C0(V ; [0, 1]),
i.e. f ≡ 1 on K and f ≡ 0 on ∂V . Now extend f by zero to the whole space.

Remark 1.1. I like to think of the proof as saying LCH spaces can be locally modelled as normal spaces, which
then reduces to the topographical intuition for normal spaces. This result should be compared with the existence
of a distance functional on Banach spaces(as a consequence of the analytic form of the Hahn-Banach theorem).
Urysohn’s lemma can be used to introduce another separation axiom, which lies somewhere between T2 and T3:

Definition 1.2 (Completely regular (T2 1
2
) spaces). A topological spaceX is completely regular ifX is T1-space

and for any A ⊂ X closed and x /∈ A, we can find f ∈ C0(X; [0, 1]) such that f(x) = 1 and f ≡ 0 on A.
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Given apriori a continuous function defined on a compact subset in a LCH space, we can define an extension
similar to the bump functions on Euclidean spaces, or more generally on smooth manifolds. The construction of
which uses the Urysohn’s lemma and structure of continuous functions on a general topological space.

Theorem 1.2 (Tietze extension theorem on LCH spaces). Let X be a locally compact Hausdorff topological
space and K ⊂ X compact. If f0 ∈ C0(K), then we can find f ∈ C0(X) extending f0, i.e. f ≡ f0 on K,
where we can choose f such that f ≡ 0 outside some compact set containing K.

Proof. Note any continuous function is necessarily bounded on compact sets. Thus, we may as well assume
f0(x) ∈ [0, 1] for every x ∈ K by scaling and translation. NoteK is compact in a Hausdorff space, thus closed.
Claim: There exists gi ∈ C0(X; [0, 2

i−1

3i ]) for any j ∈ N such that 0 ⩽ f0 −
∑
j⩽i gj ⩽

2i

3i on K.
Indeed, consider the sets C11 = f−1

0 ([0, 13 ]) and C12 = f−1
0 ([ 23 , 1]), which are closed subsets in compact K

thus closed in X . Using the Urysohn’s lemma, we find g1 ∈ C0(X; [0, 13 ])(by scaling) such that g1 ≡ 0 on C11

and g1 ≡ 1
3 on C12. An inductive argument allows us to further separate the pre-image of the Cantor splitting.

Suppose (gi)Ni=1 have been found, we can use the same argument to find gN+1 ∈ C0(X; [0, 2N

3N+1 ]) such that:

gN+1 ≡ 0 on

{
0 ⩽ f0 −

N∑
i=1

gi ⩽
2N

3N+1

}
and gN+1 ≡ 2N

3N+1
on

{
f0 −

N∑
i=1

gi ⩾
2N

3N+1

}
.

Now notice that ∥gi∥C0(X) ⩽
2i

3i for any i ∈ N, where
∑
i∈N

2i

3i <∞ and in particular the tail sum is infinitesi-
mal. Thus the partial sums fN =

∑
i⩽N gi defines a uniformly Cauchy sequence. By completeness of the space

of continuous functions, fN → f =
∑
i∈N gi ∈ C0(X; [0, 1]) with 0 ⩽ f0 − f ⩽ 2i

3i for all i.

The above results give hint towards the following versatile construction. LetX be a topological space. A partition
of unity on E ⊂ X is a family of functions {φi | i ∈ I} ⊂ C0(X; [0, 1]) such that:

• every x ∈ X admits a neighbourhood U(x) ⊂ X such that φi = 0 on U(x) for all but finitely many i ∈ I;

•
∑
i∈I φi = 1 pointwise everywhere on E.

We say that a partition of unity {φi | i ∈ I} of E is subordinate to an open cover U of E if for any U ∈ U ,
there exists iU ∈ I such that suppφiU ⊂ U . If X is a LCH space and E ⊂ X is compact, then we can choose
partition of unity consisting of only compactly supported continuous functions.

Proposition 1.2 (Compact exhaustion). Any second-countable, locally compact Hausdorff space X admits a
compact exhaustion, i.e. there exists sequence of compact sets (Ki | i ∈ N) such that X =

⋃∞
i=1Ki and

Ki ⊂⊂ Ki+1 for all i ∈ N.

Proof. We will first show that every x ∈ X admits a neighbourhood basis of precompact sets. Indeed, pick by
local compactness of X , a compact set K ⊂ X containing a neighbourhood U ⊂ X of x. Now the collection
C(U, x) of all neighbourhoods of x contained in U forms a neighbourhood basis for x since for any neighbour-
hood V of x, U ∩ V ∈ C(U, x) is contained in V . Now since K is closed, we have any V ∈ C(U, x) is a
precompact set contain in K, which thus shows that C(U, x) defines a neighbourhood basis of precompact sets.
In particular, TX admits a basis of precompact subsets. By second-coutability, we can find a countable open
covering of X by precompact subsets (Ui | i ∈ N). Now construct the compact exhaustion inductively by first
setting K1 := U1 and k1 = 1. For each i ∈ N, pick ki ∈ N by compactness such that:

Ki ⊂ Uk1 ∪ · · · ∪ Uki since X ⊂
∞⋃
i=1

Ui.

Then we can set Ki+1 :=
⋃i
j=1 Ukj such that Ki+1 is compact and Ki ⊂⊂ Ki+1. This gives us the desired

exhausion by compact sets.

If X is a non-compact LCH space, we can modify X into a compact topological space by the means of Alexan-
droff 1-point compactification. Indeed, recall the space of continuous functions vanishing at infinity:

C0(X) := {f ∈ C0(X) | ∀ε > 0, {|f | ⩾ ε} compact} = C0
c (X) ⊂ C 0(X).

We can adjoin the space X with a single point ∞ at infinity such that C0(X) consists of precisely the functions
such that f(x) → 0 as x → ∞. The compactification of X is denoted by X∞ = X ∪ {∞}. The topology on
X∞ is defined as the collection T∞ of subsets U ⊂ X∞ such that:

3



(i) either U ⊂ X is an open subset of X , i.e. U ∈ T ;

(ii) or ∞ ∈ U and X∞ \ U ⊂ X is open in X .

Then the inclusion map ι : X ↪→ X∞ is in fact an topological embedding and (X∞,T∞) defines a compact
topological space. Furthermore, f ∈ C0(X) extends continuously to X∞ if and only if f = f0 + λ for some
f0 ∈ C0(X) and a constant λ ∈ R, where the extension is given by setting f(∞) = λ.

2 Positive linear functionals on C0
c (X)

For the remainder of this section, X will always denote a locally compact Hausdorff topological space.

Definition 2.1 (Positive linear functionals). A linear functional I : C0
c (X) → R is called positive if for any

f ∈ C0
c (X) with f ⩾ 0 everywhere on X , we have I(f) ⩾ 0.

Positivity of linear functionals on C0
c (X) in fact implies a rather strong continuity property.

Proposition 2.1 (Local continuity). Let I : C0
c (X) → R be a positive linear functional on Cc(X). Then for any

compact subset K ⊂ X , there exists C(K) = const. such that:

|⟨f, I⟩| = |I(f)| ⩽ C(K) · ∥f∥C0(X) for any f ∈ C0
c (X) with supp f ⊂ K.

Proof. Without loss of generality f is R-valued. Let K ⊂ X be compact and by Urysohn’s lemma, we can
choose some ϕK ∈ C0

c (X; [0, 1]) such that ϕK ≡ 1 onK. Then we have for any f ∈ C0
c (X) with supp f ⊂ K:

|f | = |fϕK | ⩽ ϕK ·∥f∥ ⇔ ∥f∥ϕK±f ⩾ 0 ⇒ I(∥f∥ϕK±f) = ∥f∥I(ϕK)−I(f) ⩾ 0 ⇒ |I(f)| ⩽ C(K)·∥f∥,

where C(K) = I(ϕK) is a fixed constant depending only on K by Urysohn’s lemma.

If µ is a Borel measure on X with µK <∞ for any compact K ⊂ X , then since C0
c (X) ⊂ L1(µ):

Iµ = µ : C0
c (X) → R, f 7−→

ˆ
fdµ,

defines a positive linear functional on Cc(X) and thus locally continuous. We will prove the Riesz-Markov-
Kakutani theorem on C0

c (X), which shows that by imposing further regularity assumptions on such Borel mea-
sures, any positive linear functional on C0

c (X) arises as integration against such Borel measure.

Definition 2.2 (Regularity of Borel measure). Let µ be a Borel measure on X and E ∈ B(X). We say µ is:

(i) outer regular on E if µE = inf{µU | U ⊂ X open neighbourhood of E};

(ii) inner regular on E if µE = sup{µK | K ⊂ E compact}.

Definition 2.3 (Radon measure). A Radon measure on X is a Borel measure µ that is inner regular on all open
sets and outer regular on all Borel sets such that µK <∞ for any K ⊂ X compact.

Theorem 2.1 (Riesz-Markov-Kakutani). If I : C0
c (X) → R is a positive linear functional, then there exists

unique Radon measure µ ∈ M+(X) such that:

I(f) = ⟨f, µ⟩ =
ˆ
fdµ for any f ∈ C0

c (X).

Furthermore, we have for any open U ⊂ X and compact K ⊂ X:

µU = sup{I(f) | f ∈ C0
c (X; [0, 1]), supp f ⊂ U} and µK = inf{I(f) | f ∈ C0

c (X), f ⩾ χK}.

Proof. Consider first the uniqueness statement. Suppose µ ∈ M+(X) is a Radon measure such that we have
I(f) = ⟨f, µ⟩ for any f ∈ C0

c (X). Then for any U ∈ TX , we obtain the following estimate:

f ⩽ χU everywhere ⇒ I(f) = ⟨f, µ⟩ ⩽ ⟨χU , µ⟩ = µU for any f ∈ C0
c (X; [0, 1]) with supp f ⊂ U.
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For any compact subset K ⊂ U , using Urysohn’s lemma, we find f ∈ C0
c (U ; [0, 1]) with f ≡ 1 on K. Thus:

χK ⩽ f everywhere ⇒ µK = ⟨χK .µ⟩ ⩽ ⟨f, µ⟩ = I(f).

Inner regularity of µ on open sets thus gives µU = sup{µK | K ⊂ U compact} ⩽ I(f), which then gives the
representation formula for µU in terms of the functional I . In particular, µ is determined by I on open sets, thus
on all Borel sets by the Carathéodory-Hahn criterion. This gives uniqueness of the representation measure.
For proving the existence of such Radon measure, we define the candidate measure on open sets via:

µU := sup{I(f) | f ∈ C0
c (X; [0, 1]), supp f ⊂ U} for all U ∈ TX ,

and define a set function via the outer regularity condition for arbitrary subsets E ⊂ X:

µ∗E := inf{µU | U ⊃ E, U ∈ TX}.

By definition, we obtain monotonicity µU ⩽ µV (thus also for µ∗) whenever U ⊂ V and µ = µ∗ on open
sets. We will now establish that µ∗ is an outer measure and the µ∗-measurability of open sets in X . The non-
negativity and monotonicity of µ∗ are clear, it thus remains to show σ-subadditivity. It suffices to construct an
outer approximation of µ∗ by µ-measure of open subsets, i.e. µ∗E = inf{

∑
i µUi | E ⊂

⋃
i Ui, Ui open},

which defines an outer measure if we can show σ-subadditivity of µ∗ on open sets.
Let (Ui | i ∈ N) ∈ TX and choose some f ∈ C0

c (X; [0, 1])with supp f ⊂ U :=
⋃
i∈N Ui. SinceK = supp f is

compact, we can find finite subcover (Uj)Nj=1 forK and a partition of unity (φj)
N
j=1 ∈ C0

c (X; [0, 1]) subordinate
to this subcover. Then f =

∑N
j=1 fφj and for all j = 1, . . . , N , fφj ∈ C0

c (Uj ; [0, 1]), which gives us:

I(f) =

N∑
j=1

I(fφj) ⩽
N∑
j=1

µUj ⩽
∑
i∈N

µUi ⇒ µU = sup{I(f) | f ∈ C0
c (U ; [0, 1])} ⩽

∑
i∈N

µUi.

Let U ∈ TX and E ⊂ X an arbitrary subset. By σ-subadditivity, we automatically have µ∗E ⩽ µ∗(E ∩
U) + µ∗(E \ U), thus it suffices to show the reverse inequality for µ∗-measurability of open sets. Without loss
of generality, we can assume µ∗E < ∞. If E open, for any ε > 0, there exists f ∈ C0

c (E ∩ U ; [0, 1]) such
that I(f) > µ(E ∩ U) − ε. For oen subset V = E \ supp f , we can also find h ∈ C0

c (V ; [0, 1]) such that
I(h) > µ(E \ supp f)− ε. Since we have f + h ∈ C0

c (E; [0, 1]), it yields:

µE ⩾ I(f + g) ⩾ µ(E ∩ U) + µ(E \ supp f)− 2ε ⩾ µ(E ∩ U) + µ(E \ U)− 2ε,

where since ε > 0 is arbitrarily chosen, we have µE ⩾ µ(E ∩U) +µ(E \U). For a general subset E ⊂ X , we
can find an open set V ⊃ E approximating the measure ofE from outside. Thus any open set is µ∗-measurable.
In particular, by the means of the Carathéodory-Hahn theorem, any Borel set is µ∗-measurable and µ := µ∗|B(X)

defines a Borel measure on X and satisfies the exterior approximation by I .
Let K ⊂ X be a compact subset and f ∈ C0

c (X; [0, 1]) with f ⩾ χK everywhere. Set for any ε > 0,
Uε := {f > 1− ε} ∈ TX . Then for any h ∈ C0

c (Uε; [0, 1]), we would have:

(1− ε)−1f − h ⩾ 0 everywhere ⇒ I((1− ε)−1f − h) ⩾ 0 ⇒ µUε = sup
h∈C0

c (Uε;[0,1])

I(h) ⩽ (1− ε)−1I(f).

In particular, notice that µK ⩽ µUε by monotonicity for any ε > 0, thus sending ε↘ 0 gives µK ⩽ I(f). On
the contrary, using Urysohn’s lemma, for any U ⊃ K open neighbourhood ofK, we find f ∈ C0

c (U ; [0, 1]) with
f ≡ 1 on K. In particular, we have I(f) ⩽ µU by exterior approximation of µ with I . Thus, we can conclude,
by outer regularity of µ, µK ⩾ I(f) and µK = inf{I(f) | f ∈ C0

c (X), f ⩾ χK}.
Finally, it remains to check I(f) = ⟨f, µ⟩ for any f ∈ C0

c (X), whereas by dilation it suffices to assume f is
[0, 1]-valued. We use a monotone class argument for approximation of the integral. Let N ∈ N be fixed and set
Kj := {f ⩾ jN−1} for each j = 1, . . . , N . Denote by K0 = supp f . We define f1, . . . fN ∈ C0

c (X) via:

fj = min{max{f − j − 1

N
, 0}, 1

N
} : x 7−→


0, x /∈ Kj−1

f(x)− j−1
N , x ∈ Kj−1 \Kj

1
N , x ∈ Kj .

Then we obtain N−1χKj
⩽ fj ⩽ N−1χKj−1

everywhere, which leads to N−1µKj ⩽ ⟨fj , µ⟩ ⩽ N−1µKj−1.
Note also for any open U ⊃ Kj−1, we have Nfj ∈ C0

c (U ; [0, 1]), which then gives us I(fj) ⩽ N−1µU . We
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can thus use outer regularity to obtain N−1µKj ⩽ I(fj) ⩽ N−1µKj−1. Summing over j = 1, . . . , N gives:

1

N

N∑
j=1

µKj ⩽
N∑
j=1

⟨fj , µ⟩ = ⟨f, µ⟩ ⩽ 1

N

N−1∑
j=0

µKj and
1

N

N∑
j=1

µKj ⩽
N∑
j=1

I(fj) = I(f) ⩽
1

N

N−1∑
j=0

µKj .

In particular, we can deduce the following estimate from alternating sum:

|I(f)− ⟨f, µ⟩| ⩽ µK0 − µKN

N
⩽
µ(supp f)

N

N→∞→ 0,

which tells us I(f) = ⟨f, µ⟩ for any f ∈ C0
c (X).

Remark 2.1. The Radon measure µ obtained from the Riesz-Markov-Kakutani theorem in fact comes from
a complete measure µ∗ defined on the space of all µ∗-measurable subsets, which is in fact an outer measure
inducing the desired Radon measure µ and the completion of µ.

3 Regularity and approximation of Radon measures
Proposition 3.1 (σ-finite inner regularity). Every Radon measure is inner regular on the σ-finite subsets.

Proof. Let µ be a Radon measure and E ⊂ X σ-finite. Suppose first µE < ∞. Then for any ε > 0, we can
pick open neighbourhood U ⊃ E and compact subset K ⊂ E such that µE > µU − ε and µK > µE − ε. By
exterior approximation, since µ(U \E) < ε, we can choose another open set V ⊃ U \E such that µV < ε. Set
F = K \ V , which defines a compact subset of E satisfying:

µF = µK − µ(K ∩ V ) > µE − ε− µV > µE − 2ε.

This gives inner regularity of µ on subsets of finite measures. If µE = ∞, then we can write E =
⋃
i∈NEi for

some increasing sequence of finite measure subsets (Ei) with µEi <∞ and µEi → ∞ as i→ ∞. In particular,
for any N ∈ N, we find Ei such that µEi > N . Inner regularity on finite measure sets gives us the existence of
a compact subset K ⊂ Ei ⊂ E with µK > N . In particular, µ inner regular on any σ-finite subsets.

Corollary 3.1. Every σ-finite Radon measure is regular. In particular, every Radon measure on a σ-finite
measure space is regular.

Proposition 3.2. Let µ ∈ M+(X) be a σ-finite Radon measure and E ∈ B(X). Then:

(i) for all ε > 0, there exists U ∈ TX and F ⊂ X closed with F ⊂ E ⊂ U and µ(U \ F ) < ε;

(ii) there exists Fσ-set A =
⋃
iAi and Gδ-set B =

⋂
iBi such that A ⊂ E ⊂ B and µ(B \A) = 0.

Proof. (i) We have E =
⋃∞
i=1Ei for some disjoint sequence (Ei) with µEi < ∞. Pick for each i ∈ N, an

open neighbourhood Ui ⊃ Ei with µUi < µEi + ε2−(i+1). Similarly, there exists disjoint sequence (Gi) with
X \ E =

⋃∞
i=1Gi and open neighbourhoods Vi ⊃ Gi with µVi < µGi + ε2−(i+1). Summing over i gives:

µU ⩽
∑
i∈N

µUi <
∑
i∈N

µEi+ε2
−(i+1) = µE+

ε

2
and µV ⩽

∑
i∈N

µVi <
∑
i∈N

µGi+ε2
−(i+1) = µ(X\E)+

ε

2
,

where we have denoted U =
⋃
i Ui and V =

⋃
i Vi. Setting F = X \ V ⊂ E gives a closed subset such that:

µ(U \ F ) = µ(U \ E) + µ(E \ F ) = µ(U \ E) + µ(V ∩ E) < ε.

(ii) follows from applying (i) with a choice of infinitesimal sequence (εi).

Theorem 3.1 (Borel regularity on LCH spaces). Let X be a LCH space where any open U ⊂ X is σ-compact.
Then every Borel measure onX , finite on compact subsets, defines a regular measure and thus a Radon measure.
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Proof. Let µ be a Borel measure, finite on compact sets. Thus any compactly supported continuous function
is µ-integrable, i.e. C0

c (X) ⊂ L1(µ). In particular, I(f) := ⟨f, µ⟩ defines a positive linear functional by the
Riesz-Markov-Kakutani theorem, which is then induced from some Radon measure ν ∈ M+(X) such that
⟨f, µ⟩ = ⟨f, ν⟩(this does not imply µ ≡ ν yet since we do not know whether µ is a Radon measure).
If U ∈ TX , we can write U =

⋃∞
i=1Ki for some sequence of compact sets (Ki). Pick f1 ∈ C0

c (U ; [0, 1]) such
that f1 ≡ 1 on K1 by using Urysohn’s lemma. Choose inductively (fi) ∈ C0

c (X; [0, 1]) with supp fi ⊂ U for
all i and fi ≡

⋃i
k=1Kk ∪

⋃i−1
k=1 supp fk. Then it holds fi ↗ χU pointwise and thus:

µU = lim
i→∞

⟨fi, µ⟩ = lim
i→∞

⟨fi, ν⟩ = νU,

by monotone convergence theorem. For any E ∈ B(X) and ε > 0, we can find open neighbourhood V ⊃ E
and closed subset F ⊂ E such that µ(V \F ) = ν(V \F ) < ε. Thus µV ⩽ µF + ε ⩽ µE + ε, giving us outer
regularity. Note F is σ-compact and µF ⩾ µE − ε by outer regularity, which allows us to find a sequence of
compact sets (Ki) such that µKi → µF . Thus µ regular and µ ≡ ν by uniqueness from Riesz’s theorem.

Proposition 3.3 (Density theorem). Let µ ∈ M+(X) be a Radon measure. Then C0
c (X) ⊂ Lp(µ) dense

subspace for any p ∈ [1,∞). In particular, Lp(X,B(X), µ) is separable for any p ∈ [1,∞).

Proof. Let E ∈ B(X) such that µE < ∞. Then for any ε > 0, we can find open neighbourhood U ⊃ E
and compact subset K ⊂ E with µ(U \ K) < εp. By Urysohn’s lemma, we find f ∈ C0

c (X) such that
χK ⩽ f ⩽ χU . Integrating this gives us ∥χE − f∥Lp(µ) ⩽ µ(U \K)

1
p < ε. Then the result follows from the

Lp-density of integrable simple functions.

Theorem 3.2 (Egoroff). Let µ ∈ M+(X) be a finite Borel measure and (fi), f : X → C Borel functions such
that fi → f pointwise a.e. Then fi converges to f µ-almost uniformly on X , i.e. for any ε > 0, there exists
E ⊂ X with µE < ε such that fi → f uniformly on X \ E.

Proof. Assume, upto correction on a µ-negligible set, fi → f pointwise everywhere on X . Set for m, k ∈ N:

Em,k :=
⋃
i⩾m

{x ∈ X | |fi(x)− f(x)| ⩾ 1

k
}.

Fix k ∈ N, then (Em,k | m ∈ N) forms a sequence of decreasing sets such that by pointwise convergence,⋂
m∈NEm,k = ∅. In particular, µX <∞, we can conclude µEm,k → 0 as m→ ∞. Now for each k ∈ N, pick

m(k) sufficiently large such that µEm(k),k < ε2−k and defineE :=
⋃
k∈NEm(k),k. Then µE ⩽

∑
k∈N ε2

−k =
ε and supx∈X\E |fi(x)−f(x)| < k−1 whenever i > m(k) by construction, giving us uniform convergence.

Theorem 3.3 (Lusin). Let µ ∈ M+(X) be a Radon measure and f : X → C measurable such that we have
ess supp f ⊂ E with µE <∞. Then for all ε > 0, there exists φ ∈ C0

c (X) such that φ ≡ f away from a set of
measure < ε. If f ∈ L∞(µ), we can find such φ with ∥φ∥C0(X) ⩽ ∥f∥L∞(µ).

Proof. If f ∈ L∞(µ) supported on a set of finite measure, then f is µ-integrable and by density we find (fi) ∈
C0
c (X) such that, upto passing to subsequence, fi → f pointwise a.e. By Egoroff’s theorem, we can find

A ⊂ E = {f ̸= 0} with µ(E \ A) < ε
3 and fi → f uniformly on A. Now we can choose compact subset

K ⊂ A and open neighbourhood U ⊃ E with µ(A \K) < ε
3 and µ(U \ E) < ε

3 . The uniform convergence
on K ⊂ A gives us f |K ∈ C0(X). Then we can find a compactly supported continuous function ψ ∈ C0

c (X)
where ψ ≡ f on K and suppψ ⊂ U . In particular, {f ̸= ψ} ⊂ U \K, giving µ{f ̸= ψ} ⩽ µ(U \K) < ε.
Post-composing h with a smooth cut-off gives us the case for bounded measurable functions.
If f unbounded, then Ei = {|f | ∈ (0, i]} ↗ E as i → ∞. Thus for all i large, we have µ(E \ Ei) < ε

2 . Fix
one such i ∈ N and by the case for L∞-functions, we can find φi ∈ C0

c (X) with φi ≡ fχAi
away from a set of

measure < ε
2 . In particular, φi ≡ f outside a set of arbitrarily small measure.

Proposition 3.4 (Structure of l.s.c. functions). Let X be a topological space. Then the following holds:

(i) U ∈ TX ⇔ χU is lower-semicontinuous;

(ii) F ⊂ X closed ⇔ χF upper-semicontinuous;

(iii) f : X → R ∪ {∞} l.s.c.(or u.s.c.) ⇒ λf l.s.c.(or u.s.c.) for all λ ∈ [0,∞);

(iv) G> family of l.s.c. functions ⇒ f := supG> l.s.c.;
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(v) G< family of u.s.c. functions ⇒ f := inf G< u.s.c.;

(vi) f1, f2 : X → R l.s.c.(or u.s.c.) ⇒ f1 + f2 l.s.c.(or u.s.c.).

If we assume further that X is a locally compact Hausdorff topological space, then:

(I) f ⩾ 0 l.s.c. ⇒ f(x) = sup{h(x) | h ∈ C0
c (X), 0 ⩽ h ⩽ f};

(II) f ⩽ 0 u.s.c. ⇒ f(x) = inf{h(x) | h ∈ C0
c (X), 0 ⩾ h ⩾ f}.

Proof. The usual l.s.c. and u.s.c. properties on a general topological space are routine and hence omitted here.
The statements for LCH spaces are effectively consequences of Urysohn’s lemma.
Indeed, for simplicity we only consider the statement for u.s.c. function f < 0(equality case is trivial). Letx ∈ X
and λ ∈ (0,−f(x)) be arbitrary. Then by upper-semicontinuity, U(λ) = {f < −λ} is an open neighbourhood
of x. Using the Urysohn’s lemma, we find h ∈ C0

c (X)with h(x) = −λ and 0 ⩾ h ⩾ −λχU(λ) ⩾ f everywhere.
Letting λ↗ −f(x) gives us statement (II). Treatment for (I) is similar.

Theorem 3.4 (l.s.c. monotone convergence theorem). Let X be a LCH space and G a family of non-negative
l.s.c. functions as a directed set with the pre-order ⩽, i.e. for any h0, h1 ∈ G, there exists h ∈ G with g0, g1 ⩽ g
everywhere on X . Then for any µ ∈ M+(X) Radon measure:

ˆ
fdµ = ⟨f, µ⟩ = sup

h∈G
⟨h, µ⟩ = sup

h∈G

ˆ
hdµ, where f := sup

h∈G
h.

Proof. By Proposition 3.4 (I), f is necessarily l.s.c. and thus Borel measurable, which then gives the well-
definedness of the integral. By monotonicity of integral, it suffices to show ⟨f, µ⟩ ⩽ suph∈G⟨h, µ⟩. We construct
the approximating sequence of simple functions as follows: for all k,m ∈ N, we set

φm := 2−m
22m∑
k=1

χUk,m
, where Uk,m := {x ∈ X | f(x) > k2−m}.

Clearly, we have φm ↗ f pointwise a.e. asm→ ∞. Then by the usual monotone convergence theorem, for any
λ < ⟨f, µ⟩, we can find m sufficiently large with 2−m

∑22m

k=1 µUk,m = ⟨φm, µ⟩ ⩾ λ. By the inner regularity of
µ on open sets, we can find compact subsets Kk ⊂ Uk,m such that

∑22m

k=1 µKk > 2mλ. We set for each m:

ψm := 2−m
22m∑
k=1

χKk
⇒ f > φm ⩾ ψm on K :=

22m⋃
k=1

Kk,

whence for each x ∈ K, we can pick hx ∈ G with gx(x) > ψm(x) by definition of f . In particular, {Vx :=
{ψm < hx} | x ∈ K} forms an open cover for the compact set K by lower-semicontinuity, and thus admits a
finite subcover {Vxi | i = 1, . . . , N}. Now since G is a directed set, we can find an upper bound h ∈ G such
that h ⩾ maxk⩽N hxi ⩾ ψm. Then monotonicity of integral again gives ⟨h, µ⟩ > λ for all λ < ⟨f, µ⟩.

Corollary 3.2. µ ∈ M+(X) Radon measure, f : X → [0,∞] l.s.c. Then the following holds:
ˆ
fdµ = sup

{ˆ
hdµ | h ∈ C0

c (X), 0 ⩽ h ⩽ f

}
Proposition 3.5 (l.s.c. approximation). Let µ ∈ M+(X) be a Radon measure and f : X → [0,∞] Borel
function. If {x | f(x) > 0} is σ-finite, then:
ˆ
fdµ = inf

{ˆ
hdµ | h ⩾ f, h : X → [0,∞] l.s.c.

}
= sup

{ˆ
hdµ | 0 ⩽ h ⩽ f, h : X → [0,∞] u.s.c.

}
Proof. Let (φi) be sequence of non-negative simple functions such that φi ↗ f pointwise (upto correction
on µ-negligible sets). Writing φ0 ≡ 0 for convenience, we thus have f =

∑
i∈N φi − φi−1. In particular,

we can write f =
∑
i∈N λiχEi

by reordering, where λi > 0 for all i ∈ N. Now for all ε > 0, pick open
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neighbourhoods Ui ⊃ Ei by outer regularity such that µUi ⩽ µEi + ελ−1
i 2−i. By the structure of l.s.c.

functions, h :=
∑
i∈N λiχUi is l.s.c. with h ⩾ f everywhere and:

ˆ
hdµ =

∑
i∈N

λiµUi ⩽ lim inf
ε↓0

∑
i∈N

λi(µEi + ελ−1
i 2−i) =

∑
i∈N

λiµEi =

ˆ
fdµ,

whereas the reverse inequality is trivial since f is l.s.c. This gives us the first claim.
Let λ < ⟨f, µ⟩ be arbitrary and chooseN large such that

∑
i⩽N λiµEi > λ. By inner regularity of µ on σ-finite

sets, we can choose compact subsets Ki ⊂ Ei approximating the measure of Ei such that
∑
i⩽N λiµKi > λ.

Then h :=
∑
i⩽N λiχKi

is an u.s.c. function with 0 ⩽ h ⩽ f and ⟨h, µ⟩ > λ.

4 Dual of continuous functions vanishing at infinity
LetX be a locally compact Hausdorff topological space. Any positive bounded linear functional I : C0

c (X) → R
has a natural continuous extension to the uniform closure C0(X) via a density argument. In particular, recall by
the Riesz-Markov-Kakutani theorem, I is given by integration against a Radon measure µ ∈ M+(X). Since
the constant 1 function is clearly continuous and thus lower-semicontinuous, we can use 3.2 to approximate the
total measure of X and the boundedness of our linear functional I gives:

µX = sup
φ∈C0

c (X;[0,1])

ˆ
φdµ ⩽ ∥I∥(C0

c (X))∗ sup
φ∈BCc(X)

∥φ∥C0(X) = ∥I∥(C0
c (X))∗ <∞.

Thus we can deduce that any finite Radon measure onX induces a positive bounded linear functional on C0(X)
via extension through the dense subset C0

c (X) ⊂ C0(X). We will see that such bounded linear functionals
in fact give hint to a complete characterisation of the dual space C0(X)∗, which is the content of the Riesz
representation theorem. The result crucially relies on a Jordan decomposition of the elements in C0(X)∗.

Lemma 4.1 (Jordan decomposition of continuous linear functionals). If I ∈ C0(X)∗, then there exists positive
linear functionals I± ∈ C0(X)∗ such that I = I+ − I−.

Proof. Define for f ∈ C0(X; [0,∞)), I+(f) := sup{I(ψ) | ψ ∈ C0(X), 0 ⩽ ψ ⩽ f}. For any continuous
compactly supported 0 ⩽ h ⩽ f , we can deduce from linearity:

|I(h)| ⩽ ∥I∥C0(X)∗∥h∥C0(X) ⩽ ∥I∥C0(X)∗∥f∥C0(X) ⇒ 0 ⩽ I+(f) ⩽ ∥I∥C0(X)∗∥f∥C0(X).

Inspired from the proof for linearity of integral, we will show that I+ is the restriction of some linear functional
to C0(X; [0,∞)). Indeed, for any f ∈ C0

c (X; [0,∞)) and λ ⩾ 0, we clearly have I+(λf) = λI+(f) from
linearity of I . If 0 ⩽ ψ0 ⩽ f0 and 0 ⩽ ψ1 ⩽ f1, then we obtain by definition:

0 ⩽ ψ0 + ψ1 ⩽ f0 + f1 ⇒ I+(f0 + f1) ⩾ sup
0⩽ψi⩽fi|i=0,1

I(ψ0) + I(ψ1) = I+(f0) + I+(f1).

For any choice of 0 ⩽ ψ ⩽ f0+f1, we can setψ0 := max{ψ, f0} andψ1 := ψ−ψ0. Then we have 0 ⩽ ψi ⩽ fi
for i = 0, 1, which allows us to conclude I(ψ) = I(ψ0)+I(ψ1) ⩽ I+(f0)+I

+(f1) by definition. In particular,
since ψ is chosen arbitrarily, I+(f0 + f1) = I+(f1) + I+(f2). Thus, we can define a linear extension by
decomposing every f ∈ C0(X) into positive and negative parts, i.e. I+(f) = I+(f+)− I+(f−). In particular:

|I+(f)| = |I+(f+)− I+(f−)|
I+⩾0

⩽ max{I+(f+), I+(f−)} ⩽ ∥I∥C0(X)∗∥f∥C0(X) for all f ∈ C0(X).

Hence, I+ ∈ C0(X)∗ with ∥I+∥C0(X)∗ ⩽ ∥I∥C0(X)∗ , whereas we can set, by the linear structure of the dual
space, I− := I − I+ ∈ C0(X)∗. It is easy to see that I is necessarily positive.

Remark 4.1. By considering the real and imaginary parts separately, we can carry out the analogous discussion
in the proof above for I ∈ C0(X;C)∗. In particular, in the view of the Riesz-Markov-Kakutani theorem, for any
continuous C-linear functionals I ∈ C0(X;C), there are finite Radon measures (µi)4i=1 ∈ M+(X) such that
I(f) = ⟨f, µ⟩ for any f ∈ C0(X;C), where we have denoted the C-valued representation Radon measure by
µ = (µ1 − µ2) + i(µ3 − µ4) ∈ M(X;C).

Definition 4.1 (Vector-valued Radon measures). Let (V, ∥ · ∥) be a finite-dimensional normed space. A set
function µ : B(X) → V is called a vector-valued Radon measure if
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(i) µ∅ = 0;

(ii) µ(
⋃
i∈NEi) =

∑
i∈N µEi for any (Ei) ∈ B(X) disjoint;

(iii) each µi is a signed Radon measure on X .

We denote the space of vector-valued Radon measures by M(X;V ). In particular, since complex measures
are bounded, every complex Borel measure is Radon on a second-countable LCH space. The total variation
measure induce a norm on M(X;V ) by setting for all µ ∈ M(X;V ), ∥µ∥M := |µ|(X). Furthermore,
(M(X;V ), ∥ · ∥M) forms a normed vector space, which is in particular closed under linear operations.

Theorem 4.1 (Riesz representation theorem). LetX be a locally compact Hausdorff topological space. Define:

T : M(X;C) −→ C0(X;C)∗, µ 7−→ Iµ := ⟨·, µ⟩.

Then T : µ 7→ Iµ is an isometric isomorphism between (M(X;C), ∥ · ∥M) and (C0(X;C)∗, ∥ · ∥op).

Proof. From the lemma and remark above, we know that any I ∈ C0(X;C)∗ is induced by some complex Radon
measure. On the contrary, for µ ∈ M(X;C), we can see for any E ∈ B(X):

µE =

ˆ
χE

(
dµ

d|µ|

)
d|µ| ⩽

ˆ ∣∣∣∣χE dµ

d|µ|

∣∣∣∣ d|µ| = |µ|(E),

where we have used the polar decompostion of µ and | dµd|µ| | = 1 |µ|-a.e. Then via a monotone class argument:

|
ˆ
fdµ| ⩽

ˆ
|f |d|µ| ⩽ ∥f∥C0(X)∥µ∥M for any f ∈ C0(X;C).

In particular, in combination with the linearity of integral, we have Iµ ∈ C0(X;C)∗ where ∥Iµ∥op ⩽ ∥µ∥M.
It now remains to show the reverse inequality. Using the Lusin’s theorem, for any ε > 0, we can find some
φ ∈ C0

c (X) ⊂ C0(X) and measurable subset E ⊂ X such that dµ
d|µ| ≡ φ on E and µ(X \ E) ⩽ ε. Thus:

∥µ∥M = |µ|(X) =

ˆ ∣∣∣∣ dµd|µ|
∣∣∣∣2 d|µ| = ˆ

dµ

d|µ|
dµ ⩽ |

ˆ
φdµ|+

ˆ ∣∣∣∣φ− dµ

d|µ|

∣∣∣∣ dµ ⩽ ∥Iµ∥op + 2ε,

where we could normalise φ ∈ BC0
c (X) since the polar of µ has unit length. Hence µ 7→ Iµ is an isometry.

Recall that the continuous dual space ofL∞(µ) consists of elements which are finitely additive complex measures
absolutely continuous with respect to µ. This in turn characterises the second dual space ofL1(µ). Clearly, since
C0(X) ↪→ L∞(µ), the embedding implies the canonical inclusion of dual spaces (L∞(µ))∗ ↪→ C0(X)∗ via
restriction. In particular, we can construct the canonical embedding into the second dual space:

ΛL1(µ) : L
1(X,B(X), µ) ↪→ C0(X;C)∗ = M(X;C), f 7−→ νf := fdµ.

5 Lower-semicontinuity of functionals on Radon measures and gener-
alised products

We discuss the lower-semicontinuity and continuity with respect to the weak-* topology of functional defined
on Radon measures. Some preliminary facts about the interactions between continuous functions and Radon
measures on a given measure space need to be recalled. A useful compactness criterion is given below, which
becomes useful in the discussion of varifold geometry.

Definition 5.1 (Total variation measure). Let X be a locally compact Hausdorff topological space and ν ∈
M(X;V ) a vector-valued measure for some normed vector space (V, ∥ · ∥V ). We define the corresponding total
variation measure |ν| on the Borel subsets of X:

|ν|(E) := sup

{ ∞∑
i=1

∥νEi∥ | E =

∞⋃
i=1

Ei for some pairwise disjoint (Ei) ∈ B(X)

}
for any E ∈ B(X).
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Proposition 5.1 (Equivalent formulation of total variation measure). Let X be a locally compact separable
metric space and µ ∈ M(X;Rm) a finite Radon measure. Then for any open subset U ⊂ Rn:

|µ|(U) := sup

{ˆ
X

φidµi

∣∣∣∣φ = (φ1, . . . , φm) ∈ C0
c (U ;Rm) with ∥φ∥C0(X) ⩽ 1

}
.

Proof. Note µ << |µ| and by the Radon-Nikodym theorem, we obtain the polar decomposition dµ = fd|µ| for
some µ-integrable function f : X → Sm−1 ⊂ Rm. Now fix an arbitrary open set U ⊂ X:∣∣∣∣ˆ

U

φ · dµ
∣∣∣∣ ⩽ ˆ

U

⟨φ, f⟩Eucd|µ| ⩽ ∥φ∥C0(X) · |µ|(U), for all φ ∈ C0
c (U),

by the decomposition of measure and Cauchy-Schwarz inequality. Choosing φ ∈ BC0
c (X;Rm) gives us the back-

ward inequality. On the contrary, recall the dense injection C0
c (U ;Rm) ⊂ L1(A,B(A), µ). We can thus find an

approximating sequence (φi) ∈ BC0
c (U ;Rm) such that φi → fχU in L1. In particular, we have:

lim
i→∞

ˆ
U

φjidµj = lim
i→∞

ˆ
U

⟨φi, f⟩Eucd|µ| = |µ|(U);

by dominated convergence theorem, since f is Sm−1-valued and L1-convergence gives us φi → fχU µ-a.e.

Remark 5.1. The above characterisation of the total variation measure allows us to give an explicit Radon-
Nikodym decomposition. Suppose ν << µ, whence by the Lebesgue-Radon-Nikodym theorem, we obtain:

|ν|(U) = sup
φ∈C0

c (U ;Rm);∥φ∥∞⩽1

ˆ
X

⟨φ, dν⟩Euc = sup
φ∈C0

c (U ;Rm);∥φ∥∞⩽1

ˆ
X

⟨φ, dν
dµ

⟩Eucdµ =

ˆ
X

χU |
dν

dµ
|dµ,

for any open subset U ⊂ X via an argument using the dense injection C0
c (U ;Rm) ↪→ L1(U ;Rm).

Proposition 5.2 (De La Vallée Poussin compactness criterion). Let (µi) ∈ M(X;Rm) be a sequence of finite
Radon measures such that supi∈N |µi|(X) <∞. Then:

(i) (µi) admits a weak-* convergent subsequence;

(ii) µ 7−→ |µ|(X) is lowe-semicontinuous with respect to the weak-* topology.

Proof. Suppose without loss generality, e.g. via scaling, supi∈N |µi|(X) ⩽ 1. Recall that the space of continu-
ous functions on a LCH topological space is separable. Thus we can find a sequence (ui) ∈ C0(X;Rm) (argue
componentwise if necessary) such that clinR({ui | i ∈ N}) = C0(X;Rm).
After normalising each ui, use Cantor’s diagonal argument to extract a subsequence (µik) such that:

⟨um, µik⟩ =
ˆ
X

um dµik → λm as k → ∞, where sup
m∈N

|λm| ⩽ 1.

By the linearity of integral and limits, we can can use the density assumption to define via duality:

⟨u, µ⟩ = lim
k→∞

⟨u, µik⟩, for all u ∈ C0(X;Rm),

where the limit exists via a ε/3-argument. In particular, we necessarily have µ ∈ (C0(X;Rm))∗ ≡ M(X;Rm)

and µik
∗
⇀ µ by construction. The lower-semicontinuity statement follows from the equivalent definition of the

total variation measure as the supremum of a family of weak-* continuous functionals. As a consequence, we
necessarily have |µ|(X) ⩽ lim infk→∞ |µik |(X) ⩽ 1.

Definition 5.2 (Weak-* convergence). Let (µi) ∈ Mloc(X;Rm). We say that µi
∗
⇀ µ locally on X if

ˆ
X

udµi →
ˆ
X

udµ for any u ∈ Cc(X).

For finite Radon measures µ, (µi) ∈ Mloc(X;Rm), we say µi
∗
⇀ µ if

ˆ
X

udµi →
ˆ
X

udµ for any u ∈ C0(X) := Cc(X) ⊂ C 0(X).
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Remark 5.2. We can see that, on locally compact Hausdorff spaces, for µ, (µi) ∈ Mloc(X;Rm) finite Radon
measures, µi

∗
⇀ µ if and only if µi

∗
⇀ µ locally and supi∈N |µi|(X) <∞ in addition.

Indeed, we have that, in a locally compact Hausdorff topological space, Cc(X) ⊂ Lp(µ) is ∥ · ∥Lp -dense for any
p ∈ [1,∞). Thus for any Borel partition, we can approximate the constant-1 function on each partition set by
compactly supported continuous functions in the L1-sense, which then gives us supi∈N |µi|(X) < |µ|(X) by
convergence of the measure of the whole space. The converse direction follows since uniform density implies
L1-density, which then allows us to use a ε/3-argument to conclude. For simplicity, we present a prototypical
criterion for weak-* convergence in M(R;C) below.

Lemma 5.1 (Integration by parts formula). Let µ ∈ M(R;C). Then the following formula holds:ˆ
ψdµ =

ˆ
ψ′(t)µ(−∞, t]dt =

ˆ
ψ′(t)F (t)dt for all ψ ∈ C1

c (R;C).

Proof. Indeed, since ψ is compactly supported, we necessarily have lim|x|→∞ ψ(x) = 0. Thus using the FTC:

ψ(s) =

ˆ s

−∞
ψ′(t)dt⇒

ˆ
ψ(s)dµ(s) =

¨
ψ′(t)χ(−∞,s](t) dt dµ(s) =

ˆ
ψ′(t)µ(−∞, t]dt,

where we have used Fubini’s theorem to justify changing order of integration.

Proposition 5.3 (Convergence in distribution). Suppose (µi), µ ∈ M(R) and consider their respective distri-
bution functions Fi(x) := µi(−∞, x] and F (x) := µ(−∞, x] on R. Then:

(i) supi∈N ∥µi∥M = supi∈N |µ|(X) <∞ and Fi → F at all continuity points of F ⇒ µi
∗
⇀ µ;

(ii) µi
∗
⇀ µ and (µi) ∈ M+(X) ⇒ Fi → F at continuity points of F .

Proof. (i) Denote by F (x+) := limy↑x F (y) and F (x−) := limy↓x F (y). Suppose first that µ is a R-valued
signed measure and note F is clearly increasing by the monotonicity of integral. Thus {(F (x−), F (x+)) | x ∈
R} forms a disjoint collection of intervals such that F (−N) ⩽ F (x−) ⩽ F (x+) ⩽ F (N) if |x| < N . Then:

µ{x ∈ (−N,N) | F (x+) ̸= F (x−)} =
∑

|x|<N

|F (x+)− F (x−)| ⩽ F (N)− F (−N) <∞ for any N ∈ N.

Thus |{x | F (x+) ̸= F (x−)}| is at most countable. In particular, any distribution function is necessarily a
function of bounded variation and thus F is continuous away from at most countably many points. In particular,
the assumption implies Fi → F L1-a.e. and supi∈N ∥Fi∥L∞(R) ⩽ supi∈N |µi|(R) < ∞. Recall C1

c (R) ⊂
C0(R) is a dense subspace and the integration by parts formula gives for any φ ∈ C1

c (R):ˆ
φdµi =

ˆ
φ′(t)Fi(t)dt −→

ˆ
φ′(t)Fi(t)dt =

ˆ
φdµ,

by Lebesgue’s dominated convergence theorem. A 3ε-argument and density allow us to conclude µi
∗
⇀ µ.

(ii) By weak-* convergence, (⟨f, µi⟩)i∈N defines a Cauchy and thus bounded sequence for any f ∈ C0(X). By
the principle of uniform boundedness, supi∈N ∥µi∥ < ∞. Let x ∈ R be a continuity point for the distribution
function F of µ. For any ε > 0, we can define fx, fx ∈ C0

c (R) via the following:

fx(y) :=


1, y ∈ [−N + ε, x];

1− y−x
ε y ∈ (x, x+ ε);

0 otherwise.
and fx(y) :=


1, y ∈ [−N + ε, x− ε];

1− y−(x−ε)
ε y ∈ (x− ε, x);

0 otherwise.

We obtain the following from the weak-* convergence µi
∗
⇀ µ:

lim sup
i→∞

Fi(x)− Fi(−N + ε) = lim sup
i→∞

µi(−N + ε, x] ⩽
ˆ
fxdµ ⩽ F (x+ ε)− F (−N + ε)

lim inf
i→∞

Fi(x)− Fi(−N) = lim sup
i→∞

µi(−N, x] ⩾
ˆ
fxdµ ⩾ F (x− ε)− F (−N + ε)

whereas if we send N → ∞, since Fi(−N), F (−N ± ε) → 0, it yields for ε > 0 arbitrarily small:

F (x− ε) ⩽ lim inf
i→∞

Fi(x) ⩽ lim sup
i→∞

Fi(x) ⩽ F (x+ ε).

Since x is chosen to be a continuity point, we can send ε↘ 0 to obtain limi→∞ Fi(x) = F (x).
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Another useful result describes a generalised notion of product measures, allowing us to decompose measures on
product spaces and giving hints towards the method of disintegration. We briefly describe the approach below.

Definition 5.3 (Measure-valued maps). Let E ⊂ Rn, F ⊂ Rm be open sets, µ ∈ M+(E) Radon measure.
We say a function x 7→ νx, assigning x ∈ E to a finite Radon measure νx ∈ M(F ;Rk), is µ-measurable if
x 7→ νxB is µ-measurable map in the usual sense for any B ∈ B(F ).

Proposition 5.4 (Measurability criterion). If x 7→ νxA is µ-measurable for any open set A ⊂ F , then x 7→ νx
is a µ-measurable measure-valued map. Furthermore, x 7→

´
F
h(x, y)dνx(y) is µ-measurable for any bounded

(Bµ(E)⊗ B(F ))-measurable function h : E × F → R.

Proof. The first part is an exercise using the Caratheodory-Hahn extension. The second part follows from a
monotone class argument and checking µ-measurablility of the rectangle sets, which is clear from definition.

Remark 5.3. In particular, if x 7→ νx is µ-measurable and A ⊂ F open, we obtain:

|νx|(A) = sup

{ˆ
F

k∑
i=1

uid(νx)
i | u ∈ D ⊂ BCc(A;Rk)

}
,

where D is a dense subset in the unit ball. This gives µ-measurability of x 7→ |νx|.

Definition 5.4 (Generalised product measure). Assuming the following holds true:ˆ
E′

|νx|(F )dµ(x) <∞ for any E′ ⊂⊂ E open.

The product Radon measure µ⊗ νx ∈ M(E × F ;Rk) is defined via the following: for any B ∈ B(K × F ):

µ⊗ νx(B) :=

ˆ
E

(ˆ
F

χB(x, y)dνx(y)

)
dµ(x),

where K ⊂ E is an arbitrary compact set. In particular, we have for any Borel function f : E × F → R with
supp f ⊂ E′ × F with E′ ⊂⊂ E, the following integration formula holds:

ˆ
E×F

f(x, y)d(µ⊗ νx)(x, y) =

ˆ
E

(ˆ
F

f(x, y)dνx(y)

)
dµ(x).

Theorem 5.1 (Disintegration of measures on product spaces). Let k ⩾ 1, E ⊂ Rn and F ⊂ Rm open subsets,
ν ∈ M(E × F ;Rk) Radon measure, π : E × F → E projection onto E. Denote µ = π∗|ν|, which is assumed
to be a Radon measure, i.e. |ν|(K × F ) <∞ for any K ⊂ E compact. Then there exist µ-measurable map:

E → M(F ;Rm) x 7−→ νx,

mapping onto the space of Rm-valued finite Radon measures such that:

(i) |νx| ∈ P(F ), i.e. |νx|(F ) = 1 for µ-a.e. x ∈ E;

(ii) f(x, ·) ∈ L1(F, |νx|) for µ-a.e. x ∈ E;

(iii) x 7−→
´
F
f(x, y)dνx(y) ∈ L1(E,µ) for any f ∈ L1(E × F, |ν|);

(iv)
´
E×F f(x, y)dν(x, y) =

´
E

(´
F
f(x, y)dνx(y)

)
dµ(x) for any f ∈ L1(E × F, |ν|).

Moreover, any other µ-measurable map x 7→ ν′x satisfying the above for any bounded, compactly supported
Borel function and ν′xF ∈ L1(E,µ) satisfies νx = ν′x for µ-a.e. x ∈ E.

Corollary 5.1. The total variation of the given Radon measure satisfies |ν| = µ⊗ |νx|.

Recall the definition of a convex function defined on a vector space X: f : X → R∞ = R∪ {±∞} is convex if

f(λx+ (1− λ)y) ⩽ λf(x) + (1− λ)f(y) for any x, y ∈ X,λ ∈ [0, 1].

We say that f is lower-semicontinuous if for any x0 ∈ X and t ∈ (−∞, f(x0)), there exists open neighbourhood
U(x0) ⊂ X of x0 such that f(x) < t for any x ∈ U(x0). Equivalently, f lower-semicontinuous if:

f(x0) ⩽ lim inf
x→x0

f(x) for any x0 ∈ X.

13



Proposition 5.5 (Equivalent formulations of lower-semicontinuity). Let X be a separable Banach space and
f : X∗ → R ∪ {∞} convex. Then:

(i) f weak-* lower-semicontinuous ⇔ f sequentially weak-* lower-semicontinuous;

(ii) f weak-* lower-semicontinuous ⇔ there exists (xi) ∈ X and (λi) ∈ R such that

f(ϕ) = sup
i∈N

ϕ(xi) + λi for any ϕ ∈ X∗.

In particular, f is positively 1-homogeneous if and only if λi = 0 for all i ∈ N.

Proof. (i) Note by definition, lower-semicontinuity always implies sequential lower-semicontinuity with respect
to any topology. Now let f be sequentially weak-* lower-semicontinuous and convex. Consider the sets Ct =
{f ⩽ t}, which are sequentially weak-* closed and convex by our assumption on f . Note the intersection of Ct
with any closed balls in X is necessarily weak-* closed. Then by the Krein-Šmulian theorem, any Ct is weak-*
closed, which implies the weak-* lower-semicontinuity of f .
(ii) Assume without loss of generality f ̸≡ ∞. Now consider the set:

R := {(x, λ) ∈ X × R | f(ϕ) ⩾ ϕ(x) + λ ∀ϕ ∈ X∗},

which reduces to proving for any ϕ ∈ X∗, f(ϕ) = sup{ϕ(x) + λ | (x, λ) ∈ R}, which is equivalent to:

Epi(f) := {(ϕ, t) ∈ X∗ × R | t ⩾ f(ϕ)} ⊂
⋃

(x,λ)∈R

{(ϕ, t) ∈ X∗ × R | t < ϕ(x) + λ}.

Indeed, since X∗ × R is σ-compact with respect to the weak-* topology, the open cover above can be refined
into a countable cover, whence f(ϕ) = supi∈N ϕ(xi) + ti for any ϕ ∈ X∗.
Suppose for now f is a positive functional. Choose φ ∈ X∗ and s < f(φ), thus it follows (φ, s) /∈ Epi(f).
Using the functional separation theorem, we can find z ∈ X and α, β ∈ R such that

⟨ϕ, z⟩+βt > α > ⟨φ, z⟩+βs for any (ϕ, t) ∈ Epi(f) ⇒ ⟨ψ, z⟩+βf(ψ) ⩾ α > ⟨φ, z⟩+βs∀ψ ∈ {f <∞}.

Now choose some ψ ∈ {f < ∞} and t > f(ψ), sending t → ∞ gives β ⩾ 0. If β = 0, we would have
f(φ) = ∞ otherwise we obtain φ(z) > α > φ(z) from above which is a contradiction. Moreover, for any
ε > 0, ψ ∈ {f <∞}, we have ψ(−zε ) + a

ε < 0 ⩽ f(ψ), which then implies (−zε ,
α
ε ) ∈ R. Thus:

φ(
−z
ε
) +

α

ε
→ ∞ as ε ↓ 0 ⇒ f(ϕ) = sup

(x,α)∈R
ϕ(x) + α for all ϕ ∈ X∗.

If β > 0, then using the inequality from the functional separation theorem, we obtain for any ψ ∈ X∗:

ψ(z)βf(ψ) > φ(z) + βs⇔ f(ψ) > ψ(
−z
β

) +
βs+ φ(z)

b
⇒ (

−z
β
,
βs+ φ(z)

b
) ∈ R.

In particular, for any arbitrary s < f(φ), we have:

sup
(x,α)∈R

φ(x) + α ⩾ φ(
−z
β

) +
βs+ φ(z)

β
= s⇒ f(φ) = sup{φ(x) + α | (x, α) ∈ R}.

For a general functional f : X∗ → R∪{∞}, chooseφ ∈ {f <∞} and s < f(φ) arbitrary. Apply the functional
separation theorem as above to get z ∈ X and β ∈ R with ψ(z)+βt > φ(z)+βs for any pair (ψ, t) ∈ Epi(f).
In particular, we have (φ, f(φ)) ∈ Epi(f) by our choice, thus giving us β > 0. Now set:

f̃ : X∗ → R ∪ {∞}, ϕ 7−→ f(ϕ) +
ϕ(z)

β
− βs+ φ(z)

β
,

which is a positive linear functional on X∗, since we have for fixed ϕ ∈ X∗:

ϕ(z)+βf(ϕ) = ϕ(z)+inf{βt | (ϕ, t) ∈ Epi(f)} ⩾ φ(z)+βs⇔ βf̃(ϕ) = βf(ϕ)+ϕ(z)− (βs+φ(z)) ⩾ 0.
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By the case for positive linear functionals on X∗: for any ϕ ∈ X∗, there are (zi) ∈ X and (λi) ∈ R such that:

f̃(ϕ) = sup
i∈N

ϕ(zi) + λi = f(ϕ) +
ϕ(z)

β
− βs+ φ(z)

β
⇔ f(ϕ) = sup

i∈N
ϕ(z̃i) + λ̃i,

where z̃i = zi−β−1z and λ̃i = λi+β
−1(φ(z)+βs). Suppose now (zi, λi) is the defining sequence for f . Then

by linearity f(0) = 0 = supi∈N λi, which gives λi ⩽ 0. In particular, for any ϕ ∈ X∗, f(ϕ) ⩽ supi∈N ϕ(zi).
Since f is positive 1-homogeneous, we have for any i ∈ N, f(ϕ) ⩾ ϕ(zi) + tλi for all t > 0. Sending t ↓ 0 and
taking supremum over the indexing set gives: f(ϕ) ⩾ supi∈N ϕ(zi).

Definition 5.5 (Recession function). Let f : Rm → R∪{∞} be convex, lower-semicontinuous such that f ̸≡ ∞.
We define the recession functional of f to be, for an arbitrary p0 ∈ Rm with f(p0) <∞:

f∞ : Rm → R ∪ {∞}, f∞(p) := lim
t↑∞

f(p0 + tp)− f(p0)

t
.

If f ≡ ∞, we set for completeness f∞(p) = ∞ for any p ̸= 0 and f∞(0) = 0.

Remark 5.4. The values of the recession function is identified by its value on the unit sphere in the domain by
positive 1-homogeneity. Indeed, we have for any t > 0 and p ∈ Rm:

f∞(tp) = lim
h↑∞

f(p0 + h(tp))− f(p0)

h
= t · lim

h↑∞

f(p0 + (th)p)− f(p0)

th
= tf∞(p).

Thus we can expect f∞ to tell us about the behaviour of the convex function f at infinity along each direction
in Rm. In particular, f∞ is finite along any direction of at most linear growth of f and infinite along directions
of growth faster than linear. We have the following function:

fp0,p : (0,∞) → R ∪ {∞}, t 7−→ f(p0 + tp)− f(p0)

t
,

is monontone increasing on (0,∞) for any p0 ∈ {f < ∞} and p ∈ Sm−1 by convexity. Indeed, for any
t > s > 0, p0 + sp = s

t (p0 + tp) + t−s
t p0 ∈ [p0, p0 + tp]:

f(p0 + sp) ⩽ f(p0) +
s

t
(f(p0 + tp)− f(p0)) ⇔

f(p0 + sp)− f(p0)

s
⩽
f(p0 + tp)− f(p0)

t
.

In particular, the limit exists in R ∪ {∞} and f∞ is convex and lower-semicontinuous by the same argument.

Lemma 5.2 (Well-posedness of recession). Let f : Rm → ∪{∞} be convex and lower-semicontinuous such that
f ̸≡ ∞. Choose, by lower-semicontinuity, (xi) ∈ Rm and (λi) ∈ R such that f(p) = supi∈N⟨xi, p⟩Euc + λi.
Then:

f∞(p) = sup⟨xi, p⟩Euc for any p ∈ Rm.

Proof. Fix p0 ∈ Rm such that f(p0) <∞. Note since ⟨xi, p0⟩Euc + λi − f(p0) ⩽ 0:

f∞(p) = sup
k∈N

f(p0 + kp)− f(p0)

k
= sup
i,k∈N

⟨xi, p0⟩Euc + λi − f(p0)

k
+ ⟨xi, p⟩Euc = sup

i∈N
⟨xi, p⟩Euc.

Using the recession function, we can define functionals on pairs of Radon measures relative to some convex
function. We first recall some concepts from abstract measure theory. LetX be a topological space and consider
two signed Borel measures µ, ν ∈ M(X;R) on X . We say ν is singular with respect to µ, written ν ⊥ µ, if
there exists E,F ∈ B(X) partitioning the whole space such that E is µ-negligible and F is ν-negligible: i.e.

E ∪ F = E∆F = (E \ F ) ∪ (F \ E) = X, µE = 0, νF = 0.

Theorem 5.2 (Lebesgue-Radon-Nikodym decomposition). Let ν ∈ M(X;R) and µ ∈ M+(X) be σ-finite
Borel measures. Then there exists unique σ-finite signed Borel measures λ, η ∈ M(X;R) such that:

λ ⊥ µ, η << µ, and ν = λ+ η,

which we refer to as the Lebesgue singular decomposition of ν with respect to µ. Furthermore, there exists an
extended µ-integrable function f : X → R, called the Radon-Nikodym derivative f = dν

dµ of ν with respect to
µ, such that dη = fdµ unique upto µ-a.e. equality. We denote the decomposition by ν = νs + dν

dµ .
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Proof. See [Fol13].

Lemma 5.3. Let λ ∈ M+(Ω) be σ-finite measure and (ψi)i∈N non-negative Borel functions on Ω. Then:
ˆ
Ω

sup
i∈N

ψidλ = sup
I,(Ai|i∈I)

∑
i∈I

ˆ
Ai

ψidλ,

where the supremum is taken over the collection of all finite indexing set I ⊂ N and pairwise disjoint precompact
open subsets (Ai)i∈I of Ω.

Proof. Consider the iterated maximum function maxi=1,...,k ψi. Assuming we can show for each k ∈ N:

ˆ
Ω

max
i=1,...,k

ψidλ = sup{
k∑
i=1

ˆ
Ai

ψidλ | (Ai)ki=1 disjoint open precompact},

then since maxi=1,...,k ψi ↗ supi∈N ψi as k → ∞, we can apply the monotone convergence theorem to get:

ˆ
Ω

sup
i∈N

ψidλ =

ˆ
Ω

lim
k→∞

max
i=1,...,k

ψidλ = lim
k→∞

sup
(Ai)ki=1

k∑
i=1

ˆ
Ai

ψidλ = sup
I,(Ai)i∈I

ˆ
Ai

ψidλ.

Fix k ∈ N and consider the sets Bi := {x ∈ Ω | ψi(x) = maxj⩽k ψj(x)} and for convenience, take B0 = ∅.
Now set Ci = Bi \

⋃
j<iBj , which gives us a sequence of pairwise disjoint sets. The sets (Ci)ki=1 ∈ B(Ω)

partition the measure space Ω = ˙⋃
i⩽kCi and satisfy the condition:

ˆ
Ω

max
i=1,...,k

ψidλ =

k∑
i=1

ˆ
Ci

ψidλ.

By the interior regularity of the measure λ, we can use compact setsKi ⊂ Ci to approximate the collection (Ci).
Then we can pick open neighbourhoods Ai ⊃ Ki which remain pairwise disjoint and have measure sufficiently
close to Ci. In particular, by the means of monotone convergence theorem again, the supremum over disjoint
Borel families is equal to the supremum over families of pairwise disjoint compact sets. This supremum is then
equal to the supremum over disjoint precompact families.

Theorem 5.3 (l.s.c. criterion). Let Ω ⊂ Rn be open, ν, (νi) ∈ M(Ω;Rm) and µ, (µi) ∈ M+(Ω) all Radon
measures. Let f : Rm → [0,∞] be convex, we define the functional on pairs of Radon measures by:

G(µ, ν) :=

ˆ
Ω

f ◦ dν
dµ

(x)dµ(x) +

ˆ
Ω

f∞ ◦ dνs

d|νs|
(x)d|νs|(x),

where νs is the singular part of ν with respect to µ.
If f is also lower-semicontinuous and νi

∗
⇀ ν, µi

∗
⇀ µ locally on Ω, then G weak-* lower-semicontinuous:

G(ν, µ) ⩽ lim inf
i→∞

G(νi, µi).

Proof. Suppose without loss of generality there exists z ∈ Rm with f(z) <∞. We can thus find (λi) ∈ R and
(xi) ∈ Rm such that for any points p ∈ Rm:

f(p) = sup{Li(p) | i ∈ N} = sup
i∈N

⟨xi, p⟩Euc + λi and f∞(p) = sup
i∈N

⟨xj , p⟩Euc.

Fix some arbitrary k ∈ N and pairwise disjoint open subsets (Aj)kj=1 in Ω which are also precompact.
Then for any j = 1, . . . , k, φj ∈ C1

c (Aj ; [0, 1]), we have:
ˆ
Aj

λjφjdµi + ⟨xi,
ˆ
Aj

φjdνi⟩Euc =
ˆ
Aj

φjLj ◦
dνi
dµi

dµi +

ˆ
Aj

φj · ⟨xi,
dνsi
d|νsi |

⟩Eucd|νsi |

⩽
ˆ
Aj

f ◦ dνi
dµi

dµi +

ˆ
Aj

f∞ ◦ dνsi
d|νsi |

d|νsi | = G(µi, νi).
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Summing over j = 1, . . . , k and passing to the limit i→ ∞ using the assumed weak-* convergence gives:

k∑
j=1

ˆ
Aj

λjφjdµ+ ⟨xi,
ˆ
Aj

φjdν⟩Euc ⩽ lim inf
i→∞

G(µi, νi).

Consider the Lebesgue decomposition of ν with respect to µ:

ν =
dν

dµ
µ+ νs, Ω =M ∪̇N with

{
µN = 0;

νM = 0,

where νs is concentrated on the µ-negligible set N . We define the following functions accordingly:

ψj(x) :=

{
Lj ◦ dν

dµ (x) x ∈ Ω \N
⟨xj , dν

s

d|νs| (x)⟩Euc x ∈ N
and ψ(x) :=

{
f ◦ dν

dµ (x) x ∈ Ω \N
f∞ ◦ dνs

d|νs| (x) x ∈ N
,

and define further λ = µ+ |νs| which gives us via taking the supremum over [0, 1]-valued functions:

k∑
j=1

ˆ
Aj

ψjφjdλ ⩽ sup
φj∈C1

c (Aj ;[0,1])

k∑
j=1

ˆ
Aj

ψjφjdλ =

k∑
j=1

ˆ
Aj

ψ+
j dλ ⩽ lim inf

i→∞
G(µi, νi).

Clearly, we have supj∈N ψj = ψ and the recession function of a non-negative convex function remains non-
negative, thus giving us supj∈N ψ

+
j = ψ ⩾ 0. Since k ∈ N and (Aj)

k
j=1 were chosen arbitrarily, we can

approximate G(µ, ν) =
´
Ω
ψdλ by integrating over finite disjoint families of precompact open subsets: i.e.

G(µ, ν) =

ˆ
Ω

ψdλ = sup{
∑
j∈J

ˆ
Aj

ψjdλ | |J | <∞; (Aj)j∈J compact } ⩽ lim inf
i→∞

G(µi, νi),

which is the desired lower-semicontinuity with respect to the weak-* topology.

Remark 5.5. Suppose f has growth faster than linear, which implies that f∞(z) = ∞ for all z ̸= 0. Then:

G(µ, ν) <∞ ⇒ dνs

d|νs|
≡ 0 on Ω

νs<<|νs|⇒ νs ≡ 0 ⇒ ν << µ⇒ G(µ, ν) =

ˆ
Ω

f ◦ dν
dµ

(x)dµ(x).

The theorem and remark above give rise to a method to show stability of absolute continuity of measures under
weak-* convergence. Indeed, let f : Rm → [0,∞] be convex, lower-semicontinuous of growth faster than linear.
Consider sequences of Radon measures (νi) ∈ M(Ω;Rm) and (µi) ∈ M+(Ω) such that µi

∗
⇀ µ and νi

∗
⇀ ν.

Now suppose we have boundedness of the integral and absolute continuity in the sequence, i.e.

sup
i∈N

|
ˆ
Ω

f ◦ dνi
dµi

dµi| <∞ and νi << µi for all i ∈ N.

It is clear that ν << µ by approximating indicator functions by compactly supported continuous functions. Now
using the l.s.c. criterion and Remark 5.5, we can deduce:

ˆ
Ω

f ◦ dν
dµ

(x)dµ(x) ⩽ lim inf
i→∞

ˆ
Ω

f ◦ dνi
dµi

(x)dµi(x).

Recall for any Radon measure µ ∈ M(Ω;Rm), we always have absolute continuity with respect to its total
variation measure µ << |µ|. It is thus natural to study properties of the following analogous function under
weak-* convergence, which we define below:

H : M(Ω;Rm) → R, H(µ) :=

ˆ
Ω

f(x,
dµ

d|µ|
(x))d|µ|(x),

for some Borel function f : Ω× Rm → [0,∞]. We state some basic properties below, due to Y.G. Reshetnyak.

Proposition 5.6 (Elementary properties). Let f : Ω × Rm → [0,∞] be a Borel function which is positively
1-homogeneous and convex in the second variable. Then H satisfies the following properties:
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(i) H is convex and positively 1-homogeneous;

(ii) H(µ) =
´
Ω
f(x, dµdλ (x))dλ(x) for any λ ∈ M+(Ω) such that |µ| << λ;

(iii) H(µ+ ν) = H(µ) +H(ν) for any |µ| ⊥ |ν|.

Theorem 5.4 (Reshetnyak lower-semicontinuity). Let Ω ⊂ Rn be open and µ, (µi) ∈ M(Ω;Rm) finite Radon
measures such that µi

∗
⇀ µ. Then for every lower-semicontinuous function f : Ω × Rm → [0,∞] which is

positively 1-homogeneous and convex in the second variable:
ˆ
Ω

f(x,
dµ

d|µ|
(x))d|µ|(x) ⩽ lim inf

i→∞

ˆ
Ω

f(x,
dµi
d|µi|

(x))d|µi|(x).

Proof. Consider the polar decompositions µi = hi|µi| and µ = h|µ| for Borel functions h, hi : Ω → Sm−1.
Define new measures νi := |µi| ⊗ δhi(x) ∈ M(Ω × Sm−1;Rm × {0, 1}) which can be represented as linear
functionals on C0(Ω× Sm−1;R), i.e.

ˆ
Ω×Sm−1

φ(x, y)dνi(x, y) =

ˆ
Ω

φ(x, hi(x))d|µi|(x) for all φ ∈ C0(Ω× Sm−1;R).

Recall weak-* convergence of measures µi
∗
⇀ µ implies boundedness of the sequence supi∈N |µi|(Ω) < ∞.

In particular, we have supi∈N |νi|(Ω × Sm−1) = supi∈N |µi|(Ω) < ∞. By the De La Vallée Poussin weak-*
compactness criterion, we can assume, upto passing to a subsequence, νi

∗
⇀ ν, where ν is some finite Radon

measure on Ω × Sm−1. Denoting the projection onto Ω by π : Ω × Sm−1 → Ω, it is clear that |µi| = π∗νi for
each i ∈ N. Since the projection map is continuous, weak-* continuity of the push-forward gives us |µi|

∗
⇀ π∗ν.

In particular, we can deduce λ := π∗ν ⩾ |µ|. Now using the method of disintegration, we can find λ-measurable
map x 7→ νx with νx(Sm−1) = 1 and ν = λ⊗ νx. It then remains to show:

ˆ
Sm−1

ydνx(y) = h(x)
d|µ|
dλ

(x) λ-a.e. x ∈ Ω.

Indeed, then the result follows from lower weak-* semicontinuity and Jensen’s inequality:

lim inf
i→∞

ˆ
Ω×Sm−1

f(x, y)dνi(x, y) ⩾
ˆ
Ω×Sm−1

f(x, y)dν(x, y)
Fubini
=

ˆ
Ω

ˆ
Sm−1

f(x, y)dνx(y)dλ(x)

Jensen
⩾

ˆ
Ω

f(x, h(x)
d|µ|
dλ

(x))dλ(x)
Radon-Nikodym

=

ˆ
Ω

f(x, g(x))d|µ|(x).

The above claim essentially follows from the weak-* convergence using test function of form φ(x, y) = ψ(x)y:
ˆ
Ω

(ˆ
Sm−1

ydνx(y)

)
ψ(x)dλ(x)

Fubini
=

ˆ
Ω×Sm−1

ψ(x)ydν(x, y) = lim
i→∞

ˆ
Ω×Sm−1

ψ(x)ydνi(x, y)

= lim
i→∞

ˆ
Ω

(ˆ
Sm−1

ydδhi(x)

)
ψ(x)dµi(x) = lim

i→∞

ˆ
Ω

ψ(x)hi(x)d|µi|(x)

= lim
i→∞

ˆ
Ω

ψ(x)dµi(x) =

ˆ
Ω

ψ(x)dµ(x) =

ˆ
Ω

ψ(x)h(x)
d|µ|
dλ

(x)dλ(x),

where ψ ∈ C0(Ω) arbitrary. Then the claim follows from the Riesz representation theorem for C0(Ω).

Theorem 5.5 (Reshetnyak continuity). Let Ω ⊂ Rn be open and µ, (µi) ∈ M(Ω;Rm) finite Radon measures
such that µi

∗
⇀ µ. Suppose further the convergence of the total variation |µi|(Ω) → |µ|(Ω) as i→ ∞. Then:

lim
i→∞

ˆ
Ω

f(x,
dµi
d|µi|

(x))d|µi|(x) =
ˆ
Ω

f(x,
dµ

d|µ|
(x))d|µ|(x) for all f ∈ C0(Ω× Sm−1;R).

Proof. Choose again the polar decompositions µi = hi|µi| and µ = h|µ|. We can define as before a sequence
of Radon measures νi := |µi| ⊗ δhi(x), which upto subsequences converges to another finite Radon measure
ν ∈ M(Ω×Sm−1;Rm×{0, 1})with respect to the weak-* topology σ(M, C0). Using the analogous argument,
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we can again deduce |µi|
∗
⇀ λ for some finite Radon measure λ ∈ M+(Ω). Note since |µi|(Ω) → |µ|(Ω), we

necessarily have λ = limi→∞ |µi| = |µ|. Thus, from
´
Sm−1 ydν·(y) = hd|µ|dλ λ-a.e. we can deduce:

0 =
1

2

ˆ
Sm−1

|y − h(x)|dνx(y) = 1− ⟨h(x),
ˆ
Sm−1

ydνx(y)⟩Euc ⇒ νx = δh(x) |µ|-a.e.x ∈ Ω

Now νi(Ω×Sm−1) = |µi|(Ω) → |µ|(Ω) = ν(Ω×Sm−1) as i→ ∞, we can thus conclude νi
∗
⇀ ν analogously:

lim
i→∞

ˆ
Ω

f(x, hi(x))d|µi|(x) = lim
i→∞

ˆ
Ω×Sm−1

f(x, y)dνi(x, y) =

ˆ
Ω×Sm−1

fdν =

ˆ
Ω

f(x, h(x))d|µ|(x),

for all f ∈ C0(Ω× Sm−1) since ν = |µ| ⊗ δh(x) by the arguments above.

6 Daniell integrals
One of the main difficulties with the traditional formulation of the Lebesgue integration theory is the requirement
of an adequate measure theory a priori. An alternative, but equivalent construction is developed initially by
P.J. Daniell via axiomatising the integral. This approach alleviates practical difficulties for the application of
integration theory in the field of functional analysis.

Definition 6.1 (Lattices). A lattice of functions on a set X is a non-empty collection L of functions satisfying:

(i) f + h, λf, inf{f, h}, inf{f, λ} ∈ L whenever f, h ∈ L and λ ∈ [0,∞);

(ii) f − h ∈ L whenever f, h ∈ L such that h ⩽ f .

In particular, any vector space of functions X → R closed under taking infimum is a lattice.

Definition 6.2 (Axioms of Daniell integral). Let L be a lattice over X and set L+ := {f ∈ L | f ⩾ 0}. We say
an operator T : L→ R is:

(i) linear, if for all f, h ∈ L and λ ∈ [0,∞), T (f + λh) = Tf + λTh;

(ii) monotone, if for all f, h ∈ L with h ⩽ f , we have Th ⩽ Tf ;

(iii) continuous with respect to monotone convergence, if Tfi → Tf whenever fi → f monotonically with
(fi) ∈ L (and consequently f ∈ L by monotone convergence and closure under taking infimum);

(iv) bounded, if for all f ∈ L, sup{Th | 0 ⩽ h ⩽ f} <∞.

We define a Daniell integral to be a linear, bounded operator T : L → R which is continuous with respect to
monotone convergence.

Lemma 6.1 (Monotonicity of Daniell integral). Let T : L→ R be a linear, monotone operator which is contin-
uous with respect to monotone convergence. Then T is necessarily a bounded operator and thus define a Daniell
integral. We refer to such operators as a monotone Daniell integral.

Proof. Suppose without loss of generality that f ∈ L+ with Tf < ∞. Then by monotonicity, for any h ∈ L+

such that h ⩽ f , we must have Tf ⩾ Th. Taking supremum over all such functions gives us the result.

Lemma 6.2 (Monotone decomposition of Daniell integral). Let L be a lattice of functions onX and T : L→ R
a Daniell integral. Define the following functionals on L:

T+ : L+ −→ R, f 7−→ sup
h∈L+;h⩽f

Th;T− : L+ −→ R, f 7−→ − inf
h∈L+;h⩽f

Th.

Then both T+, T− define monotone Daniell integrals on L+ and T ≡ T+ − T−.

Proof. Note first that L+ also defines a lattice over X . Let f ∈ L+ and pick an arbitrary h ∈ L+ such that
h ⩽ f . Then any function in L+ bounded above by h is also bounded above by f . This implies that we are
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taking a supremum over a larger collection, which therefore gives T+h ⩽ T+f . Thus T+ is monotone.
For arbitrary functions f, h ∈ L+ and λ ∈ [0,∞), we have f + λh ∈ L+ by linearity and note:

T+(f + λh) = sup
ς∈L+;ς⩽f+λh

Tς ⩾ sup
ς∈L+;ς⩽f

Tς + sup
ς∈L+;ς⩽h

λTς = T+f + λT+h.

Now fix φ,ψ ∈ L+ such that φ ⩽ f and ψ ⩽ h respectively. Then by linearity of T :

T+f ⩾ Tφ = T (φ+ λψ)− λTψ ⩾ T (φ+ λψ)− λ sup
ψ∈L+;ψ⩽h

Tψ = T (φ+ λψ) + λT+h.

Now taking the supremum over all functions in L+ with an upper bound f + λh gives us the linearity of T+.
Continuity with respect to monotone convergence follows via a diagonal argument. Thus T+ defines a monotone
Daniell integral on L+ and similarly for T−. Now for f, h ∈ L+ with h ⩽ f , we have f ⩾ f − h ∈ L+ and:

Th− T−f ⩽ Th+ T (f − h) = Tf ⩽ Th+ T+f,

by monotonicity. We can easily deduce T+f − T−f ⩽ Tf from above LHS inequality. On the other hand, we
have for all h ∈ L+ satisfying h ⩽ f :

Tf ⩽ Th+ T+f ⇔ T+f ⩾ Tf − Th ⩾ Tf + (− inf
ψ∈L+;ψ⩽f

Tψ) = Tf + T−f,

which gives us the reverse inequality and hence the decomposition T ≡ T+ − T− holds.

It is important to see that integration against an outer measure µ induces a positive linear functional on the space
of µ-measurable functions. Continuity of µ-integrals follows from the monotone convergence theorem. Thus,
µ-integrals indeed defines a monotone Daniell integral. Conversely, we also have the following:

Theorem 6.1 (Representation theorem for Daniell integral). Let L be a lattice of functions onX and T : L→ R
a monotone Daniell integral. Then there exists µ ∈ M+(X) such that each f ∈ L+ is µ-measurable and

Tf =

ˆ
X

fdµ for all f ∈ L.

Proof. Recall that any monotone Daniell integral is a positive linear functional. Define the set function on X:

µ : P(X) −→ [0,∞], E 7−→ µE := inf
{
lim
i→∞

Tfi | (fi) ∈ L+ increasing, lim
i→∞

fi(x) ⩾ 1 for all x ∈ E
}
.

Then note µ∅ = 0 and µ is clearly monotone by construction. If (Ei) ∈ P(X) and (f ji ) ∈ L+ is an increasing
sequence as described above for each j ∈ N, then define hi :=

∑i
j=1 f

j
i ∈ L+ for each i ∈ N. Now (hi) is

monotone increasing in i and satisfies for all fixed k ∈ N:

lim
i→∞

hi(x) = lim
i→∞

i∑
j=1

f ji (x) = lim
i→∞

∑
j ̸=k

f ji (x) + lim
i→∞

fki (x) ⩾ 1 + lim
i→∞

∑
j ̸=k

f ji (x) ⩾ 1 for all x ∈ Ek

Furthermore, we can see that by monotonicity and linearity of T :

Thi =

i∑
j=1

Tf ji ⩽
∞∑
j=1

lim
i→∞

Tf ji ,

where we deduce µ(
⋃∞
j=1Ej) ⩽ limi→∞ Thi ⩽

∑∞
j=1 µEj by taking the infimum over the collection of all

such (f ji ) ∈ L+ for all j ∈ N. In particular, µ ∈ M+(X) indeed defines an outer measure on X .
Now let f ∈ L+ and t < s ∈ R be arbitrarily chosen. We will show the following:

µE ⩾ µ(E ∩A) + µ(E ∩B), where

{
A = f−1((−∞, t));

B = f−1((s,∞));

which would then give us the µ-measurability of f . Now choose (hi) ∈ L+ a monontone increasing sequence
such that limi→∞ hi(x) ⩾ 1 for all x ∈ E. Then define:

φ :=
inf{f, s} − inf{f, t}

s− t
and ψi := inf{hi, φ},
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which gives us 0 ⩽ ψi+1 − ψi ⩽ hi+1 − hi for all i ∈ N. Note also φ ≡ 1 on {f ⩾ s} and φ ≡ 0 on {f ⩽ t}.
By construction, (ψi) and (hi − ψi) are functions in L+ satisfying the following:

lim
i→∞

ψi(x) = min{ lim
i→∞

hi(x), 1} ⩾ 1 for all x ∈ E ∩B;

lim
i→∞

(hi − ψi)(x) ⩾ 1−min{ lim
i→∞

hi(x), 0} ⩾ 1 for all x ∈ E ∩A.

In particular, by the definition of our choice of measure µ, we deduce:

lim
i→∞

Thi = lim
i→∞

Tψi + T (hi − ψi) ⩾ µ(E ∩A) + µ(E ∩B),

whereas we can take the infimum over all such (hi) on the RHS to conclude µE ⩾ µ(E ∩ B) + µ(E ∩ A).
Hence any f ∈ L+ is necessarily µ-measurable. Now it remains to show µ is a representation measure for T .
LetE ⊂ X and (fi) ∈ L+ a monotone increasing sequence such that limi→∞ fi(x) ⩾ 1 for all x ∈ E. Then for
all h ∈ L+ with h ⩽ χE , we can define hi := inf{h, fi} ∈ L+ such that hi ↗ h. In particular, by monotonicity
and continuity of T with respect to monotone convergence:

Th = lim
i→∞

Thi ⩽ lim
i→∞

Tfi,

which gives us µE ⩾ Th. Now fix any f ∈ L+ and define fs := inf{f, s}. Let ε > 0 be arbitrary. Then
notice for all k ∈ N, we have fkε − f(k−1)ε ∈ [0, ε], where fkε(x)− f(k−1)ε(x) = ε whenever f(x) ⩾ kε and
fkε(x) − f(k−1)ε(x) = 0 whenever f(x) ⩽ (k − 1)ε. Thus, ε−1(fkε − f(k−1)ε) ⩾ χ{f⩾kε} and we can set
fi = ε−1(fkε − f(k−1)ε) for all i ∈ N to obtain by definition of µ:

ε−1T (fkε − f(k−1)ε) = ε−1(fkε − f(k−1)ε) ⩾ µ{f ⩾ kε}.

Now by the above observations, we deduce supp(f(k+1)ε − fkε) ⊂ {f ⩾ kε} and thus:

T (fkε − f(k−1)ε) ⩾ εµ{f ⩾ kε} ⩾
ˆ
X

f(k+1)ε − fkεdµ ⩾ εµ{f ⩾ (k + 1)ε} ⩾ T (f(k+2)ε − f(k+1)ε).

The telescoping sum over k from 1 to i gives us by noting f0 ≡ 0:

Tfiε =

i∑
k=1

T (fkε − f(k−1)ε) ⩾
ˆ
X

f(i+1)ε − fε ⩾
i∑

k=1

T (f(k+2)ε − f(k+1)ε) = T (f(i+2)ε − f(i+1)ε).

Notice by construction, we have ft ↗ f as t → ∞. In particular, by the monotone convergence theorem and
the continuity of T with respect to monotone convergence, the above inequality yields:

Tf ⩾
ˆ
X

f − fεdµ ⩾ T (f − fε).

Now sending ε↘ 0 and using the monotone convergence properties again gives us:

Tf =

ˆ
X

fdµ for all f ∈ L+.

For a general f ∈ L, split f into positive and negative parts, then using linearity of (Daniell) integral, we can
deduce that µ is the (outer) measure representation of T , i.e. Tf = ⟨f, µ⟩.

Let X be a locally compact Hausdorff topological space. The function space C0
c (X) of compactly supported

continuous functions is a vector space closed under taking infimum since functions in this space have compact
supports, which then implies that C0

c (X) defines a lattice over X . Now any monotone Daniell integral clearly
induces a positive linear functional on C0

C(X). In particular, we can view the above representation theorem as
a generalisation of the Riesz-Markov-Kakutani theorem for Radon measures.

Theorem 6.2 (Weak-* compactness of Radon measures). Let X be a locally compact Hausdorff topological
space and (µi) ∈ M(X) with a uniform bound on the corresponding sequence of total variation measures
(|µi|), i.e. supi∈N |µi|(X) <∞. Then (µi) admits a weak-* convergenet subsequence in M(X).
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Proof. This is a consequence of the Banach-Alaoglu theorem by recalling ∥µ∥M := |µ|(X) defines a norm on
the space of vector-valued measuresM(X;R). The isometric embedding (M(X;R), ∥·∥M) ↪→ ((C0

c (X))∗, ∥·
∥op) implies that (µi) induces a sequence of bounded linear functionals on C0

C(X), which admits a uniform
bound on the opertor norm. Now the result follows by weak-* compactness of B(C0

c (X))∗ .

It is common, although somewhat unnecessary for practical purposes, to deduce a measure-theoretic concepts
based Daniell integrals in terms of a class of the so-called elementary functions. Indeed, if we choose the
collection of all simple functions on X to be elementary functions, then we can agree to call TχE the measure
of E ⊂ X with respect to the monotone Daniell integral T : L→ R.

Example 6.1. Let X = [a, b] and L the lattice of simple functions defined on X . Then the Daniell integral
agrees with integration against the 1-dimensional Lebesgue measure on L1-summable functions over [a, b].

Definition 6.3 (Sets of measure zero). Let X be a set and T : L → R a monotone Daniell integral on some
lattice L over X . A subset N ⊂ X is said to have measure zero in the Daniell integral sense with respect to T
if for all ε > 0, there exists a monotone increasing sequence (ψi) ∈ L+ such that:

sup
i∈N

Tψi ⩽ ε and lim
i→∞

ψi(x) ⩾ for all x ∈ N.

A property is said to hold a.e. onX with respect to T if it holds everywhere away from a setN of measure zero.

Example 6.2 (Generalisation of Stieltjes integral). Recall that the usual Stieltjes integral is defined for integrat-
ing continuous functions on intervals against a function of bounded variation. Suppose now γ : [a, b] → R is
not of bounded variation but satisfies:

N∑
i=1

ti|γ(ti)− γ(ti−1)| ⩽M <∞ for all (ti | i = 0, 1, . . . , N) ∈ P[a,b],

where P[a,b] denotes the collection of all partitions of [a, b]. The above implies α(t) := tγ(t) ∈ BV ([a, b]) and
thus the Stieltjes integral with respect to γ can be defined in terms of the singular integral with respect to α:

ˆ
[a,b]

fdγ :=

ˆ b

a

f(t)

t
dα(t) =

ˆ b

a

f(t)

t
tdγ(t).

7 Covering and differentiation theorems
The idea of the most fundamental covering theorems is to select, from a family of sets, a sub-collection with
controlled overlap or some disjointness property in the measure-theoretic sense. The covering theorems yields
significant consequences in terms of the geometry of some certain classes of Radon measures. Covering results
with a uniform bound on the size of elements in the sub-family are often derived in the more convenient setting
of metric spaces. A prototypical result is as follows:

Lemma 7.1. Let (X,d) be a locally compact separable metric space. Then for any bounded subsetE ⊂ X and
ρ > 0, there exists a finite string of elements (xi | i = 1, . . . , N) ∈ E such that:

E ⊂
N⋃
i=1

B(xi, ρ).

If X = Rn, then each x ∈ E is contained in at most 3n of the balls (B(xi, ρ) | i = 1, . . . , N).

Proof. Let x1 ∈ E be arbitrary and denote by E1 := B(x1, ρ). Choose further xi ∈ E \ (
⋃i−1
k=1Ek) until we

obtain a covering of E by open ρ-balls. Note this can be achieved in finitely many steps since d(xk, xl) ⩾ ρ for
any k ̸= l and E ⊂ B(y,R) for some y ∈ X and R ∈ (0,∞) sufficiently large.
Now let X = Rn and fix an arbitrary x ∈ E. Denote by I(x) the set of indices such that x ∈

⋂
i∈I(x) B(xi, ρ).

Then by construction, we have B(xk, ρ2 ) ⊂ B(x, 3ρ2 ) for all k ∈ I(x) (since dEuc(xk, x) ⩽ ρ) and the collection
of balls (B(xi, ρ2 ) | i = 1, . . . , N) are pairwise disjoint. In particular, we have the following volume inequality:

|I(x)|2−nωnρn =

N∑
i=1

Ln(B(xi,
ρ

2
)) = Ln

 ⋃
i∈I(x)

B(xi,
ρ

2
)

 ⩽ Ln
(
B(x,

3ρ

2
)

)
= 3n2−nωnρ

n,

where ωn denotes the volume of the n-dimensional unit ball. Thus |I(x)| ⩽ 3n.
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The control on the intersections simply required an explicit form of the measure of covering ρ-balls, which can
be mimicked on other metric spaces with a generic measure. We describe some properties of coverings below:

Definition 7.1 (Properties of coverings). Let F be a collection of subsets in X . We say that F is a disjoint
family of subsets if for all E,F ∈ F , we have E ∩ F = ∅ unless E = F .
Let E ⊂ X be a subset of a metric space and B a covering of E by closed balls in X . We say B is a fine cover
of E if for all ε > 0 arbitrarily small and x ∈ E, there exists B ∈ B such that diam(B) ⩽ 2ε and x ∈ B:

i.e. inf{diam(B) | B ∈ B, x ∈ B} = 0 for all x ∈ E.

A fine cover is sometimes referred to as a Vitali cover. Fix a metric measure space (X,d, µ) and E ⊂ X , we say
a collection F of subsets in X is a µ-a.e. covering for E if E \ (

⋃
F ) is µ-negligible.

Theorem 7.1 (Fundamental covering theorem). Let B be a family of closed balls in a general metric space
(X,d). Suppose supB∈B diam(B) <∞. Then B admits a disjoint sub-family G such that:⋃

B ⊂
⋃
B∈G

5B.

Furthermore, every ball B ∈ B intersects with a ball in G with radius at least 2−1 rad(B).

Proof. Consider the following collections of disjoint sub-families ϖ ⊂ B:

F := {ϖ ⊂ B disjoint | ∀B ∈ B with B∩B0 ̸= ∅, B0 ∈ ϖ ∃B1 ∈ ϖ s.t. B1∩B ̸= ∅, rad(B1) ⩾
1

2
rad(B)},

equipped with the partial order by inclusion. Note for anyB ∈ B with rad(B) sufficiently close to the supremal
radius over B, we have {B} ∈ F and thus F is nonempty. Now for any chain C ⊂ F , it is clear to see that
ϖC :=

⋃
C =

⋃
ϖ∈C ϖ ∈ F defines an upper bound for C. Now Zorn’s lemma implies the existence of an

maximal element G . We claim that G is the desired disjoint sub-family.
Suppose now there exists B ∈ B such that B ∩ E = ∅ for all E ∈ G . Then we can pick B0 ∈ B with radius
greater than half the radius of any other ball disjoint from elements in G . Thus for any B1 ∈ B intersecting
some ball in the collection G0 := G ∪ {B0}, B1 necessarily intersect with some ball in G0 with radius at least
half of rad(B). In particular, G0 ∈ F with G0 ≻ G , which then contradicts the maximality of G . Hence every
B ∈ B intersects with some B′ ∈ G such that rad(B) ⩽ 2 rad(B′). Writing B = B(x, r) and B′ = B(x′, r′),
then we necessarily have for all y ∈ B:

d(x′, y) ⩽ d(x′, z) + d(z, x) + d(x, y) ⩽ r′ + 2r ⩽ 5r′,

where z ∈ B ∩B′ is an arbitrary intersection point. Thus B ⊂ 5B′ and the result follows.

Remark 7.1. The name ”doubling measure” is somewhat misleading. Of course, it is simply a measure which
works nicely with scaling of balls inX . In particular, we have for any λ ⩾ 2 and ballsB ⊂ X , we can apply the
doubling property to obtain µ(λB) = µ(2

log λ
log 2B) ⩽ C(µ)

log λ
log 2 µB ⩽ C(λ, µ)µB.

Proposition 7.1 (Fine cover lemma). Let (X,d) be a metric space and E ⊂ X with a fine cover B. Then there
exists a disjoint sub-family B′ ⊂ B such that:

E \

(⋃
B∈I

B

)
⊂

⋃
B∈B′\I

5B =
⋃

(B′ \ I).

Proof. Suppose without loss of generality that supB∈B diam(B) < ∞ since B is a fine cover. Then denote
by G ⊂ B the disjoint sub-family obtained by applying Theorem 7.1. Now for any finite sub-family I ⊂ G ,
BI :=

⋃
I is a closed subset. Thus by property of fine covers, for any x ∈ E \ BI , there exists B ∈ B

containing x such that diam(B) ⩽ 2ε where we pick ε = 2−1 dist(x,BI) > 0. In particular, B ∩BI = ∅. By
properties of the sub-family G ⊂ B, B must intersect some B0 ∈ G with 2 rad(B0) ⩾ rad(B). Using triangle
inequality as in the proof for Theorem 7.1, we deduce x ∈ 5B0 ⊂

⋃
(G \ I) as required.

Theorem 7.2 (Vitali covering theorem). Let µ ∈ M(X) be a doubling measure on the metric space (X,d), i.e.
a Borel measure µ admitting some uniform constant C(µ) ∈ (0,∞) such that:

0 < µ(2B) ⩽ C(µ)µB <∞ for all B = B(x, r) ⊂ X.

Suppose B is a fine cover for some subset E ⊂ X . Then there exists a countable disjoint sub-family B′ ⊂ B
such that E \ (

⋃
B′) is µ-negligible, i.e. B′ defines a µ-a.e. covering by closed balls in X .
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Proof. Note that the definition of fine covers is a local property (i.e. every point in E can be covered by a ball
in B of sufficiently small radius). In particular, for any bounded subset of E′ ⊂ E, B clearly remains a fine
cover for E′. Taking a compact exhaustion and recalling that any countable union of µ-negligible sets remains
µ-negligible, we notice it suffices to assume E is bounded. Then there exists some ball B0 ⊂ X large such that
E ⊂ B0 and without loss of generality B ⊂ 2B0 for all B ∈ B.
Let B0 ⊂ B be the sub-family as described in Proposition 7.1. Now for all N ∈ N, denote by BN ⊂ B the
collection of balls such that µB ⩾ N−1. Notice B0 =

⋃∞
N=1 BN . Then by assumption and disjointness:

1

N
|BN | ⩽

∑
B∈BN

µB = µ

( ⋃
B∈BN

B

)
⩽ µ(2B0) <∞.

Thus the cardinality of each BN is at most Nµ(2B0) and B0 is necessarily countable, i.e. we can enumerate
B0 = {Bi | i ∈ N}. By a similar argument using boundedness and disjointness as above, we have:

∞∑
i=1

µBi = µ

( ∞⋃
i=1

Bi

)
⩽ µ(2B0) ⩽ C(µ)µB0 <∞,

by the property of doubling measures. Therefore
∑
i>N µBi → 0 as N → ∞. Now by the conclusion of the

fine covering lemma and the fact that µ is a doubling measure on X , we can easily deduce:

µ

(
E \

(
N⋃
i=1

Bi

))
⩽ µ

 ⋃
i⩾N+1

5Bi

 ⩽
∑

i⩾N+1

µ(5Bi) ⩽ C(µ)
∑

i⩾N+1

µBi −→ 0,

as N → ∞. Thus B0 is the required countable disjoint µ-a.e. covering for E.

Vitali’s theorem allows us to give a proof to the celebrated Lebesgue’s differentiation theorem on a doubling
metric measure space using the approach of maximal functions. The idea goes back to Hardy and Littlewood:

Definition 7.2 (Maximal functions). Let (X,d, µ) be a metric measure space. Suppose further µB(x, ρ) ∈
(0,∞) for all x ∈ X and ρ ∈ (0,∞). We define the Hardy-Littlewood maximal operator on the space of
µ-measurable functions on X:

M : f 7−→ M f(x) := sup
ρ>0

 
B(x,ρ)

|f |dµ = sup
ρ>0

1

µB(x, ρ)

ˆ
B(x,ρ)

|f |dµ.

Proposition 7.2 (Borel-measurability of maximal function). Let (X,d, µ) be a metric measure space such that
µB(x, ρ) ∈ (0,∞). Then for any f ∈ L1

loc(µ), M f is Borel-measurable.

Proof. Let x ∈ X be arbitrary and choose (xi) ∈ X such that d(xi, x) ↘ 0. Fix some ρ > 0, we claim
that B(x, ρ) \ B(xi, ρ) decreases to the empty set as i → ∞. Indeed, for any y ∈ B(x, ρ) \ {x}, denote by
δ(y) := d(x, y) ∈ (0, ρ). Now for i ∈ N sufficiently large, we have:

d(xi, y) ⩽ d(xi, x) + d(x, y) ⩽ ε+ δ(y),

for some ε > 0 arbitrarily small. Therefore y ∈ B(xi, ρ) eventually as i → ∞. In particular, by the means of
the monotone convergence theorem, we have:

µB(x, ρ) ⩽ lim inf
i→∞

ˆ
χB(xi,ρ)dµ+

ˆ
χB(x,ρ)\B(xi,ρ)dµ = lim inf

i→∞
µB(xi, ρ),

which gives us the lower-semicontinuity and thus the Borel-measurability of the map y 7→ µB(y, ρ) for all fixed
ρ > 0. On the other hand, fix ρ > 0 and f ∈ L1

loc(µ). Since χB(xi,ρ) → χB(x,ρ) in L1(µ) and fχB(x,2ρ) ∈
L1(µ), we can apply Lebesgue’s dominated convergence theorem such that:ˆ

B(xi,ρ)

fdµ =

ˆ
fχB(xi,ρ)dµ −→

ˆ
fχB(x,ρ)dµ =

ˆ
B(x,ρ)

fdµ as i→ ∞.

Now recall that the space of Borel-measurable functions forms an algebra which is closed under taking supremum
over a countable collection, we have that:

M f(x) := sup
ρ>0

1

µB(x, ρ)

ˆ
B(x,ρ)

fdµ,

defines a Borel-measurable function.
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Corollary 7.1. Let µ ∈ M(X) be a doubling measure on a metric space (X,d). Then for any f ∈ L1
loc(µ),

Mρ : x 7−→ 1

µB(x, ρ)

ˆ
B(x,ρ)

fdµ,

is Borel-measurable for any ρ > 0 fixed and thus M f is also Borel-measurable.

Theorem 7.3 (Hardy-Littlewood maximal inequality). Let (X,d, µ) be a metric measure space equipped with
a doubling measure µ ∈ M(X). Then there exists a uniform constant C ∈ (0,∞) such that for all f : X → R
µ-measurable and λ > 0, we have:

µ{M f ⩾ λ} ⩽
C

λ

ˆ
X

|f |dµ.

Proof. For any fixed, arbitrary λ > 0, denote by Eλ := {M f > λ} and seting for all ρ > 0:

Eλ,ρ :=

{
x ∈ X | ∃r ∈ (0, ρ) with

ˆ
B(x,r)

|f |dµ ⩾ λµB(x, r)

}
=

⋃
r∈(0,ρ)

{Mrf ⩾ λ}.

We can see that Eλ,ρ ∈ B(X) for all ρ > 0 such that Eλ,ρ increases monotonically to Eλ, i.e. χEλ,ρ
↗ χEλ

pointwise µ-a.e. as ρ → ∞. Denote by Bρ the collection of balls B(x, r) with x ∈ Eλ,ρ and r ∈ (0, ρ)
satisfying the condition above. Noting that there is a uniform diameter bound on elements in Bρ for any fixed
ρ > 0, we can thus use Theorem 7.1 to find a disjoint sub-family B′

ρ such that:
ˆ
X

|f |dµ ⩾
∑
B∈B′

ρ

ˆ
B

|f |dµ ⩾ λ
∑
B∈B′

ρ

µB ⩾
λ

C(µ)

∑
B∈B′

ρ

µ(5B) ⩾
λ

C(µ)
µEλ,ρ,

where the inequalities follow by disjointness and the doubling property. Now sending ρ → ∞ gives us the
desired statement (with C = C(µ)

log 5
log 2 ∈ (0,∞)) by monotone convergence.

We are now ready to prove the Lebesgue’s differentiation theorem.

Theorem 7.4 (Lebesgue’s differentiation theorem). Let (X,d, µ) be a metric measure space where µ ∈ M(X)
a doubling measure on X . Then for all f : X → R locally µ-integrable we have:

 
B(x,ρ)

|f(y)− f(x)|dµ(y) = 1

µB(x, ρ)

ˆ
B(x,ρ)

|f − f(x)|dµ −→ 0 for µ-a.e. x ∈ X.

Proof. We can first show this for continuous functions. If f ∈ C0(X), then we have for all x ∈ X:
 
B(x,ρ)

|f(y)− f(x)|dµ(y) ⩽ sup
y∈B(x,ρ)

|f(y)− f(x)| −→ 0 as ρ↘ 0,

by exploiting continuity of f . Now recall thatC0(X)∩Lp(µ) ⊂ Lp(µ) is a dense subspace. Consider an arbitrary
f ∈ L1(µ) and fix some ε > 0, there exists some fε ∈ C0(X)∩L1(X) by density such that ∥fε−f∥L1(µ) ⩽ ε2.
Now by the Hardy-Littlewood maximal inequality, we have:

µ{M (|fε − f |) ⩾ ε} ⩽ Cε−1∥fε − f∥L1(µ) ⩽ Cε for all ε > 0.

In particular, writing Eε := {M (fε − f) ⩾ ε}, for any x ∈ X \ Eε, we have by definition:

lim sup
ρ↓0

Mρ(|fε − f |)(x) = lim sup
ρ↓0

 
B(x,ρ)

|fε − f |dµ ⩽ M (|fε − f |)(x) ⩽ ε.

Now recall L1-convergence implies µ-a.e. convergence, thus at each x /∈ Eε where |fε(x) → f(x)| ⩽ ε:

lim sup
ρ↓0

 
B(x,ρ)

|f − f(x)|dµ ⩽ lim sup
ρ↓0

 
B(x,ρ)

|f − fε|+ |fε(x)− f(x)|+ |fε − fε(x)|dµ

⩽M (|fε − f |)(x) + ε+ lim
ρ↓0

sup
y∈B(x,ρ)

|fε(y)− fε(x)| ⩽ 2ε
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Therefore, we obtain a subset Fε ⊂ Eε satisfying µFε ⩽ µEε ⩽ Cε and:

lim sup
ρ↓0

1

µB(x, ρ)

ˆ
B(x,ρ)

|f − f(x)|dµ ⩽ ε for all x ∈ X \ Fε.

Thus (Fε | ε > 0) monotonically decreases to a set N of measure zero. Then by construction:
1

µB(x, ρ)

ˆ
B(x,ρ)

|f − f(x)|dµ −→ 0 as ρ ↓ 0,

for all x ∈ X \ N as required. For f ∈ L1
loc(µ), choose a compact exhaustion (Ki) of X and notice that

fχKi
∈ L1(µ) for all i ∈ N. Then the convergence holds µ-a.e. on each Ki, whence the result follows by

sending i→ ∞ since Ki increases monotonically to X .

Remark 7.2. An alternative approach to derive the Lebesgue’s differentiation theorem on Euclidean spaces, as
we will see later, will be to discuss splitting properties of vector-valued measures on Rn.

Corollary 7.2 (Lebesgue’s density theorem). Let (X,d, µ) be a doubling metric measure space. Then for any
E ∈ Bµ(X) such that µE <∞:

µ(E ∩ B(x, ρ))
µB(x, ρ)

ρ↓0−→ δx∈E for µ-a.e. x ∈ X.

Proof. This follows by applying Lebesgue’s differentiation theorem to the indicator function χE ∈ L1(µ).

Another important covering theorem is due to Besicovitch, which is a fundamental tool to study Radon measures
on Euclidean spaces. Geometrically, as opposed to Vitali’s covering theorem, Besicovitch’s theorem gives us a
subcover instead of covering by enlarged balls. The trade-off here is the requirement of a control on the overlaps.

Lemma 7.2. Let Bi := B(xi, ri) ⊂ Rn for i = 1, . . . ,m. Suppose for all i ̸= j, we have xj /∈ Bi and⋂m
i=1 Bi ̸= ∅. Then there exists a dimensional constant k(n) ∈ N such that m ⩽ k(n).

Proof. Suppose without loss of generality (by translation) 0 ∈
⋂m
i=1 Bi and xi ̸= 0 for all i. Then for all i ̸= j,

we have |xi| ⩽ ri ⩽ |xi − xj |. Consider the 2-plane Πij ⊂ Rn containing xi, xj , 0. Observe the triangle on
Πij spanned by the vectors xi and xj , we can deduce via some elementary binomial identities:

|xi − xj |2 − |xj |2 ⩾ r2i − r2j = (ri + rj)(ri − rj) ⩾ ri(ri − rj) = r2i − rirj ⩾ |xi|2 − |xi||xj |,

where we have assumed without loss of generality ri ⩾ rj . Now rearranging gives us via the cosine rule:

|xi||xj | ⩾ |xi|2 + |xj |2 − |xi − xj |2 ⇔ 1

2
⩾

|xi|2 + |xj |2 − |xi − xj |2

2|xi||xj |
= cosϑ,

where we have denoted by ϑ ∈ (0, π] the angle between the vectors xi and xj . Then ϑ ⩽ arccos( 12 ) =
π
2 . Now

projecting xi and xj onto the unit circle on Πij gives us, by using the cosine rule again:∣∣∣∣ xi|xi|
− xj

|xj |

∣∣∣∣ =√2− 2 cos(ϑ) ⩾

√
2− 2 cos

(π
3

)
= 1.

Now since Sn−1 is compact, there exists an upper bound on the cardinality of 1-separated subsets of Sn−1.

Remark 7.3. It is often difficult to remember the proof for the geometric lemma above (if you are not less familiar
with elementary trigonometry). It is probably not difficult to realise the necessity to project the centres of the
balls to the unit sphere and then use a compactness argument to see that the number of strictly separated centres
must be finite. The geometric argument here is to see the unit sphere restricted to a 2-plane as a length space,
which then leads us to a use of the cosine rule.

Theorem 7.5 (Besicovitch covering theorem). There exists a uniform dimensional constant β(n) ∈ N such that
for all family B of closed balls in Rn with the set of centres E ⊂⊂ Rn, there exists β(n) disjoint, (at most)
countable sub-families B1, . . . ,Bβ(n) ⊂ B such that:

E ⊂
β(n)⋃
i=1

(⋃
Bi

)
.

In particular, there exists an at most countable covering of E by closed balls BE = {Bi | i ∈ N} ⊂ B such
that every x ∈ Rn lies in at most β(n) of the closed balls (Bi | i ∈ N).
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Proof. Fix for each x ∈ E, some closed ball B(x, ρ(x)). Notice that E is precompact in Rn, the open cover
{B(x, 2−1r(x)) | x ∈ E} admits a finite subcover. Thus we can assume M1 := supx∈E ρ(x) < ∞ without
loss of generality by passing to the finite subcover. Pick an arbitrary x11 ∈ E with ρ(x11) ⩾ 2−1M1 and then
select x1k+1 inductively such that x1k+1 ∈ E \ (

⋃k
i=1 B(x1i , ρ(xi))) and ρ(x1i ) ⩾ 2−1M1 until ρ(x) < 2−1M1

for all x ∈ E \ {x1i }
K1
i=1 for some finite number K1 ∈ N. Now we proceed with the inductive process by

setting Kk := sup{ρ(x) | x ∈ E \
⋃k
i=1{xij}

Ki
j=1}. This gives rise to an at most countable increasing sequence

(Ki | i ∈ N) ∈ N, a decreasing sequence of lower bounds (Mi | i ∈ N) ∈ R+ satisfying 2Mi+1 ⩽ Mi for all
i ∈ N, and collections (Ii) of indices with Ii = {Ki+1, . . . ,Ki+1} (where we writeK0 = 0 for convenience).
Thus we obtain a countable sub-family by adjoining all collections from above and relabelling, i.e. :

B0 =

{
Bi = B(xi, ρ(xi)) | i ∈

∞⋃
k=1

Ik

}
, where for each k ∈ N

{
ρ(xk) ∈ [Mi

2 ,Mi] for some i ∈ N;
xk ∈ E \ (

⋃k−1
j=1 Bj).

Now if m < i, by above it yields for all k ∈ Ii, xk ∈ E \ (
⋃k−1
j=1 Bj) ⊂ E \ (

⋃
l∈Im

Bl) by the ordering of
the indices collections (Ii). On the contrary, if m > i, then ρ(xl) < ρ(xk) for any l ∈ Im, which then implies
xk ∈ Bl. In particular, for any k ∈ Ii, xk ∈ E \ (

⋃
m ̸=i

⋃
l∈Im

Bl).
Note since (Mi) is decreasing, we have either there are only finitely many Mi or Mi → 0 which then implies
ρ(xi) → 0 as i→ ∞. In either case, we would have E ⊂

⋃
i∈N Bi.

Now suppose x ∈
⋂J
j=1 Bkj for some (kj)

J
j=1 ∈ N. By the geometric technical lemma above, kj ∈ Im for

at most k(n) of m ∈ N. Writing Im ∩ {kj}Jj=1 = {l1, . . . , lN}, we deduce by the properties of the collection
B0 that (B(xli ,

ρ(xi)
4 ) | i = 1, . . . , N) forms a disjoint collection and B(xli , r(xli)) ⊂ B(x, 2Mm). Then by

disjointness, a volume comparison argument gives us:

Nωn

(
Mm

8

)n
⩽

N∑
k=1

µB(xlk ,
ρ(xlk)

4
) = µ

(
N⋃
k=1

B(xlk ,
ρ(xlk)

4
)

)

⩽µ

(
N⋃
k=1

B(xlk , ρ(xlk))

)
⩽ µB(x, 2Mm) = 2nωnM

n
m,

since Mm

8 ⩽
ρ(xlk

)

4 ⩽ 2Mm. Thus we can pick β(n) := 16nk(n) <∞ for controlling intersection.
Now order the collection B0 = {Bk = B(xk, ρ(xk)) | k ∈ N} with ρk = ρ(xk) ⩾ ρk+1 for all k. Then define
in an inductive manner:

B1,1 := Bk andB1,j+1 = Bk0 , wherek0 = inf{k | Bk ∩

(
j⋃
i=1

B1,i

)
= ∅}.

Then B1 := {B1,j | j ∈ N} ⊂ B0 is a countable sub-family. Now choose the minimal k ∈ N such that
Bk /∈ B1 (otherwise B1 a subcover for E) and proceed iteratively by setting B2,j := Bk2 where we have
k2 := inf{k ∈ N | Bk ∩ (

⋃j
i=1B2,j) = ∅}. Iterating the above gives us a disjoint sequence of subfamilies

(Bi | i ∈ N) for B0, where the sequence is at most countable. The theorem will follow once we can show the
existence of some m ⩽ 64nk(n) + 1 = 4dβ(n) + 1 such that

⋃m
i=1 Bi forms a covering for E.

Suppose there is some x ∈ E \ (
⋃m
i=1

⋃
Bi) for some m ∈ N. Since B0 = {Bk}k indeed forms a cover,

we can find some k ∈ N such that x ∈ Bk with Bk /∈ Bi for all i = 1, . . . ,m. Then by construction, for
all j ∈ N, we can find some index ij such that Bk ∩ Bj,ij ̸= ∅ and ρk ⩽ ρj,ij . Thus there is some open ball
B(yj ,

ρk
2 ) ⊂ 2Bk ∩Bj,ij . Now points in Rn can be contained in at most β(n) of Bj,ij and thus the same holds

for the collection of smaller balls (B(yj , ρk2 ) | j, k). Then again using a volume comparison argument:

m2−nωnρ
n
k

β(n)
=

1

β(n)

m∑
j=1

Ln(B(yj ,
ρk
2
)) ⩽ Ln

 m⋃
j=1

B(yj ,
ρk
2
)

 ⩽ Ln(2Bk) ⩽ 2nωnρ
n
k .

In particular, we have m ⩽ 4β(n). Since E is precompact and B0 forms a covering for E, there is some
m ⩽ 4β(n) + 1 such that

⋃m
i=1 Bi forms a subcover.

Theorem 7.6 (Vitali-Besicovitch covering theorem). Let E ⊂⊂ Rn be a Borel set and B a fine cover for E.
Then for each vector-valued Radon measure µ ∈ M(Rn;V ), there exists some countable disjoint sub-family
B′ ⊂ B covering E upto µ-negligible sets, i.e. µ(E \

⋃
B′) = 0.
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Proof. By the Besicovitch covering theorem, there is some disjoint collection of sub-families {Bi | i =

1, . . . , β(n)} such that E ⊂
⋃β(n)
i=1

⋃
Bi. Now by σ-additivity of the total variation measure |µ|:

|µ|(E) = |µ|

(
E ∩

(
βn⋃
i=1

⋃
Bi

))
=

β(n)∑
i=1

|µ|(E ∩
⋃

Bi).

In particular, there must exist some i = 1, . . . , β(n) such that:

|µ|(E ∩
⋃

Bi) ⩾
1

β(n)
|µ|(E),

which allows us to pick a further sub-family G1 ⊂ Bi such that:

|µ|(E ∩
⋃

G1) ⩾
1

2β(n)
|µ|(E).

The above can be repeated on subsets ofE1 := E\(
⋃

G1) and the corresponding fine cover {B ∈ B | B∩
⋃

G1}
of E1. This gives rise to a decreasing sequence of sets (Ei | i ∈ N) and subfamilies (Gi | i ∈ N) satisfying:

|µ|(Ei+1) ⩽ (1− 1

2β(n)
)|µ|(Ai) for all i ∈ N.

Note also by construction B′ :=
⋃
i∈N G is a disjoint countable sub-family such that:

E \
⋃

B′ = E \
⋃
i∈N

⋃
Gi =

⋂
i∈N

(E \
⋃

Gi) ⊂
⋂
i∈N

Ei,

where
⋂∞
i=1Ei defines a |µ|-negligible and thus µ-negligible set.

Definition 7.3 (Density functions). Let µ ∈ M+(Rn) and ν ∈ M(Rn;R). We define the lower and upper
density of ν with respect to µ at each x ∈ suppµ via:

D−
µ ν(x) := lim inf

ρ↓0

νB(x, ρ)
µB(x, ρ)

and D+
µ ν(x) := lim sup

ρ↓0

νB(x, ρ)
µB(x, ρ)

.

If the lower and upper densities at x ∈ suppµ coincide, then we say that blow-up quotient dνdµ exists at x.

Lemma 7.3 (Density lemma). Let µ, ν ∈ M(Rn;R) be Radon measures andE ⊂ suppµ a Borel subset. Then
{D+

µ ν = ∞} is µ-negligible and moreover for any t ∈ R, we have:

(i) if D−
µ ν ⩽ t on E, then νE ⩽ tµE;

(ii) if D+
µ ν ⩾ t on E, then νE ⩾ tµE.

Proof. (i) Assume without loss of generality thatE is bounded. For any open neighbourhood U ⊃ E and ε > 0,
we want to apply the Besicovitch-Vitali theorem on the following collection of closed balls:

Fε := {B(x, ρ) | x ∈ E, B(x, ρ) ⊂ U, νB(x, ρ) ⩽ (t+ ε)µB(x, ρ)}.

Indeed, suppose D−
µ ν(x) = lim infρ↓0

νB(x,ρ)
µB(x,ρ) ⩽ t for all x ∈ E. Then for any ρ > 0 sufficiently small, we

must have for all x ∈ E, νB(x, ρ) ⩽ (t + ε)µB(x, ρ). In particular Fε defines a fine cover for E. Therefore,
the Besicovitch-Vitali theorem applies and there is an at most countable, disjoint subfamily F ′

ε ⊂ Fε such that:

ν(E \
⋃

F ′
ε) = 0 ⇒ νE ⩽

∑
B∈F ′

ε

νB ⩽ (t+ ε)
∑
B∈F ′

ε

µB ⩽ (t+ ε)µU,

where the last inequality follows from disjointness and B ⊂ U for all B ∈ F ′
ε ⊂ Fε by definition. Sending

ε↘ 0 allows us to conclude by outer regularity of µ on Borel sets.
(ii) Similarly, suppose now D−

µ ν(x) = lim supρ↓0
νB(x,ρ)
µB(x,ρ) ⩾ t for all x ∈ E. Then νB(x, ρ) ⩾ (t− ε)µB(x, ρ)

for all ρ > 0 small. We can again define the fine cover for E for any arbitrary open neighbourhood U ⊃ E:

F ε := {B(x, ρ) | x ∈ E, B(x, ρ) ⊂ U, νB(x, ρ) ⩾ (t− ε)µB(x, ρ)},
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from which we can find a countable, disjoint sub-collection F ε
∗ ⊂ F ε satisfying:

µ(E \
⋃

F ε
∗ ) = 0 → (t− ε)µE ⩽ (t− ε)

∑
B∈Fε

∗

µB ⩽
∑
B∈Fε

∗

νB = νU.

Then we can conclude as in (i). Let E := {D+
µ ν = ∞} and notice E =

⋂
k Ek where Ek := {D+

µ ν ⩾ k} for
k ∈ N. In particular, for each fixed k, applying (ii) to Ek ∈ B(Rn) gives us νEk ⩾ tµEk for all t ∈ R. Now
sending t→ ±∞ forces µEk = 0 for all k. Thus E ⊂ Ek is µ-negligible.

Theorem 7.7 (Besicovitch differentiation theorem). Let µ ∈ M+(Rn) and ν ∈ M(Rn;V ) be Radon measures
where V is some finite-dimensional normed vector space. Then we have:

dν

dµ
(x) = lim

ρ↓0

νB(x, ρ)
µB(x, ρ)

exists in V µ-a.e. on suppµ.

In particular, we obtain the Lebesgue-Radon-Nikodym decomposition of ν:

ν =
dν

dµ
µ+ νs, where

{
νs = ν|E ∈ M(Rn;V );

E := (Rn \ suppµ) ∪ {x ∈ suppµ | limρ↓0
|ν|(B(x,ρ))
µB(x,ρ) = ∞}.

Proof. Arguing componentwise, we may reduce to the case where ν is a signed measure. Then by the density
lemma, D+

µ ν is finite µ-a.e. We consider the following set functions defined on B(Rn):

λ+(B) :=

ˆ
B

D+
µ νdµ, λ−(B) :=

ˆ
B

D−
µ νdµ for all B ∈ B(Rn).

Fix t > 1 and choose a Borel set B ⊂ suppµ with D+
µ ν < ∞ everywhere on B. Now partition our choice of

B as the disjoint union of Bk := {x ∈ B | D+
µ ν(x) ∈ (tk, tk+1]} ⊂ Rn \ E for k ∈ Z. By the density lemma:

λ+(Bk) ≤ tk+1µBk ⩽ tνBk ⇒ λ+(B) =
∑
k∈Z

λ+(Bk) ⩽ t
∑
k∈Z

νBk = t(ν|R⋉\E)(B),

which follows from the disjointness property. Sending t ↘ 1 gives us λ+(B) ⩽ t(ν|Rn\E)(B) for any Borel
subset B ⊂ Rn \ E. Using an analogous approach, for any Borel set B ⊂ suppµ with D−

µ ν ∈ (0,∞) on B,
we define Bj := {x ∈ B | D−

µ ν(x) ∈ (tk, tk+1]}. We deduce again from the density lemma:

νBk ⩽ tk+1µBk ⇒ λ−(B) =
∑
k∈Z

λ−(Bk) ⩾
1

t

∑
k∈Z

νBk =
1

t
(ν|Rn\E)(B).

In particular, we have λ+ ⩽ ν|Rn\E ⩽ λ− on Rn \ E, which allows us to conclude:

D+
µ ν = D−

µ ν =
dν

dµ
µ-a.e. on suppµ \ E.

Furthermore, the decomposition of measure holds with dν|Rd\E = dν
dµdµ and νs = ν|E .

Remark 7.4. If V is in fact an inner product space, we can use a duality argument, in the sense of the Riesz-
Markov-Kakutani theorem, to give the following alternative characterisation of the Lebesgue-Besicovitch differ-
entiation theorem:

⟨f, ν⟩ =
ˆ
⟨f, ν⟩V =

ˆ
⟨f, dν

dµ
⟩V dµ+

ˆ
⟨f, dνs⟩V for all f ∈ C0

c (Rn;V ).

Corollary 7.3 (Radon-Nikodym). Let µ ∈ M+(Rn) and ν ∈ M(Rn;V ) a vector-valued measure where
(V, ∥ · ∥) a normed vector space. If ν << µ, then the Radon-Nikodym derivative of ν with respect to µ is
µ-integrable and:

ν =
dν

dµ
µ, i.e. νE =

ˆ
χE

dν

dµ
dµ for all E ∈ B(Rn).
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Proof. The absolute continuity gives us supp ν ⊂ suppµ. Note also that any Radon measure is necessarily
absolutely continuous with respect to its own total variation measure. If the supportE = supp(νs) ⊂ supp ν ⊂
suppµ of the singular part νs (as defined in Theorem 7.7) has nonzero |ν|-measure, using the density lemma
we can deduce 0 = |ν|(E) ⩾ tµE for any t ∈ (0,∞) since we have µ E is supported on a subset where
D+
µ |ν| = ∞. However, the absolute continuity gives us νE = 0 and thus |ν|(E) = 0 which is a contradiction.

Hence the singular part νs has ν-negligible support and the result follows from Besicovitch’s theorem.

Remark 7.5. An application of the Radon-Nikodym theorem, by noting ν << |ν|, gives us the existence of the
polar dν

d|ν| pointwise |ν|-a.e. and it is rather clear to see that ∥ dν
d|ν|∥ = 1 |ν|-a.e. Indeed, consider some auxillary

Radon measure µ ∈ M+(Rn) such that ν << µ. Then the Radon-Nikodym decomposition gives us:

dν

dµ
dµ = dν =

dν

d|ν|
d|ν| = dν

d|ν|

∣∣∣∣dνdµ
∣∣∣∣ dµ µ-a.e. on Rn,

where the last equality follows by Remark 5.1. Thus | dνd|ν| | = 1 pointwise |ν|-a.e. since | dνdµ | > 0 |ν|-a.e. on Rn.
We can now derive the Lebesgue’s differentiation theorem on Euclidean spaces as a consequence of Besicovitch’s
differentiation theorem for Radon measures.

Corollary 7.4 (Lebesgue’s differentiation theorem on Rn). Let µ ∈ M+(Rn) be a positive Radon measure.
Then we have for any f ∈ L1(µ):

 
B(x,ρ)

|f(y)− f(x)|dµ(y) ρ↓0−→ 0 for µ-a.e. x ∈ Rn.

Proof. For any fixed q ∈ Qd, by Besicovitch’s theorem with dν = |f − q|dµ, we obtain for all ρ > 0:

νB(x, ρ) =
ˆ
B(x,ρ)

|f(y)− q|dµ(y) for all x ∈ suppµ \Nq,

where Nq is µ-negligible. In particular, sending ρ↘ 0 gives us:
 
B(x,ρ)

|f(y)− q|dµ(y) = νB(x, ρ)
µB(x, ρ)

ρ↓0−→ |f(x)− q|.

Now notice that
⋃
q∈Qn Nq remains µ-negligible and for all x ∈ suppµ \ (

⋃
q∈Qn Nq):

lim sup
ρ↓0

 
B(x,ρ)

|f(y)− f(x)|dµ(y) ⩽ |f(x)− q|+ lim
ρ↓0

 
B(x,ρ)

|f(y)− q|dµ(y) = 2|f(x)− q|.

Now the theorem follows from the density of Qn ⊂ Rn.

We will now turn to the Rademacher’s theorem, which guarantees the classical differentiability of a locally
Lipschitz function upto aLn-negligible set. The Lipschitz condition on a local neighbourhood gives us a uniform
bound on the difference quotients. In the 1-dimensional case, we might expect via some compactness argument
to deduce the pointwise derivative at certain points. This intuition in fact extends to the higher-dimensional
scenarios as well.

Theorem 7.8 (Rademacher’s theorem). Let f ∈ C0,1
loc (Rn;Rm). Then f is classically differentiable Ln-a.e.

Proof. Arguing componentwise or realising that differentiability is a local property, we may suppose without
loss of generality that m = 1 and f is uniformly Lipschitz. Consider first the 1-dimensional case and define
the set functions µ on half-rays on R via µ(−∞, t) := f(t). Then µ ∈ M(R) becomes a signed measure after
extension by the Hahn-Carathéodory construction. Now we notice that for any s < t:

µ[s, t) = f(t)− f(s) ⩽ [f ]C0,1(R)|t− s|,

which clearly implies µ << L1. By the Radon-Nikodym theorem, there exists some h ∈ L1(R) such that:

f(t)− f(s) = µ[s, t) =

ˆ t

s

h(τ)dL1(τ) ⇒ f(t+ h)− f(t)

h

 t+h

t

h(τ)dL1(τ) −→ h(t),
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for L1-a.e. t ∈ R by an application of Lebesgue’s differentiation theorem. Thus f is classically differentiable at
every Lebesgue point on R with derivative coinciding with the Radon-Nikodym derivative.
Now consider the remaining cases where n > 1. For fixed v ∈ Sn−1 ⊂ Rn and consider the set given by:

Nv := {x ∈ Rn | Dvf(x) :=
d

dt

∣∣∣∣
t=0

f(x+tv) does not exist} = Rn\
{
lim
t↓0

f(x+ tv)− f(x)− tDvf(x)

t
= 0

}
,

where the directional derivative does not exist. The second equality above shows usNv isLn-measurable. Notice
that for all fixed x ∈ Rd, the mapping t 7→ f(x+tv) is uniformly Lipschitz and thus admits a classical derivative
forL1-a.e. t ∈ R. In particular, writing v1 = v and completing it to a gRn -orthonormal basis (vi | i = 1, . . . , n),
we can deduce from above that for all v ∈ Sn−1 and x ∈ Rn:

L1(Nv ∩ (x+ Rv)) = 0 ⇒ Ln(Nv) =
ˆ
x+Rvn

· · ·
ˆ
x+Rv2

L1(Nv + Rv1)dτ2 . . . dτn = 0,

by using the Fubini’s theorem to integrating along each unit direction. Thus for any v ∈ Sn−1, the directional
derivative Dvf exists pointwise Ln-a.e. In particular, f admits classical partial derivatives on Rn upto a Ln-
negligible set N =

⋃n
i=1Nei and thus gives classical differentiability along any axis. Now it remains to show

the existence of a Frechét derivative on a set of full measure.
Letφ ∈ C∞

c (Rn) be arbitrary. Then using theLn-a.e. existence of partial derivatives and Lebesgue’s dominated
convergence theorem, we can deduce by writing Dh

i f = h−1(f(·+ hei)− f):
ˆ
φDh

i f = −
ˆ
fD−h

i φ
h↓0−→ −

ˆ
fDiφ =

ˆ
φDif for all i = 1, . . . , n.

By linearity of directional derivatives, we have for any v ∈ Sn−1, writing Dh
vf = h−1(τhvf − f)

ˆ
φDh

vf = −
ˆ
fDh

vφ
h↓0−→ −

ˆ
fDvφ = −

ˆ
fviDiφ =

ˆ
viφDif =

ˆ
φ⟨v,Df⟩Euc,

where as usual, we have adopted the Einstein summation convention and v = viei. Since φ ∈ C∞
c (Rn) was

chosen arbitrarily, we can deduce Dvf = ⟨v,Df⟩Euc Ln-a.e. by using the fundamental lemma of calculus of
variations. This gives us a basic pointwise estimate on the derivative since f is uniformly Lipschitz:

|Df(x)| =

(
n∑
i=1

⟨ei, Df(x)⟩2Euc

) 1
2

⩽ lim sup
h↓0

(
n∑
i=1

(
f(x+ hei)− f(x)

h

)2
) 1

2

⩽
√
n[f ]C0,1(Rn),

for Ln-a.e. x ∈ Rn. Now recall that Sn−1 is a separable compact metric space. Let (vi | i ∈ N) be a dense
subset of Sn−1 and setting Zi := Nvi ∪N (which remains Ln-negligible) for each i ∈ N. We will show that f
is Frechét differentiable at each x ∈ Rn \ (

⋃∞
i=1 Zi). Indeed, fix one such x, then for any arbitrary v, w ∈ Sn−1:

|(Dh
vf(x)− ⟨v,Df(x)⟩)− (Dh

wf(x)− ⟨w,Df(x)⟩)| ⩽ |f(x+ hv)− f(x+ hw)|
|h|

+ |⟨v − w,Df(x)⟩|

⩽ [f ]C0,1(Rn)|v − w|+ |Df(x)||v − w| ⩽ (
√
n+ 1)[f ]C0,1(Rn)|v − w|.

Now fix an arbitrarily small ε > 0 and set δ(n) = ε
(1+

√
n)[f ]C0,1(Rn)

. By compactness, we can cover Sn−1 by
finitely many balls (Bi | i = 1, . . . , N) of radius δ(n). By density of (vi) in Sn−1, we may as well assume (upto
reordering) vi ∈ Bi for all i. For any v ∈ Sn−1, there exists some i = 1, . . . , n with v ∈ Bi. In particular:

lim sup
h↓0

|Dh
vf(x)− ⟨v,Df(x)⟩Euc| ⩽ lim sup

h↓0
|Dh

vif(x)− ⟨vi, Df(x)⟩Euc|+ (1 +
√
n)[f ]C0,1(Rn)|v − vi|

⩽ (1 +
√
n)[f ]C0,1(Rn)δ(n) ⩽ (1 +

√
n)[f ]C0,1(Rn)

ε

(1 +
√
n)[f ]C0,1(Rn)

⩽ ε.

Since (Bi | i = 1, . . . , N) is a finite covering, we can make the above estimate uniform over v ∈ Sn−1. The
choice of ε above is arbitrary, which then allows us to deduce:

Dh
vf − ⟨v,Df⟩Euc =

f(·+ hv)− f

h
−Df · v h↓0−→ 0 uniformly in v ∈ Sn−1.

This gives us the Frechét differentiability of f on a set of full measure.
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We close this section with some technical consequences of Rademacher’s theorem on level sets.

Theorem 7.9 (Differentiability on level sets). Let f, h : Rn → Rm be locally Lipschitz continuous. Then:

(i) Df(x) = 0 for Ln-a.e. x ∈ {f = 0};

(ii) if m = n, then Dh(f(x))Df(x) = Id for Ln-a.e. x ∈ {h ◦ f = Id}.

Proof. (i) Let m = 1 and x ∈ {f = 0} a Lebesgues density point for the zero level-set where Df(x) exists. If
Df(x) ̸= 0, then consider the following subset:

S =

{
v ∈ Sn−1 | ⟨v,Df(x)⟩Euc ⩾

1

2
|Df(x)|

}
,

which is necessarily non-empty. Now for all v ∈ S and h > 0, we have:

f(x+hv) > f(x+hv)−h
2
|Df(x)| ⩾ f(x+hv)−h⟨v,Df(x)⟩Euc = f(x+hv)−f(x)−⟨hv,Df(x)⟩Euc

h↓0−→ 0,

which contradict the fact that x is a point of density 1 on {f = 0}. Thus Df(x) = 0 for any Lebesgue density
point of the zero level-set.
(ii) Consider the following sets of full measures:

Ef := {x ∈ Rn | Df(x) exists} and Eh := {x ∈ Rn | Dh(x) exists}.

Then denote by Y := {h ◦ f = Id} and consider the set given by:

F := Y ∩ Ef ∩ f−1(Eh) = {x ∈ Rn | h ◦ f(x) = x, Df(x), Dh(f(x)) exists}.

Note for all x ∈ Y \ (f−1(B)), we have f(x) ∈ Rn \ B which then implies that x = h(f(x)) ∈ h(Rn \ Eh).
Thus we obtain the following inclusion:

Y \ F ⊂ (Rn \ Ef ) ∪ h(Rn \ Eh),

which then implies by Rademacher’s theorem and the scaling of Lebesgue measure via Lipschitz mappings:

Ln(Y \ F ) ⩽ Ln(Rn \ Ef ) + Ln(h(Rn \ Eh)) ⩽ Ln(Rn \ Ef ) + [h]nC0,1(Rn)L
n(Rn \ Eh) = 0.

Thus F is a subset of full measure in Y . Now the theorem follows aftering realising that for any x ∈ F , both
derivatives Df(x) and Dh(f(x)) exist and then via chain rule, the derivative of the composition exists and:

Dh(f(x))Df(x) = D(h ◦ f)(x) = D(Id),

since h ◦ f = Id on Y . Thus it yields D(h ◦ f) = Id pointwise Ln-a.e. on Y .
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