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Prologue

This notes consists of my learnings in the structure of Radon measures on an abstract measure space, in partic-
ular, on a locally compact Hausdorftf (LCH) topological space. I have tried to link this rather under-appreciated
part of measure theory with some aspects in functional analysis, including weak-* topology, positive linear
functionals and their representations. Some aspects arising from geometric measure theory and the calculus
of variations are discussed after having introduced the general framework with Radon measures. This note
should be more or less self-contained in the sense that the readers are only expected to know some elementary
measure theory. The material here is largely inspired by the content in the excellent books by Folland [Fol13]
and by Ambrosio-Fusco-Pallara [AFP00]. All mistakes or typos are almost certainly my own and any comment
or corrections will be appreciated.

1 Locally compact Hausdorff topological spaces

Recall a locally compact Hausdorff(LCH) topological space admits a compact neighbourhood around each point
and the defining topology is Hausdorff. For sufficiently regular measures, we can approximate any measurable
sets with compact subsets from the inside. Moreover, the space of Radon measures naturally gives rise to a
characterisation of the continuous dual space for the space of continuous functions. This fact constitutes of
an important link between integration theory and functional analysis, as well as the study of rough geometric
objects. Throughout this text, we will refer to countable unions/intersections of closed/open sets F,, or G sets.

Definition 1.1 (Separation axioms). Let X be a topological space. We say X is a T);-space if:

» To (Kolmogorov), if for x # y € X, there exists U € Jx such that x € U and y ¢ U or an open set
Ve Ixsuchthatx ¢ Vandy € V;

T, (Fréchet), if for x # y € X, there exists U € Tx such that x € U and y ¢ U;

T5 (Hausdorff), if for x # y € X, we can find disjoint open sets U,V € Tx withx € U andy € V;

o T3 (regular), if X is T1-space and for any F' C X closed, x € X \ F, there are disjoint open sets
UVeIxwitheeUand F C V;

Ty (normal), if X is Ti-space and for any disjoint closed sets F, K C X, we can find disjoint open
neighbourhoods U,V € Ix with F C U and K C V.

We will establish another topological separation condition. A prototype on normal spaces is discussed below.

Lemma 1.1. Let X be Ty-space and A, B C X disjoint closed subsets. Denote the set of dyadic rationals in
(0,1) by 2 = {k27" | i € N, k € (0,2")}. Then there exists a family {Uq | § € D} of open subsets in X such
that AC Us C X\ Bforanyd € P andUs C Us forall § < s.

Proof. By normality, we find disjoint V,W € Jx with A C V and B C W. Then since X \ W is closed,
setting Uy =V givesus ACU, CU; CX\W C X\ B.

We now proceed by induction on i to find Uy,,—:. Suppose for induction we have found Uy, for any k € (0, 2°)
and i < N. Set for convenience Uy = Aand X \ U; = B. Note U j5-~ and X \ U(j41)2-n~ are disjoint closed
sets for any j € [0,2%). Thus by the base case, we can find Uzj41)2-v+1) € Jx such that:

A C Uj27N C U(2j+1)2—(N+1) C U(2j+1)2—(N+1) C U(j+1)27N C X \ B

The collection {Us | 6 € 2} clearly satisfies all the desired conditions. O



A geometric intuition for the above lemma comes from simply taking X to be the plane R2. Then the sets Uy
can be thought of as regions bounded by plane curves OUj, forming a topographical map for f.

Proposition 1.1 (Urysohn’s lemma on normal spaces). Let X be a normal space and A, B C X disjoint closed
subsets. Then there exists f € C°(X;[0,1]) such that f = 0on Aand f =1 on B.

Proof. Let {Us | 6 € 2} be the collection from lemma 1.1 and set for convenience U; = X. We can define:
f: X =101, z+—inf{dec 2U{1} |z e Us},
which is now well-defined. We clearly have the required separation since A C Us C X \ B forall ¢ € (0, 1):
flx)=0vVz e A, f(x)=1Vxe B, f(z)€[0,1]Vx e X.

Now it suffices to show that the pre-images of the half-lines under f are open for continuity of f. Indeed, note
f(z) < Xifand only if z € Us for some 0 < X, which is then equivalent to = € | J;_, Us by construction. Thus,
71 ((=00,X)) = Us<y Us is open. Similarly, f(z) > Xif and only if 2 ¢ (s, Us = Us-, X \ Us, whence
SN, 00)) = Us=r X \ Us is open. Then it suffices to recall the half-lines generates the topology on R.  [J

Lemma 1.2. If X is a locally compact Hausdor{f topological space and U € Tx, then for any x € U, there
exists a compact neighbourhood K of x such that K C U.

Proof. By shrinking the neighbourhood(e.g. replacing U with U NV with V' > x open precompact), we can
assume without loss of generality that U is precompact. Since X is Hausdorff and in particular regular, we can
separate the singleton  and OU by relatively open neighbourhoods V, W C U of = and QU respectively. Then
V is a compact neighbourhood of x contained in U since it is disjoint from the boundary. O

Lemma 1.3. Let X be locally compact Hausdorff topological space and K C U C X, where K is compact
and U is open. Then there exists a precompact open set V € Tx suchthat K CV CV C U.

Proof. Choose for any © € K, a compact neighbourhood F'(z) C U. Then {int(F(z)) | € K} forms an open
cover for compact K. The finite subcover {int(F(x;)) | ¢ =1,..., N} gives rise to an open neighbourhood:

N N
V= Uint(F(xi)) with K CV CV = UF(m) cvu,
i=1

i=1
where V is a finite union of compact sets and thus compact. O
We can now prove the more general version of Urysohn’s lemma on LCH spaces.

Theorem 1.1 (Urysohn’s lemma on LCH spaces). Let X be a locally compact Hausdorff topological vector
space and K C U C X withU € Jx and K compact. Then there exists f € C°(X;[0,1]) such that f =1 on
K and f = 0 outside a compact subset of U.

Proof. Choose aneighbourhood V of K with K C V C V C U asinlemma 1.3. Then V is a compact HausdorfF
space and thus normal. Indeed, for given disjoint closed subsets £, F' C V, we can separate each point in £
from F' by some open neighbourhoods N (z), Z(xz) C X. This gives rise to an open cover {N(z) | € E}
of the compact subset F. Thus for some finite subcover, E’ = U?:l N(z;)and F' = ﬂ?zl Z(z;) are disjoint
open neighbourhoods separating E and F'.

Now we can apply Urysohn’s lemma for normal spaces on V, which separates K and 9V via f € C°(V; [0, 1]),
ie. f=1on K and f = 0 on V. Now extend f by zero to the whole space. L

Remark 1.1. Tlike to think of the proof as saying LCH spaces can be locally modelled as normal spaces, which
then reduces to the topographical intuition for normal spaces. This result should be compared with the existence
of a distance functional on Banach spaces(as a consequence of the analytic form of the Hahn-Banach theorem).

Urysohn’s lemma can be used to introduce another separation axiom, which lies somewhere between 75 and T5:

Definition 1.2 (Completely regular (T2%) spaces). A topological space X is completely regular if X is T1-space
and for any A C X closed and x ¢ A, we can find f € C°(X;[0,1]) such that f(z) = 1 and f =0 on A.



Given apriori a continuous function defined on a compact subset in a LCH space, we can define an extension
similar to the bump functions on Euclidean spaces, or more generally on smooth manifolds. The construction of
which uses the Urysohn’s lemma and structure of continuous functions on a general topological space.

Theorem 1.2 (Tietze extension theorem on LCH spaces). Let X be a locally compact Hausdorff topological
space and K C X compact. If fo € C°(K), then we can find f € C°(X) extending fo, i.e. f = foon K,
where we can choose | such that f = 0 outside some compact set containing K.

Proof. Note any continuous function is necessarily bounded on compact sets. Thus, we may as well assume
fo(x) € [0,1] for every z € K by scaling and translation. Note K is compact in a Hausdorff space, thus closed.
Claim: There exists g; € C°(X; [0, 2;—:1]) forany j € Nsuch that 0 < fo — > 2., 95 < g—z on K.

Indeed, consider the sets C11 = f; 1([0, %]) and C12 = fy 1( [%, 1]), which are closed subsets in compact K
thus closed in X. Using the Urysohn’s lemma, we find g; € C°(X; [0, 5])(by scaling) such that g; = 0 on C1y
and g; = % on O}5. An inductive argument allows us to further separate the pre-image of the Cantor splitting.

Suppose (g;)Y_, have been found, we can use the same argument to find g1 € C°(X; [0, ;V%]) such that:

al 2N 2N al 2N
gN+1EOOI1 OéfongzégNﬁ and gN+1EW0n fo*Zgh}gNﬁ .
i=1 i=1

Now notice that ||g; | co(x) < g— forany i € N, where ), :2,’— < oo and in particular the tail sum is infinitesi-

mal. Thus the partial sums fy =), <N Yi defines a uniformly Cauchy sequence. By completeness of the space
of continuous functions, fy — f = 3,cn 9 € CO(X;[0,1]) with 0 < fo — f < 2 forall i. O

The above results give hint towards the following versatile construction. Let X be a topological space. A partition
of unity on E C X is a family of functions {¢; | i € Z} C C°(X; ][0, 1]) such that:

* every x € X admits a neighbourhood U (x) C X such that ¢; = 0 on U (z) for all but finitely many i € Z;
* > icr i = 1 pointwise everywhere on E.

We say that a partition of unity {¢; | ¢ € Z} of E is subordinate to an open cover % of E if forany U € %,
there exists iy € Z such that supp ¢;,, C U. If X is a LCH space and E C X is compact, then we can choose
partition of unity consisting of only compactly supported continuous functions.

Proposition 1.2 (Compact exhaustion). Any second-countable, locally compact Hausdor{f space X admits a
compact exhaustion, i.e. there exists sequence of compact sets (K; | i € N) such that X = |J;2, K; and
K; cc KiJrlfOr alli € N.

Proof. We will first show that every z € X admits a neighbourhood basis of precompact sets. Indeed, pick by
local compactness of X, a compact set K C X containing a neighbourhood U C X of x. Now the collection
C(U, z) of all neighbourhoods of  contained in U forms a neighbourhood basis for x since for any neighbour-
hood V of 2z, U NV € C(U,z) is contained in V. Now since K is closed, we have any V € C(U,z) is a
precompact set contain in K, which thus shows that C(U, ) defines a neighbourhood basis of precompact sets.
In particular, 7x admits a basis of precompact subsets. By second-coutability, we can find a countable open
covering of X by precompact subsets (U; | 7 € N). Now construct the compact exhaustion inductively by first
setting K1 := Uy and k; = 1. For each i € N, pick k; € N by compactness such that:

o0
K; CUk U---Uly, since X C | JU;
=1

Then we can set K11 := Uj‘=1 Ukj such that K;; is compact and K; CC K,;. This gives us the desired
exhausion by compact sets. O

If X is a non-compact LCH space, we can modify X into a compact topological space by the means of Alexan-
droff 1-point compactification. Indeed, recall the space of continuous functions vanishing at infinity:

Co(X) :={f € C°(X) | Ve >0, {|f| = e} compact} = C9(X) C €°(X).

We can adjoin the space X with a single point oo at infinity such that Cy(X) consists of precisely the functions
such that f(x) — 0 as * — oo. The compactification of X is denoted by X, = X U {oco}. The topology on
X is defined as the collection .7, of subsets U C X, such that:



(i) either U C X is an open subset of X, i.e. U € T;
(if) orco € U and X, \ U C X is open in X.

Then the inclusion map ¢: X < X is in fact an topological embedding and (X, Z ) defines a compact
topological space. Furthermore, f € C°(X) extends continuously to X, if and only if f = fy + A for some
fo € Co(X) and a constant A € R, where the extension is given by setting f(c0) = A.

2 Positive linear functionals on C?(X)

For the remainder of this section, X will always denote a locally compact Hausdorff topological space.

Definition 2.1 (Positive linear functionals). A linear functional I: CO(X) — R is called positive if for any
f € CYUX) with f > 0 everywhere on X, we have I(f) > 0.

Positivity of linear functionals on C?(X) in fact implies a rather strong continuity property.

Proposition 2.1 (Local continuity). Let I: CO(X) — R be a positive linear functional on C.(X ). Then for any
compact subset K C X, there exists C(K) = const. such that:

(D)= 1(f)] < C(K) - |Iflcox) forany f € C2(X) with supp f C K.

Proof. Without loss of generality f is R-valued. Let K C X be compact and by Urysohn’s lemma, we can
choose some ¢ € CO(X;[0,1]) such that ¢ = 1 on K. Then we have for any f € C%(X) withsupp f C K:

[fl=1foxl < ox-IfIl = fllox+f 2 0= I(|flloxEf) = [f1(¢x)—1(f) = 0= |[I(f)| < C(K)-|IfI],

where C'(K) = I(¢x) is a fixed constant depending only on K by Urysohn’s lemma. O

If 11 is a Borel measure on X with K < oo for any compact K C X, then since CO(X) C L' (p):

L= COX) >R, [ [ g,

defines a positive linear functional on C.(X) and thus locally continuous. We will prove the Riesz-Markov-
Kakutani theorem on C?(X), which shows that by imposing further regularity assumptions on such Borel mea-
sures, any positive linear functional on C?(X) arises as integration against such Borel measure.

Definition 2.2 (Regularity of Borel measure). Let i be a Borel measure on X and E € B(X). We say i is:
(i) outer regular on E if uE = inf{uU | U C X open neighbourhood of E'};
(ii) inner regular on E if uE = sup{uK | K C E compact}.

Definition 2.3 (Radon measure). A Radon measure on X is a Borel measure yi that is inner regular on all open
sets and outer regular on all Borel sets such that uK < oo for any K C X compact.

Theorem 2.1 (Riesz-Markov-Kakutani). If I: CO(X) — R is a positive linear functional, then there exists
unique Radon measure . € M™(X) such that:

1) = (£ = [ fau forany f € CEX)
Furthermore, we have for any open U C X and compact K C X:

pU =sup{I(f) | f € C°(X;[0,1]),supp f C U} and pK =inf{I(f)|f € CUX),f> xr}

Proof. Consider first the uniqueness statement. Suppose 1 € M™(X) is a Radon measure such that we have
I(f) = (f,u) forany f € CO(X). Then for any U € Jx, we obtain the following estimate:

f < xveverywhere = I(f) = (f, 1) < (xv,p) = pU forany f € C2(X;[0,1]) with supp f C U.



For any compact subset K C U, using Urysohn’s lemma, we find f € C2(U; [0, 1]) with f = 1 on K. Thus:

Kk < feverywhere = puK = (xr.p) < (f,p) = I(f).

Inner regularity of 1 on open sets thus gives uU = sup{uK | K C U compact} < I(f), which then gives the
representation formula for U in terms of the functional I. In particular, i is determined by I on open sets, thus
on all Borel sets by the Carathéodory-Hahn criterion. This gives uniqueness of the representation measure.

For proving the existence of such Radon measure, we define the candidate measure on open sets via:

pU = sup{I(f)| f € C°(X;[0,1]),supp f C U} forallU € Fx,
and define a set function via the outer regularity condition for arbitrary subsets £ C X:
pw'E:=inf{pU |UDE,U € Ix}.

By definition, we obtain monotomclty pU < pV(thus also for p*) whenever U C V and ;1 = p* on open
sets. We will now establish that 4* is an outer measure and the p*-measurability of open sets in X. The non-
negativity and monotonicity of p* are clear, it thus remains to show o-subadditivity. It suffices to construct an
outer approximation of * by pi-measure of open subsets, i.e. p*E = inf{) . uU; | E C |, U;,U; open},
which defines an outer measure if we can show o-subadditivity of u* on open sets.

Let (U; | i € N) € Jx and choose some f € C2(X;[0,1]) withsupp f C U := J;o U;. Since K = supp f is
compact, we can find finite subcover (U;) ., for K and a partition of unity (;);_, € C2(X;[0,1]) subordinate
to this subcover. Then f = Z;vzl fejandforall j =1,..., N, fo; € C2(U;;[0,1]), which gives us:

N

N
I(f) =Y " I(fe;) <> _nlU; <> plUs = plU = sup{I(f) | f € C2(U <Y i
j=1 j=1

1€N €N

Let U € Jx and E C X an arbitrary subset. By o-subadditivity, we automatically have u*E < p*(E N
U) + p*(E\ U), thus it suffices to show the reverse inequality for x*-measurability of open sets. Without loss
of generality, we can assume p*E < oo. If E open, for any ¢ > 0, there exists f € C(E N U;|0,1]) such
that I(f) > u(E NU) — e. For oen subset V = E \ supp f, we can also find h € C%(V;[0,1]) such that
I(h) > u(E \ supp f) — e. Since we have f + h € C2(E; |0, 1]), it yields:

pE ZI(f+9) 2 w(ENU) + p(E\supp f) —2e > pW(ENU) + p(E\U) — 2,

where since e > 0 is arbitrarily chosen, we have uE > u(ENU) + u(E \ U). For a general subset E C X, we

can find an open set V' O F approximating the measure of F from outside. Thus any open set is p*-measurable.

In particular, by the means of the Carathéodory-Hahn theorem, any Borel set is x1*-measurable and p := p*|g(x)

defines a Borel measure on X and satisfies the exterior approximation by /.

Let K C X be a compact subset and f € CO( ;[0,1]) with f > xx everywhere. Set for any ¢ > 0,
={f>1—¢} € Ix. Then for any h € C°(U,; [0, 1]), we would have:

(1—5)_1f—h>Oeverywhere =I((1—e) ' f—h)=20= ulU. = sup I(h) < (1—¢e)7 I(f).
heC2(Ug;[0,1])

In particular, notice that K < pU. by monotonicity for any £ > 0, thus sending £ N\, 0 gives uK < I(f). On
the contrary, using Urysohn’s lemma, for any U O K open neighbourhood of K, we find f € C2(U; [0, 1]) with
f = 1on K. In particular, we have I(f) < pU by exterior approximation of y with I. Thus, we can conclude,
by outer regularity of y, uK > I(f) and uK = inf{I(f) | f € CYU(X), f > xx}-

Finally, it remains to check I(f) = (f, u) for any f € C9(X), whereas by dilation it suffices to assume f is
[0, 1]-valued. We use a monotone class argument for approximation of the integral. Let N € N be fixed and set
K;:={f>jN~'}foreachj=1,...,N. Denote by Ky = supp f. We define f1,... fxy € C2(X) via:

B 1 1 0 $¢Kj_1
. J— _
fj:mln{max{f—T,O},N}:x»H flz) — 2, r€eK;_1\K;j
% :cGKj.

Then we obtain N~ 'xx, < f; < N 'xk,_, everywhere, which leads to N ™' uK; < (fj, p) < N7k y.
Note also for any open U O K;_1, we have N f; € C%(U; [0, 1]), which then gives us I(f;) < N~1uU. We



can thus use outer regularity to obtain N ' K; < I(f;) < N7'uK;_1. Summing over j = 1,..., N gives:

N N | N1 N | V-1

Z (fi 1) ) < 5 2 nE; and ZMK Zf(fj)zf(f)<ﬁ pI;.

j=1 j:1 j=0 j=1 j=1 j=0
In particular, we can deduce the following estimate from alternating sum:

uKo — puKy  p(supp f) Nooo
— < <
1) = (f, )| < HROZHEN  MEIRT) e

which tells us I(f) = (f, u) forany f € C%(X). O

Remark 2.1. The Radon measure p obtained from the Riesz-Markov-Kakutani theorem in fact comes from
a complete measure p* defined on the space of all p*-measurable subsets, which is in fact an outer measure
inducing the desired Radon measure x4 and the completion of .

3 Regularity and approximation of Radon measures

Proposition 3.1 (o-finite inner regularity). Every Radon measure is inner regular on the o-finite subsets.

Proof. Let pu be a Radon measure and I C X o-finite. Suppose first uf2 < oo. Then for any € > 0, we can
pick open neighbourhood U D E and compact subset K C E such that uE > pU — ¢ and u K > uF — €. By
exterior approximation, since u(U \ E) < &, we can choose another open set V' O U \ E such that uV < e. Set
F = K \ V, which defines a compact subset of E satisfying:

wF=pK —pu(KNV)>upuE —e—uV > puE — 2e.

This gives inner regularity of 1 on subsets of finite measures. If ' = oo, then we can write E' = | J, E; for

some increasing sequence of finite measure subsets (F;) with uF; < oo and pFE; — 0o asi — co. In particular,
forany N € N, we find E; such that uE; > N. Inner regularity on finite measure sets gives us the existence of
a compact subset K C E; C E with uK > N. In particular, 4 inner regular on any o-finite subsets. O

Corollary 3.1. Every o-finite Radon measure is regular. In particular, every Radon measure on a o-finite
measure space is regular.

Proposition 3.2. Let n € M1 (X) be a o-finite Radon measure and E € B(X). Then:
(i) foralle > 0, there exists U € Tx and F C X closedwith FF C E C U and u(U \ F) < ¢;
(ii) there exists Fy-set A =, A; and Gs-set B = (|, B; such that A C E C B and (B \ A) = 0.

Proof. (i) We have E = | J;-, E; for some disjoint sequence (E;) with uE; < oo. Pick for each i € N, an
open neighbourhood U; O E; with pulU; < pFE; + 2~ 0+, Similarly, there exists disjoint sequence (G;) with
X\ E =2, G; and open neighbourhoods V; O G with piV; < uG; 4+ €2~ 0+1. Summing over i gives:

—@ € —@
U< Z/,LUZ' < ZuEﬁ—sQ (i+1) — pE+s and pV < Z“Vi < Z/,LGH—aQ () — (X \E)+=
1€N €N i€N 1€N
where we have denoted U = | J, U; and V' = |, V. Setting F' = X \ V C FE gives a closed subset such that:
pUN\NF)=pU\E)+p(E\F)=pU\E)+u(VNE)<e
(ii) follows from applying (i) with a choice of infinitesimal sequence (&;). O

Theorem 3.1 (Borel regularity on LCH spaces). Let X be a LCH space where any open U C X is o-compact.
Then every Borel measure on X, finite on compact subsets, defines a regular measure and thus a Radon measure.



Proof. Let u be a Borel measure, finite on compact sets. Thus any compactly supported continuous function
is p-integrable, i.e. CO(X) C L'(u). In particular, I(f) := (f, u) defines a positive linear functional by the
Riesz-Markov-Kakutani theorem, which is then induced from some Radon measure v € M™(X) such that
(f, 1) = (f,v)(this does not imply p = v yet since we do not know whether y is a Radon measure).

If U € Ix, we can write U = | J;2, K for some sequence of compact sets (K;). Pick fi € C2(U; [0, 1]) such
that f; = 1 on K by using Urysohn’s lemma. Choose inductively (f;) € C°(X;[0,1]) with supp f; C U for
alliand f; = J,_, Kir U Ui;ll supp fx. Then it holds f; " xy pointwise and thus:

pU = lim (f;, p) = lim {f;,v) = vU,
1—> 00 71— 00

by monotone convergence theorem. For any F € B(X) and € > 0, we can find open neighbourhood V' O E
and closed subset F' C E such that u(V \ F) = v(V \ F) < e. Thus uV < uF + e < pE + ¢, giving us outer
regularity. Note F' is o-compact and pF' > puF — ¢ by outer regularity, which allows us to find a sequence of
compact sets (K;) such that uK; — pF. Thus p regular and 4 = v by uniqueness from Riesz’s theorem.  [J

Proposition 3.3 (Density theorem). Let u € M™T(X) be a Radon measure. Then CO(X) C LP(u) dense
subspace for any p € [1,00). In particular, LP (X, B(X), i) is separable for any p € [1, c0).

Proof. Let E € B(X) such that uE < oo. Then for any ¢ > 0, we can find open neighbourhood U D FE
and compact subset K C E with u(U \ K) < eP. By Urysohn’s lemma, we find f € C?(X) such that

Xk < [ < xu. Integrating this gives us [[xg — fllr(u) < u(U\ K)% < e. Then the result follows from the
LP-density of integrable simple functions. U

Theorem 3.2 (Egoroff). Let 1 € M™T(X) be a finite Borel measure and (f;), f: X — C Borel functions such
that f; — [ pointwise a.e. Then f; converges to [ u-almost uniformly on X, i.e. for any € > 0, there exists
E C X with uE < € such that f; — f uniformly on X \ E.

Proof. Assume, upto correction on a p-negligible set, f; — f pointwise everywhere on X. Set for m, k € N:

1.

T =

E?n,k: = U {Z‘ eX | |ft(‘r) - f(l‘)| 2

izm

Fix k € N, then (E,,; | m € N) forms a sequence of decreasing sets such that by pointwise convergence,
ﬂmeN Eonr = (). In particular, uX < oo, we can conclude wEy, . — 0asm — oco. Now for each k € N, pick
m(k) sufficiently large such that pE,,, k), < €27* and define E := |, oy Emr),x- Then pB < 3, g2 =
eand sup,c y\ g | fi(z) — f ()| < k=" wheneveri > m(k) by construction, giving us uniform convergence. [J

Theorem 3.3 (Lusin). Let yu € M™(X) be a Radon measure and f: X — C measurable such that we have
esssupp f C E with pE < co. Then for all € > 0, there exists p € C2(X) such that ¢ = f away from a set of
measure < e. If f € L (), we can find such o with ||o| co(x) < || f|le (-

Proof. If f € L° () supported on a set of finite measure, then f is u-integrable and by density we find (f;) €
C?(X) such that, upto passing to subsequence, f; — f pointwise a.e. By Egoroff’s theorem, we can find
ACE={f# 0} withuy(E\ A) < § and f; — f uniformly on A. Now we can choose compact subset
K C A and open neighbourhood U O E with (A \ K) < § and u(U \ E) < 5. The uniform convergence
on K C Agivesus f|x € C°(X). Then we can find a compactly supported continuous function ¢ € C2(X)
where ¢ = f on K and supp C U. In particular, {f # ¢} C U\ K, giving u{f # ¢} < p(U\ K) < e.
Post-composing h with a smooth cut-off gives us the case for bounded measurable functions.

If f unbounded, then E; = {|f| € (0,4]}  E asi — oo. Thus for all i large, we have u(E \ E;) < 5. Fix
one such i € N and by the case for L°°-functions, we can find ¢; € C?(X) with ¢; = fx ., away from a set of
measure < 5. In particular, ¢; = f outside a set of arbitrarily small measure. O

Proposition 3.4 (Structure of 1.s.c. functions). Let X be a topological space. Then the following holds:
(i) U € Ix < xu is lower-semicontinuous;
(ii) F' C X closed < xr upper-semicontinuous;
(iii) f: X = RU{oo} Ls.c.(oru.s.c.) = \f Ls.c.(or u.s.c.) for all A € [0, 00);

(iv) Gs family of l.s.c. functions = f :=supGs Ls.c.;



(v) G< family of u.s.c. functions = f = inf G- w.s.c.;
i) f1,fo: X = Rls.c(orus.c.) = f1+ fo Ls.c.(or us.c.).
If we assume further that X is a locally compact Hausdorff topological space, then:
(I) f>0Ls.c.= f(x)=sup{h(z) | he C%UX),0<h< [}
(I) f<Ouws.c = f(x)=inf{h(z) | he COX),0=>h> [

Proof. The usual l.s.c. and u.s.c. properties on a general topological space are routine and hence omitted here.
The statements for LCH spaces are effectively consequences of Urysohn’s lemma.

Indeed, for simplicity we only consider the statement for u.s.c. function f < O(equality case is trivial). Letz € X
and A € (0, — f(x)) be arbitrary. Then by upper-semicontinuity, U(A) = {f < —A} is an open neighbourhood
of . Using the Urysohn’s lemma, we find h € C?(X) with h(z) = —Xand 0 > h > —Axp () = f everywhere.
Letting A ' — f(x) gives us statement (IT). Treatment for (I) is similar. O

Theorem 3.4 (l.s.c. monotone convergence theorem). Let X be a LCH space and G a family of non-negative
L.s.c. functions as a directed set with the pre-order <, i.e. for any hg, h1 € G, there exists h € G with g, g1 < g
everywhere on X. Then for any p € M™(X) Radon measure:

/fdu ={f,p) = bup (h, u)y = bup/hdu, where f := sup h.
heg heg

Proof. By Proposition 3.4 (I), f is necessarily l.s.c. and thus Borel measurable, which then gives the well-
definedness of the integral. By monotonicity of integral, it suffices to show (f, u1) < supy,cg(h, p). We construct
the approximating sequence of simple functions as follows: for all &k, m € N, we set

22171
O =27 Z XUp.ms Where Ug = {x € X | f(x) > k27™}.
k=1
Clearly, we have ,,  f pointwise a.e. as m — oco. Then by the usual monotone convergence theorem, for any
2m
A < (f, u), we can find m sufficiently large with 27 2221 #Ukm :2<gom, () = A. By the inner regularity of
{4 on open sets, we can find compact subsets K, C Uy, such that Zi:l 1K > 2™\ We set for each m:

22771 22771
Ym =2 XK, = > = Pmon K o= | J Ky,
k=1 k=1

whence for each € K, we can pick h, € G with g, (x) > 1,,,(x) by definition of f. In particular, {V, :=
{tm < hg} | x € K} forms an open cover for the compact set /' by lower-semicontinuity, and thus admits a
finite subcover {V,, | i = 1,..., N}. Now since G is a directed set, we can find an upper bound h € G such
that & > maxy<n ha; > 1. Then monotonicity of integral again gives (h, ) > A forall A < (f, p). O

Corollary 3.2. p € M™(X) Radon measure, f: X — [0,00] Ls.c. Then the following holds:

/fduzsup{/hdpﬂhECg(X),0<h<f}

Proposition 3.5 (l.s.c. approximation). Let u € M™(X) be a Radon measure and f: X — [0, 00| Borel
Sunction. If {x | f(x) > 0} is o-finite, then:

/fdu—inf{/hd;ﬂh}f, h: X — [0, o0 l.s.c.} —sup{/hd,uOéhgf, h: X — [0, 0] u.s.c.}

Proof. Let (p;) be sequence of non-negative simple functions such that ¢; * f pointwise (upto correction
on y-negligible sets). Writing o9 = 0 for convenience, we thus have f = > . i — ¢;—1. In particular,
we can write f = ).\ Aixg, by reordering, where \; > 0 for all i € N. Now for all ¢ > 0, pick open



neighbourhoods U; O E; by outer regularity such that pU; < pkF; + e); 12=%, By the structure of Ls.c.
functions, h := ZieN Aixw; is Ls.c. with h > f everywhere and:
_ . . im i ) . —lo—iy _ ) o
/hd/i =D Nl STminf X (uBi X712 = 3 Al = /fdu,

ieN €N i€N

whereas the reverse inequality is trivial since f is l.s.c. This gives us the first claim.

Let A < (f, u) be arbitrary and choose N large such that » 0, -\ Aipt; > A. By inner regularity of 12 on o-finite
sets, we can choose compact subsets K; C F; approximating the measure of F; such that Z@ <N ANipEG > A
Then h := ZKN AiXk; is an u.s.c. function with 0 < h < f and (h, p) > A. O

4 Dual of continuous functions vanishing at infinity

Let X be alocally compact Hausdorff topological space. Any positive bounded linear functional 7: C%(X) — R
has a natural continuous extension to the uniform closure C(X) via a density argument. In particular, recall by
the Riesz-Markov-Kakutani theorem, I is given by integration against a Radon measure ;1 € M™(X). Since
the constant 1 function is clearly continuous and thus lower-semicontinuous, we can use 3.2 to approximate the
total measure of X and the boundedness of our linear functional I gives:

pX = sup /wdu <Hleoxyy sup  lelleoxy = [H]lcoxy)- < oo
PECY(X;5[0,1]) PEBc, (x)

Thus we can deduce that any finite Radon measure on X induces a positive bounded linear functional on Cj(X)

via extension through the dense subset CO(X) C Cp(X). We will see that such bounded linear functionals

in fact give hint to a complete characterisation of the dual space Cy(X)*, which is the content of the Riesz

representation theorem. The result crucially relies on a Jordan decomposition of the elements in Cp(X)*.

Lemma 4.1 (Jordan decomposition of continuous linear functionals). If I € Co(X)*, then there exists positive
linear functionals I+ € Co(X)* such that I = It —I~.

Proof. Define for f € Cy(X;[0,00)), IT(f) := sup{I(¥) | ¥ € Co(X),0 < ¢ < f}. For any continuous
compactly supported 0 < h < f, we can deduce from linearity:

(R < [ ]lcy(x)- Flleoxy = 0 <IH(f) < o x)-

Inspired from the proof for linearity of integral, we will show that I is the restriction of some linear functional
to Cy(X;[0,00)). Indeed, for any f € CY(X;[0,00)) and A > 0, we clearly have IT(\f) = At (f) from
linearity of 1. If 0 < vy < fp and 0 < ¥1 < f1, then we obtain by definition:

0<to+v1 < fo+fi=I"(fo+ fi)=> sup I(tho) + I(1) = I (fo) + IT(f1).
0y < fi]i=0,1

hllcocxy < M lcox)- flleocx)-

For any choice of 0 < ¢ < fo+ f1, we can set ¢ := max{t), fo} and ¢); := 1) —1)g. Then we have 0 < v; < f;
fori = 0, 1, which allows us to conclude (1)) = I (o) +I(11) < I (fo)+IT(f1) by definition. In particular,
since 1) is chosen arbitrarily, I (fo + f1) = IT(f1) + I7(f2). Thus, we can define a linear extension by
decomposing every f € Cy(X) into positive and negative parts, i.e. I*T(f) = I*(fy)—IT(f-). In particular:

IT>0

(D=7 (F0) = T < max{ T (f4), I7(f2)} < lleox)- Ifllcocxy  forall f € Co(X).

Hence, It € Co(X)* with [[IF]|¢,(x)* < [[]lcy(x)+» Whereas we can set, by the linear structure of the dual
space, I~ :=1 — It € Cy(X)*. Itis easy to see that [ is necessarily positive. O

Remark 4.1. By considering the real and imaginary parts separately, we can carry out the analogous discussion
in the proof above for I € C(X; C)*. In particular, in the view of the Riesz-Markov-Kakutani theorem, for any
continuous C-linear functionals I € Cy(X;C), there are finite Radon measures (1;)7_; € M™*(X) such that
I(f) = (f,p) for any f € Cy(X;C), where we have denoted the C-valued representation Radon measure by
p= (1 — p2) +i(ps — pa) € M(X;C).

Definition 4.1 (Vector-valued Radon measures). Let (V.|| - ||) be a finite-dimensional normed space. A set
Sunction p: B(X) — V is called a vector-valued Radon measure if



(i) ph =0;
(ii) p(U;en Ei) = D ;en nEs for any (E;) € B(X) disjoint;
(iii) each ' is a signed Radon measure on X.

We denote the space of vector-valued Radon measures by M(X; V). In particular, since complex measures
are bounded, every complex Borel measure is Radon on a second-countable LCH space. The total variation
measure induce a norm on M(X;V) by setting for all p € M(X;V), = |u|(X). Furthermore,
(M(X;V), || - lm) forms a normed vector space, which is in particular closed under linear operations.

Theorem 4.1 (Riesz representation theorem). Let X be a locally compact Hausdorff topological space. Define:
T: M(X;C) — Co(X;C)", pr—1I,:=(,p.
ThenT: p > I, is an isometric isomorphism between (M(X;C), || - || m) and (Co(X;C)*, || - |lop)-

Proof. From the lemma and remark above, we know thatany I € Cy(X; C)* is induced by some complex Radon
measure. On the contrary, for i € M(X;C), we can see for any £ € B(X):

“E:/ (dcf |> il < /

where we have used the polar decompostion of p and |%| =1 |ul-a.e. Then via a monotone class argument:

dp‘
Xe 77| dlpl = [u[(E),
dll | = ul(E)

[ sanl < [ 151l < o llae forany f € Col:©).

In particular, in combination with the linearity of integral, we have I, € Co(X;C)* where ||1,,]lop < ||l M-
It now remains to show the reverse inequality. Using the Lusin’s theorem, for any ¢ > 0, we can find some

@ € C%(X) C Cy(X) and measurable subset £ C X such that % = ¢ on E and u(X \ E) < e. Thus:

1]
Iullae = lelC) = [ ]

u:/ —dp < /gﬁdqu/‘go dp < ||y ||op + 2,
| ‘ d|,u| ‘ | d| ‘ H ”OP

where we could normalise ¢ € Bco(x) since the polar of 4 has unit length. Hence p — I}, is an isometry. [

Recall that the continuous dual space of L™ (1) consists of elements which are finitely additive complex measures
absolutely continuous with respect to 4. This in turn characterises the second dual space of L1 (y). Clearly, since
Co(X) <= L°°(u), the embedding implies the canonical inclusion of dual spaces (L>°(u))* — Co(X)* via
restriction. In particular, we can construct the canonical embedding into the second dual space:

Apign: LNX, B(X), p) = Co(X;C)* = M(X;C), [+ vy = fdpu.

5 Lower-semicontinuity of functionals on Radon measures and gener-
alised products

We discuss the lower-semicontinuity and continuity with respect to the weak-* topology of functional defined
on Radon measures. Some preliminary facts about the interactions between continuous functions and Radon
measures on a given measure space need to be recalled. A useful compactness criterion is given below, which
becomes useful in the discussion of varifold geometry.

Definition 5.1 (Total variation measure). Let X be a locally compact Hausdorff topological space and v &
M(X; V) avector-valued measure for some normed vector space (V, || - ||v/). We define the corresponding total
variation measure |v| on the Borel subsets of X :

i=1 i=1

|V|(E) := sup {Z lWE;|| | E = U E; for some pairwise disjoint (E;) € B(X)} forany E € B(X).

10



Proposition 5.1 (Equivalent formulation of total variation measure). Let X be a locally compact separable
metric space and p € M(X;R™) a finite Radon measure. Then for any open subset U C R™:

|ul(U) := sup {/X o dp;

Proof. Note p << |p] and by the Radon-Nikodym theorem, we obtain the polar decomposition dy = fd|p| for
some p-integrable function f: X — S™~1 C R™. Now fix an arbitrary open set U C X:

o= (oL ™) € COUR™) with [l x) < 1}.

/U @-du‘ < /U (o, F)puedlit] < lplloog, - [ul(U),  forall p € COU),

by the decomposition of measure and Cauchy-Schwarz inequality. Choosing ¢ € Boo(x;gm) gives us the back-
ward inequality. On the contrary, recall the dense injection CO(U; R™) C L'(A, B(A), 1). We can thus find an
approximating sequence (¢;) € Boo(rmy such that ; — fxp in L'. In particular, we have:

im [ el — lim / (0ir £) Buedp] = |1l(U);
U 11— 00 U

1—00
by dominated convergence theorem, since f is S™~!-valued and L!-convergence gives us p; — fxy p-a.e. [

Remark 5.1. The above characterisation of the total variation measure allows us to give an explicit Radon-
Nikodym decomposition. Suppose v << u, whence by the Lebesgue-Radon-Nikodym theorem, we obtain:

dv dv
o= ap [ eddee= w0 D i = [ ol
eCURM |l <1 X peCURMlello<tJx Al x o dp

for any open subset U C X via an argument using the dense injection CO(U; R™) — LY(U;R™).

Proposition 5.2 (De La Vallée Poussin compactness criterion). Let (1;) € M(X;R™) be a sequence of finite
Radon measures such that sup;cy |pi|(X) < oo. Then:

(i) () admits a weak-* convergent subsequence;
(ii) p— |p|(X) is lowe-semicontinuous with respect to the weak-* topology.

Proof. Suppose without loss generality, e.g. via scaling, sup;cy |¢4:|(X) < 1. Recall that the space of continu-
ous functions on a LCH topological space is separable. Thus we can find a sequence (u;) € Co(X; R™) (argue
componentwise if necessary) such that cling ({u; | i € N}) = Co(X;R™).

After normalising each u;, use Cantor’s diagonal argument to extract a subsequence (14;, ) such that:

(U iy, ) :/ U dfti, — A as k — 0o,  where sup |A,| < 1.
X meN

By the linearity of integral and limits, we can can use the density assumption to define via duality:

(u, p) = klim (u, piy,), forallu € Co(X;R™),
—00
where the limit exists via a ¢ /3-argument. In particular, we necessarily have u € (Co(X;R™))* = M(X;R™)
and pi;, X 11 by construction. The lower-semicontinuity statement follows from the equivalent definition of the

total variation measure as the supremum of a family of weak-* continuous functionals. As a consequence, we
necessarily have |p|(X) < liminfy o0 |, [(X) < 1. O

Definition 5.2 (Weak-* convergence). Let (1;) € Mioc(X;R™). We say that ; =y locally on X if
/ udp; — / udp  forany u € Co(X).
X X

For finite Radon measures i, (j1;) € Mioe(X;R™), we say p; — p if

/udui—>/ udp  forany u € Co(X) := Co(X) C €°(X).
b'e bl

11



Remark 5.2. We can see that, on locally compact HausdorfF spaces, for p, (1;) € Mioc(X;R™) finite Radon
measures, j¢; — fif and only if y2; — p locally and sup, ¢y |12 (X) < oo in addition.
Indeed, we have that, in a locally compact HausdorfF topological space, C.(X) C LP(u) is || - || L»-dense for any
€ [1,00). Thus for any Borel partition, we can approximate the constant-1 function on each partition set by
compactly supported continuous functions in the L'-sense, which then gives us sup,y |1 |(X) < |pu/(X) b
convergence of the measure of the whole space. The converse direction follows since uniform density implies
L'-density, which then allows us to use a £/3-argument to conclude. For simplicity, we present a prototypical
criterion for weak-* convergence in M (R; C) below.

Lemma 5.1 (Integration by parts formula). Let 1 € M(R; C). Then the following formula holds:

/wd,u:/z//(t) —o0, t]dt = /z/; t)dt forall ) € C1(R;C).

Proof. Indeed, since ¢ is compactly supported, we necessarily have lim|;| o %(x) = 0. Thus using the FTC:

/w it = [ o(edu(s) = [ W@ dtduts) = [0 (Ou(-o0.tas

where we have used Fubini’s theorem to justify changing order of integration. L

Proposition 5.3 (Convergence in distribution). Suppose (i1;), u € M(R) and consider their respective distri-
bution functions F;(x) := p;(—o0,x] and F(zx) := p(—o0, z] on R. Then:

(i) supey ||1illm = sup;e |1/(X) < 0o and F; — F at all continuity points of F = j1; — p;

(ii) pi = pand (p;) € M (X) = F; — F at continuity points of F.

Proof. (i) Denote by F(zy) := limyqy, F(y) and F(z_) := lim,, F(y). Suppose first that ;¢ is a R-valued
signed measure and note F is clearly increasing by the monotonicity of integral. Thus {(F(z_), F(z4)) | = €
R} forms a disjoint collection of intervals such that F'(—N) < F(z_) < F(z4) < F(N) if |2| < N. Then:

p{z € (=N,N) | F(z;) # F(z_)} = > |F(ay) - F(z_)| < F(N) = F(—N) < 0o forany N € N.
|z| <N

Thus |[{z | F(z4+) # F(x_)}| is at most countable. In particular, any distribution function is necessarily a
function of bounded variation and thus F' is continuous away from at most countably many points. In particular,
the assumption implies F; — F L'-a.e. and sup;cy ||Fi||pe®) < supey || (R) < oo. Recall C}H(R) C
Co(R) is a dense subspace and the integration by parts formula gives for any ¢ € C}(R):

[ edui = [ rwic— [ @r@d= [ o,

by Lebesgue’s dominated convergence theorem. A 3c-argument and density allow us to conclude f1; — .

(ii) By weak-* convergence, ({f, j1;});cn defines a Cauchy and thus bounded sequence for any f € Cy(X). By
the principle of uniform boundedness, sup;cy ||@i]| < co. Let 2 € R be a continuity point for the distribution
function F of p. For any € > 0, we can define f,, f* € C%(R) via the following:

1, y€[-N+e¢,x; 1, yE€[-N+ez—¢|;
fo(y) =91 -2F  ye(z,x+e); and fT(y):={1-E= e (z g a);
0 otherwise. 0 otherwise.

We obtain the following from the weak-* convergence ju; — ju:
limsup F;(x) — F;(—N +¢) = limsup p;(—N + ¢, 2] < /fxdu <F(x+e)—F(—N+¢)
i—00 i—>00

liminf F;(z) — F;(—N) = limsup p;(—N, 2] > /fxd,u >F(x—¢)—F(—N+¢)

1—00 i—00

whereas if we send N — oo, since F;(—N), F(—N £ &) — 0, it yields for £ > 0 arbitrarily small:
F(z —¢) < liminf F;(2) < limsup F;(z) < F(z +¢).
1—00 ;

1—00

Since z is chosen to be a continuity point, we can send € “\ 0 to obtain lim;_, ., F;(z) = F(x). O

12



Another useful result describes a generalised notion of product measures, allowing us to decompose measures on
product spaces and giving hints towards the method of disintegration. We briefly describe the approach below.

Definition 5.3 (Measure-valued maps). Let E C R™, F' C R™ be open sets, i € M™(E) Radon measure.
We say a function x +— v, assigning v € E to a finite Radon measure v, € M(F;RF), is u-measurable if
x > vy B is u-measurable map in the usual sense for any B € B(F).

Proposition 5.4 (Measurability criterion). If x — v, A is u-measurable for any open set A C F, then x — v,
is a p-measurable measure-valued map. Furthermore, x — |, 7 M@, y)dvy(y) is p-measurable for any bounded

(B.(E) ® B(F))-measurable function h: E x F' — R.

Proof. The first part is an exercise using the Caratheodory-Hahn extension. The second part follows from a
monotone class argument and checking p-measurablility of the rectangle sets, which is clear from definition. [

Remark 5.3. In particular, if  — v, is y-measurable and A C F' open, we obtain:

k
|[v2|(A) = sup {/ Zuid(%)i lueDcC ECC(A;Rk)} ;

Fi=1
where D is a dense subset in the unit ball. This gives pu-measurability of z — |v,]|.

Definition 5.4 (Generalised product measure). Assuming the following holds true:
/ |vz|(F)du(z) < oo for any E' CC E open.
E/

The product Radon measure i @ v, € M(E x F;R¥) is defined via the following: for any B € B(K x F):

por®) = [ ([ xatean ) auo)

where K C FE is an arbitrary compact set. In particular, we have for any Borel function f: E x F — R with
supp f C E' x F with E' CC E, the following integration formula holds:

/Efo( ylp @ ve)( /(/fxydvm )du(x).

Theorem 5.1 (Disintegration of measures on product spaces). Let k > 1, E C R" and F' C R™ open subsets,
v € M(E x F;R¥) Radon measure, 7: E x F — E projection onto E. Denote ji = 7. |v|, which is assumed
to be a Radon measure, i.e. |V|(K x F) < oo for any K C E compact. Then there exist p-measurable map:

E—- M(F;R™) z+— vy,
mapping onto the space of R™-valued finite Radon measures such that:
(i) |vz] € P(F), ie. |vz|(F)=1for p-ae x € E;
(ii) f(z,-) € L*(F,|v.|) for p-a.e. © € E;
(ifi) © > [ f(2.9)dvi(y) € LN(E. 1) forany | € L'(

):
(v) 5o p f@y)dv(z,y) = [, ([ f(z,y)dve(y)) du(z) for any f € L*(E x F,|v|).

Moreover, any other p-measurable map x — v, satisfying the above for any bounded, compactly supported
Borel function and v, F € L'(E, u) satisfies v, = V., for y-a.e. v € E.

Corollary 5.1. The total variation of the given Radon measure satisfies |v| = p ® |vy|.
Recall the definition of a convex function defined on a vector space X: f: X — Ro, = RU{£o0} is convex if
FO@+ (1= Ny) SAf@) + (1= Nf(y) foranya,y e X, A€ [0,1].

We say that f is lower-semicontinuous if for any 2o € X andt € (—o0, f(x0)), there exists open neighbourhood
U(zo) C X of g such that f(z) < t for any x € U(zo). Equivalently, f lower-semicontinuous if:

f(zo) < liminf f(x) for any 2o € X.
T—x0
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Proposition 5.5 (Equivalent formulations of lower-semicontinuity). Let X be a separable Banach space and
f: X* = RU{oo} convex. Then:

(i) f weak-* lower-semicontinuous < f sequentially weak-* lower-semicontinuous;

(ii) f weak-* lower-semicontinuous < there exists (x;) € X and (\;) € R such that

f(@) =supp(x;) + \; forany ¢ € X*.
ieN

In particular, f is positively 1-homogeneous if and only if \; = 0 for all i € N.

Proof. (i) Note by definition, lower-semicontinuity always implies sequential lower-semicontinuity with respect
to any topology. Now let f be sequentially weak-* lower-semicontinuous and convex. Consider the sets C; =
{f < t}, which are sequentially weak-* closed and convex by our assumption on f. Note the intersection of C
with any closed balls in X is necessarily weak-* closed. Then by the Krein-Smulian theorem, any C; is weak-*
closed, which implies the weak-* lower-semicontinuity of f.

(ii) Assume without loss of generality f # oo. Now consider the set:

R:=A{(z,)) €e X xR [ f(¢) > ¢(x) + AVg € X7},

which reduces to proving for any ¢ € X*, f(¢) = sup{é(z) + A | (x,A) € R}, which is equivalent to:

Epi(f) = {(¢,t) e X* xR [t > f(@)} € |J {(&1) € X" xR [t < (w) + A}

(z,\)ER

Indeed, since X* x R is o-compact with respect to the weak-* topology, the open cover above can be refined
into a countable cover, whence f(¢) = sup;cy ¢(2;) + t; forany ¢ € X*.

Suppose for now f is a positive functional. Choose ¢ € X* and s < f(¢), thus it follows (¢, s) ¢ Epi(f).
Using the functional separation theorem, we can find z € X and o, 5 € R such that

(¢,2) + Bt > a > (p,2)+ Bs forany (¢,t) € Epi(f) = (¥, 2) + Bf(¢¥) = a > (p,z) + BsVip € {f < oo}

Now choose some ¢ € {f < oo} andt > f(v), sending t — oo gives § > 0. If 8 = 0, we would have
f(¢) = oo otherwise we obtain ¢(z) > a > ¢(z) from above which is a contradiction. Moreover, for any
€>0,9 € {f < oo}, wehave )(=*) + ¢ <0 < f(¢), which then implies (=%, 2) € R. Thus:

tp(;z)+g—>ooas5¢02>f(¢): sup ¢(z) + aforall p € X*.
£ 3 (z,@)ER

If 8 > 0, then using the inequality from the functional separation theorem, we obtain for any ¢ € X*:

2, Bs+p(z) N (;z Bs + (=)

VERBIW) > ¢(2) + Bs & [(¥) > () + = 5 JER
In particular, for any arbitrary s < f(), we have:
sp_p(a) +a > p(=2) + B 1) = suplp(e) + 0 | (z.0) € RY.
(z,)ER ﬂ 6

For a general functional f: X* — RU{oo}, choose p € {f < oo} and s < f(y) arbitrary. Apply the functional
separation theorem as above to get z € X and 8 € R with ¢)(2) 4+ St > ¢(z) + (s for any pair (¢, t) € Epi(f).
In particular, we have (¢, f(¢)) € Epi(f) by our choice, thus giving us 8 > 0. Now set:

$(2) _ Bs+(2)
B g

which is a positive linear functional on X*, since we have for fixed ¢ € X*:

$(2)+Bf(¢) = d(z) +int{Bt | (¢,1) € Epi(f)} = () +Bs & BF(9) = Bf(9) +(2) — (Bs+(2)) > 0,

f: X* = RU{oo}, ¢ f(¢)+
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By the case for positive linear functionals on X *: for any ¢ € X*, there are (z;) € X and (\;) € R such that:

F(6) = supd(e) + A = £(g) + 22— B o py —sup oz + A,
i€N ﬁ ﬁ 1€N

where Z; = z;— 8 'zand \; = \;+ 31 (¢(2)+Bs). Suppose now (z;, \;) is the defining sequence for f. Then
by linearity f(0) = 0 = sup;cy Ai» Which gives A; < 0. In particular, for any ¢ € X*, f(¢) < sup;cy ¢(2).
Since f is positive 1-homogeneous, we have for any ¢ € N, f(¢) > ¢(z;) +tA; forall t > 0. Sending ¢ | 0 and
taking supremum over the indexing set gives: f(¢) > sup,cy ¢(2:). O

Definition 5.5 (Recession function). Let f: R™ — RU{oo} be convex, lower-semicontinuous such that f % oo.
We define the recession functional of f to be, for an arbitrary py € R™ with f(pgy) < oo:
f(po +tp) — f(po)

fot R™ = RU{oo}, fx(p):= tl%g + :

If f = oo, we set for completeness foo(p) = 0o for any p # 0 and f+(0) = 0.

Remark 5.4. The values of the recession function is identified by its value on the unit sphere in the domain by
positive 1-homogeneity. Indeed, we have for any ¢ > 0 and p € R™:

Fooltp) = lim f(po + h(t}zj)) —flpo) _ Jim f(po + (t/;)hp) — f(po)

= tfoo(p)'

Thus we can expect f, to tell us about the behaviour of the convex function f at infinity along each direction
in R™. In particular, f is finite along any direction of at most linear growth of f and infinite along directions
of growth faster than linear. We have the following function:

f(po +tp) — f(po)

t )
is monontone increasing on (0, 00) for any pg € {f < oo} and p € S™~! by convexity. Indeed, for any
t>5>0,po+sp=2(po+tp) + 5po € [po,po + tp]:

f(po + sp) = f(po) _ f(po +1tp) — f(po)

£+ 52) < F(po) + 5 (F(po + 1p) = f(po)) - < .

fpop: (0,00) = RU {0}, t+—

In particular, the limit exists in R U {oco} and f is convex and lower-semicontinuous by the same argument.

Lemma 5.2 (Well-posedness of recession). Let f: R™ — U{oo} be convex and lower-semicontinuous such that
[ # oo. Choose, by lower-semicontinuity, (x;) € R™ and (X\;) € R such that f(p) = sup;en(Zi, P) Buc + Ai-
Then:

foo(p) = sup(zs, p) puc for any p € R™.

Proof. Fix py € R™ such that f(pg) < oo. Note since (;, po) Eue + Ai — f(po) < 0:

J(po+kp) — fp T, ue T A —
foo(p) = sup ( y ) ( O) = Ssup < pO>E f(pO) + <xiap>Euc - Sup<xiap>Euc~
keN k i, keN k ieN

O

Using the recession function, we can define functionals on pairs of Radon measures relative to some convex

function. We first recall some concepts from abstract measure theory. Let X be a topological space and consider

two signed Borel measures i, v € M(X;R) on X. We say v is singular with respect to u, written v L p, if

there exists E, F' € B(X) partitioning the whole space such that E is p-negligible and F is v-negligible: i.e.
EUF=EAF=(E\F)U(F\E)=X, upukE=0, vF=0.

Theorem 5.2 (Lebesgue-Radon-Nikodym decomposition). Let v € M(X;R) and p € M™(X) be o-finite

Borel measures. Then there exists unique o-finite signed Borel measures \,n € M(X;R) such that:

AlLp, n<<p, andv=X+n,

which we refer to as the Lebesgue singular decomposition of v with respect to ji. Furthermore, there exists an
extended p-integrable function f: X — R, called the Radon-Nikodym derivative f = g—: of v with respect to

L, such that dn = fdup unique upto pi-a.e. equality. We denote the decomposition by v = v® + Z—Z.
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Proof. See [Foll3]. O

Lemma 5.3. Let A € M1 (Q) be o-finite measure and (1;);en non-negative Borel functions on Q. Then:

/supz/)id)\— sup / PidA,
Q ieN (Aili€T) j27

where the supremum is taken over the collection of all finite indexing set Z C N and pairwise disjoint precompact
open subsets (A;)ict of .

Proof. Consider the iterated maximum function max;—1, .. ¢;. Assuming we can show for each k € N:

max ¢ld)\ = bup{z / PidX | (A;);—, disjoint open precompact},
Q=1

then since max;—1__ r ¥; /* sup, en ¥i as k — oo, we can apply the monotone convergence theorem to get:

.....

/sup@/}id)\:/ lim max 1/)1 A= hm sup Z/ wzd/\f Sup / idA.
Qi Qk—)oo7, 1 7, 161

teN Foeo a0k, i

Fix k£ € N and consider the sets B; := {z € Q | ¢;(z) = max;< ¢j(x)} and for convenience, take By = {).
Now set C; = B; \ U, ., Bj, which gives us a sequence of pairwise disjoint sets. The sets (CHE_, € B(Q)

partition the measure space 2 = [ i.<kC’7; and satisfy the condition:

By the interior regularity of the measure A\, we can use compact sets K; C C; to approximate the collection (C}).
Then we can pick open neighbourhoods A; D K; which remain pairwise disjoint and have measure sufficiently
close to C;. In particular, by the means of monotone convergence theorem again, the supremum over disjoint
Borel families is equal to the supremum over families of pairwise disjoint compact sets. This supremum is then
equal to the supremum over disjoint precompact families. O

Theorem 5.3 (L.s.c. criterion). Let Q C R™ be open, v, (v;) € M(Q;R™) and i, (1;) € MT(Q) all Radon
measures. Let f: R™ — [0, co] be convex, we define the functional on pairs of Radon measures by:

/fo— e /foo |s| (2)dlv* (),

where v° is the singular part of v with respect to .
If f is also lower-semicontinuous and v; = v, u; — p locally on ), then G weak-* lower-semicontinuous:

G(v, p) < liminf G(v;, ;).
71— 00

Proof. Suppose without loss of generality there exists z € R™ with f(z) < oo. We can thus find (A;) € R and
(z;) € R™ such that for any points p € R™:

f(p) = SUP{Lz(p) | 1€ N} - S_ug<xivp>Euc + )\z and foo (p) = S_ug<wjap>Euc~
1€ 1€

Fix some arbitrary k € N and pairwise disjoint open subsets (A;) ?:1 in €2 which are also precompact.
Then forany j = 1,...,k, ¢; € C}(A;;[0,1]), we have:

dv; dv} s
/ Ajpidp; + <93i7/ ©jdVi) Buc :/ w;jLjo fduz‘ +/ ©j (Tiy 75 ) Bucd|V] |
A A dp Aj d|v;

J J K3 |

/f /foo

il = Gluisvi)-
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Summing over j = 1, ..., k and passing to the limit ¢ — oo using the assumed weak-* convergence gives:

k
Z/ Njpidp + (acl,/ ©;dv) gue < liminf G(p;, v4).

Consider the Lebesgue decomposition of v with respect to p:

dv

. N =0;
zd—u+us, Q= MUN with{u 0
m

vM =0,

where v* is concentrated on the u-negligible set N. We define the following functions accordingly:

’Odlx €T Odu 2
wj(x)::{LJ 2 (@) eQ\Nand¢(x)::{f L (z) co\N

(xj, dffzsl(m»Euc reN foo © d|m\($) zeN

and define further A = i + |®| which gives us via taking the supremum over [0, 1]-valued functions:

k
Z/ Y dA < sup Z/ Yijpidh = Z/ 1/)+d)\ liminf G(u;, v;).
j=1 Aj 71— 00

0 €CL(A:[0,1])

Clearly, we have sup,cy9; = 1 and the recession function of a non-negative convex function remains non-
negative, thus giving us sup,cy wj 1 > 0. Since k € N and (4; )e ;=1 were chosen arbitrarily, we can
approximate G (p, v) = fQ 1d A by integrating over finite disjoint families of precompact open subsets: i.e.

/wd)\—sup{Z/ Y;d\ | |T| < 00; (Aj)jeg compact } < hmmfG(,u“y,)

JjET
which is the desired lower-semicontinuity with respect to the weak-* topology. O
Remark 5.5. Suppose f has growth faster than linear, which implies that f.,(z) = oo for all z # 0. Then:

dv?® vi<<|v®
G(u,)<oo:>d|ys|700n9 < |u70:>1/<<u¢Gu, /fo (z).
The theorem and remark above give rise to a method to show stability of absolute continuity of measures under
weak-* convergence. Indeed, let f: R™ — [0, oo] be convex, lower-semicontinuous of growth faster than linear.
Consider sequences of Radon measures (v;) € M(Q; R™) and (u;) € M*(Q) such that p; — pand v; = v.
Now suppose we have boundedness of the integral and absolute continuity in the sequence, i.e.

sup |
ieN

and v; << p;foralls € N.

Itis clear that v << p by approximating indicator functions by compactly supported continuous functions. Now
using the L.s.c. criterion and Remark 5.5, we can deduce:

| 1o @uta) <timint [ 7o S @dula).

Recall for any Radon measure 1 € M (Q;R™), we always have absolute continuity with respect to its total
variation measure p << |u|. It is thus natural to study properties of the following analogous function under
weak-* convergence, which we define below:

H: MQ:R™ SR, Hu /f 2))dlul (),

for some Borel function f: Q x R™ — [0, oo]. We state some basic properties below, due to Y.G. Reshetnyak.

Proposition 5.6 (Elementary properties). Let f: 2 x R™ — [0, 00| be a Borel function which is positively
1-homogeneous and convex in the second variable. Then H satisfies the following properties:
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(i) H is convex and positively 1-homogeneous;

(ii) H(p) = [, f(z, %(z))d\(z) for any X € M*(Q) such that |p| << X;

(ii) H(p+v) = H(p) + H(v) for any |u| L [v].

Theorem 5.4 (Reshetnyak lower-semicontinuity). Let 2 C R™ be open and p, (11;) € M(§2; R™) finite Radon

measures such that y; 2\ 4. Then for every lower-semicontinuous function f: Q x R™ — [0, 00] which is
positively 1-homogeneous and convex in the second variable:

| s g @il @) < timint [ 1o

Proof. Consider the polar decompositions p; = h;|p;| and 4 = h|u| for Borel functions h, h;: Q — S™~1L
Define new measures v; := [;| ® 0p,() € M(2 x S™"1;R™ x {0,1}) which can be represented as linear
functionals on Cp(2 x S™~ 1 R), i.e.

x))d|pil (z).

/ (e, y)dvs(a,y) = / (. hi(2))d|s] () for all o € Co(Q x S™;R).
QxS§m—1 Q

Recall weak-* convergence of measures z; —  implies boundedness of the sequence sup,cy |pi|(€2) < oo.
In particular, we have sup;cy |v:]( x S™71) = sup,;cy |pi|(©2) < oo. By the De La Vallée Poussin weak-*

. . . * . .
compactness criterion, we can assume, upto passing to a subsequence, v; — v, where v is some finite Radon
measure on §2 X S™~ 1. Denoting the projection onto 2 by 7: Q x S™~1 — Q, it is clear that |p;| = 7,v; for

each i € N. Since the projection map is continuous, weak-* continuity of the push-forward gives us |1;] RNy
In particular, we can deduce A := 7, > |u|. Now using the method of disintegration, we can find A-measurable
map z +— v, with v,(S™"1) = 1 and v = \ ® v,. It then remains to show:

d
/ ydv,(y) = h(x)M(x) A-ae. x € Q.
§m—1 dA

Indeed, then the result follows from lower weak-* semicontinuity and Jensen’s inequality:
lim in F (o, y)dvi(a,y) > / faave.) ™™ [ [ i)
Qx§m—1 m—1

=00 Jaxgm-1
=t d'“'( Dix@) gl @)

The above claim essentially follows from the weak-* convergence using test function of form ¢(x,y) = ¥ (z)y:

/Q (/Sm_1 dex(y)) P(x)dA(x) Fugm/ Y(x)ydv(z,y) = lim () ydv(z, y)

QxS§m—1 i—00 [Joygm—1

~m [ ([ 1yd6hi<z>)w< (o) = lim [ (o))
= tim [ v@dis(o) = [ dla)duta /w d'“'()dA()

where 1) € C(2) arbitrary. Then the claim follows from the Riesz representation theorem for Cj(2). O

Theorem 5.5 (Reshetnyak continuity). Let Q@ C R™ be open and p, (u;) € M(;R™) finite Radon measures
such that ju; — . Suppose further the convergence of the total variation |11 (2) — |u|(Q) as i — co. Then:

tim | S, s sl /f s |( 2))d|p|(z) forall f € Co( x S™ L R).

im0 " dl ]

Proof. Choose again the polar decompositions p; = h;|p;| and = h|p|. We can define as before a sequence
of Radon measures v; := |p;| @ dj, (), Which upto subsequences converges to another finite Radon measure
v € M(QxS™ L R™ x {0, 1}) with respect to the weak-* topology o(M, Cy). Using the analogous argument,
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we can again deduce |u;] — A for some finite Radon measure A € M™*(Q). Note since |u|(€2) — |p|(2), we
necessarily have A = lim;_, o |4;] = |u|. Thus, from fgm,l ydv.(y) = h% A-a.e. we can deduce:

1
0= 5/S » ly — h(z)|dvy(y) =1 — <h(x),/ Ydvy(y)) Bue = Ve = On(a) |ul-ae € Q

§gm—1

Now 1;(Q2x S™ 1) = |us| () — |p|(Q) = v(QxS™ 1) asi — oo, we can thus conclude ; — v analogously:

=00 Jo 1—=00 Joygm—1 QxSm—1 Q
for all f € Co(Q2 x S™~1) since v = || ® 85 () by the arguments above. O

6 Daniell integrals

One of the main difficulties with the traditional formulation of the Lebesgue integration theory is the requirement
of an adequate measure theory a priori. An alternative, but equivalent construction is developed initially by
P.J. Daniell via axiomatising the integral. This approach alleviates practical difficulties for the application of
integration theory in the field of functional analysis.

Definition 6.1 (Lattices). A lattice of functions on a set X is a non-empty collection L of functions satisfying:
(i) [+ h,Af,inf{f, h},inf{f, A} € L whenever f,h € L and X € [0, 0);
(ii) f —h € L whenever f,h € L such that h < f.

In particular, any vector space of functions X — R closed under taking infimum is a lattice.

Definition 6.2 (Axioms of Daniell integral). Let L be a lattice over X and set L™ :={f € L | f > 0}. We say
an operator T: L — R is:

(i) linear, if forall f,h € Land A € [0,00), T(f + Ah) =Tf + X\Th;
(i) monotone, if for all f,h € L with h < f, we have Th < T f;

(iii) continuous with respect to monotone convergence, if T f; — T f whenever f; — f monotonically with
(fi) € L (and consequently f € L by monotone convergence and closure under taking infimum);

(iv) bounded, if forall f € L, sup{Th |0 < h < f} < oc.

We define a Daniell integral to be a linear, bounded operator T': L — R which is continuous with respect to
monotone convergence.

Lemma 6.1 (Monotonicity of Daniell integral). Let T': L — R be a linear, monotone operator which is contin-
uous with respect to monotone convergence. Then T is necessarily a bounded operator and thus define a Daniell
integral. We refer to such operators as a monotone Daniell integral.

Proof. Suppose without loss of generality that f € L™ with T f < co. Then by monotonicity, for any h € L™
such that & < f, we must have T'f > Th. Taking supremum over all such functions gives us the result. O

Lemma 6.2 (Monotone decomposition of Daniell integral). Let L be a lattice of functions on X andT: L — R
a Daniell integral. Define the following functionals on L:

Tt LT —R, f+— sup ThT :LT —R, fr——— inf Th.
heLt;h<f heLT;h<f

Then both T, T~ define monotone Daniell integrals on LT and T =T+ — T~

Proof. Note first that LT also defines a lattice over X. Let f € LT and pick an arbitrary h € LT such that
h < f. Then any function in L™ bounded above by / is also bounded above by f. This implies that we are

19



taking a supremum over a larger collection, which therefore gives T"h < T f. Thus T is monotone.
For arbitrary functions f,h € L™ and X € [0, 00), we have f + Ah € L™ by linearity and note:

TH(f+ Ah) = sup Ts> sup Ts+ sup MNs=TV f+\TTh.
SELTic<f+Ah seELt;c<f ceLt;s<h

Now fix ¢, € LT such that » < f and ¢ < h respectively. Then by linearity of T":

THf2Te=T(p+ M) =X =>T(p+ X p) =X sup T¢=T(p+ )+ AT"h.
YeLTy<h

Now taking the supremum over all functions in L+ with an upper bound f + Ah gives us the linearity of 7.
Continuity with respect to monotone convergence follows via a diagonal argument. Thus 7" defines a monotone
Daniell integral on L™ and similarly for T~. Now for f,h € LT with h < f,wehave f > f — h € L* and:

Th—T f<Th+T(f-h)=Tf<Th+T"f,

by monotonicity. We can easily deduce T+ f — T~ f < T'f from above LHS inequality. On the other hand, we
have for all h € Lt satisfying h < f:

Tf<Th+T feTTf>2Tf-Th>Tf+(— inf TY)=TFf+T f,
peLtp<f

which gives us the reverse inequality and hence the decomposition 7' = T — T~ holds. O

It is important to see that integration against an outer measure p induces a positive linear functional on the space
of p-measurable functions. Continuity of y-integrals follows from the monotone convergence theorem. Thus,
p-integrals indeed defines a monotone Daniell integral. Conversely, we also have the following:

Theorem 6.1 (Representation theorem for Daniell integral). Let L be a lattice of functionson X andT: L — R
a monotone Daniell integral. Then there exists ;1 € M1 (X) such that each f € L is y-measurable and

Tf :/ fdu  forall f € L.
X
Proof. Recall that any monotone Daniell integral is a positive linear functional. Define the set function on X:
p: P(X)—[0,00], E+—— pkE := inf{hm Tfi| (f;) € L" increasing, lim f;(z) > 1forallz € E} .
11— 00 11— 00

Then note ) = 0 and y is clearly monotone by construction. If (E;) € 22(X) and (/) € L™ is an increasing

sequence as described above for each j € N, then define h; := 23:1 fij € LT foreach i € N. Now (h;) is
monotone increasing in ¢ and satisfies for all fixed k£ € N:

lim h;(z) = li I(x) = li J lim f5(z) > 1+ li () >1 forallz € E
Jom hoe) = Ji 7o) = Jim D ) + Jim fF@) > 14 i D fi(0) > 1 forallz € B
Jj= J#k J

Furthermore, we can see that by monotonicity and linearity of 7"

Th; = J i J
hi=) Tfl <) lim Tf,
=1 j=1
where we deduce p(U;Z, Ej) < limjo Thy < 3072, pE; by taking the infimum over the collection of all

such (f7) € L* forall j € N. In particular, z € M*(X) indeed defines an outer measure on X.
Now let f € LT and t < s € R be arbitrarily chosen. We will show the following:

A= (=000
B = 5~ (5,50))

which would then give us the p-measurability of f. Now choose (h;) € L a monontone increasing sequence
such that lim;_, o h;(z) > 1 for all x € E. Then define:

. inf{f, Si : itnf{f’ t} and ; := inf{h,, ¢},

wE > p(ENA)+ p(ENB), where {
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which gives us 0 < ;41 — ¥; < hyqp1 — h; foralli € N. Note also p = lon {f > s} and p = 0on {f < t}.
By construction, (1;) and (h; — ;) are functions in L™ satisfying the following:

lim ¢;(z) = min{ lim h;(z),1} > 1 forallz € F N B;
11— 00

71— 00

lim (h; — 4;)(x) 2 1 — min{ lim h;(x),0} > 1 forallz € EN A.
i—»00 100
In particular, by the definition of our choice of measure p, we deduce:

lim Th; = lim Tv; + T(hi — ;) > p(EN A) + u(E N B),
1— 00

i—00

whereas we can take the infimum over all such (h;) on the RHS to conclude pF > p(E N B) + p(E N A).
Hence any f € LT is necessarily y-measurable. Now it remains to show p is a representation measure for 7.
Let E C X and (f;) € L™ a monotone increasing sequence such that lim; ., fi(z) > 1forallz € E. Then for
all h € L™ with h < x g, we can define h; := inf{h, f;} € L such that h; ~ h. In particular, by monotonicity
and continuity of 7" with respect to monotone convergence:

1—> 00 1—> 00
which gives us uF > Th. Now fix any f € LT and define f; := inf{f,s}. Let e > 0 be arbitrary. Then
notice for all k € N, we have fr. — frx—1) € [0,¢], where fr.(2) — f(x—1)c(7) = € whenever f(z) > ke and
Jre(x) = fe—1)e(x) = 0 whenever f(x) < (k — 1)e. Thus, e (fre — f(k=1)e) 2 X{f>ke} and we can set
fi=e " fre — f—1)e) for all i € N to obtain by definition of j:

e M (fre — fir-nye) = € (Fre — Foonye) = p{f > kel

Now by the above observations, we deduce supp(f(x+1)e — fre) C {f = ke} and thus:

T(fre = fe—1)e) = ep{f = ke} > /X fter1)e = fredp = ep{f > (k+ 1)e} = T(fkr2)e = fira1)e)-

The telescoping sum over & from 1 to 4 gives us by noting f, = O:

Tfie =Y T(fre = fi-1)e) = /X farve = = 2 D T(fur2)e — furne) = T(far2)e — firn)e)-
k=1 k=1

Notice by construction, we have f; * f ast — oco. In particular, by the monotone convergence theorem and
the continuity of T" with respect to monotone convergence, the above inequality yields:

Tf>/Xfffsdu>T(fffe)-

Now sending ¢ \, 0 and using the monotone convergence properties again gives us:

Tf:/ fdp  forall f € L.
X

For a general f € L, split f into positive and negative parts, then using linearity of (Daniell) integral, we can
deduce that 4 is the (outer) measure representation of 7', i.e. T'f = (f, ). O

Let X be a locally compact Hausdorff topological space. The function space C?(X) of compactly supported
continuous functions is a vector space closed under taking infimum since functions in this space have compact
supports, which then implies that C?(X) defines a lattice over X. Now any monotone Daniell integral clearly
induces a positive linear functional on C&(X). In particular, we can view the above representation theorem as
a generalisation of the Riesz-Markov-Kakutani theorem for Radon measures.

Theorem 6.2 (Weak-* compactness of Radon measures). Let X be a locally compact Hausdorff topological
space and (p;) € M(X) with a uniform bound on the corresponding sequence of total variation measures
(|pi]), ie. sup;en |pil (X) < oo. Then (p;) admits a weak-* convergenet subsequence in M(X).
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Proof. This is a consequence of the Banach-Alaoglu theorem by recalling ||u|| o4 := |¢t|(X) defines a norm on
the space of vector-valued measures M (X ; R). The isometric embedding (M (X;R), ||-||m) < ((C2(X))*, |-
llop) implies that (p1;) induces a sequence of bounded linear functionals on C&(X), which admits a uniform
bound on the opertor norm. Now the result follows by weak-* compactness of @(CS( X))*- U

It is common, although somewhat unnecessary for practical purposes, to deduce a measure-theoretic concepts
based Daniell integrals in terms of a class of the so-called elementary functions. Indeed, if we choose the
collection of all simple functions on X to be elementary functions, then we can agree to call 7'y g the measure
of E C X with respect to the monotone Daniell integral 7: L — R.

Example 6.1. Let X = [a,b] and L the lattice of simple functions defined on X. Then the Daniell integral
agrees with integration against the 1-dimensional Lebesgue measure on L*-summable functions over [a, b).

Definition 6.3 (Sets of measure zero). Let X be a set and T': L — R a monotone Daniell integral on some
lattice L over X. A subset N C X is said to have measure zero in the Daniell integral sense with respect to T
if for all € > 0, there exists a monotone increasing sequence (1;) € L™ such that:

supTyY; <e and lim ¥;(x) > forallx € N.

i€N t—00
A property is said to hold a.e. on X with respect to T' if it holds everywhere away from a set N of measure zero.

Example 6.2 (Generalisation of Stieltjes integral). Recall that the usual Stieltjes integral is defined for integrat-
ing continuous functions on intervals against a function of bounded variation. Suppose now v: [a,b] — R is
not of bounded variation but satisfies:

N
D tily(t:) = (tic)| S M < oo forall (t; | i=0,1,...,N) € Pay),
=1

where |, ) denotes the collection of all partitions of [a, b]. The above implies o(t) := t~(t) € BV ([a,b]) and
thus the Stieltjes integral with respect to y can be defined in terms of the singular integral with respect to o

AN (O N ()
- fdy .—/a Tda(t)—/a Ttdv(t).

7 Covering and differentiation theorems

The idea of the most fundamental covering theorems is to select, from a family of sets, a sub-collection with
controlled overlap or some disjointness property in the measure-theoretic sense. The covering theorems yields
significant consequences in terms of the geometry of some certain classes of Radon measures. Covering results
with a uniform bound on the size of elements in the sub-family are often derived in the more convenient setting
of metric spaces. A prototypical result is as follows:

Lemma 7.1. Let (X, d) be a locally compact separable metric space. Then for any bounded subset E C X and
p > 0, there exists a finite string of elements (x; |i=1,...,N) € E such that:

N
EC U B(z;, p).
i=1
If X =R", then each © € FE is contained in at most 3" of the balls (B(z;,p) |t =1,...,N).

Proof. Let 21 € E be arbitrary and denote by F; := B(z1, p). Choose further z; € E \ ( 2;11 E}) until we
obtain a covering of E by open p-balls. Note this can be achieved in finitely many steps since d(xy, z;) > p for
any k # land E C B(y, R) for some y € X and R € (0, co) sufficiently large.

Now let X = R" and fix an arbitrary € E. Denote by Z(x) the set of indices such that « € (.7, B(i, p).

Then by construction, we have B(xzy, §) C B(z, %) forall k € Z(x) (since dgyc(zk, ) < p) and the collection

of balls (B(x;, 5) [ =1,..., N) are pairwise disjoint. In particular, we have the following volume inequality:
_ al p P 3p _
2" = 3 £ B ) =" | ) B f) | <2 (3 T)) =52
i=1 1€Z(x)
where w,, denotes the volume of the n-dimensional unit ball. Thus |Z(z)| < 3™. O
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The control on the intersections simply required an explicit form of the measure of covering p-balls, which can
be mimicked on other metric spaces with a generic measure. We describe some properties of coverings below:

Definition 7.1 (Properties of coverings). Let .% be a collection of subsets in X. We say that ¥ is a disjoint
family of subsets if for all E,F € %, we have ENF = () unless E = F.

Let E C X be a subset of a metric space and 9B a covering of E by closed balls in X. We say 2 is a fine cover
of E if for all £ > 0 arbitrarily small and x € E, there exists B € 9 such that diam(B) < 2e and x € B:

i.e. inf{diam(B)|B € %, x € B} =0 forallz € E.

A fine cover is sometimes referred to as a Vitali cover. Fix a metric measure space (X, d, u) and E C X, we say
a collection F of subsets in X is a p-a.e. covering for E if E'\ ({J.7) is u-negligible.

Theorem 7.1 (Fundamental covering theorem). Let 2 be a family of closed balls in a general metric space
(X, d). Suppose sup ge 5 diam(B) < co. Then 9 admits a disjoint sub-family ¢ such that:

UJzc | sB.

Be¥
Furthermore, every ball B € 9 intersects with a ball in 4 with radius at least 2~ rad(B).

Proof. Consider the following collections of disjoint sub-families w C %:
1
F = {w C Adisjoint | VB € % with BNB, # (), By € w 3B, € ws.t. BINB # (), rad(By) > 5 rad(B)},

equipped with the partial order by inclusion. Note for any B € % with rad(B) sufficiently close to the supremal
radius over %, we have {B} € .7 and thus .% is nonempty. Now for any chain C C .%, it is clear to see that
we = UC = Uyee @ € F defines an upper bound for C. Now Zorn’s lemma implies the existence of an
maximal element . We claim that ¢ is the desired disjoint sub-family.

Suppose now there exists B € % such that BN E = () for all E € ¢. Then we can pick By € £ with radius
greater than half the radius of any other ball disjoint from elements in ¢. Thus for any By € £ intersecting
some ball in the collection %, := ¢ U { By}, By necessarily intersect with some ball in ¢, with radius at least
half of rad(B). In particular, % € % with &, = ¢, which then contradicts the maximality of ¢. Hence every
B € % intersects with some B’ € ¢ such that rad(B) < 2rad(B’). Writing B = B(x,r) and B’ = B(«/,77),
then we necessarily have for all y € B:

d(z',y) < d(2, 2) +d(z,z) + d(z,y) <" +2r <507,
where z € BN B’ is an arbitrary intersection point. Thus B C 5B’ and the result follows. O

Remark 7.1. The name “’doubling measure” is somewhat misleading. Of course, it is simply a measure which
works nicely with scaling of balls in X. In particular, we have for any A > 2 and balls B C X, we can apply the

doubling property to obtain p(AB) = u(Q%B) < C(N)%uB < CO\ p)uB.

Proposition 7.1 (Fine cover lemma). Let (X, d) be a metric space and E C X with a fine cover 9. Then there
exists a disjoint sub-family %' C % such that:

E\(U B> c |J sB={JZ#\1).

Bez BeBN\T

Proof. Suppose without loss of generality that sup g 5 diam(B) < oo since Z is a fine cover. Then denote
by 4 C £ the disjoint sub-family obtained by applying Theorem 7.1. Now for any finite sub-family Z C ¥,
Bz := |JZ is a closed subset. Thus by property of fine covers, for any x € E \ Bz, there exists B € #
containing x such that diam(B) < 2e where we pick ¢ = 271 dist(x, Bz) > 0. In particular, B N Bz = (. By
properties of the sub-family ¥ C %, B must intersect some By € ¢ with 2rad(By) > rad(B). Using triangle
inequality as in the proof for Theorem 7.1, we deduce x € 5By C |J(¥ \ Z) as required. O

Theorem 7.2 (Vitali covering theorem). Let ;1 € M(X) be a doubling measure on the metric space (X, d), i.e.
a Borel measure . admitting some uniform constant C(u) € (0, 00) such that:

0 < u(2B) < C(u)uB < oo forall B=DB(z,r) C X.

Suppose P is a fine cover for some subset E C X. Then there exists a countable disjoint sub-family %' C %
such that E\ (|J #') is p-negligible, i.e. B’ defines a p-a.e. covering by closed balls in X.
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Proof. Note that the definition of fine covers is a local property (i.e. every point in E can be covered by a ball
in # of sufficiently small radius). In particular, for any bounded subset of ' C FE, & clearly remains a fine
cover for E’. Taking a compact exhaustion and recalling that any countable union of p-negligible sets remains
p-negligible, we notice it suffices to assume FE' is bounded. Then there exists some ball By C X large such that
FE C By and without loss of generality B C 2B for all B € A.

Let By C 2 be the sub-family as described in Proposition 7.1. Now for all N € N, denote by Ay C % the
collection of balls such that uB > N~!. Notice By = Jx_; &~ Then by assumption and disjointness:

1
~ PNl < > uB—u< U B) < w(2Bo) < oo.

BeABn BeABn

Thus the cardinality of each %y is at most Nu(2By) and % is necessarily countable, i.e. we can enumerate
PBo = {B; | i € N}. By a similar argument using boundedness and disjointness as above, we have:

oo oo
> puBi=p (U Bi> < p(2Bo) < C(p)pBo < oo,
=1 =1

by the property of doubling measures. Therefore ), uB; — 0as N — oo. Now by the conclusion of the
fine covering lemma and the fact that y is a doubling measure on X, we can easily deduce:

N
M(E\<UBZ>> <p U 5B; | < Z w(5B;) < C(u) Z pB; — 0,
i=1

i>N+1 i>N+1 i>N+1
as N — oo. Thus %, is the required countable disjoint p-a.e. covering for E. O

Vitali’s theorem allows us to give a proof to the celebrated Lebesgue’s differentiation theorem on a doubling
metric measure space using the approach of maximal functions. The idea goes back to Hardy and Littlewood:

Definition 7.2 (Maximal functions). Ler (X, d, u) be a metric measure space. Suppose further uB(z, p) €
(0,00) forall x € X and p € (0,00). We define the Hardy-Littlewood maximal operator on the space of
u-measurable functions on X :

1
A frs i f@)=swpf fldp=swp et [l
p>0 JB(z,p) p>0 MB(‘T7 p) B(z,p)

Proposition 7.2 (Borel-measurability of maximal function). Let (X, d, u) be a metric measure space such that
uB(z, p) € (0,00). Then for any f € L} (1), 4 f is Borel-measurable.

loc

Proof. Let x € X be arbitrary and choose (x;) € X such that d(x;,2) N\, 0. Fix some p > 0, we claim
that B(z, p) \ B(x;, p) decreases to the empty set as ¢ — oco. Indeed, for any y € B(z, p) \ {z}, denote by
d(y) :=d(x,y) € (0, p). Now for i € N sufficiently large, we have:

d(zi,y) < d(zi,2) +d(z,y) < e +6(y),

for some ¢ > 0 arbitrarily small. Therefore y € B(x;, p) eventually as ¢ — oo. In particular, by the means of
the monotone convergence theorem, we have:

11—

which gives us the lower-semicontinuity and thus the Borel-measurability of the map y — uB(y, p) for all fixed
p > 0. On the other hand, fix p > 0 and f € Lj, (). Since Xp(z;,p) — XB(z,p) in L' (1) and fxp(z2p) €

loc
L' (), we can apply Lebesgue’s dominated convergence theorem such that:

/ Jfdp = /fxmm,p>du—> /fxm,mdu:/ fdp asi— oo,
B(zi,p) B(z,p)

Now recall that the space of Borel-measurable functions forms an algebra which is closed under taking supremum
over a countable collection, we have that:

1
///fx::supi/ fdu,
@) p>0 1B(7, ) JB(2,p) :

defines a Borel-measurable function. O
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Corollary 7.1. Let i € M(X) be a doubling measure on a metric space (X,d). Then for any f € L}, .(u),

loc

1
My T — ———— / fdu,
g NB('Tv p) B(x,p)
is Borel-measurable for any p > 0 fixed and thus A f is also Borel-measurable.

Theorem 7.3 (Hardy-Littlewood maximal inequality). Ler (X, d, ) be a metric measure space equipped with
a doubling measure . € M(X). Then there exists a uniform constant C' € (0, 00) such that forall f: X — R
u-measurable and \ > 0, we have:

C
pldf =< /X fld.

Proof. For any fixed, arbitrary A > 0, denote by F := {.Z f > A} and seting for all p > 0:

Ey, = {x € X |3Ire(0,p) with/B |fldu > AuB(x,r)} = U {A,.f = N}

(@7) re(0,0)

We can see that ' , € B(X) for all p > 0 such that £ , increases monotonically to E}y, i.e. XEs., N XEs
pointwise p-a.e. as p — oco. Denote by A, the collection of balls B(x,r) with z € E) , and r € (0, p)
satisfying the condition above. Noting that there is a uniform diameter bound on elements in %, for any fixed
p > 0, we can thus use Theorem 7.1 to find a disjoint sub-family %’p such that:

A A
[fldp > / (fldp=X > pB> =~ > u®5B) > ~~pEx,,
/X Bex,”’ B Be#, ¢ Be#,, Cw)

where the inequalities follow by disjointness and the doubling property. Now sending p — oo gives us the
log 5
desired statement (with C' = C(p)Tes2 € (0, 00)) by monotone convergence. O

We are now ready to prove the Lebesgue’s differentiation theorem.

Theorem 7.4 (Lebesgue’s differentiation theorem). Let (X, d, 1) be a metric measure space where j € M(X)
a doubling measure on X. Then for all f: X — R locally p-integrable we have:

1
£0) = 1@lduty) = o [ |f = f@)ldn — 0 jorpae v € X
]{B(w,p) MB(x’ p) B(z,p)
Proof. We can first show this for continuous functions. If f € C°(X), then we have for all z € X:

71[5« ) @) < s 176 f@ 0 N0

yEB(z,p)

by exploiting continuity of f. Now recall that C*(X)NLP(u) C LP(u)is a dense subspace. Consider an arbitrary
f € L'(p) and fix some e > 0, there exists some f. € C°(X)NL'(X) by density such that || f- — f[| L1 () < 2.
Now by the Hardy-Littlewood maximal inequality, we have:

p{ (| f- — fl) = e} < Ce M| fe = fllpi < Ce  foralle > 0.

In particular, writing E. := {# (f. — f) > €}, forany z € X \ E., we have by definition:

limsup ., (|f- — f|)(z) = limsup][ |fe = fldu < (| f- — f])(x) <e.
pl0 B(z,p)

P40

Now recall L'-convergence implies y-a.e. convergence, thus at each = ¢ E. where |f-(z) — f(x)| < e:

nmsupf If—f(w)\du<limsup][ = fel 4 1fe@) — F@)] + fe — fo@)ldp
B(z,p) B(z,p)

pd0 pd0

SAM(|fe = fI)(@) +e+1lim sup |[fo(y) — fe(o)] < 2¢
P10 yeB(z,p)

25



Therefore, we obtain a subset F,. C E. satisfying uF, < pF. < Ce and:

lim sup Ilf — f@)ldp <e forallz € X\ F..

)
pl0 MB(-T7 p) B(z,p)
Thus (F; | € > 0) monotonically decreases to a set N of measure zero. Then by construction:

1
. - d 0 0,

forall z € X \ N as required. For f € L}, (), choose a compact exhaustion (K;) of X and notice that

fxk, € L*(u) for all i € N. Then the convergence holds p-a.e. on each K;, whence the result follows by
sending ¢ — oo since K; increases monotonically to X. O

Remark 7.2. An alternative approach to derive the Lebesgue’s differentiation theorem on Euclidean spaces, as
we will see later, will be to discuss splitting properties of vector-valued measures on R™.

Corollary 7.2 (Lebesgue’s density theorem). Ler (X, d, 1) be a doubling metric measure space. Then for any
E € B,,(X) such that pE < oo:

ENB
MENB( p)) fact drep for p-ae x € X.
uB(z, p)

Proof. This follows by applying Lebesgue’s differentiation theorem to the indicator function xz € L(n). O

Another important covering theorem is due to Besicovitch, which is a fundamental tool to study Radon measures
on Euclidean spaces. Geometrically, as opposed to Vitali’s covering theorem, Besicovitch’s theorem gives us a
subcover instead of covering by enlarged balls. The trade-off here is the requirement of a control on the overlaps.

Lemma 7.2. Let B; := B(xi,r;) C R" fori = 1,...,m. Suppose for all i # j, we have z; ¢ B; and
N2, B; # 0. Then there exists a dimensional constant k(n) € N such that m < k(n).

Proof. Suppose without loss of generality (by translation) 0 € HZL B; and z; # 0 for all 4. Then for all i # 7,
we have |z;| < r; < |z; — x;|. Consider the 2-plane II;; C R”™ containing x;, z;,0. Observe the triangle on
IL;; spanned by the vectors x; and x;, we can deduce via some elementary binomial identities:
2 2 2_ .2 2 2
|zi —z]° — |z;|* = rf — Ty = (ri + 1) (ri —r5) Zrilri — ) =15 —rivy > |z]” — |@i|2y],
where we have assumed without loss of generality r; > ;. Now rearranging gives us via the cosine rule:

1 |l + g = Ja — a2y

willes] > |l + [ = i — 25" & 5 >

= cos 1,
2| |5

where we have denoted by ¥ € (0, 7] the angle between the vectors z; and ;. Then ¢ < arccos(3) = Z. Now
projecting x; and x; onto the unit circle on II;; gives us, by using the cosine rule again:

= /2 —2cos(¥) = /2 —2cos (g) =1

Now since S~ is compact, there exists an upper bound on the cardinality of 1-separated subsets of S*~1. [

Z; Zj

il gl

Remark 7.3. Itis often difficult to remember the proof for the geometric lemma above (if you are not less familiar
with elementary trigonometry). It is probably not difficult to realise the necessity to project the centres of the
balls to the unit sphere and then use a compactness argument to see that the number of strictly separated centres
must be finite. The geometric argument here is to see the unit sphere restricted to a 2-plane as a length space,
which then leads us to a use of the cosine rule.

Theorem 7.5 (Besicovitch covering theorem). There exists a uniform dimensional constant 3(n) € N such that
Jor all family B of closed balls in R™ with the set of centres E CC R™, there exists 3(n) disjoint, (at most)
countable sub-families %1, . .., Bgn) C P such that:

EC @T (U %) )

In particular, there exists an at most countable covering of E by closed balls B = {B; | i € N} C % such
that every x € R" lies in at most 3(n) of the closed balls (B; | i € N).
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Proof. Fix for each z € E, some closed ball B(x, p(z)). Notice that F is precompact in R™, the open cover
{B(z,27'r(z)) | € E} admits a finite subcover. Thus we can assume M; := sup,.p p(z) < oo without
loss of generality by passing to the finite subcover. Pick an arbitrary x1 € E with p(z1) > 271M; and then
select x, , ; inductively such that 2}, € E\ (U, Bz}, p(2))) and p(z}) > 271 M until p(z) < 271 M,
forall z € E\ {z}}X for some finite number K; € N. Now we proceed with the inductive process by
setting K, := sup{p(z) |z € E'\ Ule{x; }szl} This gives rise to an at most countable increasing sequence
(K; | t € N) € N, a decreasing sequence of lower bounds (M; | ¢ € N) € R, satisfying 2M; 1 < M; for all
i € N, and collections (Z;) of indices with Z; = {K;+1,..., K;11} (where we write Ky = 0 for convenience).
Thus we obtain a countable sub-family by adjoining all collections from above and relabelling, i.e. :

p(xy) € [2, M;] for some i € N;
e
€ B\ (U1 By).

Now if m < i, by above it yields for all k € Z;, x, € E'\ (U IB i) C E\ (Ujez, B B)) by the ordering of
the indices collections (Z;). On the contrary, if m > 4, then p(:rl) < p(xk) forany [ € T, which then implies
x1, € B;. In particular, for any k € Z;, 71, € E\ (Ui Urez,, B)).

Note since (M;) is decreasing, we have either there are only ﬁnitely many M; or M; — 0 which then implies
p(x;) — 0as i — oco. In either case, we would have £ C | J

By = { B(xi, p(x3)) | i € U Ik} where for each k € N {

zEN
Now suppose x € ﬂ =1 ]B%k for some (k; )3] 1 € N. By the geometrlc technical lemma above, k; € Z,, for

at most k(n) of m € N. Writing Z,,, N {k; }J:1 = {ly,...,In}, we deduce by the properties of the collection
By that (B(z;,, 242) | i = 1,...,N) forms a disjoint collection and B(a,,(z;,)) C B(x,2M,,). Then by
disjointness, a volume comparison argument gives us:

N

an ( m) ZHE i, 7)) =pu <U E(mlk’ p(iilk) ))

k=1

<U (x1,,, p(z1,) ) < uB(x,2M,,) = 2"w, M,

since M; < p(wlk) < 2M,,,. Thus we can pick 3(n) := 16™k(n) < oo for controlling intersection.

Now order the collectlon Bo = {Br = B(z, p(zr)) | k € N} with p, = p(zx) > pr41 for all k. Then define
in an inductive manner:

J
By := By andBj ji1 = By,, wherekg = inf{k | BN (U BM> =0}
i=1

Then %, = {By,; | j € N} C % is a countable sub-family. Now choose the minimal ¥ € N such that
By, ¢ % (otherwise %, a subcover for E) and proceed iteratively by setting By ; := By, where we have
ko == inf{k € N | By N (Ul_, B2,;) = 0}. Iterating the above gives us a disjoint sequence of subfamilies
(%, | i € N) for A, where the sequence is at most countable. The theorem will follow once we can show the
existence of some m < 64"k(n) + 1 = 493(n) + 1 such that | J;., %, forms a covering for E.

Suppose there is some z € E \ (-, U %;) for some m € N. Since %y = {B}}, indeed forms a cover,
we can find some & € N such that z € By, with By, ¢ P, foralli = 1,...,m. Then by construction, for
all 7 € N, we can find some index i; such that B N Ej,i ; # () and pp, < pj,i;- Thus there is some open ball
B(y;, &) C 2Bx N B;;,. Now points in R™ can be contained in at most 3(n) of B, ;, and thus the same holds
for the collection of smaller balls (B(y;, &) | j, k). Then again using a volume comparison argument:

m

m2~ " wy, pr 1 Pk m Pk _
= L (B(y;, 5)) < L" B(y;, 5) | <L"(2Bx) < 2"wnpf.
B(n) B(n) ; 772 ]Q 72 ¥

In particular, we have m < 48(n). Since E is precompact and %, forms a covering for E, there is some
m < 48(n) + 1 such that | J;~; %; forms a subcover. O

Theorem 7.6 (Vitali-Besicovitch covering theorem). Let E CC R™ be a Borel set and % a fine cover for E.
Then for each vector-valued Radon measure p € M(R"™; V), there exists some countable disjoint sub-family

B C B covering E upto p-negligible sets, i.e. u(E\ |J %) = 0.
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Proof. By the Besicovitch covering theorem, there is some disjoint collection of sub-families {%; | i =
1,...,B8(n)} such that E C Uf:(’? \J %;. Now by o-additivity of the total variation measure |u|:

pn B(n)
KI(E) = |l (Em (U U@)) = > ulEnJ2).
i=1 i=1

In particular, there must exist some i = 1,. .., 3(n) such that:

uEnJ2) > %mw,

which allows us to pick a further sub-family ¢; C %; such that:

l(EnJ%) > (E).

25( )Iu\

The above can be repeated on subsets of £y := E\ (|J %) and the corresponding fine cover { B € % | BN|J% }
of E;. This gives rise to a decreasing sequence of sets (E; | ¢ € N) and subfamilies (¢; | ¢ € N) satisfying:

Hl(Bi) < (1 - 25( g (40 foralli € N

Note also by construction %’ := |, en ¢ is a disjoint countable sub-family such that:
e\J#z =e\JU%=NE\U% cE:
i€N i€N ieN
where ;2 E; defines a |u|-negligible and thus p-negligible set. O

Definition 7.3 (Density functions). Let p € MT(R") and v € M(R™;R). We define the lower and upper
density of v with respect to |4 at each x € supp p via:

B B
D, v(z) := lim inf VvB(z, p) and D;:y(aj) := lim sup m
o0 uB(z, p) oo HB(z.p)

tdl/

If the lower and upper densities at x € supp u coincide, then we say that blow-up quotien an exists at x.

Lemma 7.3 (Density lemma). Let i, v € M(R™; R) be Radon measures and E C supp p a Borel subset. Then
{D“‘u = oo} is pu-negligible and moreover for any t € R, we have:

(i) if D,v < tonE, thenvE < tuk;
(ii) ifD:[V >tonE, then vE > tuFE.

Proof. (i) Assume without loss of generality that E' is bounded. For any open neighbourhood U D E and e > 0,
we want to apply the Besicovitch-Vitali theorem on the following collection of closed balls:

F-={B(z,p) | € E, B(x,p) C U, vB(,p) < (t +)uB(, p)}.

Indeed, suppose D v(x) = liminf, o % t for all x € E. Then for any p > 0 sufficiently small, we
must have for all z € E, vB(z, p) < (t + &)uB(z, p). In particular .Z. defines a fine cover for E. Therefore,

the Besicovitch-Vitali theorem applies and there is an at most countable, disjoint subfamily .7, C % such that:

vE\|JF)=0=vE< > vB<(t+e) > uB<(t+e)ul,

BeF] BeF!

where the last inequality follows from disjointness and B C U for all B € %/ C %, by definition. Sending
€ ¢ 0 allows us to conclude by outer regularity of 1+ on Borel sets.

(ii) Similarly, suppose now D v(z) = limsup, HBE ; > tforallz € E. Then vB(x, p) > (t — &)uB(z, p)

for all p > 0 small. We can again define the fine cover for E for any arbitrary open neighbourhood U D E:

— (B(z.p) | = € B, B(x,p) C U, vB(x,p) > (t — £)uB(z, )},
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from which we can find a countable, disjoint sub-collection #¢ C % satisfying:

WENJF) =0 (t-e)pE<(t—c) > pB< Y vB=uvU.

Bese Bege

Then we can conclude as in (i). Let E := {D}fv = oo} and notice E = ", Ej, where Ej, := {D}v > k} for
k € N. In particular, for each fixed k, applying (ii) to E, € B(R"™) gives us vE}, > tuE), for allt € R. Now
sending t — +oo forces pFy = 0 for all k. Thus E C Ej, is pu-negligible. U

Theorem 7.7 (Besicovitch differentiation theorem). Let p € M™(R™) and v € M(R"; V') be Radon measures
where V' is some finite-dimensional normed vector space. Then we have:

dv . vB(z,p)
—(z) = lim 7ex1stsmV a.e. on su .
dji o106 1B (z, p) M- PP

In particular, we obtain the Lebesgue-Radon-Nikodym decomposition of v:

d

v =v|lp € MR V);
= VI(B0) _

1%
—u+ v, where n im o0
{E i= (R™ \'supp 1) U {z € suppy | lim, o =502~ = oo}

Proof. Arguing componentwise, we may reduce to the case where v is a signed measure. Then by the density
lemma, D,‘fu is finite u-a.e. We consider the following set functions defined on B(R"):

:/BD:[udu, A~ (B) ::/BD;udu for all B € B(R™).

Fix ¢ > 1 and choose a Borel set B C supp p with D;’V < oo everywhere on B. Now partition our choice of
B as the disjoint union of By := {z € B | Dfv(z) € (t*,t*"1]} C R™ \ E for k € Z. By the density lemma:

AY(Br) < "By, <twBy = AT(B) =Y AT(Br) <t Y _vBj = t(v|zx\£)(B),
keZ kEZ

which follows from the disjointness property. Sending ¢ \, 1 gives us A*(B) < t(v|gn\g)(B) for any Borel
subset B C R™ \ E. Using an analogous approach, for any Borel set B C supp u with D, v e (0,00) on B,

we define B; := {x € B | D, v(x) € (t*,t*1]}. We deduce again from the density lemma:

vB, <tFTuB, = A~ ZA (By) = ZVBk = V|]R”\E)(B)
kez =

In particular, we have At < < V|rm\g < A7 on R™\ E, which allows us to conclude:

_ dv
Div=D,v= o p-a.e. on supp p \ E.

Furthermore, the decomposition of measure holds with dV|Rd\ E= j—;du and v° = v|g. L

Remark 7.4. 1f V is in fact an inner product space, we can use a duality argument, in the sense of the Riesz-
Markov-Kakutani theorem, to give the following alternative characterisation of the Lebesgue-Besicovitch differ-
entiation theorem:

(fov) = / o)y = / (. j—:ww / (.dv*)y  forall f € COR™ V).

Corollary 7.3 (Radon-Nikodym). Let p € MT(R") and v € M(R™; V) a vector-valued measure where
(VoI - ) @ normed vector space. If v << p, then the Radon-Nikodym derivative of v with respect to i is

u-integrable and:

d d
v= —Vu, ie. vE = /XE—Vdu forall E € B(R").
du du

29



Proof. The absolute continuity gives us suppv C supp p. Note also that any Radon measure is necessarily
absolutely continuous with respect to its own total variation measure. If the support £ = supp(v®) C suppv C
supp p of the singular part v* (as defined in Theorem 7.7) has nonzero |v|-measure, using the density lemma
we can deduce 0 = |v|(E) > tpFE for any t € (0,00) since we have p L E is supported on a subset where
Dif|lv| = oo. However, the absolute continuity gives us vE = 0 and thus |¢v|(E) = 0 which is a contradiction.
Hence the singular part ° has v-negligible support and the result follows from Besicovitch’s theorem. O

Remark 7 5. An application of the Radon-Nikodym theorem, by noting v << |v|, gives us the existence of the
polar -4 [0y Pointwise |v|-a.e. and it is rather clear to see that || -2% || = 1 |v|-a.e. Indeed, consider some auxillary

dlv]
Radon measure p € M™T(R™) such that v << . Then the Radon-Nikodym decomposition gives us:

dv dv dv |dv
—dp=dv=——d|v| = dp p-ae. on R™,
dp dlv| dlv] [du
where the last equality follows by Remark 5.1. Thus | dd|l/| | = 1 pointwise |v|-a.e. since | d”| > 0 |v]-a.e. on R™.

We can now derive the Lebesgue’s differentiation theorem on Euclidean spaces as a consequence of Besicovitch’s
differentiation theorem for Radon measures.

Corollary 7.4 (Lebesgue’s differentiation theorem on R"). Let i € M™T(R™) be a positive Radon measure.
Then we have for any f € L*(p):

19 n
F 1) - f@lduts) 250 for peae. o € B
B(z,p)
Proof. For any fixed ¢ € Q%, by Besicovitch’s theorem with dv = |f — ¢|dpu, we obtain for all p > 0:

vB(x, p) = /( |f(y) — q|du(y) for all € supp v \ N,
B(z,p

where N, is pu-negligible. In particular, sending p \, O gives us:

_M P40 z) —
F 10 = aliuty) = L 2 )

Now notice that |J,cqn Nq remains p-negligible and for all = € supp 1\ (U, cqn No):

1imsup][( : |f(y) = f(@)]du(y) < [f(x) — g] 4 lim £ (y) — alduly) = 2[f(2) — gl

pl0 P40 JB(x,p)
Now the theorem follows from the density of Q™ C R". O

We will now turn to the Rademacher’s theorem, which guarantees the classical differentiability of a locally
Lipschitz function upto a L™-negligible set. The Lipschitz condition on a local neighbourhood gives us a uniform
bound on the difference quotients. In the 1-dimensional case, we might expect via some compactness argument
to deduce the pointwise derivative at certain points. This intuition in fact extends to the higher-dimensional
scenarios as well.

Theorem 7.8 (Rademacher’s theorem). Let f € C: I(R” R™). Then f is classically differentiable L™-a.e.

loc

Proof. Arguing componentwise or realising that differentiability is a local property, we may suppose without
loss of generality that m = 1 and f is uniformly Lipschitz. Consider first the 1-dimensional case and define
the set functions p on half-rays on R via p(—o00,t) := f(¢). Then u € M(R) becomes a signed measure after
extension by the Hahn-Carathéodory construction. Now we notice that for any s < ¢:

pls, t) = f(t) = f(s) < [fleormlt — sl,

which clearly implies 4 << £!. By the Radon-Nikodym theorem, there exists some h € L!(R) such that:

t _ t+h
10~ 1) = plsvt) = [ winyacin) = HEEZIO L nmact ) — v
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for £!-a.e. t € R by an application of Lebesgue’s differentiation theorem. Thus f is classically differentiable at
every Lebesgue point on R with derivative coinciding with the Radon-Nikodym derivative.
Now consider the remaining cases where n > 1. For fixed v € S”~! C R™ and consider the set given by:

f(z+tv) does not exist} = R”\{lim fla+t) = fl@) = tDuf() = O} ,

Ny :={z eR" | D,f(x): i "

_d
S dt t=0
where the directional derivative does not exist. The second equality above shows us IV,, is £™*-measurable. Notice
that for all fixed x € R?, the mapping ¢ + f(x+tv) is uniformly Lipschitz and thus admits a classical derivative
for £!-a.e. t € R. In particular, writing v; = v and completing it to a gg-orthonormal basis (v; | i = 1,...,n),
we can deduce from above that for all v € S"~! and x € R™:

LYN,N(z+Ro)) =0 = c"(N,,)z/

/ LY(N, +Ruvy)dry ...dr, =0,
z+Rov, z+Rovg

by using the Fubini’s theorem to integrating along each unit direction. Thus for any v € S*~!, the directional
derivative D,, f exists pointwise £™-a.e. In particular, f admits classical partial derivatives on R™ upto a L"-
negligible set N = U?:l N., and thus gives classical differentiability along any axis. Now it remains to show
the existence of a Frechét derivative on a set of full measure.

Let ¢ € C°(R™) be arbitrary. Then using the £™-a.e. existence of partial derivatives and Lebesgue’s dominated
convergence theorem, we can deduce by writing D f = h=1(f(- + he;) — f):

/@D?f:—/fohEOM—/fDM:/goDif foralli =1,...,n.

By linearity of directional derivatives, we have for any v € S"~1, writing D" f = h= (., f — f)

[eptr== [t~ [ D=~ [ 1iDio = [ oDt = [ o0, D) e

where as usual, we have adopted the Einstein summation convention and v = v’e;. Since ¢ € C°(R"™) was
chosen arbitrarily, we can deduce D, f = (v, D f)g,. L™-a.e. by using the fundamental lemma of calculus of
variations. This gives us a basic pointwise estimate on the derivative since f is uniformly Lipschitz:

Df<x>|=<z<ei,z>f<x>>%m> < limsup (Z(f(“he,f‘f‘“)) < Valfloos @,

i=1 hi0 i=1

for L"-a.e. © € R™. Now recall that S"~! is a separable compact metric space. Let (v; | i € N) be a dense
subset of S"~! and setting Z; := N,, U N (which remains £"-negligible) for each i € N. We will show that f
is Frechét differentiable at each z € R™\ ({J;=, Z;). Indeed, fix one such z, then for any arbitrary v, w € S"~':

|(D! f(x) — (v, Df(x))) — (D f(z) — (w, Df(x)))| < |f(x + hv) |;Lf(a: + hw)|

< [fleormmylv —w| + D f(z)|[v — w] < (Vi + 1)[fleor @m)lv — wl.

Now fix an arbitrarily small € > 0 and set §

+ [(v —w, Df(x))|

(n) = m By compactness, we can cover srn—1 by

finitely many balls (B; | i = 1,..., N) of radius §(n). By density of (v;) in S*~!, we may as well assume (upto
reordering) v; € B; for all 7. For any v € S»~1, there exists some i = 1,...,n withv € B;. In particular:

liglfglp 1Dy f(x) = (v, Df () Buc| < lingisoup | D3, (@) = (v, Df (2)) pucl + (1 + v/n)[fleoagn v = vil

3

< (1 +vVn)[fleormnyd(n) < (1 + v7n)[f]cor rn <e.
( )[ } (R™) (n) < ( )[ ] ( )(1+\/ﬁ)[f]cov1(Rn)
Since (B; | i = 1,...,N) is a finite covering, we can make the above estimate uniform over v € S"~!. The
choice of ¢ above is arbitrary, which then allows us to deduce:
4 ho) —
DMf — (0, Df)puc = % —Df-v 8 uniformly in v € S"7 1.
This gives us the Frechét differentiability of f on a set of full measure. O
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We close this section with some technical consequences of Rademacher’s theorem on level sets.
Theorem 7.9 (Differentiability on level sets). Let f, h: R™ — R™ be locally Lipschitz continuous. Then:
(i) Df(z) =0for L-a.e x € {f =0};
(ii) if m = n, then Dh(f(z))Df(z) = Id for L-a.e. x € {ho f =1d}.

Proof. (i) Letm = 1and x € {f = 0} a Lebesgues density point for the zero level-set where D f(z) exists. If
D f(x) # 0, then consider the following subset:

S = {1} e S" 1 (0, Df(2)) Buc > ;Df(x)} ;

which is necessarily non-empty. Now for all v € S and h > 0, we have:

flatho) > [athe)S|DF@)] > f(etho)~h{o, D () ue = fla+ho)—f ()~ (o, D)) mue 2 0,

which contradict the fact that « is a point of density 1 on {f = 0}. Thus D f(z) = 0 for any Lebesgue density
point of the zero level-set.
(1) Consider the following sets of full measures:

Ef:={x e R" | Df(x)exists} and Ej :={x € R" | Dh(z) exists}.
Then denote by Y := {h o f = Id} and consider the set given by:
F:=YNE;Nf Y E,) ={zcR"|ho f(z) =, Df(zx), Dh(f(z)) exists}.

Note forall z € Y\ (f~1(B)), we have f(z) € R™ \ B which then implies that z = h(f(x)) € h(R" \ E}).
Thus we obtain the following inclusion:

Y\ F C (R"\ Ey) Uh(R" \ Ey),
which then implies by Rademacher’s theorem and the scaling of Lebesgue measure via Lipschitz mappings:
LYY N\F) < L*R"\ Ef) + L"(A(R™ \ Ep)) < L"(R"\ Ef) + [h]¢o.a@n) £"(R™ \ Ep) = 0.

Thus F' is a subset of full measure in Y. Now the theorem follows aftering realising that for any = € F, both
derivatives D f(z) and Dh(f(x)) exist and then via chain rule, the derivative of the composition exists and:

Dh(f(x))Df(x) = D(ho f)(x) = D(1d),

since ho f =Id on Y. Thus it yields D(h o f) = Id pointwise L"-a.e. on Y. O
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