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A simple example: local volatility

dSt = σ(t, St)dWt

Option price: C(t, St) with payoff ϕ(ST )

C(t, St) = E [ϕ(ST ) | Ft] ←− no arbitrage −→ σ2

2
∂SSC+∂tC = 0

↘ ↙

C(t, S) =

∫

R

ϕ(ξ) Γ(t, S;T, ξ)dξ

Γ = transition density of S / fundamental solution
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L = a(t, S)∂SS + ∂t, (t, S) ∈ R
2

Option price C(t, S) =
∫

R

ϕ(ξ) Γ(t, S;T, ξ)dξ

First idea:

Γ(t, S;T, ξ) = Π(t, S;T, ξ) + “correction term”

Π(t, S;T, ξ) is the parametrix: fundamental solution to

L(T,ξ) = a(T, ξ)∂SS + ∂t

I L(T,ξ) is a heat operator (Black&Scholes)

I Π(t, S;T, ξ) is a Gaussian function in (t, S)
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R

ϕ(ξ) Π( t, S
︸︷︷︸

z
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ζ
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Our idea:
define a parametrix P using the backward (adjoint) PDE

Γ(z; ζ) = P (z; ζ) + “correction term”

P (z; ζ) is a Gaussian function in ζ
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The backward parametrix, II

Second idea: look for Γ in the form

Γ(z; ζ) = P (z; ζ) +

∫

P (z; ·)Φ(· ; ζ)

here z = (t, S) and ζ = (T, ξ)

I being LΓ = 0, the unknown function Φ satisfies

0 = LP (z; ζ)− Φ(z; ζ) +

∫

LP (z; ·)Φ(· ; ζ)

I recursive formula

Φ(z; ζ) = LP (z; ζ) +

∫

LP (z; ·)LP (· ; ζ) + . . .
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Option price expansion

C option price with payoff ϕ:

C(t, S) =

∫

ϕ(ξ)Γ(t, S;T, ξ)dξ =
∞∑

k=1

Ck(t, S)

I First term: Black&Scholes price with σ = σ(t, S)

C1(t, S) =

∫

ϕ(ξ)P (t, S;T, ξ)dξ

I k-th term:
B&S price with σ = σ(t, S) and transaction cost LCk−1

Ck(t, S) =

∫

LCk−1(ζ)P (t, S; ζ)dζ
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Global error estimates

|Γ(t, x)− P2n(t, x)| ≤ δ
tn

n!
Γheat(t, x)

Pn = parametrix expansion of order n

δ = explicit constant

Γheat = Black&Scholes density with volatility supσ

I asymptotically exact as t→ 0

I rate of convergence independent on dimension
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Example 1: explicit 2-parametrix for local volatility

Pricing operator: LC = a(·)∂SSC + ∂tC

Γ(t, S;T, ξ) ' P (t, S;T, ξ) +
T − t

2
LP (t, S;T, ξ)

Call option with strike K:

C(t, S) ' CBS(t, S) +
K(T − t)

2
(a(T,K) − a(t, S))P (t, S;T,K)
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Numerical test: CEV model

dSt

St

= rdt + σ0S
−α
t dWt, α ∈ [0, 1]

We compare I and II order parametrix expansions with the
analytic approximation formulas by Cox and Ross (1976)
(local approx.) for call options

Parameters:

I α = 1
2 , 3

4

I T = 2, 3, 6, 9, 12 months

I K = 1

I σ0 = 30%, r = 5%



Call in CEV with α =
3
4, T = 6m, K = 1
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Option price:
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Example 2: path dependent volatility (2-dim) or
geometric Asian option

Hobson-Rogers (1998)

Foschi-P.(2007)

Zt = log-price
dZt = µ(Dt)dt + σ(Dt)dWt

Dt = deviation from the normal trend

Dt = Zt −
∫ +∞

0
e−s Zt−s ds

Pricing PDE (degenerate parabolic):

a(x, y, t)∂xx + x∂y + ∂t, (x, y, t) ∈ R
3

I Complete model



Path dependent volatility: call option

Monte Carlo vs I (red) and II (blue) parametrix:
absolute errors

σ(d) = 0.2 ∗
√

1 + d2, T = 1
4 ,
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Path dependent volatility: call option

Monte Carlo vs II parametrix: absolute errors

T = 1m (Red), 3m (Green), 9m (Purple), 12m (Cyan)
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HR model
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Conclusions

I analytical global approximation of generic transition
densities

I expansions for prices using as starting point the
Black&Scholes formula

I explicit global error estimates

I Calibration: analytic formulas for plain vanilla options
(computationally cheap and simple as the Black&Scholes
formula)

I Pricing and hedging: potentially useful in high
dimension −→ Monte Carlo
further investigation and tests needed!



Call in CEV: Cox-Ross approximations
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