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...but where is London, Ontario...



To be more precise:

Downtown London.Dates back to 1793 - the city was founded 1826
Population: 352,395 (greater area: 457,720)



Membrane dynamics: diffusion in single-component lipid 
membranes. Structure has been studied a lot but dynamics has received 
surprisingly little attention. A new mechanism is suggested.

Surfactants. Micellation & micelle fission

Coarse graining using structural data from MD. First using a simple 
system of NaCl & water and keeping solvent, then moving to a solvent free 
membrane.  

The “Mercedes-Benz” model for water & cold denaturation. 
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Macroscale: 
• times > 1 sec
• lengths > 1µ
• phase field models, FEM,…

Atomistic scale: 
• times ~ 10–15 – 10-9 sec
• lengths ~ 1-10  Å
• Molecular Dynamics, 
  Monte Carlo

Subatomistic scale: 
• electronic structure 
• ab initio, Green functions 

Mesoscale:
• times ~ 10–8 – 10-2 sec
• lengths ~ 10-1000 Å
• DPD, coarse-graining

How to bridge the scales -  no single method is applicable in all cases. 

Scale:Experiment: Entity:Simulation:

Many time & length scales



Aim: multiple scales in time and space

Multiscale modeling of emergent materials: biological and soft matter. 
Murtola, Bunker, Vattulainen, Deserno, Karttunen, Phys. Chem. Chem. Phys., 2009, 11, 1869
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Fig. 1. Different levels of description in a colloidal suspension. Arrows denote the direction of

coarse graining from the Classical Mechanics level at the lower left hand corner to Thermody-

namics level at the top right hand corner
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Here, mi is the mass of a solvent molecule, Mi the mass of a colloidal particle, and

V SS, V SC, V CC are the potentials of the forces between solvent molecules, solvent and

colloidal particles, and colloidal particles, respectively.

In principle, the differential equations (1) can be solved numerically with a com-

puter. The technique is known as molecular dynamics and allows us to keep track of

all the microscopic dynamics of the system [9]. The smallest typical time scale is a

collision time in the range of picoseconds and, consistently, we will need to use a time

step for the numerical solution which is much smaller than this time scale. However, if

the mass of the colloidal particles is much larger than the mass of the solvent particles,

as it occurs in reality, the evolution of the colloidal particles will be very slow in com-

parison with the evolution of the solvent molecules. If we are interested in the motion

of the colloidal particles, then we would need an enormous number of time steps (and,
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degree of physical intuition is required in order to select a proper set of relevant vari-

ables. If the theory does not predict correctly the results of experiments or simulations,

we should think what other variables might evolve in the time scale of the description

and include them also as relevant variables with the hope that we now capture all the

slow dynamics of the system.

Before closing this introductory section, it is worth to compare the coarse-graining

strategy based on projection operators with the older and venerable approach of kinetic

theory [8]. Kinetic theory is also a theory of coarse graining in which the reduction of

information is achieved by considering the probability distribution functions of small

subsets of particles. Starting from the Liouville equation, one constructs a hierarchy of

equations (the BBGKY hierarchy) for the probability distribution functions at a given

time in which the equation for a given n-particle distribution depends on higher parti-

cle distributions. Therefore, the equation for the lowest distribution, although being a

differential equation involving only the present time, is not closed. This is in contrast

with the projection operator approach in which one obtains a closed equation for the

distribution function, which, however, involves past times. Of course, one has to be as

careful in truncating the kinetic hierarchy in order to obtain a closed equation as in ap-

proximating the memory equation in the projection operator approach in order to have

a memoryless equation.

3 Example: A Colloidal Suspension

In this section we will illustrate the fundamental concepts of the theory by studying

several different levels of description that are used to describe colloidal suspensions. A

colloidal suspension is made of a collection of small solid objects (like spherical latex

particles) of the size of, say, a micron suspended in a fluid such as, for example, water.

A roadmap of this section is shown in Fig. 1.

3.1 Microscopic Level: Classical Mechanics

At the most microscopic level, we can model a colloidal suspension by assuming that

the solid suspended objects are spherical and we need only 6 degrees of freedom for

describing the state of the object, the position Qi and the momentum Pi of its center

of mass. For irregular objects we would need also to consider orientation, angular ve-

locities, etc. The fluid in which these solid colloidal particles are suspended will be de-

scribed at the most microscopic level by the positions qi and momenta pi of the centers

of mass of the molecules constituting the fluid. Again, we assume spherical molecules

for simplicity. The microscopic state will be denoted by z = {qi,pi,Qi,Pi}. The
evolution of the microstate is governed by Hamilton’s equations,

q̇i =
!H(z)
!pi

, Q̇i =
!H(z)
!Pi

,

ṗi = !!H(z)
!qi

, Ṗi = !!H(z)
!Qi

, (1)
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i
r !q

r

!(        )r =1/V

Fig. 2. Coarse-grained delta function !(r ! qi) takes the value 1/V , V being the volume of the

cell, if qi is within the cell labeled with r, and zero otherwise. The “point” r actually represents
a portion of space

therefore, of computer time) to observe an appreciable motion of the colloidal parti-

cles. To study these large time scales in a colloidal suspension, molecular dynamics is

absolutely impracticable.

3.2 Mesoscopic Level 1: Hydrodynamics

If we look at the motion of the solvent molecules, we will see that they collide with

each other resulting in a rapid motion. However, if we look “from a distant point” to

the multitude of molecules, a collective motion will be appreciated in which molecules

in a region of space move coherently (overwhelming the small erratic motions due to

collision). It will be possible to appreciate slowly evolving waves, vortices and other

sort of collective motion. The variables that capture these collective motions are the hy-

drodynamic variables. These variables are the mass density field !r(z), the momentum
density field gr(z), and the energy density field er(z), defined by

!r(z) =
!

i

m"(r ! qi),

gr(z) =
!

i

pi"(r ! qi),

er(z) =
!

i

ei"(r ! qi), (3)

where "(r ! qi) is a coarse-grained delta function (a function with a support over a
finite small region and normalized to unity, see Fig. 2). In the above equations, ei is

the energy of particle i (the sum of its kinetic energy plus half the potential energy due
to the interaction with its neighbours). It may appear as a contradiction to coarse-grain

through a set of field variables (which have, in principle an infinite number of degrees

of freedom). However, we should note that the above fields involving the coarse-grained

delta functions are “smooth” fields (which have a small number of Fourier components

with large wavelengths). Implicit in the definition of the hydrodynamic variables in (3)

there is a partition of physical space in little cells that contain many solvent molecules.

The hydrodynamic variables tell us about how many particles have a given average

velocity and energy in a certain region of space, rather than providing the exact location

and velocity of each solvent molecule. The reduction of information in passing from
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3.3 Mesoscopic Level 2: Fokker–Planck

We have already noted that if the colloidal particles are massive their motion will be

slow. In that case, we could expect that the propagation of the hydrodynamic inter-

actions is very fast, instantaneous, compared with the time scale of variation of the

colloidal position and momenta. If this is the case, we can eliminate the solvent hydro-

dynamic variables from the description. The state of the system at this mesoscopic level

of description is given by x = {Qi,Pi}. The FPE that corresponds to the mesoscopic
level 2 is given by [22]

!

!t
P (x, t) = !

!

i

"
Vi ·

!

!Qi
+ FCC

i · !

!Pi

#
P (x, t)

+ kBT
!

ij

!

!Pi
·!ij(Q)·

"
!

!Pj
+

Pi

MikBT

#
P (x, t). (4)

Here, Vi = Pi/Mi, FCC
i is the effective force due to the rest of colloidal particles

exerted on particle i and !ij(Q) is a friction tensor which depends on the position of
the colloidal particles. The physical picture behind (4) can be best appreciated in the

mathematically equivalent stochastic differential equations (SDE)

dQi = Vidt and dPi = FCC
i dt !

!

j

!ij(Q)·Vjdt + dF̃i.

We observe that the particles evolve according to their velocities and that they are sub-

jected to forces due to the other colloidal particles that depend on their positions, FCC
i ,

and velocities, !!ij(Q) ·Vj . Note that if a colloidal particle j is moving, it will ex-
ert forces on the colloidal particle i. These forces are the result of the hydrodynamic
interactions that are captured at this level of description through the friction tensor

!ij(Q). Finally, the particles are also subject to stochastic forces dF̃i that are mathe-

matically described in terms of Wiener processes. The variance of these forces is given

by the Fluctuation-Dissipation theorem which, at this level of description, takes the

form dF̃idF̃j = 2kBT!ij(Q)dt.
If the colloidal particles are very far from each other, as it happens when the sus-

pension is dilute, we may expect that the mutual influence among colloidal particles is

negligible and that the friction tensor is diagonal, this is !ij = "ij1#, where # is called
the friction coefficient. In this case, the SDE equivalent to the FPE (4) decouple into a

set of independent equations, called Langevin equations. The Langevin equations for a

dilute suspension predict that the velocity autocorrelation function of a colloidal particle

decays exponentially. As we have seen, this is at variance with experiments that show a

clear long-time tail for neutrally buoyant particles. The reason for this discrepancy be-

tween theory and experiments for neutrally buoyant particles can only be attributed to

the fact that the time scales of evolution of the colloidal variablesQi,Pi are not neatly

separated from the time scales of hydrodynamic variables. We have here one example

of the hazards of selecting a too low number of variables. Even thoughQi,Pi look as

a reasonable set of relevant variables, they are not. If we are interested in the time scale

in which the momentum of the particles evolves, we have to include, necessarily, the
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particles in a given sufficiently large region, these particles must move (diffuse) for a

long time in order to traverse this region.

Due to the field character of the concentration variable, we have now a probability

functional P [c(r), t] which will obey a functional FPE. The mathematically equivalent
SDE takes the form of a continuity equation

!tc = !"J with J = ! c

"
"µ + J̃, (6)

where the mass flux J has a systematic contribution proportional to the chemical po-
tential of the colloidal particles plus a stochastic part J̃ with a variance proportional
to the transport coefficient c/". For the sake of simplicity, we have assumed that the
suspension is dilute, in such a way that hydrodynamic interactions can be neglected.

Otherwise, one obtains non-local in space equations [7]. When the suspension is dilute,

we may use the ideal gas expression for the chemical potential µ = kBT ln c that leads
to the usual diffusion equation !tc = D"2c ! "J̃ where D = kBT/" is the Einstein
expression for the diffusion coefficient. Equation (6) can be easily simulated by dis-

cretizing the resulting stochastic diffusion equation with finite differences or any other

discretization technique for stochastic partial differential equations [23].

3.6 Macroscopic Level: Thermodynamics

Finally, we might be interested in very long time scales in which the system has arrived

at equilibrium. In this case, the only relevant variables are the dynamical invariants, i.e.,

those coarse-grained variables that are independent of time due to particular symmetries

of the microscopic Hamiltonian, like total energy, or those coarse-grained variables

like mass and volume, that are constant parameters in the Hamiltonian. Note that the

volume of the container of the colloidal suspension can be understood as a parameter of

a confining potential in the Hamiltonian. Obviously, there is no equation of motion for

this level of description because we are interested in the long time, equilibrium state of

the system.

In summary, in this section we have illustrated several different levels of description

that can be defined for the study of a colloidal suspension. The general theme is that ev-

ery level captures less information than its predecessor and allows one to describe time

scales at and above the typical time scale of evolution of the coarse-grained variables.

The levels of description presented above for a colloidal suspension do not exhaust

the possibilities and they have been selected as providing a pedagogical presentation

of the main ideas involved in coarse-graining. Of course, other levels of intermediate

complexity can and must be formulated depending on the physical situation that one

wants to describe. For example, one can define a level of description where the relevant

variables are the hydrodynamic solvent variables plus the concentration field for the

colloidal particles. This purely hydrodynamic level of description is particularly useful

for the description of transport of dilute pollutants by fluid flows. In this case, the equa-

tions are the hydrodynamic equations (that contain the effect of the dilute suspension

through an osmotic pressure term) plus an advection-diffusion equation for the concen-

tration field. If the colloidal suspension is more concentrated and anisotropic effects

due to flow start to play a role, then it is necessary to enrich the level of description by
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3.3 Mesoscopic Level 2: Fokker–Planck

We have already noted that if the colloidal particles are massive their motion will be

slow. In that case, we could expect that the propagation of the hydrodynamic inter-

actions is very fast, instantaneous, compared with the time scale of variation of the

colloidal position and momenta. If this is the case, we can eliminate the solvent hydro-

dynamic variables from the description. The state of the system at this mesoscopic level

of description is given by x = {Qi,Pi}. The FPE that corresponds to the mesoscopic
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that model vector is the most similar. Note that orientational
data has not been used in training of the map.

The U-matrix in Fig. 5 shows several light-colored clusters
separated by darker boundaries. Some of the boundaries are
stronger, such as the one dividing the map from the lower left
corner to the upper right corner. This boundary is also clearly
seen in the orientation of the glycerol plane, and it divides the
map into two parts with di!erent structure: the bottom half
has a small number of large clusters, while the upper half
varies more. Many of the cluster boundaries also correspond
to clear changes in P–N vector orientation, the glycerol
orientation, and/or the angle between the P–N vector and
the vector connecting the first carbons in the acyl chains (the
last one not shown). Although only intramolecular informa-
tion has been used in training the data, the map also captures
several orientational characteristics of the molecules.

In general, analysis such as the one presented in Fig. 5 gives
insight into the typical conformations of the headgroup region
in the studied lipid bilayer.

Similar analysis can also be done for other parts of the
molecule, and the results can be combined to get an overview
of the most relevant conformational degrees of freedom of the
whole molecule.114

How could such information then be used in coarse grain-
ing? As outlined above, the knowledge of the features that
distinguish the major conformations from each other can be
used to select a minimal model that contains these features.
For the case of PLPC, the basic idea of such a deduction is
shown in Fig. 6 for the case of a semi-atomistic model. To
arrive at the description shown in Fig. 6, we focus separately
on the headgroup/glycerol region and the tail, as SOM shows
very di!erent behavior in these regions.114

The maps for the headgroup and the glycerol regions show
very similar structure, partly due to the fact that they share
some of the dihedrals used in the training.114 Looking at the
model conformations of the clusters, as well as the data shown
in Fig. 5, it seems that the most important conformational
feature of the headgroup is the orientation of the P–N vector
with respect to the glycerol backbone. For the glycerol region,
the orientation of the chains with respect to the glycerol
backbone is a similar factor. For both maps, one of the most
important factors in dividing the map into clusters is the
orientation of the glycerol plane. A minimal representation

that could describe these conformations should contain three
to four atoms: two to define the orientation of the P–N vector,
and one to two for describing the glycerol region. The glycerol
region itself does not seem to have any significant internal
degrees of freedom, but seems to act as a joint between the
headgroup and the chains. However, the joint is not necessa-
rily freely rotating, as indicated by a clear division of the
conformations into clusters. Hence, if the conformations need
to be reproduced accurately, care should be taken in deter-
mining the intramolecular interactions, in particular if only
one particle is used for the glycerol region.
For the chains (sn–2 analyzed in ref. 114), the trained SOM

is very homogeneous. This indicates that there are no specific
favored conformations, not even in the chain with the double
bonds. Hence, the general shape of the chains should be
the only concern for selecting the representation, and the
di!erences between saturated and unsaturated chains only
come into play at the intramolecular interactions.
For a complete model, the interactions between the di!erent

particles should also be determined. Any systematic method,
such as the structure-based schemes discussed earlier, could be
used for this, but such analysis is beyond the scope of the
present discussion. It is also interesting to note that many
successful coarse-grained models for lipid systems, such as the
one developed in ref. 18, incorporate the main features seen in
SOM analysis of atomistic structures. The earlier models used
knowledge and experiences from extensive atomistic simula-
tions, and the fact that SOM analysis can provide similar
information demonstrates its potential as an aid in designing
coarse-grained models. SOM analysis also indicates that
special attention needs to be paid to the glycerol region if
the conformations need to be accurately reproduced.

C Further discussion

The application of SOM to coarse graining is still on a very
preliminary level, as also exemplified by the general nature of
the discussion above. Nevertheless, the potential of SOM has
been scarcely explored even in the (somewhat simpler) context
of conformational analysis: there exists an SOM study which
analyzes the 3D structure of amino acid sequences,116 as well
as another preliminary application of SOM to lipids.117

Instead of directly analyzing the conformations, SOM has
been applied to higher-level data. For example, most SOM
studies of proteins have focused on analysis on the sequence
level. Examples include sequence classification within a
protein family,118 identification of overrepresented motifs in
sequences,119,120 prediction of HIV protease cleavage sites,121

and a study of ammonium salts as ligands of the neuronal
nicotinic acetylcholine receptor.122

The results from basic SOM analysis, such as those shown
in Fig. 5, can also be used as a basis for further analysis. For
example, more quantitative analysis of the clusters can be
done, or other clustering algorithms could be applied to the
SOM model vectors.114,123 The dynamics of the molecules can
also be studied by analyzing the trajectories of the molecules
on the map.114 The map itself could also possibly be used for
assessing correlations between nearby molecules, or a separate
map could be trained to study such phenomena by including
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Fig. 6 Schematic description of how SOM data could be used in

constructing coarse-grained representations (see text for details).

Adapted from ref. 114.
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A B
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Figure 1.3: Examples of phases formed
by lipids in water solution. Polar head-
groups are shown in red, hydrophobic
tails in blue, and water is not shown.
(A) A spherical micelle.
(B) A cylindrical micelle.
(C) A bilayer.
(D) An inverted hexagonal phase.
Bilayers can bend to form, e.g., vesicles
(E), and bicubic phases (F) are also pos-
sible.

spherical and cylindrical micelles through bilayers and vesicles to inverted phases.
The bilayer phase (Fig. 1.3C) is the most relevant for biological systems: a bilayer of

lipids joins together and supports the other components in all membranes (see Fig. 1.2). In
fact, the whole plasma membrane can be seen as a large and complex vesicle, and smaller
vesicles act in various roles in transport of substances and signaling. Micellar structures
and larger lipid droplets that have a lipid monolayer on the surface and hydrophobic lipids
inside can also be found in cells as storage components.

Most membrane lipids have a phosphate atom in the headgroup, and are classified as
phospholipids [127]. They are typically based on glycerol, having the phosphate attached
to one hydroxyl group and hydrocarbon tails esterified to the other two (see Fig. 1.4A).
Different headgroups can be attached to the phosphate, the most common being choline
(resulting in PC lipids), ethanolamine (PE), inositol (PI), glycerol (PG), and serine (PS).
Several of these are shown in Fig. 1.4. Similarly, there is large variability in the fatty acids
that form the tails. Most common chain lengths are even number of carbons between 16
and 22, and the number of double bonds ranges from zero to six. Some lipids are based
on sphingosine, which provides one of the tails, and the other tail and the headgroup
are attached as shown in Fig. 1.4B. For these sphingomyelins, the headgroup is most
commonly PC.

There is one major exception to the “head and two tails” structure for lipids commonly
present in plasma membranes (mitochondrial membranes also contain, e.g., cardiolipin,
which has typically four tails). This is cholesterol [12, 143], shown in Fig. 1.4C. It has
only a single hydroxyl group as the hydrophilic head and a short flexible tail, both attached
to a planar sterol ring structure. In bilayers, the ring structure orients along the membrane
normal between the lipid tails, and hence restricts the movement of nearby tails. This
leads to higher ordering of the nearby tails compared to the fluid phase. Ordered tails
take less space, and hence the bilayer condenses, i.e., the area per lipid decreases. How-
ever, cholesterol prefers a laterally disordered phase, i.e., it lowers the melting point of

Figs. T. Murtola, PhD thesis



Membrane dynamics is vital!

Zimmerberg et al, Science, 2005.



A challenge for simulations at many different scales.

Why? 

The role of fluctuations in membranes has been not been studied yet even 
the main transitions depends on them: continuous or weakly first order?

Mechanisms behind lipid diffusion are still not well understood

Living systems are not static (& they are typically out of equilibrium)

The Singer-Nicholson fluid mosic model is not enough to describe 
dynamics

Biology: rafts, signalling, lateral pressure, interactions with proteins, 
pore formation, etc.

Membrane dynamics   Falck et al., JACS 130, 44 -08; PRL 97, 238102 -06
  Falck et al., BJ 87, 1076 -04; BJ 89, 745 -05

In addition: lipid composition matters and in all eukaryotic membranes 
cholesterol has a special role. 

We start by looking at diffusion.
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involve either displacement of the cholesterol tether or
shedding of membrane vesicles from Hedgehog-pro-
ducing cells. In conclusion, the requirement for lipid
rafts during Hedgehog signalling is completely different
from that described for other signalling processes. The
cell biology of this fascinating signalling process is poor-
ly understood, and awaits a detailed exploration.

Models for signal initiation in rafts 
Although we are at a stage at which we can build work-
ing hypotheses, we still do not know exactly how recep-
tors signal through lipid rafts. As illustrated by the pre-
ceding examples (except for Hedgehog signalling) a
common theme is that individual rafts cluster together
to connect raft proteins and interacting proteins into a
signalling complex. For instance,doubly acylated non-
receptor tyrosine kinases and G proteins from separate
rafts could be brought into contact with a signalling
receptor in this way.

Receptors could behave in at least three different
ways in rafts (FIG. 2). First, receptors associated at steady
state with lipid rafts could be activated through ligand
binding (FIG. 2A, a). Second, individual receptors with
weak raft affinity could oligomerize on ligand binding,
and this would lead to an increased residency time in
rafts (FIG. 2A, b). Last, activated receptors could recruit
crosslinking proteins that bind to proteins in other
rafts, and this would result in raft coalescence (FIG. 2B).
These models are not mutually exclusive. Through
formation of a raft cluster, a network of interactions
between adaptors, scaffolds and anchoring proteins
would be built up to organize the signal complex in
space and time. This signalling complex would be
insulated within the raft clusters from the surrounding
liquid-disordered lipid matrix. The formation of clus-
tered rafts would lead to amplification through the
concentration of signalling molecules, as well as to
exclusion of unwanted modulators.

The interactions that drive raft assembly are dynam-
ic and reversible. Raft clusters can be disassembled by
negative modulators and/or by removal of raft compo-
nents from the cell surface by endocytosis. The coales-
cence of individual rafts to form raft clusters has been
observed repeatedly, for example, when crosslinking raft
components with antibodies12,29. The movement and
behaviour of the raft clusters can also be influenced by
interaction with cytoskeletal elements44,72,73 and second
messengers such as the phosphoinositide PtdIns(4,5)P2,
which help organize actin assemblies on the cytoplas-
mic surface of the rafts74,75.

Many open issues
Several aspects of raft structure and function still need to
be explained.One important area is raft composition
and the question of whether more than one kind of raft
exists on the cell surface of different cell types76,77. Not
only do we need to identify raft-associated proteins,but
we also have to determine the lipid composition in both
the exoplasmic and cytoplasmic leaflets of rafts.As deter-
gent extraction undoubtedly leads to raft aggregation, it
is not easy to isolate individual rafts or ligand-activated

is post-translationally modified to introduce a choles-
terol moiety at the carboxyl terminus69 and a palmitate
moiety at the amino terminus70. Cholesterol-modified
Hedgehog is membrane bound, and has been shown to
associate with lipid rafts in Drosophila embryos9. The
cholesterol modification restricts the signalling range of
Hedgehog, making it a short-range morphogen. If
Hedgehog is mutated to lose its hydrophobic anchor, it is
secreted and can activate cells much further away than
normal71. So how is membrane-bound Hedgehog
released from the cell where it is synthesized, to act as a
signal for a target cell several cell layers away? It seems
that the association of Hedgehog with rafts is important
for its function,but it is not sufficient68. If cholesterol is
replaced with a GPI-anchor — which should still local-
ize the protein to rafts — Hedgehog is no longer released
from the surface of the expressing cells71.Another sterol-
sensing protein, Dispatched, is also required for the
release of Hedgehog71. The mechanism of release could

Figure 2 | Models of how signalling could be initiated through raft(s). A | In these models,

signalling occurs in either single rafts (Model 1) or clustered rafts (Model 2). Following

dimerization (or oligomerization) the protein becomes phosphorylated (blue circle) in rafts. In

single rafts this can occur by activation  a | within the raft, or b | by altering the partitioning

dynamics of the protein. B | In the second model we assume that there are several rafts in the

membrane, which differ in protein composition (shown in orange, purple or blue). Clustering

would coalesce rafts (red), so that they would now contain a new mixture of molecules, such

as crosslinkers and enzymes. Clustering could occur either extracellularly, within the

membrane, or in the cytosol (a–c, respectively). Raft clustering could also occur through GPI-

anchored proteins (yellow), either as a primary or co-stimulatory response. Notably, models 1

and 2 are not mutually exclusive. For instance, extracellular signals could increase a protein’s

raft affinity (for example, similar to the effect of single versus dual acylation) therefore drawing

more of the protein into the raft where it can be activated and recruit other proteins, such as

LAT, which would crosslink several rafts.

GPI GPI

Extracellular

Dimerization

Dimerization

Dimerization

Signalling Signalling

a

Clustering of rafts triggers signalling

b

GPI GPI

a

b

c

Extracellular
(antibodies, ligands)

Membrane protein
(for example, LAT)

Cytosolic
(cytoskeletal elements,
adaptors, scaffolds)

Clustering agent

Antibodies,

ligands

Antibodies,

ligands

A Model 1

Activation in a raft Altered partitioning

B Model 2
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Classic view: membranes are quite static. WRONG: Bilayers/membranes are dynamic!
Biological systems are inherently complex at all levels; structure-function, signalling, etc.
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involve either displacement of the cholesterol tether or
shedding of membrane vesicles from Hedgehog-pro-
ducing cells. In conclusion, the requirement for lipid
rafts during Hedgehog signalling is completely different
from that described for other signalling processes. The
cell biology of this fascinating signalling process is poor-
ly understood, and awaits a detailed exploration.

Models for signal initiation in rafts 
Although we are at a stage at which we can build work-
ing hypotheses, we still do not know exactly how recep-
tors signal through lipid rafts. As illustrated by the pre-
ceding examples (except for Hedgehog signalling) a
common theme is that individual rafts cluster together
to connect raft proteins and interacting proteins into a
signalling complex. For instance,doubly acylated non-
receptor tyrosine kinases and G proteins from separate
rafts could be brought into contact with a signalling
receptor in this way.

Receptors could behave in at least three different
ways in rafts (FIG. 2). First, receptors associated at steady
state with lipid rafts could be activated through ligand
binding (FIG. 2A, a). Second, individual receptors with
weak raft affinity could oligomerize on ligand binding,
and this would lead to an increased residency time in
rafts (FIG. 2A, b). Last, activated receptors could recruit
crosslinking proteins that bind to proteins in other
rafts, and this would result in raft coalescence (FIG. 2B).
These models are not mutually exclusive. Through
formation of a raft cluster, a network of interactions
between adaptors, scaffolds and anchoring proteins
would be built up to organize the signal complex in
space and time. This signalling complex would be
insulated within the raft clusters from the surrounding
liquid-disordered lipid matrix. The formation of clus-
tered rafts would lead to amplification through the
concentration of signalling molecules, as well as to
exclusion of unwanted modulators.

The interactions that drive raft assembly are dynam-
ic and reversible. Raft clusters can be disassembled by
negative modulators and/or by removal of raft compo-
nents from the cell surface by endocytosis. The coales-
cence of individual rafts to form raft clusters has been
observed repeatedly, for example, when crosslinking raft
components with antibodies12,29. The movement and
behaviour of the raft clusters can also be influenced by
interaction with cytoskeletal elements44,72,73 and second
messengers such as the phosphoinositide PtdIns(4,5)P2,
which help organize actin assemblies on the cytoplas-
mic surface of the rafts74,75.

Many open issues
Several aspects of raft structure and function still need to
be explained.One important area is raft composition
and the question of whether more than one kind of raft
exists on the cell surface of different cell types76,77. Not
only do we need to identify raft-associated proteins,but
we also have to determine the lipid composition in both
the exoplasmic and cytoplasmic leaflets of rafts.As deter-
gent extraction undoubtedly leads to raft aggregation, it
is not easy to isolate individual rafts or ligand-activated

is post-translationally modified to introduce a choles-
terol moiety at the carboxyl terminus69 and a palmitate
moiety at the amino terminus70. Cholesterol-modified
Hedgehog is membrane bound, and has been shown to
associate with lipid rafts in Drosophila embryos9. The
cholesterol modification restricts the signalling range of
Hedgehog, making it a short-range morphogen. If
Hedgehog is mutated to lose its hydrophobic anchor, it is
secreted and can activate cells much further away than
normal71. So how is membrane-bound Hedgehog
released from the cell where it is synthesized, to act as a
signal for a target cell several cell layers away? It seems
that the association of Hedgehog with rafts is important
for its function,but it is not sufficient68. If cholesterol is
replaced with a GPI-anchor — which should still local-
ize the protein to rafts — Hedgehog is no longer released
from the surface of the expressing cells71.Another sterol-
sensing protein, Dispatched, is also required for the
release of Hedgehog71. The mechanism of release could

Figure 2 | Models of how signalling could be initiated through raft(s). A | In these models,

signalling occurs in either single rafts (Model 1) or clustered rafts (Model 2). Following

dimerization (or oligomerization) the protein becomes phosphorylated (blue circle) in rafts. In

single rafts this can occur by activation  a | within the raft, or b | by altering the partitioning

dynamics of the protein. B | In the second model we assume that there are several rafts in the

membrane, which differ in protein composition (shown in orange, purple or blue). Clustering

would coalesce rafts (red), so that they would now contain a new mixture of molecules, such

as crosslinkers and enzymes. Clustering could occur either extracellularly, within the

membrane, or in the cytosol (a–c, respectively). Raft clustering could also occur through GPI-

anchored proteins (yellow), either as a primary or co-stimulatory response. Notably, models 1

and 2 are not mutually exclusive. For instance, extracellular signals could increase a protein’s

raft affinity (for example, similar to the effect of single versus dual acylation) therefore drawing

more of the protein into the raft where it can be activated and recruit other proteins, such as

LAT, which would crosslink several rafts.
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parameters for POPC [79], PSM [34] and CHOL [80] were

obtained from previous works. Each of the three bilayers

were fully hydrated with about 28 SPC water molecules / lipid

[81], resulting in !140,000 atoms per system (see Fig. 1).

Using GROMACS [82] for integrating the equations of mo-

tion with a 2 fs time step, each system was initially equili-

brated by the Langevin thermostat in NVT-ensemble (50 ps)

and then in NpT-ensemble (500 ps). The first 5 ns of the

actual simulations were run in NpT-ensemble (T = 310K,
p = 1 atm) using the Berendsen thermostat and barostat [83],
after which we switched to the Nosé-Hoover thermostat and

the Parrinello-Rahman barostat to produce the correct ensem-

ble. The pressure coupling was applied in a semi-isotropic

way to result in zero surface tension. The long-range elec-

trostatic interactions were accounted for by the reaction-field

method (with rc = 2.0 nm) and 1.0 nm cutoff was used for the
Lennard-Jones interactions. Reaction-field has been shown

to be a reliable and well-scalable method for simulating non-

charged lipid bilayers [84]. The simulation time was 100 ns

for SA and SB , but 50 ns for system SC , which together took

about 10 cpu-years on a parallel machine. For the analysis,

we have included the last 40 ns of each simulation trajectory

whenever not indicated otherwise.

The equilibration of the bilayer structure was monitored by

the area per lipid (see SI). The magnitude of area fluctuations

were used to estimate the area compressibility of each bilayer

[85]. The average bilayer thickness was estimated from the

peak-to-peak distance of the electron density plot of all atoms

across the simulation box. To characterize undulatory and

peristaltic motions, we followed the procedure by Lindahl and

Edholm [30], in which a grid was fitted to selected atoms in

the POPC and PSM backbone (glycerol C2 in POPC and the

corresponding carbon in PSM). The grids for the two mono-

layers were then averaged for undulatory analysis whereas

their difference was used for describing the peristaltic mo-

tions, and in both cases two-dimensional (2D) FFT was ap-

plied to the grid points. The bending modulus of the bilayer,

kc, was estimated by summing over the undulatory spectral

modes and utilizing the formula "u2
und

# $ kBTA/(8.3!3kc).
Consistent results for kc were found through a fit to the func-

tion u2
und

(k) ! k!4.

The deuterium (NMR) order parameter SCD values were

calculated from the diagonal elements of the molecular order

tensor (see [84]) at selected carbon locations of the PSM and

POPC chains. To characterize the lateral heterogeneity in the

system, carbons 5 – 7 were chosen from each acyl chain (to-

gether with the structurally correspondent carbons from the

sphingosine chain) and the instantaneous SCD values were

binned on a grid on the bilayer plane. Similarly, the aver-

age in-plane electron densities were calculated by binning the

number of electrons in the selected molecules or atoms. For

the 2D radial distribution functions, g2D(r), we used the pro-
jected center of mass positions of the lipid molecules. The

centres of mass were also used to obtain the lateral diffusion

coefficients (for details see [15]).

Finally, lateral pressure profiles were determined using

an approach similar to the ones presented and validated by

several authors [19, 60–62], more details of our method in

Ref. [86]. The lateral pressure was calculated using the Irving-

Kirkwood contour and dividing the systems in ! 0.1 nm thick
slabs (100 slabs). Pairwise forces were calculated from the

force field description and MD trajectory. A 2.0 nm trunca-

tion was used for electrostatic interactions. Constrained forces

arising from SETTLE and LINCS were calculated from the

general equation by Hess et al. [87]. As undulations in system

SC render the lateral pressure calculation more difficult, we

chose three previous simulations on single-component lipid

systems, POPC [86], PSM [34] and a 1:4 binary DPPC-CHOL

[17] for reference. For each system, the pressure profile was

calculated exactly similarly. To estimate the effect of pres-

sure profile on membrane proteins, we followed the approach

introduced by Cantor [88] and later applied to molecular

simulation data of single-component bilayers by Gullingsrud

et. al [62]. As a model we use the mechanosensitive ion

channel MscL, whose conformation has been found to change

anisotropically between cylindrical (open) and cone (closed)

shapes [89]. Here we calculate the work !W done against

the lateral pressure profile to alter the shape of the membrane

cavity occupied by the protein as it changes conformation

from the closed to an open state. Then the work !W can

be written as:

!W =

!
p(z)!A(z)dz, (1)

where !A(z) is the change in the cross-sectional area of
the protein and p(z) is the pressure profile. Here, we use an
approach identical to that used in ref. [62], and identical val-

ues for !A(z) for MscL as used in ref. [62], in which the

area is kept unchanged in the middle of the membrane be-

tween the two states. Error bars for!W have been calculated

using results for different monolayers. It is, however, impor-

tant to realize that !W depends on the second moment of the

lateral pressure profile [62] and thus is susceptible to small

changes of lateral pressure far from bilayer center. There-

fore extra caution must be followed when interpreting these

results. Also, in this approach the influence of inserting a pro-

tein into the membrane on the lateral pressure profile is not

taken into account.

SUPPORTING INFORMATION

Additional simulation data not shown in the article. A) Data

for the time dependence of the area per lipid confirming equi-

libration. B) Results as in Figure 2 but now for the bottom

leaflet. C) A series of snapshots of the in-plane electron den-

sity of cholesterol in 10 ns intervals. D) Snapshots showing

the undulation and peristaltic motions at 10 ns intervals. E)

Undulatory spectral intensity versus wave vector magnitude.

F) Peristaltic spectral intensity versus wave vector magnitude.
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The work against lateral pressure (p(z)) profile to change the shape of a cavity 
occupied by a protein as it changes conformation from closed to open:

In the case of MscL, the difference between the non-raft and raft cases 
is 3-9 kBT. This strongly supports the idea that the lipid environment regulates the 
activity. This has also strong influence on binding affinities and partitioning 
(cytochrome).

These findings also provide support to the idea that changes in lateral pressure 
may be very important in general anesthesia (R. Cantor -98).

More: Niemelä, Ollila, Róg, Vattulainen, Karttunen, J. Struct. Biol, (2007).

Effect on proteins



Existing paradigm: Lipid diffusion is rattle-in-a-cage, punctuated by jumps. 

  Falck et al., JACS 130, 44 -08; PRL 97, 238102 -06
Over 300 ns, systems from 128 to 4608 lipids. T=323 KTo jump or not to jump?

Experimental results differ by 2 orders of magnitude. Interpretation:

QENS: fast motion (König et al, J. Phys. II -92; Tocanne et al, Prog. Lipid. R. -94)

FRAP: slow, random walk motion (Vaz & Almeida, BJ -91)

rattle-in-a-cage has been demonstrated (Wohlert & Edholm, JCP, 2006)

random walk has been demonstrated (Sonnleitner et al. BJ 1999)

jumps have never been shown to exist - a hypothesis to interpret QENS exps.

Our goal: Study the physical mechanism(s) behind lipid diffusion.

For jumps to dominate: in a 30 ns trajectory one should observe about 4 
discontinuous jumps per lipid.  One can make a simple estimate using 

!2 ! 4Dt D ! 1.5" 10!7cm2/s ! = 0.7nmwith and

In large systems, one should see 1000’s of jumps. 



Observation: in over 300 ns, less than 10 such jumps were seen (100 ps time scale) 

Falck et al., JACS 130, 44 (2008).
Over 300 ns, systems from 128 to 4608 lipids. T=323 KShort times: correlations

Diffusion of individual lipids over 30 ns

RED: jumps look like this

Lipid diffusion cannot be 
dominated by jumps 

Then, what is the mechanism?

How do the lipids move in 
relation to their neighbors?

Are the motions correlated?

If so, what is the range and 
time scale?

Conclusion: in short time scales, motions 
are strongly correlated, jumps do not 
dominate. 

Question: How about longer time scales?



Observation: in over 300 ns, less than 10 such jumps were seen (100 ps time scale) 

Falck et al., JACS 130, 44 (2008).
Over 300 ns, systems from 128 to 4608 lipids. T=323 KShort times: correlations

Lipid diffusion cannot be 
dominated by jumps 

Then, what is the mechanism?

How do the lipids move in 
relation to their neighbors?

Are the motions correlated?

If so, what is the range and 
time scale?

Motions of nearest 
neighbors over 1 ns.

Neighbor motions are 
correlated, no 
jumping out of cages.

Conclusion: in short time scales, motions 
are strongly correlated, jumps do not 
dominate. 

Question: How about longer time scales?



Let’s vary the time window (1152 lipids, about 20 x 20 nm):

  Falck et al., JACS 130, 44 -08; PRL 97, 238102 -06
  Movies: www. softsimu.orgLong times: collective motion

50 ps interval 500 ps interval

5 ns interval 30 ns interval



  Falck et al., JACS 130, 44 -08; PRL 97, 238102 -06
  Movies: www. softsimu.orgLong times: collective motion

Flow patterns are not coupled 
to fluctuations of any particular 
structural quantity.

The concerted motions probably
arise from a complex interplay 
between density fluctuations,
undulations and thickness 
fluctuations, lipid interactions, 
interactions between lipids 
and solvent molecules.

These flow patterns may have an 
effect on biological functions, 
including signalling and pore 
formation. 

New paradigm: Lipid diffusion may be dominated by correlations and collective motions. 



Let’s move from the flatlands 
to spherical objects.(a) 0.0 ns (b) 0.1 ns (c) 0.6 ns

(d) 1.0 ns (e) 1.4 ns (f) 2.0 ns

Figure 1: Micelle splitting. The snapshots have the same SDS molecules highlighted in

color thus providing a means to trace an individual molecule. The behavior of the blue

and the green SDS molecules from a) to d) shows how a stalk is formed between the

two nascent micelles: the highlighted SDS molecules pull towards one another from

the opposite edges of the micelle and are located side-by-side in the stalk. When the

stalk splits, the green and the bluemolecule separate to differentmicelles. The behavior

of the other two highlighted molecules, the purple and the black provide in comparison

to the stalk region dynamics. Although present in the simulations, the 28634 water

molecules have been omitted in the visualization.
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Fission/fusion pathway

Proposed bilayer 
budding / fusion

pathway

Observed micelle 
fission pathway

Elongated 
micelle

Interdigitating 
stalk

Interdigitating 
stalk

Sammalkorpi, Karttunen, Haataja:

Model: J. Phys. Chem. B 111:11722 (2007)
Fission: JACS 130:17977 (2008)
Salt: J. Phys. Chem B. 113:5863 (2009)



Micelles: fusion and fission
Why? 

Membrane fusion and fission are fundamental to cellular function and survival. 
Examples: endo- and excytosis, recycling, viral entry & drug delivery

All of the above are inherently dynamic processes involving complex kinetics

Fusion - lot of research has been done (Jahn & Grubmüller): 

X-rays: evidence of a short stalk (Yang & Huang)

Simulations: pore mediated pathway (Marrink & Mark)

Fission: 

Difficult to access experimentally: pioneering work by Rharbi & Winnick who 
showed the importance of electrostatics on fragmentation

Computationally: Pool and Bolhuis were the first to simulate fission with solvent and 
to study transition paths. Markvoort et al.: existence of a short stalk using CG-MD.



200-400 ns microscopic simulations: total over 2   s
Parameters available at www.softsimu.org
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SDS & Initial configuration

: of special importance

Figure 1: Left: The dodecyl sulfate molecule with the employed Gromacs atom types

(black). The reference numbers of each atom (green) are also shown. Oxygen atoms

O1-O3 are equivalent. Right: An example of a random initial configuration of the

1 Mol 200 SDS-molecule system. For clarity, the 7902 water molecules are omitted

from the visualization.

28

Random initial configuration

red: negative  
Simulation engine: Gromacs

Explicit water: SPC

NpT ensemble

Force-field: Gromacs/Gromos

Explicit counterions & salt

SDS model: verification of 
charge distribution with Gaussian

Constraints: LINCS (SDS), 
SETTLE (water)

Electrostatics: PME

A wide range of temperatures, and surfactant and salt concentrations 
were studied. 

µ



Fully 3D. Periodic boundary conditionsMicellation: salt & temperature

CaCl2:323 K NaCl; T=323 K

T=293 K; no salt T=303 K; no salt



Size distribution & evolution
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Figure 5: Micelle size distribution as a function of time. The cumulative size of 6

largest micelles is plotted in the graphs. For micelle classification algorithm, see Sec-

tion 2.3. Occasionally two micelles are classified as one if they are very close to one

another, or one crystalline cluster is classified as two if the crystal has a stacking defect.

For example, the T = 313 K system has from ca. 5 ns onwards a slightly disorganized

micelle of approximately 120 SDS molecules, see Fig. 6. Because of the “fuzzyness”

of this micelle, the smaller clusters occasionally are classified as being part of the larger

aggregate causing a momentary increase of size in the graphs.
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Band: micelle

fusion events: 
strips combine

fuzziness: 
classification was 
problematic

(a) T = 273 K (b) T = 293 K

(c) T = 313 K (d) T = 323 K

Figure 6: Examples of aggregate structures after 200 ns. Figure (a) presents a crys-

talline aggregate (T = 273 K) and figure (b) a spherical micellar aggregate (T =

293 K). Figures (c) and (d) show a larger, elongated micelle structure (T = 313 K)

and the T = 323 K final configuration which is a micelle that is structurally be-

tween the 293 K and 313 K largest micelles, i.e., slightly elongated. The difference

in size between the micelles in figures (b)-(d) shows how the micellization process de-

pends on thermodynamic fluctuations: by chance the system at T = 313 K has taken

a path which has resulted in a larger micelle than the T = 323 K system. The blue

spheres represent sodium atoms while surrounding micelles and water molecules have

been omitted to facilitate visualization of the micelle. The snapshots correspond to the

largest micelle in the system.
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T=273 K; crystalline T=293 K; spherical 

T=313 K; elongated T=323 K; slightly elongated

Transition: 288 - 297 K
test systems: 400 SDS & 200mMol with 50,000 waters



Sammalkorpi, MK, Haataja, JACS 2008
T=323 K, N(SDS)=186.   Animation of fission

 
Starting point: large micelle 
from simulations with CaCl2

Procedure: Remove CaCl2 

Provides access to 
micelle fission kinetics:

size changes

surfactant motion

deformations

leakage

complexation with large 
molecules

free energy changes



After 6 ns: two micelles of (about) equal size 

Sammalkorpi, MK, Haataja, submitted
T=323 K, N(SDS) = 186; pre-equilibrated for 200 nsSnapshots

Decrease in salt 
concentration: 

After 4 ns: formation of a 
dumbell with a long stalk 

 
Interdigitation: almost complete

Diameter of the neck: only 
slightly larger than the length of 
an SDS molecule 

High degree of ordering: the 
molecules almost almost gel-like

Areas of negative curvature and 
splay-like conformations

High degree of ordering: 
neighbors are highly correlated 

Agreement with experiments: 
increased salt -> decrease fission 
rate (Rharbi & Winnick)  



It is possible to control and 
even to halt fission by varying the
salt concentration and/or temperature.

NOTE: Periodic boundary conditions
T=323 K, N(SDS)=186.   Animation of fission: halt

 
Intermediate maintained: for 30 ns 
(previous: fission after 6 ns)

(a) T = 273 K (b) T = 293 K

(c) T = 313 K (d) T = 323 K

Figure 6: Examples of aggregate structures after 200 ns. Figure (a) presents a crys-

talline aggregate (T = 273 K) and figure (b) a spherical micellar aggregate (T =

293 K). Figures (c) and (d) show a larger, elongated micelle structure (T = 313 K)

and the T = 323 K final configuration which is a micelle that is structurally be-

tween the 293 K and 313 K largest micelles, i.e., slightly elongated. The difference

in size between the micelles in figures (b)-(d) shows how the micellization process de-

pends on thermodynamic fluctuations: by chance the system at T = 313 K has taken

a path which has resulted in a larger micelle than the T = 323 K system. The blue

spheres represent sodium atoms while surrounding micelles and water molecules have

been omitted to facilitate visualization of the micelle. The snapshots correspond to the

largest micelle in the system.
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Stalk (transient) looks crystalline:

Ordering: neighbors are highly correlated 

Interdigitation: almost complete

Diameter of the neck: length of an SDS 



Importance of electrostatic interactions:

Physical mechanisms 1

Fluctuations lead to the formation of the dumbell which shape fluctuates 
very strongly. 

Formation of a highly intedigitated neck:, stretchable and stable; low 
mobility, no contact with water.

Counterions have a dual role: In a dilute system, counterions are not 
bound to the micelle but escape to the solution -> instability. But the same 
counterions help to stabilize the stalk which is cylindrical (condensation)

Upon changing the ionic strength, the 
Coulombic screening length changes 
which leads to strong fluctuations. 

Consequences:



Rayleigh instability:

Lord Rayleigh, Phil. Mag. 14, 184 (1882).
Deserno, Eur. Phys. J. E 6, 163 (2001).Physical mechanisms 2

Difficulty: Charge neutrality (Deserno 2001); the micelle is charged 
and surrounded by salt and counterions. Seen as pearl-necklace 
conformations in polyelectrolytes (Micka, Holm, Kremer, 1999).

Ion condensation: Ions can condense on the surface or they can 
even penetrate the micelle. The two lead to different scenarios

No penetration: condensation on the surface leads to screening of 
the electric field - the droplet size is increases

Penetration: The Bjerrum length plays a crucial role and the 
equilibrium droplet become very large

Surface tension wants to minimize the area but 
the electrostatic repulsion leads to deformations. 
When the size of the droplet increases, capillary 
instabilities will break the droplet. 
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1.3. Time and Length Scales in Biological Systems 5

Figure 1.5: Experimental phase diagram of DPPC/cholesterol mixture (data from [197]).
Three different phases appear (notation according to [76], see text for details): (i) solid-
ordered (so) phase is gel-like with low area per lipid and high translational and confor-
mational order, (ii) liquid-disordered (ld) phase has low translational and conformational
order, (iii) liquid-ordered (lo) phase has liquid-like translational order, but high confor-
mational order. In the main phase transition (so! ld in pure DPPC) both types of order
are coupled, i.e., the transition takes place simultaneously for both of them.

phospholipid in the absence of cholesterol. Let us now briefly discuss this system as an
example of the complexity that even simple lipid systems can possess.

The phase diagram of DPPC/cholesterol was first determined by Vist and Davis [197]
(Fig. 1.5), and it has been studied by various other techniques afterwards (see, e.g.,
Ref. [32] and references therein). The system has also been studied theoretically (see
Ref. [147] for a review), and the generic phase diagram can be reproduced already with
simple phenomenological models that contain translational and conformational degrees
of freedom [76, 134, 135]. Here, translational order refers to the packing of the lipids in
the plane of the bilayer. Conformational order refers to the internal ordering of the tails,
high order meaning straighter chains. At low cholesterol concentrations, there are two
different phases, commonly referred to as solid-ordered (so) and liquid-disordered (ld).
The transition between them is common to all single-component lipid systems, and is
called the main phase transition. Both types of order change phase simultaneously, i.e.,
they are coupled. When cholesterol is added in larger amounts, both phases transform
into a new phase. This liquid-ordered (lo) phase is translationally liquid-like, but the tails
are highly ordered, and hence the area per lipid is lower than in the ld phase. Hence,
cholesterol decouples the two types of order. At intermediate densities, wide coexistence
regions appear. However, the nature of the system within this region has remained elu-
sive: direct observation, e.g., through microscopy is not possible, and different indirect
techniques place the boundaries at different locations [32].

1.3 Time and Length Scales in Biological Systems
It is clear from the preceding discussion that a wide range of length scales is important
in biological systems. Individual lipids are in the Å–nm range and individual proteins in

M. R. Vist and J. H. Davis, Biochemistry 29, 451 (1990)

Phase diagram: DPPC + cholesterol



Lipids at different resolutions1.5. Modeling and Simulations 7

Figure 1.6: Lipid models at different res-
olutions. (A) United-atom model where
aliphatic hydrogens are not represented
explicitly. (B) Semi-atomistic/superatom
model where each bead describes a few
heavy atoms. (C) Coarser particle-based
models where chemical identity is often

lost and focus is on generic behavior. (D) Continuum models where fields are used to
describe a bilayer as an elastic manifold (upper) and/or to describe local structure (lower).
High-detail models missing from the figure: quantum mechanical models where (valence)
electrons are explicitly described, all-atom models where all hydrogens are present.

arbitrary quantities (as long as they depend only on the degrees of freedom of the model).
They can also be used to fit models to indirect experimental data such as scattering or
spectroscopic data to understand the nanoscale origin of the observed behavior.

Computational and theoretical approaches are based on models that try to capture
the essential features of a given system [13]. Figure 1.6 shows examples of models for
lipids at different levels of detail. The most detailed model shown (Fig. 1.6A) is a united-
atom model, where atoms are described classically, but aliphatic hydrogens are treated as
parts of the corresponding carbon atoms. More detailed models, not shown in the figure,
include quantum mechanical (QM) models needed to describe chemical reactions and all-
atom models that describe all hydrogens explicitly. Moving to coarser models, Fig. 1.6B
shows a semi-atomistic model which still retains most of the chemical detail [116, 137].
The particles in this model can be thought as superatoms that describe the center-of-mass
positions of a group of atoms. Figure 1.6C shows two different models that contain only
a minimal set of features while still retaining a particle-based description. The upper
describes the amphiphilic nature of the molecules in a minimal way [24, 35, 132], while
the lower focuses on lateral organization [134, 135] (the latter kind of models were also
studied in Papers [I]–[III]). Finally, Fig. 1.6D shows two continuum models that describe
the bilayer either as an elastic manifold [10, 139] or a field describing the local order or
density [53, 147, 173]. Such descriptions can also be coupled in a single model [9].

Initial models are often constructed based on theoretical considerations and physical
intuition, with some parameters possibly fitted to experimental values. If the model is
simple enough, its behavior can be studied using analytical techniques, but for complex
systems, the equations are often too complex for such treatment. Instead, the equations
can be solved numerically using simulations. Irrespective of the way the model is studied,
the results can be compared to experimental values or results from other models, which
ultimately should lead to better understanding of the system. If the results from a model
seem inadequate, the comparison can also be used to pinpoint the most probable cause
and the model can be refined.

There are two basic approaches for constructing models. The first, which could be
called a top-down approach, aims at minimalistic models to identify the most essential
features of the system [129]. If a simple model can explain the general features of the
system, we can identify the features included in the model as central. Such a model can
also be used to understand the relative importance of different factors. For example, sim-
ple theoretical models have been very successful in understanding the features required

United-atom model: 
aliphatic hydrogens 
are not represented 
explicitly

Semi-atomistic/superatom 
model where each bead 
describes a few heavy 
atoms. 

Coarser particle models: 
chemical identity is lost. 
Focus on generic behavior.

Continuum models: describe 
a bilayer as an elastic manifold 
(upper) and/or to describe local 
structure (lower)

Figs: T. Murtola PhD thesis



Groups

that model vector is the most similar. Note that orientational
data has not been used in training of the map.

The U-matrix in Fig. 5 shows several light-colored clusters
separated by darker boundaries. Some of the boundaries are
stronger, such as the one dividing the map from the lower left
corner to the upper right corner. This boundary is also clearly
seen in the orientation of the glycerol plane, and it divides the
map into two parts with di!erent structure: the bottom half
has a small number of large clusters, while the upper half
varies more. Many of the cluster boundaries also correspond
to clear changes in P–N vector orientation, the glycerol
orientation, and/or the angle between the P–N vector and
the vector connecting the first carbons in the acyl chains (the
last one not shown). Although only intramolecular informa-
tion has been used in training the data, the map also captures
several orientational characteristics of the molecules.

In general, analysis such as the one presented in Fig. 5 gives
insight into the typical conformations of the headgroup region
in the studied lipid bilayer.

Similar analysis can also be done for other parts of the
molecule, and the results can be combined to get an overview
of the most relevant conformational degrees of freedom of the
whole molecule.114

How could such information then be used in coarse grain-
ing? As outlined above, the knowledge of the features that
distinguish the major conformations from each other can be
used to select a minimal model that contains these features.
For the case of PLPC, the basic idea of such a deduction is
shown in Fig. 6 for the case of a semi-atomistic model. To
arrive at the description shown in Fig. 6, we focus separately
on the headgroup/glycerol region and the tail, as SOM shows
very di!erent behavior in these regions.114

The maps for the headgroup and the glycerol regions show
very similar structure, partly due to the fact that they share
some of the dihedrals used in the training.114 Looking at the
model conformations of the clusters, as well as the data shown
in Fig. 5, it seems that the most important conformational
feature of the headgroup is the orientation of the P–N vector
with respect to the glycerol backbone. For the glycerol region,
the orientation of the chains with respect to the glycerol
backbone is a similar factor. For both maps, one of the most
important factors in dividing the map into clusters is the
orientation of the glycerol plane. A minimal representation

that could describe these conformations should contain three
to four atoms: two to define the orientation of the P–N vector,
and one to two for describing the glycerol region. The glycerol
region itself does not seem to have any significant internal
degrees of freedom, but seems to act as a joint between the
headgroup and the chains. However, the joint is not necessa-
rily freely rotating, as indicated by a clear division of the
conformations into clusters. Hence, if the conformations need
to be reproduced accurately, care should be taken in deter-
mining the intramolecular interactions, in particular if only
one particle is used for the glycerol region.
For the chains (sn–2 analyzed in ref. 114), the trained SOM

is very homogeneous. This indicates that there are no specific
favored conformations, not even in the chain with the double
bonds. Hence, the general shape of the chains should be
the only concern for selecting the representation, and the
di!erences between saturated and unsaturated chains only
come into play at the intramolecular interactions.
For a complete model, the interactions between the di!erent

particles should also be determined. Any systematic method,
such as the structure-based schemes discussed earlier, could be
used for this, but such analysis is beyond the scope of the
present discussion. It is also interesting to note that many
successful coarse-grained models for lipid systems, such as the
one developed in ref. 18, incorporate the main features seen in
SOM analysis of atomistic structures. The earlier models used
knowledge and experiences from extensive atomistic simula-
tions, and the fact that SOM analysis can provide similar
information demonstrates its potential as an aid in designing
coarse-grained models. SOM analysis also indicates that
special attention needs to be paid to the glycerol region if
the conformations need to be accurately reproduced.

C Further discussion

The application of SOM to coarse graining is still on a very
preliminary level, as also exemplified by the general nature of
the discussion above. Nevertheless, the potential of SOM has
been scarcely explored even in the (somewhat simpler) context
of conformational analysis: there exists an SOM study which
analyzes the 3D structure of amino acid sequences,116 as well
as another preliminary application of SOM to lipids.117

Instead of directly analyzing the conformations, SOM has
been applied to higher-level data. For example, most SOM
studies of proteins have focused on analysis on the sequence
level. Examples include sequence classification within a
protein family,118 identification of overrepresented motifs in
sequences,119,120 prediction of HIV protease cleavage sites,121

and a study of ammonium salts as ligands of the neuronal
nicotinic acetylcholine receptor.122

The results from basic SOM analysis, such as those shown
in Fig. 5, can also be used as a basis for further analysis. For
example, more quantitative analysis of the clusters can be
done, or other clustering algorithms could be applied to the
SOM model vectors.114,123 The dynamics of the molecules can
also be studied by analyzing the trajectories of the molecules
on the map.114 The map itself could also possibly be used for
assessing correlations between nearby molecules, or a separate
map could be trained to study such phenomena by including
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Fig. 6 Schematic description of how SOM data could be used in

constructing coarse-grained representations (see text for details).

Adapted from ref. 114.
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DPPC-chol CG models

40 Modeling of Phospholipid / Cholesterol Mixtures

Figure 4.1: CG scheme in Papers [I]–[III] (see text
for details). The particles describe the 2D COM
positions of a set of atoms in the plane of the bi-
layer. Cholesterol is always described by a sin-
gle particle, and one or three particles are used for
DPPC. Paper [III] adds an internal degree of free-
dom to the tail particles: o=ordered, d=disordered.

All the models describe a single monolayer of the bilayer as a flat two-dimensional fluid.
Hence, membrane undulations and interactions between the monolayers are neglected,
although the latter are implicitly included in the effective interactions. Also, we assume
that the lateral structure can be adequately described by just a few particles per molecule
interacting through isotropic pair interactions. The particles represent the center-of-mass
(COM) positions of (parts of) the molecules. The effective interactions were determined
through inversion of the RDFs using the IMC method, creating a model that accurately re-
produces the structure of the atomistic MD simulations. The underlying simulations were
performed in several different cholesterol concentrations (0, 5, 13, 20, 30, and 50 mole-%
of cholesterol) [51], and separate interactions were determined for each concentration.
The 50% concentration was studied only in Paper [I], where it phase separated.

Paper [I] started with the simplest possible model: each molecule was described by
a single particle. Hence, there were two types of particles (DPPC and cholesterol) and
three different pair interactions.

Paper [II] added a more detailed description of the molecular structure of DPPC:
each DPPC was described by three particles instead of one, one for the headgroup and
one for each tail. This development added bonded interactions to the model; each pair of
particles within the same molecule was connected together by a bond potential, which was
parameterized using IMC. In total, the model contained seven non-bonded interactions
(head–head, head–tail1, head–tail2, head–chol, tail–tail, tail–chol, chol–chol) and three
bonded ones. The interactions within the hydrophobic region of the membrane, i.e., tail–
tail and tail–chol pairs, were treated with a single potential each, although the two tails of
DPPC are not completely equivalent in terms of molecular structure.

Finally, Paper [III] added ordering of the chains to the models. In the spirit of the mod-
els by Nielsen et al. [134, 135], each tail had an internal degree of freedom with two pos-
sible states: ordered and disordered. The pair interactions then need to be complemented
with internal energy terms to ensure that the RDFs (and state occurrence probabilities)
can be reproduced (see Section 3.3). There are two of these terms, and the coefficients
were denoted as !E and Efluct. The bonded interactions were treated as in Paper [II].
When considering models with non-zero Efluct, non-bonded interactions were also calcu-
lated between bonded pairs, i.e., no exclusions were used. The remaining contributions
to the bonded interactions were assumed to be independent of the internal states. In to-
tal, the models contained ten non-bonded interactions, three bonded interactions, and two
internal energy terms.

To calculate the RDFs for the last model, it is necessary to have a definition for when
an atomistic tail is ordered and when it is not. For this purpose, we have used the Szz

order parameter, which is a commonly used measure for lipid chain order. It is also
closely related to deuterium order parameters [168], which can be measured using NMR.

[I]  T. Murtola, E. Falck, M. Patra, M. Karttunen, and I. Vattulainen. 2004. Coarse-grained model for 
     phospholipid / cholesterol bilayer. J. Chem. Phys., 121:9156– 9165. 

[II] T. Murtola, E. Falck, M. Karttunen, and I. Vattulainen. 2007. Coarse-grained model for phospholipid/
     cholesterol bilayer employing inverse Monte Carlo with thermodynamic constraints. JCP 126:075101. 

[III] T. Murtola, M. Karttunen, and I. Vattulainen. 2009. Systematic coarse-graining from structure using 
       internal states: Application to phospholipid/cholesterol bilayer. JCP, accepted.
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It is shown that, for quantum and classical fluids with only pairwise interactions, and under given conditions of tem- 
perature and density, the pair potential v(r) which gives rise to a given radial distribution function g(r) is unique up to a 
constant. 

Attempts are often made to deduce information 

on molecular interactions in the liquid state by analysis 

of  the measured radial distribution function g(r) 

[e.g. 1 ]. Under the assumption of only pairwise inter- 

actions, this work proceeds, for instance, by solution 

of one of the common integral equations or by fitting 

the measured data with computer simulation results. 

It is usually assumed that, once a pair potential o(r) is 

found which reproduces a given g(r), it is the only one 

which will do so. This unique relation is manifest in 

the integral equations, but, so far as this author is 

aware, has not been demonstrated beyong the context 

of  these approximate treatments. In this note, we offer 

a general proof. In particular, we demonstrate as a 

rigorous consequence of statistical mechanics in both 

the quantum and classical cases that, for a given system 

under given conditions of  temperature and density, 

two pair potentials which give rise to the same g(r) 

cannot differ by more than a constant. The proof of  

this results is a straightforward adaptation of an argu- 

ment given for the single particle density by Hohenberg 

and Kohn [2] and Mermin [3]. 

We consider a system of N identical particles in a 

volume V in thermal equilibrium at temperature T. 

Thermal averages are taken in a canonical ensemble. 

There are no external forces, and the particles are 

taken to interact in pairs through a potential o(r). The 

system Hamiltonian is therefore 

p 
H = T ~ +!  ~ o ( r i - r ] ) ,  (1) 

function, the thermal average of the second term in (1) 

is 

(! ~ o(ri-ri)) = ! f drdr'o(r-r')n2(r, r') .  (2) 

In the thermodynamic limit, n 2 becomes n 2 g(r), where 

n is the average density, and g(r) is the radial distribu- 

tion function. 

The uniqueness theorem follows from an inequality 

for the Helmholtz free energy. We consider two sys- 

tems under identical conditions of  temperature, 

volume and density, and described respectively by 

Hamiltonians H 1 and H 2. Then, in both classical and 

quantum statistics, the corresponding free energies 

F1 and F 2 are related by [5] 

F 2 ~< F 1 + (H2-HI> 1 , (3) 

where ( >1 denotes averaging with the distribution 

appropriate to H 1 . The important point in the follow- 

ing argument is that the equality holds in (3), at finite 

temperatures, if and only i f H  2 - H  1 is independent of  

all coordinates and momenta*. 

We now consider two systems which are identical 

in every respect except that the pair potential in one 

is v(r) and in the other is v'(r). The corresponding 

two particle functions are n 2 and n~. The uniqueness 

theorem asserts that, if n2(r, r') = n2(r, r') for all r 

and r ' ,  then v and o' can differ by no more than a 

constant. To prove this result, we suppose first that 

v and o' differ by more than a constant. Then, for all 

finite T, the condition for equality in (3) is violated, 

where r i denotes the position of the ith particle. The 

two particles distribution function n2(r, r') gives the 

probability density for finding one particle at r and 

another simultaneously at r '  [e.g. 4].  In terms of this 

* At T = 0, the uniqueness theorem can be proved using the 
well known variational property of the ground state energy 
[e.g. 2]. In the limit as T--* *% equality may be approached 
even ifH 2 - H  l is not constant. 
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The Henderson theorem is analogous to the Hohenberg-Kohn theorem 
(Phys. Rev. 136, B864 (1964)):

The electron density, together with the (known) electron number N, 
completely defines the Hamiltonian of the system (within an additive 
constant).

Henderson’s theorem
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In 1974 R. L. Henderson [Physics Letters A49, 197-198 (1974)] proved that for classical or quantum fluids

with only pairwise interactions the pair potential which gives rise to a given radial distribution function

is unique up to a constant. In this brief note Henderson’s short proof is presented, including some notes on

the crucial Gibbs inequality.

A (classical or quantum) system described by the Hamilto-

nian

(1)

will give rise to a unique pair correlation function (in the

canonical ensemble). Henderson’s theorem asserts that the

reverse is also true: Two systems, which have a Hamiltonian

of the form (1) and which feature the same have pair

potentials which differ at most by a trivial constant.

This uniqueness theorem follows as a beautiful application

of the Gibbs-Bogoliubov inequality. For two systems with

Hamiltonian and the following inequality holds for

their free energies:

(2)

where denotes the (canonical) average appropriate for

. The key point is that equality holds if and only if

is independent of all degrees of freedom, which implies

that the pair potentials can differ only by a constant. See the

Appendix for a proof of this inequality.

Consider now two systems which are identical in all re-

spects except that the pair potential in one is and the pair

potential in the other is . The corresponding two parti-

cle distributions are and . The uniqueness theorem as-

serts that if , then is a constant. Now, if

differ by more than just a constant, the same holds for

, and thus equality in (2) cannot hold, i.e., we have

. Or, more explicitly,

(3)

where the are the free energies per particle and is the

average particle density. The above argument can be repeated

with system 1 and 2 interchanged, which leads to

(4)

If we now use the fact that and add the inequalities

(3) and (4), we obtain the contradiction . This proves

that the initial assumption that and differ by more than

a constant must be wrong.

It must be noted that the above line of reasoning guarantees

uniqueness, but not existence of a pair potential.

Appendix: The Gibbs inequality

Given two probability densities and , the following

inequality holds:

(5)

where the trace “Tr” means the integral over the probability

space. The proof follows very easily from the elementary in-

equality :

(6)

The same inequality holds if the are not probability distri-

butions but state operators, i.e., self adjoint positive operators

on some Hilbert space with trace 1. The proof then follows by

using the spectral representation of the operators . Both in

the classical and the quantum case the proof shows that equal-

ity only holds if (Lebesgue almost everywhere in

the classical case).

A particularly neat application follows if we choose as

and the canonical states corresponding to Hamiltonians

and , i.e., :

B

and thus

(7)

Since we of course also have , elimination

of between these two expressions immediately gives the

inequality (2).

It gives a unique pair correlation function g(r). Hendersonʼs theorem says that the g(r) gives a 
unique Hamiltonian up to a constant. That can be proven using the Gibbs-Bogoliubov inequality
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of the Gibbs-Bogoliubov inequality. For two systems with

Hamiltonian and the following inequality holds for

their free energies:

(2)

where denotes the (canonical) average appropriate for

. The key point is that equality holds if and only if

is independent of all degrees of freedom, which implies

that the pair potentials can differ only by a constant. See the

Appendix for a proof of this inequality.

Consider now two systems which are identical in all re-

spects except that the pair potential in one is and the pair

potential in the other is . The corresponding two parti-

cle distributions are and . The uniqueness theorem as-

serts that if , then is a constant. Now, if

differ by more than just a constant, the same holds for

, and thus equality in (2) cannot hold, i.e., we have

. Or, more explicitly,

(3)

where the are the free energies per particle and is the

average particle density. The above argument can be repeated

with system 1 and 2 interchanged, which leads to

(4)

If we now use the fact that and add the inequalities

(3) and (4), we obtain the contradiction . This proves

that the initial assumption that and differ by more than

a constant must be wrong.

It must be noted that the above line of reasoning guarantees

uniqueness, but not existence of a pair potential.

Appendix: The Gibbs inequality

Given two probability densities and , the following

inequality holds:

(5)

where the trace “Tr” means the integral over the probability

space. The proof follows very easily from the elementary in-

equality :

(6)

The same inequality holds if the are not probability distri-

butions but state operators, i.e., self adjoint positive operators

on some Hilbert space with trace 1. The proof then follows by

using the spectral representation of the operators . Both in

the classical and the quantum case the proof shows that equal-

ity only holds if (Lebesgue almost everywhere in

the classical case).

A particularly neat application follows if we choose as

and the canonical states corresponding to Hamiltonians

and , i.e., :

B

and thus

(7)

Since we of course also have , elimination

of between these two expressions immediately gives the

inequality (2).

two systems with Hamiltonians H1 and H2

Classical or a quantum system is described by the Hamiltonian

canonical average proper for H1

The above holds if and only if H2-H1 is independent of all degrees of freedom. Then g1(r) and g2(r) 
can differ only by a constant.

Donʼt believe the above? Try the following: assume that there are 2 systems that are identical 
except that the pair potentials are different. 

Then, if g1(r) and g2(r)  are identical, the above says that 
u2(r)-u1(r)=constant. Write down the free energies for both systems and youʼll end up with 0<0.

Henderson’s theorem
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Central idea of Inverse Monte Carlo: Adjust effective interactions to match the target  RDF in 
an iterative fashion.

IMC

Potentials: represented by a piecewise constant grid approximation

A!" =
!S!

!V"
= !"S!S"# ! "S!#"S"#

kBT
!!S" = A!V

V!

S!

!S!" = g!NpA!/V

Np

potential in bin !
number of particle pairs in that bin

Relation to RDF:

number of particle pairs in the system

V total volume of the system

During each iteration, the derivatives of            with respect to        can be calculated 
for all pairs We can then express the changes in          to the first order in terms of 
changes in      as

!S!" V!

V!

!S!"



Murtola, Falck, Karttunen, Vattulainen, JCP (2007).

converged within the numerical accuracy of the Monte Carlo simulations, the number of steps can

be increased to refine the effective interactions further.

Surface tension constraint. To minimize finite-size effects to the effective interactions, the

simulations during the IMC procedure should be carried out with a system that is identical in size to

the system from which the target RDFs were determined.45 In some cases, the effective potentials

produced in this way do not generalize to larger systems. For example, in the present study the

effective interactions for the largest cholesterol concentrations are too attractive to maintain a

reasonably uniform density in the system. Instead, larger systems form dense clusters separated

by empty space. Such behavior is clearly unphysical, and may result from the absence of explicit

effects of water in the model.

Such condensation effects can be characterized by the surface tension of the coarse-grained

model. We define the surface tension ! of the coarse-grained model as

! =
1

V

!
!Ekin" +

1

2

"
#

i<j

fijrij

$%
, (4)

where !Ekin" = NkBT is the average kinetic energy in the system, and the latter term is the virial.

Here, N is the number of particles, V is the area of the system, and fij and rij are the force and

the distance, respectively, between particles i and j. If this quantity is close to zero or negative in

the simulations on small systems, then the system may not be stable for larger system sizes. This

is indeed the case for the highest cholesterol concentrations.

Situations where thermodynamic properties, particularly the pressure, of the coarse-grained

model do not match the underlying atomistic model have also been encountered in other coarse-

graining approaches.42,43 Proposed solutions to the problem include iterative adjustment of the

pressure followed by reoptimization of the interactions43 and imposing additional constraints on

the instantaneous virial produced by the effective interactions.42

In this work, we first tried to implement a simple, iterative adjustment of ! to a desired value in

the spirit of Ref. 43. However, the IMC procedure seems to favor a certain value of !, and hence

reoptimization of the structure is not possible if one wants to maintain the surface tension. Hence,

we have implemented a constrained version of the IMC procedure where ! is fixed to a given value.

In this version, we solve the minimization problem (2) (or the regularized version) at each iteration

with the additional constraint that ! should be equal to the value we specify. A rather wide range

of ! values can be imposed without significantly altering the resulting RDFs (the differences are

generally not visible on the resolution of, e.g., Fig. 2). However, the potentials do change rather

9

To minimize finite-size effects:

the simulations during the IMC procedure should be carried out with a 
system that is identical in size to the system from which the target 
RDFs were determined. In some cases, the effective potentials  
produced in this way do not generalize to larger systems.

For example: effective interactions may become too attractive to 
maintain uniform density. 

However: larger systems form dense clusters separated by empty 
space, which is typically unphysical. 

One possible solution: use surface tension

How to improve?



Condensation effects can be characterized by surface tension.

We define the surface tension γ of the coarse-grained model as 

Surface tension

! =
1
V

!

"!Ekin" +
1
2

#
$

i<j

fijrij

%&

'

virial

S. Izvekov and G. A. Voth, J. Chem. Phys. 123, 134105 (2005). 
D. Reith, M. Putz, and F. Müller-Plathe, J. Comp. Chem. 24, 1624 (2003). 

Situations where thermodynamic properties, particularly the pressure, of the coarse-grained 
model do not match the underlying atomistic model have also been encountered in other 
coarse-graining approaches. Proposed solutions include: 

1. iterative adjustment of the pressure followed by re-optimization of the interactions 
2. imposing additional constraints on the instantaneous virial due to effective interactions 

If this is close to zero or negative in simulations of small systems, larger systems may not be 
stable. This is the case for the highest cholesterol concentrations. 



Notice

One should note that the surface tension cannot be directly related to the surface 
tension in the atomistic simulations. 

This is because the effective potentials are in general volume dependent. 

Hence, the correct value of γ is not necessarily the same as the surface tension in the 
atomistic simulations, which has been proposed to be zero in equilibrium. 

Because of these considerations, the value of γ has to be fixed using other quantities. 
Here, we used area compressibility



Models: note cholesterol alwats a single particle
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- bonded interactions
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ever, the effect of noise on the derivatives requires more care-
ful analysis, which is beyond the scope of the present discus-
sion. Also, if the trial potential is not close, there is no guar-
antee of convergence; the direction of the change is an ascent
direction for (4), but the step may be too long.

Regularization and thermodynamic constraints As de-
scribed previously, it is advantageous to change the linear
equation to a quadratic minimization problem:33 instead of
solving a matrix equation of the type Ax = b, we minimize
!Ax " b!. In this form, it is possible to apply efficient regu-
larization to better deal with noise in the input data. Further,
it is also possible to add a thermodynamic constraint to con-
strain the surface tension of the system to avoid unphysical
interactions.33 That is, the potentials can be determined un-
der the constraint that the surface tension ! is constrained to
a predetermined value. We define ! using the standard virial
formula

!V = #Ekin$+
1
2

!
"

i<j

fijrij

#
, (7)

where #Ekin$ = NkBT is the average kinetic energy. Here, V
is the area of the system, and fij and rij are the force and the
distance, respectively, between particles i and j. The internal
degrees of freedom only enter through the forces fij , which
depends on the internal states of the involved particles. The
constraint can be treated identically to Ref. 33: the constraint
that ! should remain at a particular value is added through a
Lagrange multiplier. One should note that the value of the sur-
face tension defined by (7) is not the thermodynamic surface
tension of the system because of the state dependent interac-
tions (see Section II). Because of this, the value needs to be
fixed using some auxiliary quantity. In Ref. 33, the area com-
pressibility was qualitatively fitted to experimental values, and
the same surface tensions are also used in this study to facil-
itate comparison. It is also worth to note that the exact value
of the surface tension does not alter the qualitative results ob-
tained from the model.33

Internal degrees of freedom For the present model, we
also have discrete degrees of freedom that describe the chain
ordering. These enter the description through two ways: (i)
each internal state is treated as a separate particle species, de-
termining the pair interactions through which the particle in-
teracts, and (ii) additional terms are needed in the Hamilto-
nian to describe the internal (free) energies of the states. The
Hamiltonian that now needs to be parameterized is

H =
"

!

S!V! +
"

i

Eini +
"

i,j

Eij"ni"nj , (8)

where Ei and Eij are parameters and ni are the numbers of
particles in each state. "ni = ni " nave

i measures the fluc-
tuations from an arbitrary constant reference number nave

i .
Since the total number of particles of each type remains con-
stant, the state occupancies ni are not all independent of each
other. To make the Hamiltonian unique, Eq. (8) should be in-
terpreted such that the sums only include an independent set
of the ni. In the case of the present model, this means that the
total number of tails is a constant. Hence, only the number

of disordered tails (denoted as nd) is required (or equivalently
no, the number of ordered tails). The Hamiltonian then be-
comes

H =
"

!

S!V! + !End + Efluct"n
2

d , (9)

where we have used !E to denote the internal energy differ-
ence between the ordered and disordered states, and Efluct for
the second-order term.

Full justification for Eq. (8) is given in Appendix A. Here
it suffices to note that the second-order term in ni, which dis-
tinguishes the system from a standard semi-grand canonical
ensemble, is needed for precise control of the number of par-
ticle pairs in the system: ninj terms appear in the number of
pairs in the system, and a certain number of pairs is required
for exact reproduction of the two-particle densities.

The non-linearity in ni makes it non-trivial to generalize
the model to a larger system as the Hamiltonian as such is no
longer an extensive quantity. If the particle number increases
by a factor M , nave

i should be transformed to Mnave
i to pre-

serve #ni$/N , where N is the total particle number. However,
the Eij terms can be treated in two different ways: (i) Eij

are kept constant, or (ii) Eij are scaled to Eij/M . However,
neither works well if Eij < 0, as (ii) does not preserve the
energetics of flipping a single state, while (i) can make the
cases ni = 0 and ni = N exceedingly favorable. As accu-
rate matching of the RDFs seems to lead to such problems in
the present case, we have only used interactions with Eij % 0
for larger systems, and the other cases are only studied in a
system identical in size to the underlying MD.

It is also possible to apply the IMC such that Eij is set to
zero and not included in the iteration, also neglecting the value
of #"ni"nj$ during the inversion. This corresponds to the
standard semi-grand canonical ensemble. This can be com-
bined with any of the implementations discussed below, and is
applied in some of the calculations discussed in Sections IV C
and V.

Straightforward implementation IMC can be generalized
straightforwardly to Hamiltonians of the form (8) since all
the parameters appear linearly in the Hamiltonian. The cal-
culation of the derivatives can be carried out as before, and
the linearization (6) still holds with additional terms for the
derivatives with respect to Ei and Eij . A similar linearization
can also be written for the !#ni$ and !#"ni"nj$, which re-
sults in an extended set of linear equations that can be solved
for changes in the potentials and the internal energies. Sub-
sequently, this approach is referred to as method A. In Sec-
tion IV C, we also briefly employ a variant where Ei are fixed
and the linearization (6) for each !#ni$ are used as a con-
straint to keep #ni$ at its target values. This variant is referred
to as A!.

Alternative implementations There are issues with
method A that may result in poor generalizability of the
determined interactions to larger systems; these are discussed
in more detail in Sections IV C and VI. Hence, we have
implemented several alternative approaches, collectively
referred to as method B. The basic principle in this approach
is to optimize the RDFs and the energy parameters separately.
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Here, we used the following definition: if Szz for a chain conformation was larger than
0.6, it was treated as ordered. We defined Szz for a chain as an average over all the
carbons:

Szz =
1

Nc ! 2

Nc!1!

i=2

"
3

2
"cos2 !i# !

1

2

#
. (4.1)

Here, Nc = 16 is the number of carbons in the tail and !i is the orientation of the tail with
respect to the membrane normal at the i’th carbon. The cutoff value 0.6 was essentially
an arbitrary choice, limited by practical considerations (see Paper [III]).

4.3 Model Construction
The process of model construction is the same for all the models: (i) The target two-
particle densities are calculated from the MD simulations, as are the areas per molecule.
(ii) The target RDFs are smoothed using a spline-fitting algorithm [182] to remove noise.
(iii) IMC iteration is carried out to invert the RDFs, using the PMF as the initial guess.
(iv) The potentials are smoothed using the same spline-fitting algorithm together with
power-law fits in regions where the target RDFs are zero. (v) It is checked that the system
behaves reasonably also in a larger system.

In Paper [I], the above procedure worked well without any modifications to the origi-
nal IMC algorithm. The resulting set of interactions is shown in Fig. 4.2.

In Paper [II], problems were seen in step (v) with a basic IMC algorithm. This led
to the implementation of the constraint for the virial pressure discussed in detail in Sec-
tion 3.4.4. With the virial pressure constrained, the model generalized well to a larger
system in all concentrations. The final set of interactions is shown in Fig. 4.3. We also
observed that the exact value of the virial pressure does not have any major effect on the
RDFs or the qualitative behavior, as long as it is within reasonable limits.

Several problems were encountered in Paper [III], both in steps (iii) and (v). First,
the initial stages of the iteration were very unstable when the PMF was used as the initial
potential. This was cured by first optimizing the potentials without the internal states, i.e.,
treating the states as identical, and using the obtained potentials as the initial guess for fur-
ther optimization. Also, the virial pressure again got negative values without a constraint,
and hence the same constraints were applied as in Paper [II]. Next, different implemen-
tations of IMC were compared (see Section 3.4.3), and seen to produce very different
interactions, in particular in higher cholesterol concentrations. Further, several of these
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Figure 4.2: Effective pairwise interactions from [I]. Adapted from [I].
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Here, we used the following definition: if Szz for a chain conformation was larger than
0.6, it was treated as ordered. We defined Szz for a chain as an average over all the
carbons:
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Here, Nc = 16 is the number of carbons in the tail and !i is the orientation of the tail with
respect to the membrane normal at the i’th carbon. The cutoff value 0.6 was essentially
an arbitrary choice, limited by practical considerations (see Paper [III]).

4.3 Model Construction
The process of model construction is the same for all the models: (i) The target two-
particle densities are calculated from the MD simulations, as are the areas per molecule.
(ii) The target RDFs are smoothed using a spline-fitting algorithm [182] to remove noise.
(iii) IMC iteration is carried out to invert the RDFs, using the PMF as the initial guess.
(iv) The potentials are smoothed using the same spline-fitting algorithm together with
power-law fits in regions where the target RDFs are zero. (v) It is checked that the system
behaves reasonably also in a larger system.

In Paper [I], the above procedure worked well without any modifications to the origi-
nal IMC algorithm. The resulting set of interactions is shown in Fig. 4.2.

In Paper [II], problems were seen in step (v) with a basic IMC algorithm. This led
to the implementation of the constraint for the virial pressure discussed in detail in Sec-
tion 3.4.4. With the virial pressure constrained, the model generalized well to a larger
system in all concentrations. The final set of interactions is shown in Fig. 4.3. We also
observed that the exact value of the virial pressure does not have any major effect on the
RDFs or the qualitative behavior, as long as it is within reasonable limits.

Several problems were encountered in Paper [III], both in steps (iii) and (v). First,
the initial stages of the iteration were very unstable when the PMF was used as the initial
potential. This was cured by first optimizing the potentials without the internal states, i.e.,
treating the states as identical, and using the obtained potentials as the initial guess for fur-
ther optimization. Also, the virial pressure again got negative values without a constraint,
and hence the same constraints were applied as in Paper [II]. Next, different implemen-
tations of IMC were compared (see Section 3.4.3), and seen to produce very different
interactions, in particular in higher cholesterol concentrations. Further, several of these
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40 Modeling of Phospholipid / Cholesterol Mixtures

Figure 4.1: CG scheme in Papers [I]–[III] (see text
for details). The particles describe the 2D COM
positions of a set of atoms in the plane of the bi-
layer. Cholesterol is always described by a sin-
gle particle, and one or three particles are used for
DPPC. Paper [III] adds an internal degree of free-
dom to the tail particles: o=ordered, d=disordered.

All the models describe a single monolayer of the bilayer as a flat two-dimensional fluid.
Hence, membrane undulations and interactions between the monolayers are neglected,
although the latter are implicitly included in the effective interactions. Also, we assume
that the lateral structure can be adequately described by just a few particles per molecule
interacting through isotropic pair interactions. The particles represent the center-of-mass
(COM) positions of (parts of) the molecules. The effective interactions were determined
through inversion of the RDFs using the IMC method, creating a model that accurately re-
produces the structure of the atomistic MD simulations. The underlying simulations were
performed in several different cholesterol concentrations (0, 5, 13, 20, 30, and 50 mole-%
of cholesterol) [51], and separate interactions were determined for each concentration.
The 50% concentration was studied only in Paper [I], where it phase separated.

Paper [I] started with the simplest possible model: each molecule was described by
a single particle. Hence, there were two types of particles (DPPC and cholesterol) and
three different pair interactions.

Paper [II] added a more detailed description of the molecular structure of DPPC:
each DPPC was described by three particles instead of one, one for the headgroup and
one for each tail. This development added bonded interactions to the model; each pair of
particles within the same molecule was connected together by a bond potential, which was
parameterized using IMC. In total, the model contained seven non-bonded interactions
(head–head, head–tail1, head–tail2, head–chol, tail–tail, tail–chol, chol–chol) and three
bonded ones. The interactions within the hydrophobic region of the membrane, i.e., tail–
tail and tail–chol pairs, were treated with a single potential each, although the two tails of
DPPC are not completely equivalent in terms of molecular structure.

Finally, Paper [III] added ordering of the chains to the models. In the spirit of the mod-
els by Nielsen et al. [134, 135], each tail had an internal degree of freedom with two pos-
sible states: ordered and disordered. The pair interactions then need to be complemented
with internal energy terms to ensure that the RDFs (and state occurrence probabilities)
can be reproduced (see Section 3.3). There are two of these terms, and the coefficients
were denoted as !E and Efluct. The bonded interactions were treated as in Paper [II].
When considering models with non-zero Efluct, non-bonded interactions were also calcu-
lated between bonded pairs, i.e., no exclusions were used. The remaining contributions
to the bonded interactions were assumed to be independent of the internal states. In to-
tal, the models contained ten non-bonded interactions, three bonded interactions, and two
internal energy terms.

To calculate the RDFs for the last model, it is necessary to have a definition for when
an atomistic tail is ordered and when it is not. For this purpose, we have used the Szz

order parameter, which is a commonly used measure for lipid chain order. It is also
closely related to deuterium order parameters [168], which can be measured using NMR.
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Figure 4.1: CG scheme in Papers [I]–[III] (see text
for details). The particles describe the 2D COM
positions of a set of atoms in the plane of the bi-
layer. Cholesterol is always described by a sin-
gle particle, and one or three particles are used for
DPPC. Paper [III] adds an internal degree of free-
dom to the tail particles: o=ordered, d=disordered.

All the models describe a single monolayer of the bilayer as a flat two-dimensional fluid.
Hence, membrane undulations and interactions between the monolayers are neglected,
although the latter are implicitly included in the effective interactions. Also, we assume
that the lateral structure can be adequately described by just a few particles per molecule
interacting through isotropic pair interactions. The particles represent the center-of-mass
(COM) positions of (parts of) the molecules. The effective interactions were determined
through inversion of the RDFs using the IMC method, creating a model that accurately re-
produces the structure of the atomistic MD simulations. The underlying simulations were
performed in several different cholesterol concentrations (0, 5, 13, 20, 30, and 50 mole-%
of cholesterol) [51], and separate interactions were determined for each concentration.
The 50% concentration was studied only in Paper [I], where it phase separated.

Paper [I] started with the simplest possible model: each molecule was described by
a single particle. Hence, there were two types of particles (DPPC and cholesterol) and
three different pair interactions.

Paper [II] added a more detailed description of the molecular structure of DPPC:
each DPPC was described by three particles instead of one, one for the headgroup and
one for each tail. This development added bonded interactions to the model; each pair of
particles within the same molecule was connected together by a bond potential, which was
parameterized using IMC. In total, the model contained seven non-bonded interactions
(head–head, head–tail1, head–tail2, head–chol, tail–tail, tail–chol, chol–chol) and three
bonded ones. The interactions within the hydrophobic region of the membrane, i.e., tail–
tail and tail–chol pairs, were treated with a single potential each, although the two tails of
DPPC are not completely equivalent in terms of molecular structure.

Finally, Paper [III] added ordering of the chains to the models. In the spirit of the mod-
els by Nielsen et al. [134, 135], each tail had an internal degree of freedom with two pos-
sible states: ordered and disordered. The pair interactions then need to be complemented
with internal energy terms to ensure that the RDFs (and state occurrence probabilities)
can be reproduced (see Section 3.3). There are two of these terms, and the coefficients
were denoted as !E and Efluct. The bonded interactions were treated as in Paper [II].
When considering models with non-zero Efluct, non-bonded interactions were also calcu-
lated between bonded pairs, i.e., no exclusions were used. The remaining contributions
to the bonded interactions were assumed to be independent of the internal states. In to-
tal, the models contained ten non-bonded interactions, three bonded interactions, and two
internal energy terms.

To calculate the RDFs for the last model, it is necessary to have a definition for when
an atomistic tail is ordered and when it is not. For this purpose, we have used the Szz

order parameter, which is a commonly used measure for lipid chain order. It is also
closely related to deuterium order parameters [168], which can be measured using NMR.

sn-1 and sn-2 are different
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Figure 4.4: Effective pairwise interactions from [III]. Ordered and disordered tails
are marked with o and d, respectively. The small figure shows the energy difference
between the ordered and disordered states (!E, squares) and the magnitude of the
fluctuation energy term (Efluct, circles). The triangles show the internal energy values
!E = kBT ln(!no"/!nd"), which were used as like a constraint in the IMC iteration.
Bonded interactions are not shown for brevity. Reproduced from [III].

well. For Paper [III], only a representative set of interactions that generalized well to a
larger system are discussed (other interactions that did generalize gave similar results).

In Paper [I], the sampling efficiency of the simplest model was estimated some 108

times faster than the atomistic simulation; the increase in the number of particles and
in the particle density makes the more complex models approximately 10 times slower.
Reasonable statistics for the CG models, good enough for qualitative conclusions, could
be obtained within a few days on a desktop computer.

The main results are shown in Fig. 4.5, which contains the total static structure factors
for all the models at all the cholesterol concentrations. The following sections focus on
different aspects of the results, and discuss the reasons for the observed behavior.

4.4.1 Organization of Cholesterol
The large-scale (k # 0) behavior is similar in all three models: the system is inhomo-
geneous at 13% and 20% concentrations, but homogeneous for the others (see, however,
the next section). Analysis of partial structure factors showed that in all cases, the main
source of the inhomogeneity is in cholesterol density variations, with the other structure
factors magnifying this effect in [II] and [III]. This is in qualitative agreement with the ex-
perimentally observed coexistence region at these concentrations. More detailed studies,
e.g., on the phase behavior of the CG models, is not possible because of transferability
problems (see Section 4.4.3). Nevertheless, the fact that all the models give similar results
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Figure 4.1: CG scheme in Papers [I]–[III] (see text
for details). The particles describe the 2D COM
positions of a set of atoms in the plane of the bi-
layer. Cholesterol is always described by a sin-
gle particle, and one or three particles are used for
DPPC. Paper [III] adds an internal degree of free-
dom to the tail particles: o=ordered, d=disordered.

All the models describe a single monolayer of the bilayer as a flat two-dimensional fluid.
Hence, membrane undulations and interactions between the monolayers are neglected,
although the latter are implicitly included in the effective interactions. Also, we assume
that the lateral structure can be adequately described by just a few particles per molecule
interacting through isotropic pair interactions. The particles represent the center-of-mass
(COM) positions of (parts of) the molecules. The effective interactions were determined
through inversion of the RDFs using the IMC method, creating a model that accurately re-
produces the structure of the atomistic MD simulations. The underlying simulations were
performed in several different cholesterol concentrations (0, 5, 13, 20, 30, and 50 mole-%
of cholesterol) [51], and separate interactions were determined for each concentration.
The 50% concentration was studied only in Paper [I], where it phase separated.

Paper [I] started with the simplest possible model: each molecule was described by
a single particle. Hence, there were two types of particles (DPPC and cholesterol) and
three different pair interactions.

Paper [II] added a more detailed description of the molecular structure of DPPC:
each DPPC was described by three particles instead of one, one for the headgroup and
one for each tail. This development added bonded interactions to the model; each pair of
particles within the same molecule was connected together by a bond potential, which was
parameterized using IMC. In total, the model contained seven non-bonded interactions
(head–head, head–tail1, head–tail2, head–chol, tail–tail, tail–chol, chol–chol) and three
bonded ones. The interactions within the hydrophobic region of the membrane, i.e., tail–
tail and tail–chol pairs, were treated with a single potential each, although the two tails of
DPPC are not completely equivalent in terms of molecular structure.

Finally, Paper [III] added ordering of the chains to the models. In the spirit of the mod-
els by Nielsen et al. [134, 135], each tail had an internal degree of freedom with two pos-
sible states: ordered and disordered. The pair interactions then need to be complemented
with internal energy terms to ensure that the RDFs (and state occurrence probabilities)
can be reproduced (see Section 3.3). There are two of these terms, and the coefficients
were denoted as !E and Efluct. The bonded interactions were treated as in Paper [II].
When considering models with non-zero Efluct, non-bonded interactions were also calcu-
lated between bonded pairs, i.e., no exclusions were used. The remaining contributions
to the bonded interactions were assumed to be independent of the internal states. In to-
tal, the models contained ten non-bonded interactions, three bonded interactions, and two
internal energy terms.

To calculate the RDFs for the last model, it is necessary to have a definition for when
an atomistic tail is ordered and when it is not. For this purpose, we have used the Szz

order parameter, which is a commonly used measure for lipid chain order. It is also
closely related to deuterium order parameters [168], which can be measured using NMR.
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Figure 4.6: Potential transferability in [III]. The
top diagram summarizes the transferability be-
tween different concentrations: the first +/- stands
for (qualitative) reproduction of small k behavior
of S(k), the second + for qualitative reproduction
of the nearest-neighbor peak in S(k), and the pos-
sible third + for quantitatively nearly correct S(k)
away from the small k region. The figures at bot-
tom show the transferability between two pairs of
adjacent concentrations. The solid lines show the
correct S(k), and the dashed line the S(k) given by
the transferred interactions. The color of the lines
shows the simulation concentration. The upper fig-
ure is also representative for the transferability in
the simpler models away from the small k region.
Reproduced from [III].

changes are often correct, but the magnitudes are much smaller than they should be. The
cholesterol inhomogeneity seems to be determined mainly by the interactions and not
the concentration: potentials determined at 13% and 20% give domains also in the nearby
concentrations that should be homogeneous, while the potentials derived at homogeneous
conditions fail to give domains at any concentration. For the model with ordering [III],
the transferability is better, but still not perfect. The results for this case are shown in
Fig. 4.6. The changes in the structure factors are also quantitatively correct for some
concentrations, in particular for the nearest-neighbor peak around k ! 14 nm!1. Also,
the potentials derived in the inhomogeneous regions now result in (nearly) homogeneous
systems at the 5% and 30% concentrations, in agreement with the potentials determined
in these concentrations. However, the reverse direction still fails.

Paper [II] also studied the effect of the potential cutoff on the behavior of the model
for the pure DPPC system. It was shown that the quantitative S(k) depends quite strongly
on the cutoff in the small k region. This observation, combined with the uncertainties in
selecting the best interaction in terms of the virial pressure [II] and the internal energies
[III], makes it difficult to make any quantitative predictions with the CG models. This
is the reason why this avenue has not been pursued in these studies. Nevertheless, the
qualitative behavior seems quite robust to the above differences.

4.5 Atomistic Simulations
The strong tail density fluctuations seen in Paper [II] were somewhat surprising, and
we proceeded to verify the behavior through atomistic simulations. These simulations
are reported in Paper [IV]. Briefly, we performed a 40 ns simulation containing 1152
DPPC molecules. The system was three times in linear size compared to the original 128
molecule simulation used for the CG model. This should be large enough to verify or
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changes are often correct, but the magnitudes are much smaller than they should be. The
cholesterol inhomogeneity seems to be determined mainly by the interactions and not
the concentration: potentials determined at 13% and 20% give domains also in the nearby
concentrations that should be homogeneous, while the potentials derived at homogeneous
conditions fail to give domains at any concentration. For the model with ordering [III],
the transferability is better, but still not perfect. The results for this case are shown in
Fig. 4.6. The changes in the structure factors are also quantitatively correct for some
concentrations, in particular for the nearest-neighbor peak around k ! 14 nm!1. Also,
the potentials derived in the inhomogeneous regions now result in (nearly) homogeneous
systems at the 5% and 30% concentrations, in agreement with the potentials determined
in these concentrations. However, the reverse direction still fails.

Paper [II] also studied the effect of the potential cutoff on the behavior of the model
for the pure DPPC system. It was shown that the quantitative S(k) depends quite strongly
on the cutoff in the small k region. This observation, combined with the uncertainties in
selecting the best interaction in terms of the virial pressure [II] and the internal energies
[III], makes it difficult to make any quantitative predictions with the CG models. This
is the reason why this avenue has not been pursued in these studies. Nevertheless, the
qualitative behavior seems quite robust to the above differences.

4.5 Atomistic Simulations
The strong tail density fluctuations seen in Paper [II] were somewhat surprising, and
we proceeded to verify the behavior through atomistic simulations. These simulations
are reported in Paper [IV]. Briefly, we performed a 40 ns simulation containing 1152
DPPC molecules. The system was three times in linear size compared to the original 128
molecule simulation used for the CG model. This should be large enough to verify or
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solid line: the correct S(k) 

dashed line: by the transferred interactions

P. G. Bolhuis and A. A. Louis, Macromolecules 35, 1860 (2002).

In practise: very different potentials lead to the same RDF



 Fluctuations play an important role in defining membrane properties.    

 A new paradigm for lipid diffusion is suggested. Neighbor-
neighbor correlations and concerted motion may dominate.

 Biological importance: rafts, signalling, lateral pressure

 Coarse graining using structural data. IMC is possible approach. 
It does not come without problems but can be used to reach 
systems sizes over 100nm x 100nm

 Micelles: new fission mechanism for charged micells. 

Conclusions


