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0. Entropy and complexity

For (X,B,m, T) a probability preserving transformation, P C B a
finite partition, the entropy of the process (T, P) is

o h(T,P):=lim,.e 1H(P,)

where P, = \/J” 01 TP & H(Q) := =2 acq M(A) log m(A).
The entropy of the probability preserving transformation T is

d h( T) "= SUPP finite h( Tv 'D)

© (Kolmogorov-Sinai) If P generates 3 under T, then
h(T)=h(T,P).

e Would like a “complexity sequence” a, so that

an = e"(T(+e(1) when 0 < h(T) < oo and which also measures
“complexity” when h(T) = 0.

NB When 0 < h(T) < o0, ap := H(P,) for P any finite, generator
works, but not when h(T) = 0.



1. Hamming balls and complexity
For (X, B, m, T) a probability preserving transformation, P C B a
countable partition, n > 1 define the P — n Hamming pseudo
metric on X:

1
d’(TP)(X7y) = ;#{0 <k<n-1: P(TkX) 75 P(Tky)}
where z € P(z) € P; and the P — n Hamming balls
B(n,P,z,€) = {x € X: d{"(x,2) < e} € o(Py).

For P € B3, the complexity of T with respect to P is the
collection {K(P, n,€)}n>1, e~0 C N defined by

K(P,n,e) :=min{#F: FCX, m(U,cr B(n,P,z,€)) >1—¢}.
Call a, a complexity sequence for T if

log K (P
w — 1 V generators P.

an n—oo, €e—0



2. Complexity basics
91 (monotonicity) K(P,n,e) T asP, n T &e |.
92 (stability) For k > 1, ¢ > 0 and large n > 1:

K(Px,n,2¢) < K(P,n, ) < K(Px,n,5).

93 (continuity) Let
P={Py}n>1, @ ={Qn}tn>1 € P := {ordered partitions}
with >~ m(P,AQp) < 4, then 3 N such that V.n > N, € >0

K(Q, n,e) < K(P,n,2e+ 20).

94 (compactness) Forany P € B3, dx > 0, nx — oo, 3 ky — o0
and Y € [0, o0] such that

K(P, nkl,e)
di

L — 0o, e >0

L



3. Complexity sequences when 0 < h(T) < oo.

Let (X,B,m, T) be a probability preserving transformation with
0 < h(T) < oo, then h(T)n is a complexity sequence for T.

This follows from
Theorem(Blume, Ferenczi, Katok, Thouvenot) For a finite

PeB,
%IogK(P,n,e) —  h(T,P). (%)

n—oo, €e—0



4. Proof of (%)

Set ¢, :=min{|F|: F C Pp, m(U a)>1—e,
acF
Q(P,n,e) .= max{#{c € Py: dy(a,c) <e}: ac€ Pp}
where d,, is Hamming distance on P, then

d)n,e
m S l’((-r)(l:)7 n, 6) S q)n’e (%)

By SMB Llog, ®,. — h(T,P).

n—oo, e—0

1
and —log Q(P,n,e) < })Iog(!PF”(n)) —  0.d
n en

n—oo, €e—0



5. Examples

€1 Finite complexity theorem (Ferenczi ’97) T has finite
complexity in the sense that

KErd . oV Pewp, a(n) — oo

a(n) n—oo, e—0

iff T has discrete spectrum. c¢f Kushnirenko ’66, Ratner ’71

.. no complexity sequence for omriviar discrete spectrum -
K(P,ne) — oo for generating P.

n—oo, €e—0

92 Complexity of Chacon transformation(Ferenczi ’97) If

(P,n,e)

. K
P € B is a generator, then ==~  — 1.

n—oo, e—0

93 Positive entropy dimension (Ferenczi-Park ’07)

V « € (0,1), 3 an ergodic, probability preserving transformation
with K(P, n,e) = exp[n®1toM] as n — o0, € — 0.



6. Relative Complexity

For C C B a factor and P € ‘3, the relative complexity of T
with respect to P given C is the collection
{Kc(P,n,€)}n>1, >0 of C-measurable random variables defined by

Ke(P, n,e)(x) :=min{#F : F C X, m(U B(n,P,z,¢)||C)(x) > 1—¢}
zeF

where m(-||C) denotes conditional measure with respect to C.
As before,

logKe(P,nye) == h(T,P|C) (%)

n—o0, €e—0

where ™ denotes convergence in measure and h( T, P||C) denotes
the relative entropy of the process (P, T) with respect to C.



7. Relative complexity basics

§1. Distributional compactness
L]

VPeP, di >0, np — oo, 3 kg — 0o and a random variable
Y on [0, 0] such that

log Ke(P
og C(dk7nkg76) o, vy (a)

% L — oo, € =0

0 T
where — denotes convergence in distribution.
€2. Generator theorem

[ ]

If 3 a countable T-generator P satisfying

log Kc(P, nk, €) N v
dy ’

k — oo, €e =0

where Y is a random variable on [0, 0], then
log Kc(Q, ng, €)

0
—
dy

. Y V T-generators Q € P. (V)
— 00, € —» 0

Abbreviation: () <= diklogKéT)(nk)%Y



Relative entroEy dimension
Let (X,B,m, T) be a ppt, let C C B be a factor and let

K= {nk}k, ng — OQ.
e Upper relative entropy dimension of T with respect to C along K is

E-dimx(T,C) := inf{t >0 eKPd 7 gy pecqy
k

k—o0, e—0

e Lower relative entropy dimension of T with respect to C along

K is

E-dimx(T,C) :=sup{t > 0:3J P cp, KB — m
k

k—o00, e—0

q If 3 a countable T-generator P satisfying
dik log Kc(P, n, €) . 2, ¥, where Yisarvon (0,00), then

— 00, € = 0

E-dinx(T,C) = Jim logdi & E-dimi(T,C) = lim I28%

Iog ng — logng*
k—o0



9. Relative isomorphism

Lok X, (XL,%,M T) (i=,2) be ppts wilk
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10. Definition of RWRS

fﬂa '*CA"\U\E »

_ (..,,“/g_,,gd)gi)nw) UATVS o ZJ

- &= %ﬁgk , e ramdom mﬂ?,

- 92 pTS, R ke 1

- (ngpﬁj ppt aka the S(Q/lé’,l‘b PIOTCS
RWRS ie the  ppt (X,8,mT) uhore
X= Qe mispod | Ty =(on, %)
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11. Relative entropy of RWRS over its base

9YSuppose the RWRS T has scenery S, and that the random walk
is aperiodic and recurrent, then h( T ||base) = 0.

Proof Fix a finite scenery partition § and let
P(x,y) := a(x) x B(y) where a(x) := [xo], then

PeH(T)(x,y) = ag H(R)(x) x B, (¥)

where Vi(x) == {sk(x) = x1 +x2 + - + x -
By Spitzer's theorem, E(# V,,) = o(n), so

h((T, P)|base) « %/(Pgil(T)Hbase)(x) < %H(ﬁ)# Vih(x) — 0.



12. «-stability and random walks

Let 0 < o < 2. The random variable Y, has standard symmetric
a-stable (Sas) distribution if E(e/Ye) = et

Forl<a <2, E(|Ya|) < o0 & E(Y,) =0.

e The SasS process is a random variable B, on

D([0,1]) := {CADLAG functions} with independent, SaS
increments.

e B, is aka Brownian motion.

e The Z-valued random walk is called:

— aperiodic if E(e) =1 <= t¢€277Z;

— a-stable if 3 a(n) such that ﬁs,, 2 Y,

The a(n) are aka the normalizing constants of the random
walk and are regularly varying with index %



13. Asymptotic complexity of aperiodic, a-stable RWRS

Theorem 2 Suppose that (Z,B(Z), m, T) RWRS with a-stable,
aperiodic jumps (« > 1), ergodic scenery
(Y,C,v,S), 0< h(S) < oo, then

e |ogKlg(§{)XY() ~ Leb(B.([0,1])) - h (1)

1
E-dimn(7T,B(Q) x Y) = —.
e
Corollary Suppose RWRSs (Z;, Bi, m;, T;) (i =1,2) are
relatively isomorphic over their bases.

If (Z1,B1, m1, T1) has a-stable jumps, pos. finite scenery entropy,
then so does (22, Bz, my, T») and

2,0 (Mh(S®)  ~ a0 (n)h(SW).



14. Proof of theorem 2

Define P € B(Z, B, m) by P(x,y) := a(x) x 5(y) where
a(x) == [x0], B € PB(Y,C, ) finite, S-generator.

Recall Mpy(x) :={a € Py H(T): m(a|B(Q) x Y)(x) >0}

O e(x) = min {#F : F CMa(x): m(| ] alBQ)xY)(x) > 1-¢};
acF

Q(P, n, e)(x) := max {#{c € Ma(x) : d\P(a,c) <€} : ae My(x)}

where d{7) is (n, P)-Hamming distance on P{~(T) then - - -



15. Proof strategy

q)n,e X
Q(Pn(e))(x) = KI(S(TS%)xy(Pa ne)(x) < Pne(x).  (o9)
We prove
2y log2 e n_)oi_)  Leb (Ba([0, 1))A(S) (@)
and
i 982 QPime) 0. ()



16. Proof sketch of &

This uses SMB along Fglner sets and the functional CLT, for
a-stable, random walk S, = >~} &

Bt n -2, B, in D([0,1]) where Be n(t) = ﬁs[nt] and ag(n) are
the normalizing constants.

. ﬁVan in H := {compact sets in R}.

Now a.s. B,([0,1]) is Riemann integrable so can approx. V/,, by
sets of form (a(n)F) N Z with F finite union of intervals

which latter are Fglner sets. .-,

5/ (P HTIBR)x Y)(x, ¥) = 5551 (Bv,:0)(¥) = Leb (Ba([0,1]))

whence &.



17. Proof of %* needs local time

For 1 < a <2, local time at x € R of SaS process B, defined
by

t
taltx) = lim % /0 1 ese)(Bals))ds.

e Boyland: as., t, € G([0,1] x R).
e Eisenbaum-Kaspi: a.s. t,(1,x) > 0 for Leb-a.e. x € B,([0, 1]).



18. Local time of a-stable rw:
Npk =#{1<j<n: 5 =k}

Interpolated local time of rw:

N, € Go(R) defined by Np(t) := ([t] = t)Np ¢+ (t— [t])Np e

®  Functional CLT for local time ([Borodin]):

(B ta) == (Bal"),ta(1,+)) in D([0,1]) x Co(R)

n—oo

where By (t) 1= 155, & ta(x) 1= L N,(a(n)x).
©) Corollary: For E C R a finite union of closed, bounded
intervals,

. . 2 .
Yen = 35,(7") min__ Ny, = min Np(x) — minty(1,x) = mg.
keag(n)E x€eE n—oo xek




19. Vague idea of proof of 4*

Fix e>0
91 For a Iarge set of x € Q, 3 E, F C R, finite unions of intervals
with Leb (F \ E) < € such that a(n)ENZ C Vp(x) C a(n)FNZ
and Yg »(x) > 0.
92 For such x and large n, a € Mp(x) is of form

a= g W) =D\ STw (we ).

Jevn(x)
(X(?ila W/) € nn(X)y
. (P) a,a
#{j € Valx) : w; # Wi} < a(n)(e + B30,
o i.e. fora=(x"w), £>0,
pnx —diam(B(n, P,a,&) NT,(x)) < A where
oo (8L W), (X2 W) = s B0 € V() : wy # W]} & A =
€+ YEzg(X). As in the proof of ¥,

93 For such n, x, a=(xy Lw), o =

% ——log Q(P, n,8)(x) < a(ln) |og<|P\Aa(")(‘Z(”)F|>> - 0.1

b
a(n) a(n)



20. Problems

91 Theorem 2 does not apply to 1-dimensional RWRS whose jump
random variables are 1-stable or to 2-dimensional random walks
whose jump random variables are centered and in the domain of
attraction of standard normal distribution on R?.

e s it true that in both cases E-dim(T,C) = 17
92 What about RWRS's with the random walk non-lattice?
93 What about “smooth RWRS's"?

Thank you for listening.



