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Lorenz system

Lorenz (1963) proposed a system of differential equations X in R3 having
an attractor with sensitive dependence on the initial conditions.
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Geometric model

A geometric model for Lorenz equations was introduced in the seventies by
Guckenheimer and Williams.
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Singularity

The vector field X is linear in a neighborhood of the singularity (0,0, 0)
whose eigenvalues satisfy

O<—)\3<)\1 <_>\2’

As
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Cross-section

There is a cross-section X intersecting the stable manifold of the
singularity along a curve I'.
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Local behaviour

contracting
directions
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Return to X

1
T(X?y?l) = _)\_1 |Og|X‘ + TO’
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The attractor

The geometric model admits a Lorenz-like attractor A:
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The geometric model admits a Lorenz-like attractor A:

@ A is an invariant set under the flow;
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The attractor

The geometric model admits a Lorenz-like attractor A:
@ A is an invariant set under the flow;

@ there is an open neighborhood U of A such that

A=) X(V);

t>0
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The attractor

The geometric model admits a Lorenz-like attractor A:

@ A is an invariant set under the flow;
@ there is an open neighborhood U of A such that

A=) X(V);

t>0

@ A contains a dense orbit;
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The attractor

The geometric model admits a Lorenz-like attractor A:
@ A is an invariant set under the flow;

@ there is an open neighborhood U of A such that

A=) X(V);

t>0

@ A contains a dense orbit;

@ sensitive dependence on the initial conditions in U,
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The attractor

The geometric model admits a Lorenz-like attractor A:
@ A is an invariant set under the flow;

@ there is an open neighborhood U of A such that

A=) X(V);

t>0

N contains a dense orbit;

(]

sensitive dependence on the initial conditions in U;

(]

A contains the singularity O.
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The attractor

The geometric model admits a Lorenz-like attractor A:
@ A is an invariant set under the flow;

@ there is an open neighborhood U of A such that

A=) X(V);

t>0

@ A contains a dense orbit;
@ sensitive dependence on the initial conditions in U,

@ A contains the singularity O.

A is a singular-hyperbolic attractor.
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Poincaré return map

The return map P admits a stable foliation F on ¥ with the properties:
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Poincaré return map

The return map P admits a stable foliation F on ¥ with the properties:

@ invariant: the image by P of a leaf ¢ in X distinct from I is contained
in another stable leaf;
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Poincaré return map

The return map P admits a stable foliation F on ¥ with the properties:

@ invariant: the image by P of a leaf ¢ in X distinct from I is contained
in another stable leaf;

@ contracting: the diameter of P"(£) goes to zero when n — oo,
uniformly over all leaves;
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Poincaré return map

The return map P admits a stable foliation F on ¥ with the properties:

@ invariant: the image by P of a leaf ¢ in X distinct from I is contained
in another stable leaf;

@ contracting: the diameter of P"(£) goes to zero when n — oo,
uniformly over all leaves;

@ it induces a map f on the quotient space ¥ /F ~ [-1,1] = /.
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Poincaré return map

The return map P admits a stable foliation F on ¥ with the properties:

@ invariant: the image by P of a leaf ¢ in X distinct from I is contained
in another stable leaf;

@ contracting: the diameter of P"(£) goes to zero when n — oo,
uniformly over all leaves;

@ it induces a map f on the quotient space ¥ /F ~ [-1,1] = /.

The foliation F is C1-Holder when the vector field X is C2.
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Poincaré return map

The return map P admits a stable foliation F on ¥ with the properties:

@ invariant: the image by P of a leaf ¢ in X distinct from I is contained
in another stable leaf;

@ contracting: the diameter of P"(£) goes to zero when n — oo,
uniformly over all leaves;

@ it induces a map f on the quotient space ¥ /F ~ [-1,1] = /.

The foliation F is C1-Holder when the vector field X is C2.
Assuming the strong dissipative condition at the equilibrium

then F is C?,
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Poincaré return map

The return map P admits a stable foliation F on ¥ with the properties:

@ invariant: the image by P of a leaf ¢ in X distinct from I is contained
in another stable leaf;

@ contracting: the diameter of P"(£) goes to zero when n — oo,
uniformly over all leaves;

@ it induces a map f on the quotient space ¥ /F ~ [-1,1] = /.

The foliation F is C1-Holder when the vector field X is C2.
Assuming the strong dissipative condition at the equilibrium

then F is C?, and the one-dimensional quotient map f is C? smooth away
from the singularity.
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Lorenz map
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Lorenz map

’ //,//
@ f is discontinuous at x = 0 and
lim f(x)= -1 lim f(x)=1;
x—07t ( ) ’ x—0~ ( )
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Lorenz map

““‘r‘ /,//
@ f is discontinuous at x = 0 and
lim f(x)= -1 lim f(x)=1;
x—07t ( ) ’ x—0~ ( )

@ f is differentiable on / \ {0} and
f'(x) >V?2,  forall xel\{0};
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Lorenz map

,//
/

@ f is discontinuous at x = 0 and

lim f(x)=-1, Iirg f(x) =1,
x—0~

x—07t

@ f is differentiable on / \ {0} and
f'(x) >V?2,  forall xel\{0};

@ the derivative tends to infinity near 0

lim f'(x) = lim f'(x) = 4oc.
3 Tl = T 0 = e
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There is a C? neighborhood U of X such that for each Y € U

@ U is a trapping region containing the cross-section ¥ of Y
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There is a C? neighborhood U of X such that for each Y € U
@ U is a trapping region containing the cross-section ¥ of Y

@ the maximal positively invariant subset Ay = N> Y (U) inside U is
a Lorenz-like attractor;
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There is a C? neighborhood U of X such that for each Y € U
@ U is a trapping region containing the cross-section ¥ of Y
@ the maximal positively invariant subset Ay = N> Y (U) inside U is
a Lorenz-like attractor;
@ the first return Poincaré map Py on ¥ admits a C? uniformly
contracting foliation Fy .
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@ the first return Poincaré map Py on ¥ admits a C? uniformly
contracting foliation Fy .

@ the induced one-dimensional quotient map fy = Py /Fy is a C?
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There is a C? neighborhood U of X such that for each Y € U

@ U is a trapping region containing the cross-section ¥ of Y

@ the maximal positively invariant subset Ay = N> Y (U) inside U is
a Lorenz-like attractor;

@ the first return Poincaré map Py on ¥ admits a C? uniformly
contracting foliation Fy .

@ the induced one-dimensional quotient map fy = Py /Fy is a C?
Lorenz map;

@ there exist (unique) SRB measures for the Lorenz map fy, the
Poincaré map Py and the flow Y on U.
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There is a C? neighborhood U of X such that for each Y € U

@ U is a trapping region containing the cross-section ¥ of Y

@ the maximal positively invariant subset Ay = N> Y (U) inside U is
a Lorenz-like attractor;

@ the first return Poincaré map Py on ¥ admits a C? uniformly
contracting foliation Fy .

@ the induced one-dimensional quotient map fy = Py /Fy is a C?
Lorenz map;

@ there exist (unique) SRB measures for the Lorenz map fy, the
Poincaré map Py and the flow Y on U.

Theorem (Tucker)

For the classical parameter values, the Lorenz equations support a robust
strange attractor.
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Each Lorenz map fy has a unique ergodic acip iy whose density wrt
Lebesgue has bounded variation.

José Ferreira Alves (CMUP) Statistical stability for Lorenz-like attractors April 17, 2012 12 /29



Each Lorenz map fy has a unique ergodic acip iy whose density wrt
Lebesgue has bounded variation.

it is an SRB measure: for Lebesgue almost every x € /

1 .

1 Jlyy _

pim Ow(f (x)) /sodu,
J:

for any continuous function ¢ : | — R.
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Each Lorenz map fy has a unique ergodic acip iy whose density wrt
Lebesgue has bounded variation.

it is an SRB measure: for Lebesgue almost every x € /

n—-+oo N 4
J=0

for any continuous function ¢ : | — R.

Each Lorenz-like attractor Y supports a unique SRB measure py
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Statistical stability

Statistical stability: continuous variation of the SRB measures with weak*
topology as a function of the dynamical system.
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Statistical stability

Statistical stability: continuous variation of the SRB measures with weak*
topology as a function of the dynamical system.

Strong statistical stability: continuous variation of the densities of the
SRB measures in the L-norm.
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Statistical stability

Statistical stability: continuous variation of the SRB measures with weak*
topology as a function of the dynamical system.

Strong statistical stability: continuous variation of the densities of the
SRB measures in the L-norm.

Theorem (Keller)

Lorenz maps are strongly statistically stable.
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Statistical stability

Statistical stability: continuous variation of the SRB measures with weak*
topology as a function of the dynamical system.

Strong statistical stability: continuous variation of the densities of the
SRB measures in the L-norm.

Theorem (Keller)

Lorenz maps are strongly statistically stable.

Theorem (A., Soufi)

Lorenz-like flows are statistically stable.
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SRB measures for the Poincaré return maps

Given a bounded function ¢ : ¥ — R, define

d1(x) == sup &(y) and ¢—(x) = inf qb(y)
y€&(x) yEE(x)

where £(x) is the leaf in foliation F which contains x.
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SRB measures for the Poincaré return maps

Given a bounded function ¢ : ¥ — R, define

d1(x) == sup &(y) and o—(x) = inf &(y),

y€&(x) yEE(x)

where £(x) is the leaf in foliation F which contains x.

Given any continuous function ¢ : ¥ — R both limits

I|m /(d)oP”) dpn and nli)rr;()/(qﬁoP”hdﬁ

exist and they coincide.
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Corollary

There is a (unique) probability P-invariant measure [i on ¥ such that

[odi=lim_[@oPn)-di=lim [(60P")d

for every continuous function ¢ : ¥ — R.
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Corollary

There is a (unique) probability P-invariant measure [i on ¥ such that

Jodi=lim_[ (6o Pn)-di=lim_[(60P).dn,

for every continuous function ¢ : ¥ — R.

The Lorenz-like attractor supports a unique SRB measure v defined for
any continuous function ¢ : U — R as

/gp = deu//T(X (x, £))dtdi(x)
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Statistical stability for the Poincaré map

Proposition

If X, is a sequence converging to Xy in C? topology, then
fin — fig in weak™ topology,

where [i, = fix, for all n > 0.
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Statistical stability for the Poincaré map

Proposition

If X, is a sequence converging to Xy in C? topology, then
fin — fig in weak™ topology,

where [i, = fix, for all n > 0.

We need to show that for any continuous ¢ : ¥ — R we have

Jim / pdfin = / ed io.
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Statistical stability for the Poincaré map

Proposition

If X, is a sequence converging to Xy in C? topology, then
fin — fig in weak™ topology,

where [i, = fix, for all n > 0.

We need to show that for any continuous ¢ : ¥ — R we have

Jim / pdfin = / ed io.

lim /godﬂn: lim lim /inf(gooP,T) diip.

n—o0 n—oo0 m— 00

By definition

José Ferreira Alves (CMUP) Statistical stability for Lorenz-like attractors April 17, 2012



We have
| [inf(oo PRYdR,— [ inf(oo PR)do] <
|/inf(gpoP,T)dﬁn—/inf(gooPg’)dﬂn|

) / inf(p o P)dfi — / inf(¢ 0 P§")diio].

José Ferreira Alves (CMUP) Statistical stability for Lorenz-like attractors April 17, 2012 17 / 29



We have
| [inf(oo PRYdR,— [ inf(oo PR)do] <
|/inf(gpoP,’7")d,B,,—/inf(gpoPé")dﬁ,,|
+1 [ infe o P, — [ inf(o o PF)lo.

The second term tends to zero because

—  weak® _

fin —— [io-
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We have
| [inf(oo PRYdR,— [ inf(oo PR)do] <
|/inf(gpoP,’7")d,D,,—/inf(gpoPé")dﬁ,,|
+1 [ infe o P, — [ inf(o o PF)lo.

The second term tends to zero because

—  weak® _

fin —— [io-

We are left to prove that the first term converges to zero when n — oo
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Letting A = Lebesgue
| [ inf(oo PR)df— [ inf(o0 PR

‘/.nf¢opm) L /inf(gooPO) “”dA‘

< [lint(oo P —inf(o0 P | %2

< C/|inf(gp o P") —inf(¢ o P{")|dA
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Letting A = Lebesgue
| / inf(p 0 P™)dfin — / inf( o PI")dfin|
‘/mf ¢ o PM) “”dA /inf(gooP ) “”dA‘

< [lint(oo P —inf(o0 P | %2

< C/|inf(gp o P") —inf(¢ o P{")|dA

The rate of the contraction of the stable foliation on the cross-section can
be taken the same for all vector fields. So, the last expression can be made
uniformly small.
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Statistical stability for the flow

Let X,, be any sequence converging to Xy in C? topology. Then

fn — Ho, in the weak™ topology.
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Statistical stability for the flow

Let X,, be any sequence converging to Xy in C? topology. Then

fn — Ho, in the weak™ topology.

‘/Spdﬂn_/SOdNO

is bounded by the sum of the terms
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Statistical stability for the flow

Let X,, be any sequence converging to Xy in C? topology. Then

fn — Ho, in the weak™ topology.

‘/Spdﬂn_/SOdNO

‘ 1 B 1
[1ndiin [ T0dfig

is bounded by the sum of the terms

T0(x)
//0 lo(Xo(x, t))|dtdfio(x),
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Statistical stability for the flow

Let X,, be any sequence converging to Xy in C? topology. Then

fn — Ho, in the weak™ topology.
‘/gp dup — /go dug| is bounded by the sum of the terms
= L ][ ettt et
~ = X, t t X),
[1ndiin [ T0dfig 0 P Ho
and
1 n(X) B T0(x) N
_ / / S(Xn(x, £))dtdjin — / / o(Xo(x, £))dtdjio|
andNn 0 0
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The statistical stability of the Poincaré return map and the fact that there
are uniform constants a, ag, b and by such that

bo — ag log |x — ca| < Th(x,y,1) < b— alog|x — ¢y,

where the ¢, is the discontinuity point of the map fx,, yield
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The statistical stability of the Poincaré return map and the fact that there
are uniform constants a, ag, b and by such that

bo — ag log |x — ca| < Th(x,y,1) < b— alog|x — ¢y,

where the ¢, is the discontinuity point of the map fx,, yield

lim /Tn dﬁn = /7’0 dﬂo
n——+00
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The statistical stability of the Poincaré return map and the fact that there
are uniform constants a, ag, b and by such that

bo — ag log |x — ca| < Th(x,y,1) < b— alog|x — ¢y,

where the ¢, is the discontinuity point of the map fx,, yield

lim /Tn dﬁn = /7’0 dﬂo
n——+00

7n(X)
hn(x) = /0 o(Xn(x,t)) dt, forn>0

And defining

lim /hn dﬂn :/ho dﬂo.
n—+00
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Rovella flow

Replace the usual expanding condition A3 + A1 > 0 in the Lorenz-like
attractor X by the contracting condition

A3+ A1 < 0.
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Rovella flow

Replace the usual expanding condition A3 + A1 > 0 in the Lorenz-like
attractor X by the contracting condition

A3+ A1 < 0.

There is a trapping region U for Xg on which A = N>o X3 (V) is a
singular-hyperbolic attractor attractor.
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Rovella flow

Replace the usual expanding condition A3 + A1 > 0 in the Lorenz-like
attractor X by the contracting condition

A3+ A1 < 0.

There is a trapping region U for Xg on which A = N>o X3 (V) is a
singular-hyperbolic attractor attractor.

A is 2-dimensionally almost persistent in the C3 topology: X is a
2-dimensional density point of the set of vector fields Y for which
ANy =N YE(U) is an attractor.
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The quotient map fy : |\ {0} — [ satisfies
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The quotient map fy : |\ {0} — [ satisfies

o lim f =F1
A o) =7
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The quotient map fy : |\ {0} — [ satisfies
o lim f(x) = T1:
A B0 =7

@ +1 are pre-periodic and repelling;
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The quotient map fy : |\ {0} — [ satisfies
o lim f(x) = T1:
A B0 =7

@ +1 are pre-periodic and repelling;
@ fyis of class C3 on I\ {0} with negative Schwarzian derivative;

Figure: One-dimensional map

April 17, 2012

José Ferreira Alves (CMUP) Statistical stability for Lorenz-like attractors



Theorem (Rovella)
There is E C [0, 1] with full density at 0 such that:
Q forallac E, f, is of class C3 on x € I \ {0} and satisfies

Kaolx["™H < Fl(x) < Kalx|*7;
Q there exists A > 1 such that for a € E
(£1Y(£1) > A" for all n > 0;

@ there is o > 0 such that for all a € E

|FrH£1)| > e foralln>1
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Theorem (Rovella)
There is E C [0, 1] with full density at 0 such that:
Q forallac E, f, is of class C3 on x € I \ {0} and satisfies

Kaolx["™H < Fl(x) < Kalx|*7;
Q there exists A > 1 such that for a € E
(£1Y(£1) > A" for all n > 0;

@ there is o > 0 such that for all a € E

|FrH£1)| > e foralln>1

Theorem (Metzger)

Each f; admits an absolutely continuous invariant probability p, which is
unique and ergodic.
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Assume f is nonuniformly expanding:

1 — 1(£i
dc>0: I|nn_1>|or<1>f; ; log(f'(f'(x))) > c, Lebesgue a.e. x
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Assume f is nonuniformly expanding:
1 .
Jc > 0: liminf = Z log(f'(f'(x))) > ¢, Lebesgue a.e. x

with slow recurrence to the critical set:

n—1
Ve > 036> 0: limsup— Z log ds(f'(x),C) <€, Lebesgue a.e. x
n—o0 i—0
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Assume f is nonuniformly expanding:
1 .
Jc > 0: liminf = Z log(f'(f'(x))) > ¢, Lebesgue a.e. x

with slow recurrence to the critical set:

n—1
Ve > 036> 0: limsup— Z log ds(f'(x),C) <€, Lebesgue a.e. x
n—o0 i—0

where dj is the d-truncated distance is defined as

_ |X_y| if ‘X_y‘g(sv
dé(x’y)_{l i x—y|>6
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This allows us to introduce the expansion time

Efx)=min{N>1: Zlogf’ (x)) >d,Yn>N
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This allows us to introduce the expansion time
Efx)=min{N>1: Zlogf’ (x)) >d,Yn>N

the recurrence time

1 n—1 )

f : i

—min{ N> =3 —log ds(F > N
R'(x) = min S ogds(f'(x),C) < €,Yn >
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This allows us to introduce the expansion time
Efx)=min{N>1: Zlogf’ (x)) >d,Yn>N

the recurrence time

n—1
1 .
f : i
=m N> = —log ds(f >N
R"(x) in 2 ,E:O ogds(f'(x),C) < €,Yn >

and the tail set at time n

FZ:{XEI:é'f(X)>n or Rf(x)>n}.
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This allows us to introduce the expansion time

Ef(x):min{N21 Zlogf’ (x)) >an>N}

the recurrence time

n—1

Rf(x) = min {N >: %Z— log ds(f(x),C) < €,¥n > N}

i=0

and the tail set at time n

FZ:{XEI:é'f(X)>n or Rf(x)>n}.

Theorem (A.)

Assume there are C > 1 and v > 1 such that ‘Ff,| < Cn77 foralln>1
and f € F. Then, each f € F is strongly statistically stable.
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Theorem (A.,Soufi)

Rovella maps are nonuniformly expanding with slow recurrence to the
critical set. Moreover, there are C,T > 0 such that for all n € N and
ackE,

‘rn < Ce ",
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Theorem (A.,Soufi)

Rovella maps are nonuniformly expanding with slow recurrence to the
critical set. Moreover, there are C,T > 0 such that for all n € N and
ackE,

‘rn < Ce ",

Rovella family is strongly statistically stable
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© Statistical (in)stability in the full set of parameters.
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© Statistical (in)stability in the full set of parameters.
© Statistical stability for Rovella flows.
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Problems

© Statistical (in)stability in the full set of parameters.
© Statistical stability for Rovella flows.
© Statistical (in)stability for contracting Lorenz flows.
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Thank you!
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