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The diffeomorphisms group

The diffeomorphisms group

M compact finite-dim. Riemannian manifold

Here M = T?

GS = {g € HS(M,M) : g bijective, g~' € HS(M, M)}

If s > 2, HS ¢ C' and is a (infinite dim.) Hilbert manifold, locally
diffeomorphic to
Hg(TM) = {X € H*(M; TM) : moX = g}, 7 : TM — M

chart at g given by:
¢ : H3(TM) — {diffeom.on M}
#(X)(.) = exp oX(.)
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The diffeomorphisms group

GS is a group for composition of maps

Lie algebra:
® = H(TM)(= H(TM))
(e=id)

On G5 we consider the Riemannian metric

< Xg, Yg >2= / < Xg(x), Yg(x) > dm(x)
M

for X, Y € Ty(G%(M)) = H5(TM) (weak Riemannian structure,
Ebin-Marsden)

Volume preserving counterparts:
Gy ={g € G°: (g).(dm) = dm}
v={XeH®: divX=0}



The diffeomorphisms group

Gy submanifold of G°

There exists a right-invariant Levi-Civita connection V°:

V&Y = Po(VxY)

where Pg orth. projection into the divergence free part in the Hodge
decomposition,

HS(TM) = div=1({0}) &2 grad HS"1 (M)
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The diffeomorphisms group

Hydrodynamics:

Geodesic equation for V0 =

equaivalent to

Euler equation

ou

o + (u.Vu)=-Vp

0 _
o T Vulu) =-Vp
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Brownian motions

Brownian motions
On the Lie algebra we consider

ax(t) = _(Axaxg (1) + Braxi(t))
K

X,"( i.i.d. real valued Br. motions, Ak, Bx L2 o.n. basis:

A = |l1<| (ko cos k.0)0y — (ki cos k.0)ds)]
By — ’:(’[(kz sin k.0)d — (ki sin k.6)3%)]
k € 22 - {(0,0)},
k|2 = K2 + K2,
0; = i
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Brownian motions

Brownian motions on the group Gy:

dg(t) = op(x(1)) 9(t), 9(0)=e

for p an Hermitian operator that diagonalizes in the basis Ax and By
with the same eigenvalues \.

Theorem.

The process is well defined iff ) ", /\i < 00

Proof. Use S. Fang’s methodology, e.g.

Generator:

’
A, = 5 Z )\i(aﬁk + 8%,()
K

d
021(9) = —|=of(exp (e2)g

In particular no canonical L2 Brownian motion.
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Brownian motions

Constants of structure:

[k, 1]

A —
[ k?A/] 2\k\|/!

(Ik + 1By + |k — 11Bk—)

_ [k 1]
[Bk, Bl] = 2|k||/|(!k+/|3k+/ |k = 1|Bx-1)

e
A B =2

(|k + N Aker — |k — 1|Ak—))

[0, Ak] = —kiBx

[0;, Bx] = kiAk
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Brownian motions

For

Qg | = W(/ | (I +K))
1
Bk, =g = W(” (I - k))
[k, ] = kil — kol
Christoffel symbols:

Vo = [k ok iBrsi+ BriBr—1), Vi, 5 = [k, N(—ok iBrri+ BriBr—1)

Vs = K N(—ok Ak i-BriAk—r), Vi, a = [k (= iAkyi—BriAk-1)
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Brownian motions

Remarks:

1. The Christoffel symbols give rise to unbounded antihermitian operators on

g.
2. Since VOAk, A= V%}ﬂ g, = 0, Stratanovich = It6 in the equation for g(t).

3. We do not want use the metric < U, V >,=< p(U), V >.



Lifting to the frame bundle

Lifting to the frame bundle
Orthonormal frames above Gy :
r: T4(Gy) — Gy isometric isomorphism

O(Gy )= collection of o.n. frames (frame bundle) above Gy

it can be identified with S = U(Gy) x Gy
where U stands for unitary group.

Lie algebra of S=S = su (Gy) x Gy.

Denote (o, w) the parallelism in S defined by the Levi-Civita connection.
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Lifting to the frame bundle

Lift of a vector filed Z:

< 2,0’ >ug=UZ,... < Z,w >=0
We have [0z7f] 0 ™ = O5(for), 7 : S — Gy

Lifted Laplacian:

EZ (05, +0%)
k

Then [A,f] 0 m = A,(forr) generates the lifted p-Brownian motion ry(t)

m(r(t)) = 9(t)

< odr(t),w >=0



Stochastic calculus of variations

Stochastic calculus of variations

Derivation of the Itd map x — ry(?):

Theorem.For ry € S and given a semimartingale £ with values in T, (S)
with an antisymmetric diffusion coefficient, we have,

<4r rx(fo + 76)(t), 0 >= &4
7_|7':0

< ar Ix(ro + 1) (1), w >= yx ¢t
TlT:O

where
de(t) = (T p— ol ) © AX() + eilp o AX(1))

dy(t) = Q(E'(1), p o dx(1))
with yx0 =0and & y =< &, 0 >
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Stochastic calculus of variations

Difficulty:

We cannot choose p = Id and

e p—ple,

is not antisymmetric.



Truncated diffusions

Truncated diffusions

Consider the case Ay = 1 for |k| < N and \x = O for |k| > N, pN the
corresponding operator;

Denote by rl¥(t) the S-valued process for such this choice and call it
truncated diffusion.

( r)’(\’ not finite dimensional projections: still infinite-dimensional, but driven
by a finite number of Brownian motions)

=N N
7"'(rx,l‘) = Ox t
< odi},w>=0

where

and
ax(t) = > (Acdxi(t) + Bkaxg(t))
IKI<N
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Theorem.
For ry € S and given a semimartingale £ with values in T, (S), with an
antisymmetric diffusion coefficient, we have

9 Ny )ty o= €N,
dTlT:O ’

d
< gr o+ 76D, >=

where, for components Kk such that |k| < N we have

d(EN(t))k = () (oax(t))"

dyN(t) = Q(E"(1), oax™(1))
where fy)'(\{o = 0 and 5)’(\{0 =< &0 >.

Proof.
As I antisymmetric, matrix (IpN — pVI) ;, with ||, |j| < N equal to zero.
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Consequences

Among the consequences
Corollary.(Bismut formula)
If & is a cylindrical functional on Gy, we have

d - ~N,Nq—
g7 =0 E(@(m(F (10 + 7)) = E(< [ (G1). DO > )
where (N satisfies
1 . .
(™) = (X ™(8))* = 5(Ricei™(¢™(1))) ot
|k| < N, and where Ricci™ is the operator defined by

RicciM(Z) = — >~ (A, Z, Ax) + Bk, Z, By))
|k|<N
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Consequences

Expression of the Ricci tensor:

icc:

RiceiN

> K2 + il
k.J* -| . A
|k<N[ / k[2[j|2|k — j|2|k +j]2"7

S i —;}
lk|<N k1R Kk — 2k A+ R
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Consequences

Weitzenbock formulae:
d(Af), — A(df), — Ricci,(df),

= Z p(K)PT ) (OkOif +3i0kF)+ > p(K)P(Th mlej, €ml* + T klex, €1™)0;
k,m,j

(ex = Ag or By).



Consequences

Back to Hydrodynamics:
The equation

ou

e +Vo(u) +v > VRVR(u) + vRicci™(u) =

[kI<N
is equivalent to
ou

ot
(Navier-Stokes equation)

+ (u.Vu) +ve(N)Au=-Vp
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