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Topics for discussion

* The problem of sequential assimilation
* A variational smoothing filter (vsf)

* Numerical example - Lorenz ‘96

Discussion

References
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Evolution of a probability density function
P=(@,P,5-- s Py )

Evolution equation from " to t"™': @™ = F"(¢")

F" = identity for parameters

e.g. as a solution of dd% = f.(p,t)  with f, =0 for parameters
4

@ given at t =0 as a pdf w(¢")

Simulation of the observing apparatus:
s, =h (p")+o,w,  observe at discrete times

Let S" ={s',s°,....,s") and where ¢@" =@(") and t" =nA

Problem: Compute the density function mx(@,z18") t=t"
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Evolution of a probability density function

ﬂ(¢n+1,¢n,sn+1 |Sn) :ZeXp[_E%(hk(qonH)_szﬂ)Z] 5((0n+1 _Fn(q)n)) n_(gon |Sn)

keK

pdf of obs. given the new state
pdf of the old state

pdf of new state given the old state

Z = a generic normalisation constant

Py =—=
o

F" 1is the function implied by the dynamics taking states at ¢ to states at £ + A

ﬂ(¢n+1 |Sn+1) =7 fﬂ,((pnﬂ,(pn,snﬂ |Sn)d(pn
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Gaussian sum representation of pdf’s

mixture approximation with an ensemble of R 'centres' ¢
(@)=, a'z expl-H(9p" — ¢}

where 7z are normalisation constants

weights
a. =0. Zaf =1

'energy of the r-th component'

n n 1 n n n n n
H(CD _(Dr)ZEZ(@l _(pi,r)Lij,r(goj _goj,r)
i,J
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Evolution of a probability density function

__2 (wl (pl N )L’/ll] r ((p;l _(py’r )

[ 8™ - F(g")e "~ de

——E(F'1 (@" =gl Ly, (F (9" D)-0],)

1 :
=lA"" le "

aF ((pn+1)

where | A" |=det(
0p""

)

Use the change of variables theorem for multiple integrals and the properties
of the delta function.

Assumes that the inverse is unique if the time step is sufficiently short.
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Evolution of a probability density function

n((pn+l,sn+1 |Sn) _

1 _ _
-y %(hk (¢"")-sp™ )2‘52“3 Yo" D@ Ly (F (@™ )=9) )
n_n n+1 i
Earzr |A™ e *=* "

r

An exact expression for the posterior mixture density
given a Gaussian mixture density at the previous time step

The Variational Smoothing Filter builds a quadratic approximation to the
argument of the exponential
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Application of implicit Euler

Using an implicit Euler time discretisation with time step 7

n+1)

" =" +Tf(@

One flnds F—l (¢n+1) — gDn+1 . Tf(¢n+l)
n+l
AISO: Air.1+1 — 51“ —T afl‘ ((D-H )
] ] agojl

Notation: A™' =A™

o
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Variational Smoothing Filter

A: Update the centres

Jn+1(q0n+1) E pk [h ((pn+l) Sn+1] +

kEK
L E ( ¢n+1

Tf(@") - )L, (

* No adjoints needed
* Analytical gradient
* Analytical sparse Hessian
* Sparse algebra
— but needs a drop
tolerance in general

n+1__L_f((pn+1) qplr)

w — al'gmln Jn+l((pn+1) (

n+1

B: Update the precision matrices

Ln+1 _ 82];1+1(q0n+1)
T glag; | L,
C: Update the weights
n 1/2
—n+l _n| pn+l n+l o n+l
a. =4a, Ar e eXP(—Jr (Cﬁr ))

n+l n+l
0, @7 g,

n+l

~n

@r

Use prior centre as a first iterate
& no Newtons ==
‘ensemble extended Kalman filter’

1 &/n+1

—n+l
24

r

n+l

a =¢,—+(-¢
R( w)

r
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Variational Smoothing Filter
Notes :

1 Ln+1 a2J;1+1 (¢n+1)

i = Provides a first order correction — in the time step -

aw;a(py o to the modified Kalman filter formulae

All of the component

trices are sparse
a n+l ) . ma . )
]j;+1((;0 ) Lmk J ((p 1 Tf;{ (gﬁ 1) — (pk,r ))
8@ IQ;,

n+l rn n+l
= pléj + E(Alm erk rAk] ro
mk

Example where

1/2 :
‘ n h observes a single component
. r
2. Approximate — =1
n+l
r
0 .
3. Reset L' =L +—" _ every so many time steps
’ - E+var,

. . . 1
where var, = empirical, ensemble variance of ¢”"
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Choosing L° via local random fields

clf 2007
1 1
Hy) =2 [lay* +b(Vy) +e(Vy)ldo = - [lyLyldo
Helmholtz Green's
where L=a-bV’+cV?*V? funcﬁonSf
8= :_T:'r; 3D
7(9) = zexp(—H (¢ - ) e
g(r)= : = D

g(x—y) ={p(x)p(y)) Theorem: Lg(x—y)=03(x—y)

After discretisation L; is sparse and C = (L) is the covariance matrix
L=a—-bV® - the 'Helmholtz precision matrix' - is particularly convenient
and was used in the numerical experiments on Lorenz-96

Set L’ =wL for some 'sharpness control' w that increases with R
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Numerical example: Lorenz 96

du; = : 'reality' and forward model
dt
% =W, = Vi)V —v.(u + e —1)+ F,  :'reality' and forward model

4
@ =(u,v)

See Yang & DelSole

Reality: 2009, 2010 for
4 =05+02sin(03i)+002(05-8"); & =10, F=100 relatedwork
vi(0)=10+25”i gi,g'i,gul.NN(O,l)

No parameters are observed. 1000 equilibration steps before observing

Observe variables at: i = 1, 6, ... then every other five with O’l.z =0.01

Initialised with balanced sampling (mirror images of each realisation about the mean)
Cor. lengths. 20.0 (parms) & 0.1 (vars) Init. var 0.1 parm and 1.0 var

Implicit Euler, time step = 0.05 between obs, and

10 Newtons time stepping and optimisation
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Lorenz 96 example — R = 50: initial condition

Balanced initial ensemble

1.5
Parameters
prior correlation 1
length = 20.0
0.5
0
-0.5
after 1000

Equilibration steps

Variables
prior correlation ~10
length = 0.1

Parameters at time 0

5 10 15 20 25 30 35 40

Variables at time 0

5 10 15 20 25 30 35 40

2 fields
40 parameters
40 variables

vsf
compared
with reality

Solid blue lines = ‘reality’. Dotted blue line = ‘ensemble mean’. Shading +/- 1 stand. dev.

14/21



Lorenz 96 example — R = 50: 5,000 time steps

Parameters
prior correlation
length = 20.0

Variables
prior correlation
length = 0.1

Parameters at time 5000

2.5

15

30 35 40

30 35 40

2 fields
40 parameters
40 variables

vsf
compared
with reality

Solid blue lines = ‘reality’. Dotted blue line = ‘ensemble mean’. Shading +/- 1 stand. dev.
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Lorenz 96 example — R = 50: 10,000 time steps

2 fields
Parameters at time 10000 40 parameters
25
| | | | | | | 40 variables

Parameters 21

prior correlation 15l _ -

length = 20.0
vsf
compared
with reality

Variables

prior correlation

length = 0.1

5 10 15 20 25 30 35 40

Solid blue lines = ‘reality’. Dotted blue line = ‘ensemble mean’. Shading +/- 1 stand. dev.
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Lorenz 96 example — R = 50: 10,000 time steps

2 fields
Parameters at time 10000 40 parameters
40 variables
Parameters
prior correlation
length = 20.0
vsf
compared
with reality
Variables
prior correlation
length =0.1

Solid blue lines = ‘reality’. Green lines = centres. Red/black = most/least probable centre
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Lorenz 96 example — R = 50: 10,000 time steps

2 fields
Distance of parameters from the truth 40 parameters
10 .
40 variables
Parameters gl
prior correlation
length = 20.0 6 l
I ol b [
| | \ | w \ ‘ l LU 1
1\ i ‘1 \\. | 1 ‘ | h ¥ ‘
2 \‘ ‘]|‘ l‘\‘\ "a“*\\\" “\lA||"‘ \"l \‘) ‘l‘\ )' ‘ KL!"{"“j
o i SAA A" N N WA - UR VALV Y LA WA W T UV ‘“~~~&Mh~\w_—"—dn—
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
vsf
Distance of variables from the truth compa red
20 . .
with reality
Variables
prior correlation
length =0.1

0 .
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Root mean square distance from ‘reality’:

Solid blue lines = ensemble mean. Green lines — the centres.
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Lorenz 96 — R = 4: Obs. every third variable

Balanced initial ensemble 2 fields
40 parameters
i e 40 variables
Parameters
prior correlation
length =4.0
vsf
compared
with reality
12 Va‘riables
10+
After 10000
variables steps the ensemble
prior correlation
length = 0.1 converged to

the true values

| 1 |
o = N o n £ o ©
T T T T T T

| | | | | | |
5 10 15 20 25 30 35 40

Solid blue lines = ‘reality’. Dotted blue line = ‘ensemble mean’. Shading +/- 1 stand. dev.
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Concluding remarks

* The aim of filtering theory is to compute a best approximation to the
posterior density.

 The combination of variational and principled ensemble methods is
promising. Even the first iterate — the ‘ensemble modified Kalman
Filter’ works well in some cases.

* A ‘principled’ approach should allow us to control the numerical
errors so that we can concentrate on the important questions such
(i) how good is our forward model?
(ii) how sensitive are we to the initial prior?
(iii) what observations would reduce sensitivity to the initial prior?
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