Coulomb scattering in QFT. A status report

Wojciech Dybalskit
joint work with Alessandro Pizzo?

*TU Miinchen
2Tor Vergata

Warwick, 21.03.2014

W. Dybalski Coulomb scattering in QFT



Outline

@ Relativistic QED. Framework

e Scattering of photons and atoms in relativistic QED

e Scattering of photons and electrons in relativistic QED

@ The Nelson model. Definition

© Scattering of 'photons’ and one "atom’ in the Nelson model
@ Scattering states of two ‘atoms’ in the Nelson model

@ Towards scattering of two 'electrons’ in the Nelson model

W. Dybalski Coulomb scattering in QFT



Relativistic QED. Framework

Relativistic QF T

Definition
A relativistic QFT is given by:
(1) A net of local algebras R* D O — A(O) C B(H) s.t.

(a) If O; C Oy then .A(Ol) C .A(Oz)
(b) If O1 x Oy then [.A(O1),.A(02)] =0.

(2) A Hamiltonian H and momentum operators P s.t.
(a) Joint spectrum of H and P is in the closed future lightcone.
(b) If A€ A(O) then A(t, x) := e/(Ht=Px) Ae=i(Ht=PX) ¢ A(O 4 (t,x)).
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Relativistic QED. Framework

Relativistic QED

Definition (Fredenhagen-Hertel 81, Bostelmann 04)

A quadratic form ¢ is a pointlike field of a relativistic QFT, if there exist:
(a) A, € A(O,), where O, is the ball of radius r centered at zero,

(b) k>0,

st (14 H) (6~ AL+ H) 4] = 0.

o Relativistic QED is a QFT whose pointlike fields include the Faraday
tensor F and a conserved current j which satisfy the Maxwell

equations: dF =0, dx F =j.
o The electric charge exists and is given (formally) by Q = [ d®xj%(x).
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Scattering of photons and atoms in relativistic QED

Vacuum sector of QED

We assume:

(a) Existence of the vacuum vector Q. (We set Ho = CQ).

(b) Non-triviality of Hg, = 1{,,,;]1}(H2 - P)YHg @ 1{,,,§t}(H2 — P?)H.
(c) Halder continuity of the spectrum of (H*> — P?) near {m?, , m2 }.

W. Dybalski Coulomb scattering in QFT



Scattering of photons and atoms in relativistic QED

Asymptotic creation operators

(a) Free dynamics: hy(x) :== [ (g:r’)‘ e~ iRtk k) w(k) = VK2 + m?.

(b) Interacting dynamics: A*(t, x) := e/(Ht=Px) pxg—i(Ht=Px)

A* € A(O).

(c) LSZ creation operator: Af(h) := [ d3x h.(x)A*(t, x).

(d) HR creation operator: A%(h) := - \TI fTHn 71 gt Ax(h).

Remark: h:=s-limr_ ATF(E)Q exists and is a single-particle state.
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Scattering of photons and atoms in relativistic QED

Scattering states

Theorem (Haag 58, Ruelle 62, Hepp 65, Buchholz 77... W.D. 05)

Suppose the particles hj = lim1_,, A (h )2 have disjoint velocity
supports, separated from zero. Then there exists the scattering state

wE = lim A; 7 (hy) ... A 2 (ha)Q

which depends only on h;. Such states span a space H™ C H naturally
isomorphic to the Fock space I'(Hsp).
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Scattering of photons and electrons in relativistic QED

Charged sectors

Theorem (Buchholz 86)
Mo o= 1{,,,21}(H2 — P2)H = {0} in charged representations of QED.

Remark 1: Electron is an infraparticle.
Remark 2: The proof uses Maxwell equations.
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Scattering of photons and electrons in relativistic QED

Charged sectors

Theorem (Buchholz 86)
Hep := Lmz }(H? — P?)H = {0} in charged sectors of QED.

© Applies to sectors in which one can measure the spacelike
asymptotic flux of the electric field: () := lim,_,oo r?AE(Ar).
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Scattering of photons and electrons in relativistic QED

Charged sectors

Theorem (Buchholz 86)
Hep := Lmz }(H? — P?)H = {0} in charged sectors of QED.

© Applies to sectors in which one can measure the spacelike
asymptotic flux of the electric field: () := lim,_,oo r?AE(Ar).

@ f(A) is a superselection rule (commutes with all elements of A). So

A has uncountably many sectors with the same electric charge.
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Scattering of photons and electrons in relativistic QED

Charged sectors

Theorem (Buchholz 86)
Hep := Lmz }(H? — P?)H = {0} in charged sectors of QED.

© Applies to sectors in which one can measure the spacelike
asymptotic flux of the electric field: () := lim,_,oo r?AE(Ar).

@ f(A) is a superselection rule (commutes with all elements of A). So
A has uncountably many sectors with the same electric charge.

© |In particular plane-wave configurations of an electron with different
velocities live in different sectors.
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Scattering of photons and electrons in relativistic QED

Charged sectors

Theorem (Buchholz 86)
Hep := Lmz }(H? — P?)H = {0} in charged sectors of QED.

© Applies to sectors in which one can measure the spacelike
asymptotic flux of the electric field: () := lim,_,oo r?AE(Ar).

@ f(A) is a superselection rule (commutes with all elements of A). So
A has uncountably many sectors with the same electric charge.

© |In particular plane-wave configurations of an electron with different
velocities live in different sectors.

© [Buchholz-Roberts 13] constructed charged representations of A in
which () does not exist. In such representations one can hope for

Hsp # {0}
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Scattering of photons and electrons in relativistic QED

Remarks on models

© Relativistic QED: Hj gep = 8 [ d3x W(x)7, AH(x)V¥(x).
@ Bad UV behaviour (in physical spacetime).
© Local gauge invariance.

No complete construction available, not even in lower dimension.
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Scattering of photons and electrons in relativistic QED

Remarks on models

© Relativistic QED: Hj gep = 8 [ d3x W(x)7, AH(x)V¥(x).
@ Bad UV behaviour (in physical spacetime).
© Local gauge invariance.

No complete construction available, not even in lower dimension.
© Yukawa model: H; y =g [ d®*x W(x)p(x)V¥(x).

@ Bad UV behaviour (in physical spacetime).
Constructed in lower dimension (for massive ¢) [Magnen-Sénéor 80].
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Scattering of photons and electrons in relativistic QED

Remarks on models

© Relativistic QED: Hj gep = 8 [ d3x W(x)7, AH(x)V¥(x).
@ Bad UV behaviour (in physical spacetime).
© Local gauge invariance.

No complete construction available, not even in lower dimension.

© Yukawa model: H; y =g [ d®*x W(x)p(x)V¥(x).
@ Bad UV behaviour (in physical spacetime).
Constructed in lower dimension (for massive ¢) [Magnen-Sénéor 80].

© Nelson model: Can be obtained from the Yukawa model by
@ Fixing a UV cut-off,
© Removing terms responsible for electron/positron production,
© Changing dispersion relation of electrons \/p2 + m2 — p*/2m.
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The Nelson model. Definition

Nelson model with many electrons/atoms

Definition

The Nelson model with many atoms/electrons is given by:
(1) Hilbert space H = (L2(R?)4¢/e1) @ T(L2(R3)pn).

(2) Hamiltonian H = H, el + Hpn + Hi, where

(3) Hatjer = [ d3p 2= m50p,

(b) Hpn = [ d*kw(k)aiak, w(k) = |k,

(c) Hi = [d%p d3k§\/%(n;+kaknp+h.c.).

(3) Momentum operator: P = [ d*ppnin, + [ d3k k ajay.
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The Nelson model. Definition

Nelson model with one electron/atom

Definition

The Nelson model with one electron is given by:

(1) Hilbert space H®) = L2(R3), /01 @ T(L2(R3)pn).
(2) Hamiltonian H®) = % + Hpn + ¢(Gx), where
(@) Hon = [ d®kw(k)ajak, w(k) = k],

(3) Momentum operator: P = p+ [ d3k k afax.
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The Nelson model. Definition

Spectral properties

H(U

Theorem (Abdesselam-Hasler 10)

There exist ¥ > inf o(H")) and g > 0 s.t. for E(¢) < ¥.
(a) IVE(Q)I <1,
b) & — VE(E) is invertible.
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Scattering of 'photons’ and one 'atom’ in the Nelson model

Neutral particle ('atom’)

H(U

E-+E©)

P(l)

Suppose that the 'charge’ of the massive particle is zero, i.e. p(0) = 0.
Then (generically):

Hsp = 1(700,):)(H(1))1{0}(H(1) - E('D(l)))H(l) 7é {O}
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Scattering of 'photons’ and one 'atom’ in the Nelson model

Asymptotic creation operators of ‘photons’

Definition

(a) Free dynamics: he(y) := [ (fse =0t h(k), w(k) = |k|.
(b) Int. dynamics: a*(1)(t, y) := e/(H* t=P®y) gx(1)e=i(H t=PDy),
(c) LSZ creation operator: aj(h) := [ d3y he(y)a*(1)(¢,y)

iH®) —f _iH®
:eIH ta*(e thh)e iH t
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Scattering of 'photons’ and one 'atom’ in the Nelson model

Scattering states of one ‘atom’ and ‘photons’

Theorem (Hoegh-Krohn 69...Griesemer-Zenk 09)
For any h; € L2(R3, \/|k|? + |k|~1d3k) and W € H,, there exists

vt = Jim a;(h1)...a;(hp)V = a’ (h)...a"% (hy)V.

W. Dybalski Coulomb scattering in QFT



Scattering states of two 'atoms’ in the Nelson model

Scattering states of two ‘atoms’: General considerations

Q Let Wy, W, € Hy,. We want to construct a state

out
Uy x VU, € H,

describing two independent atoms at asymptotic times.
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Scattering states of two 'atoms’ in the Nelson model

Scattering states of two ‘atoms’: General considerations

Q Let Wy, W, € Hy,. We want to construct a state

out
Uy x VU, € H,

describing two independent atoms at asymptotic times.

© We need asymptotic creation operators of atoms Miqs M st
7’7\1,19 = Wl, ﬁi,zQ = \II27

where Q is the vacuum in H = [(L2(R3),¢) ® [(L*(R3)pn).
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Scattering states of two 'atoms’ in the Nelson model

Scattering states of two ‘atoms’: General considerations

Q Let Wy, W, € Hy,. We want to construct a state

out
Uy x VU, € H,

describing two independent atoms at asymptotic times.

© We need asymptotic creation operators of atoms Miqs M st
7’7\1,19 = Wl, ﬁi,zQ = \II27
where Q is the vacuum in H = [(L2(R3),¢) ® [(L*(R3)pn).

© Then we can set:

out

Wy x Wy =07 10 Q.
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Scattering states of two 'atoms’ in the Nelson model

Fiber Hamiltonians

© Since HY commutes with P, we can write
o
HO = [ e N,

where H1)(¢) are operators on [(L2(R3)).
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Scattering states of two 'atoms’ in the Nelson model

Fiber Hamiltonians

© Since HY commutes with P, we can write
o
HO = [ e N,

where H1)(¢) are operators on [(L2(R3)).
O Let ¢ € T(L?(R3)) be ground-states of H1)(¢) i.e.

HO(&)ipe = E(E)the.
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Scattering states of two 'atoms’ in the Nelson model

Fiber Hamiltonians

© Since HY commutes with P, we can write
o
HO = [ e N,

where H1)(¢) are operators on [(L2(R3)).
O Let ¢ € T(L?(R3)) be ground-states of H1)(¢) i.e.

HO(&)ipe = E(E)the.

© For h € C§°(R3) consider W), € Hy, given by
®
Wy = I'I*/ d>E h(&)we.
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Scattering states of two 'atoms’ in the Nelson model

Renormalized creation operators of ‘atoms’

© For h € C§°(R3) consider W), € Hy, given by

(&)
v, = n*/ d3¢ h(€)ve.
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Scattering states of two 'atoms’ in the Nelson model

Renormalized creation operators of ‘atoms’

© For h € C§°(R3) consider W), € Hy, given by

(&)
v, = n*/ d3¢ h(€)ve.

@ Let us define the renormalized creation operator of Wy,:
= 1
n*(h) = E —— | BedPk h(E)F (k... kn)al ...af i,
77() n_om/ g (5)5(1 )k1 knTle—k

where {f"},en are the Fock space components of ;.
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Scattering states of two 'atoms’ in the Nelson model

Renormalized creation operators of ‘atoms’

© For h € C§°(R3) consider W), € Hy, given by
@
=1 [ (e
@ Let us define the renormalized creation operator of Wy,:
= 1
n*(h) = —— | BedPk h(E)F (k... kn)al ...af i,
P0)= 0 [ PPN b o, i

where {f"},en are the Fock space components of ;.
(=)
7 (h)Q = V.

W. Dybalski Coulomb scattering in QFT



Scattering states of two 'atoms’ in the Nelson model

Asymptotic creation operators of ‘atoms’

Definition
For h € C§°(R3) let us define

ﬁ;k(h) — ethﬁ*(e_iEth)e_th.

75 (h) := lim;_o 77 (h) is called the asymptotic creation operator of W
(if it exists).
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Scattering states of two 'atoms’ in the Nelson model

Scattering states of two atoms

Theorem (Frohlich 73, Albeverio 73...W.D.-Pizzo 13)
For hy, hy € C§°(R3) with disjoint supports the limits

Wi e = lim i} ()i} (h2)Q

exist and span a subspace naturally isomorphic to Hsp ®g /s Hsp.
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Scattering states of two 'atoms’ in the Nelson model

Scattering states of two atoms

Theorem (Frohlich 73, Albeverio 73...W.D.-Pizzo 13)
For hy, hy € C§°(R3) with disjoint supports the limits

Wi e = lim i} ()i} (h2)Q
exist and span a subspace naturally isomorphic to Hsp ®g /s Hsp.

@ This theorem was proven before at fixed infrared cut-off (Frohlich)
and assuming non-zero photon mass (Albeverio).
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Scattering states of two 'atoms’ in the Nelson model

Scattering states of two atoms

Theorem (Frohlich 73, Albeverio 73...W.D.-Pizzo 13)
For hy, hy € C§°(R3) with disjoint supports the limits

Wi e = lim i} ()i} (h2)Q

exist and span a subspace naturally isomorphic to Hsp ®g /s Hsp.

@ This theorem was proven before at fixed infrared cut-off (Frohlich)
and assuming non-zero photon mass (Albeverio).

@ We treat the case of massless photons and g(k) = x(k)|k|*, a >0,
x(k) > 0 near zero (no infrared cut-off in H).
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Scattering states of two 'atoms’ in the Nelson model

Scattering states of two atoms

Theorem (Frohlich 73, Albeverio 73...W.D.-Pizzo 13)
For hy, hy € C§°(R3) with disjoint supports the limits

Wi e = lim i} ()i} (h2)Q
exist and span a subspace naturally isomorphic to Hsp ®g /s Hsp.

@ This theorem was proven before at fixed infrared cut-off (Frohlich)
and assuming non-zero photon mass (Albeverio).

@ We treat the case of massless photons and g(k) = x(k)|k|*, a >0,
x(k) > 0 near zero (no infrared cut-off in H).

© However, we have to replace fg" with £, in 7} (h;). Also, our result

§,0¢!
holds only in the weak coupling regime.
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Scattering states of two 'atoms’ in the Nelson model

Idea of the proof

Q Let U, = e™j*(hy ,)71* (ha,t)Q, with h; (&) = e TEE py(€).
atwt = eitHi[[Hlaﬁ*(hl,t)]7ﬁ*(h2,t)]9-
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Scattering states of two 'atoms’ in the Nelson model

Idea of the proof

Q Let U, = e™j*(hy ,)71* (ha,t)Q, with h; (&) = e TEE py(€).
atwt = eitHi[[Hlaﬁ*(hl,t)]7ﬁ*(h2,t)]9-

© This can be expressed by integrals of the form

/d3~— —I(E(P—F)+E(Q+F))th1(p — F)ha(q + r)fqn:rl( ,F)fpf;(k).
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Scattering states of two 'atoms’ in the Nelson model

Idea of the proof

Q Let U, = e™j*(hy ,)71* (ha,t)Q, with h; (&) = e TEE py(€).
atwt = eitHi[[Hlaﬁ*(hl,t)]7ﬁ*(h2,t)]9-

© This can be expressed by integrals of the form

/ d3ng(2r| )ﬂ e EC=DHE@DE (5 F)hy(q + P (r, FYET (K.

@ (Non-) stationary phase gives integrable decay of 9;W,, provided we
can control derivatives of  — £"(k) up to second order.
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Scattering states of two 'atoms’ in the Nelson model

Idea of the proof

Q Let U, = e™j*(hy ,)71* (ha,t)Q, with h; (&) = e TEE py(€).
atwt = eitHi[[Hlaﬁ*(hl,t)]7ﬁ*(h2,t)]9-

© This can be expressed by integrals of the form

[ 7L D 5 (g + ) )

@ (Non-) stationary phase gives integrable decay of 9;W,, provided we
can control derivatives of  — £"(k) up to second order.

Q We replace § — f(k) with £ — £ (k). Iterative analytic
perturbation theory gives bounds on derivatives which are sufficiently
mild in o.
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Scattering states of two 'atoms’ in the Nelson model

Idea of the proof

Q Let U, = e™j*(hy ,)71* (ha,t)Q, with h; (&) = e TEE py(€).
atwt = eitHi[[Hlaﬁ*(hl,t)]7ﬁ*(h2,t)]9-

© This can be expressed by integrals of the form

/ d3?gp(2r|)F|e_’(E(p_')+E(q+’))th1(p — F)ha(q + F)FIEH(r F) AT 5(K).

@ (Non-) stationary phase gives integrable decay of 9;W,, provided we
can control derivatives of  — £"(k) up to second order.

Q We replace § — f(k) with £ — £ (k). Iterative analytic
perturbation theory gives bounds on derivatives which are sufficiently
mild in o.

@ More details: arXiv:1302.5001 (to appear in J.Stat.Phys.) and
arXiv:1302.5012.
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Towards scattering of two 'electrons’ in the Nelson model

Charged particle (‘electron’)

HD

P

Theorem (Frohlich 74...Hasler-Herbst 07)
Hep = Loy (HV — E(PW))HM) = {0} for 5(0) # 0, g # 0.
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Towards scattering of two 'electrons’ in the Nelson model

Frohlich-Pizzo-Chen approach

o Time-dependent IR cut-off: HV) — H). Then Hep,oe # {0}
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Towards scattering of two 'electrons’ in the Nelson model

Frohlich-Pizzo-Chen approach

o Time-dependent IR cut-off: HV) — H). Then Hep,oe # {0}
@ "Undressed" electron states: \IIJ(.::()Tt € ll.(.ﬂ(P(l))Hsp,Ut, where FJ(.t) is

a cube in PM-space.
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Towards scattering of two 'electrons’ in the Nelson model

Frohlich-Pizzo-Chen approach

o Time-dependent IR cut-off: HV) — H). Then Hep,oe # {0}

@ "Undressed" electron states: \IIJ(.::)t € ll.(.ﬂ(P(l))Hsp,Ut, where FJ(.t) is

[ox

a cube in PM-space.

e Photon cloud: W(v;) = exp —gf(ft ﬁ j% , where
v € {VET ()¢}
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Towards scattering of two 'electrons’ in the Nelson model

Frohlich-Pizzo-Chen approach

o Time-dependent IR cut-off: HV) — H). Then Hep,oe # {0}
@ "Undressed" electron states: \IIJ(.::()Tt € ll.(.ﬂ(P(l))Hsp,Ut, where FJ(.t) is

a cube in PM-space.

@ Photon cloud: W(v;) = exp [ gfat %3 k| \yhere

[KI(1=R-v;) v/2[K]
v € {VE(&)]¢ eV}
@ "Dressed" electron state:

. . ¢
n — lim § el'y,, iH® Ithtw(Vj)ealhte )\U()

t—o0 J,0¢
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Towards scattering of two 'electrons’ in the Nelson model

Frohlich-Pizzo-Chen approach

o Time-dependent IR cut-off: HV) — H). Then Hep,oe # {0}
@ "Undressed" electron states: \IIJ(.::()Tt € ll.(.ﬂ(P(l))Hsp,Ut, where FJ(.t) is

a cube in PM-space.

@ Photon cloud: W(v;) = exp [ gfat =B LU yhere

[KI(1=R-v;) v/2[K]

e {VE™(&)|e e},

@ "Dressed" electron state:
W, = lim Zew,, iH® inhtW(Vj)einhte )\U(t)

t—o0 J,0¢

e Scattering states W} = a* (hy)...a% (hy)V,.
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Towards scattering of two 'electrons’ in the Nelson model

Towards scattering of two ‘electrons’ in the Nelson model

© Recall that a scattering state of one electron is:

Y, = lim E ein"(e"H(l)
t—00 =
J

t —iHpnt N aiHpnt o= iH® ty, (1)
e TP EW (vy)e e e e )WL
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Towards scattering of two 'electrons’ in the Nelson model

Towards scattering of two ‘electrons’ in the Nelson model

© Recall that a scattering state of one electron is:

w,.@ _ ||m ZewJ, iHD ¢ 71thtW( ) Itht —IH )\U(t)

© Thus a candidate for a scattering state of two electrons is:

out

Wi W = fim 37 e (e () W ()Mt )
J1:j2
X ﬁ;o.(hlﬁ )ﬁ:,ot(hZJz)Q
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Towards scattering of two 'electrons’ in the Nelson model

Towards scattering of two ‘electrons’ in the Nelson model

© Recall that a scattering state of one electron is:

w,.@ _ ||m ZewJ, iHD ¢ 71thtW( ) Itht —IH )\U(t)

© Thus a candidate for a scattering state of two electrons is:

out

Wi W = fim 37 e (e () W ()Mt )
J1:j2
X ﬁ;o.(hlﬁ )ﬁ:,ot(hZJz)Q

@ This limit is not under control (yet). The intermediate case of
atom-electron scattering is under investigation.
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Towards scattering of two 'electrons’ in the Nelson model

Summary

Scattering states of: AQFT | NRQED

one atom and photons

many atoms and photons

one electron and photons

many electrons and photons

‘ - not understood

@ - (partially) understood
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Towards scattering of two 'electrons’ in the Nelson model

Summary

Scattering states of: AQFT | NRQED

one atom and photons

many atoms and photons

one electron and photons

many electrons and photons

‘ - not understood

@ - (partially) understood
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