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Random measures

H1 H2

For given random variables X, X, s.t. ]E[e_Xl + e‘Xﬂ =1 we
are interested in random measures i on [0, 1) satisfying self
similar property:

u(B) =e Mui(2(BN[0,1/2)) +e X (2(BN[1/2,1) — 1)),

where pq 1L po 1L Xy, Xo and Ly = Luy = Lus.
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For given random variables X, X, s.t. ]E[e_Xl + e‘Xﬂ =1 we
are interested in random measures i on [0, 1) satisfying self
similar property:

w(B) =e i (2(BN[0,1/2))) +e s (2(BN[1/2,1) — 1)),
where pq 1L po 1L Xy, Xo and Ly = Luy = Lus.

Goal: Understand local properties of u




A\ Uniwersytet
‘slg]@ Wroctawski

Phase transition

Define (t) := log, E(e 7%t 4 ¢7X2).
By assumption 1(0) =1, (1) =0, ¢ " 0.

67 Supercritical Critical

Subcritical




“d«”!&??xi% Subcritical case ¥/(1) = —m <0

Theorem (Liu)

Suppose that ¢'(1) = —m < 0, then for any § > 0, almost all
realization of i, p-almost all © and sufficiently large n

w(B(z,27)) > 2-mm—(1+8)y/20mnloglogn
u(B(z,27™)) < 2-mm+(1+6)y/20?nloglogn

Y

where o* = " (1)

—(1).




“d«”!&??xi% Subcritical case ¥/(1) = —m <0

Theorem (Liu)

Suppose that ¢'(1) = —m < 0, then for any § > 0, almost all
realization of i, p-almost all © and sufficiently large n

w(B(z,27)) > 2-mm—(1+8)y/20mnloglogn
u(B(z,27™)) < 2-mm+(1+6)y/20?nloglogn

Y

where o = " (1) — 1(1). Moreover

/L(B($, 2—n)) < 2—nm—(1—6)\/202n10g10gn i.0.
,U,(B(.T,', 2—n)) > 2—nm+(1—6)w/20'2n10glogn i.o.
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Barral, Rhodes, Vargas
When 9/(1) > 0 then p is purely atomic
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Barral, Rhodes, Vargas

When ¢/(1) > 0 then p is purely atomic

Barral, Kupiainen, Nikula, Saksman, Webb

If /(1) = 0, then the random measure p almost surely has no
atoms.
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Barral, Rhodes, Vargas
When ¢/(1) > 0 then p is purely atomic

Barral, Kupiainen, Nikula, Saksman, Webb

If /(1) = 0, then the random measure p almost surely has no
atoms. Moreover for any k£ and § > 0, p-a.e. z

o u(B(z,27)) > ¢~VORERY/Mogn (/33T 0glogn) foy

sufficiently large n
o u(B(xz,27")) > e~ (V2log2+d)vVnlogn | ¢

o u(B(x,27™)) < n~* for sufficiently large n.
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Theorem (D. Buraczewski, P. Dyszewski, K.K.)

Lety'(1) =0, k € N and 6 > 0. Then for almost all realizations
of u, p-almost all = € [0, 1) and sufficiently large n we have

u(B(x,27")) > exp (—(1 + 9)v/20%nloglog n)
—Jn >

k
[Tizs log(i)n (log(k+1)”)2

p(B(x,27")) < exp (
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Theorem (D. Buraczewski, P. Dyszewski, K.K.)

Lety'(1) =0, k € N and 6 > 0. Then for almost all realizations
of u, p-almost all = € [0, 1) and sufficiently large n we have

pu(B(z,27")) > exp (—(1 + d)+/202nloglog n)
—Jn >

k
=, 10g(i)" (10g(k+1)n)2

p(B(z,27")) < exp (

e—Kﬂ/n(logn+(1/3+6)loglogn) n,k
> —> <« <«

e—(Kz-l—é)vnlogn
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Dyadic intervals on [0,1) «~ vertices of a binary tree T’
ze0,1) «w 0¢cdl.
B(v) = {0 € 0T : v € ob}.
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Dyadic intervals on [0,1) «~ vertices of a binary tree T’
ze0,1) «w 0¢cdl.
B(v) = {0 € 0T : v € ob}.

For a random measure i, we are interested in a pointwise
estimates of y,(B(f,)) on the enlarged measure space

P(dw, df) := P(dw) 1, (db)
i.e. we are looking for deterministic ¢;, ¢ s.t.
¢1 (n) < Nw(B(‘gn)) < ¢2(n)7

for P-almost all (w,6) and large n.
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Dyadic intervals on [0,1) «~ vertices of a binary tree T’
ze0,1) «w 0¢cdl.
B(v) = {0 € 0T : v € ob}.

For a random measure i, we are interested in a pointwise
estimates of y,(B(f,)) on the enlarged measure space

P(dw, df) := P(dw) 1, (db)
i.e. we are looking for deterministic ¢;, ¢ s.t.

$1(n) < pw(B(6h)) < da(n),

for P-almost all (w, 0) and large n.
P can be replaced by P(dw, df)) = P(dw)fi,,(df), where Ti,, is the
normalized measure p,.
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P — probability measure on the set of labeled trees
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P — probability measure on the set of labeled trees
X (v) — the sum of random variables along the path between o
(X(u) = Xo+ Xo1 + Xo12)
(v) }ver — Branching random walk (BRW)
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Since EYS e ¥ =Tand EYS , X(v)e ¥ =0 the
equation

defines distribution of a driftless r.v. Y
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Stopping line

Since EYS e ¥ =Tand EYS , X(v)e ¥ =0 the
equation

defines distribution of a driftless r.v. Y

Let h be a harmonic function on some set A (a solution of a
Dirichlet problem), V;, =Y; +--- 4+ Y}, and

o =min{k : s + Vi ¢ A}. Then the process h(s + Vinin(n,0)) is
a martingale.




whwisil Stopping line

Since EYS e ¥ =Tand EYS , X(v)e ¥ =0 the
equation

defines distribution of a driftless r.v. Y

Let h be a harmonic function on some set A (a solution of a
Dirichlet problem), V;, =Y; +--- 4+ Y}, and

o =min{k : s + Vi ¢ A}. Then the process h(s + Vinin(n,0)) is
a martingale.

Let 7 = {w: s+ X(w) ¢ A for the first time}, v, = min(v, 7).
Then
W= 37 ot X0 )00

is @ martingale. fol=n
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Martingales

Some natural martingales |

[+ h = 1: Wn = Z|’U|:n e—X('U)
o hz)=x D,= Z|U|:nX(v)e_X(”)
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Martingales

Some natural martingales |

oh=1 Wy=3,._, e X 50
o hz) =z Dp=3 ., X(v)e X = D>0
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Martingales

Some natural martingales

oh=1 Wo=3,., =X _y
o hz)=x D,= Z|v|=nX(U)€_X(”) e D>0

o A=[0,00), h(z) =z VO:

W3 =3 e (5 + X (0)) Lss X(01)50, for vr<uje ™)
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Martingales

Some natural martingales

oh=1 Wo=3,., =X _y
o hz)=x D,= Z|v|=nX(U)€_X(”) e D>0
o A=[0,00), h(z) =z VO:

W3 =3 e (5 + X (0)) Lss X(01)50, for vr<uje ™)

p(BE) =lm Y X(w)e

|w|=n, w<v
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= ) (s 4+ X(0)) st X ()50, for o) "

|v|=n
Ws — W*  P-as. and L'
For any s € D define
WS
Pfi=—— P
h(s)

PlsuppW? 2 1—1/s
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o BRW mm

X2 be: 51

e XTh(S) + X2) e En(S) + X22)S
0

OI
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o BRW mm

Si

o S
X? X3 S
0

XISy + XF) RS, + X3) I
0
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Random tree T* o BRW mm

with a distinguished
O
ol
0
AAAD
A

ray © € 0T*
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P(T* € dw) = P*(dw)
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Spinal decomposition

P (dw, df) :=
P(T* € dw,© € db)

AOAO& KQX



A\ Uniwersytet
'ﬁlg]@ Wroctawski

We have R R
P’ <« P.
The converse is not true, but for any set A
P*(A) =1=P(A) > 1 — ¢(s),

for some €(s) — 0 as s — oo. In particular, if for any s > 0

PH(A) =1
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lﬁ'ﬁﬁ?ﬂﬁ Probabilistic interpretation of local fluctuations

Under P* the sequence U (B(0,)) has the same law as

Z 6_(Sk_8)CkRk,

k>n

where S, is a random walk starting form s conditioned to stay
positive, R independent random variables.



&\ Uniwersytet . .
\X/roc’fawski Useful information

We are looking for LIL for »_, . eSO Ry,




&\ Uniwersytet . .
\X/roc’fawski Useful information

We are looking for LIL for 37, e %Ry,




Zia\ Uniwersytet 0 i
glﬁ‘@ Wroctawski USG'FUI Informatlon

We are looking for LIL for 37, e %Ry,

Hambly, Kersting, Kyprianou
o [¥ @dt<oo iff S, > \/ny(n) eventually

e limsup, ——2n—— =1

\/ 2no2 loglogn

Vni(n) < S, < (1+6)v/2no?loglogn

Ps-a.s. for n sufficiently large
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We are looking for LIL for 37, e %Ry,

Hambly, Kersting, Kyprianou

o [¥ @dt<oo iff S, > /ny(n) eventually
Sn

(*] ].lm Ssu —n_____ — 1]
P \/ 2no2 loglogn

Vni(n) < S, < (1+6)v/2no?loglogn

Ps-a.s. for n sufficiently large

Kyprianou
o 1 —Ee® ~tL(t) near 0 = ER” < oo for y < 1

| \

In particular, by Borel-Cantelli lemma, R,, < n? for all but
finitely many n.
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Take any ¢ such that [~ %ﬂt < 00. We have that

is eventually bounded by

Ze—\/m(k)kz

k>n
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Take any ¢ such that [~ %ﬂt < 00. We have that

is eventually bounded by
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Take any ¢ such that [~ w < 0o. We have that

is eventually bounded by

Z e % - polynomial (k)
k=>y/ni(n)
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Take any ¢ such that [~ @ < 0o. We have that

is eventually bounded by
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Take any ¢ such that [~ @ < 0o. We have that

is eventually bounded by
On the other hand, if [*°“Y% = oo then

Y e SRy > e R, eV g S sV
k>n
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Take ¢ > 1 and by N(n) := ¢/°8a"1,
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Take ¢ > 1 and by N(n) := ¢/'°8a"I. Borel-Cantelli's lemma

implies that for sufficiently large n, sup Ry > dp.
q”<k§q"+1
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Take ¢ > 1 and by N(n) := ¢/'°8a"I. Borel-Cantelli's lemma

implies that for sufficiently large n, sup Ry > dp.
q”<k§q"+1

Z G_SkRk > Z 6_(1+6)V2k02 loglogkRk

k>n k>n
qN(n)
_ 2
> Z e (148)+/ 2ko loglogkRk
k=N(n)

> §oe~ (1HV/2aN (n)o? loglog(gN (n))

> 5067(1+6) \/2q2n0'2 log log(g?n)

> e—(1+25)\ /2n0o?loglogn

Y

for some q.
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