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(Single) Random Walks

= Random walk on an undirected, connected and finite graph G = (V, E):

Xo = U,X1,X2,...

= Let P be the transition matrix of a lazy random walk on G

3 ifu=v,
P, = —Zd;g(u) if {u,v} € E(G),
0 otherwise.
= 7 with m, = deéT) is the stationary distribution

i
Multiple Random Walks Introduction 3



(Single) Random Walks

= Random walk on an undirected, connected and finite graph G = (V, E):

Xo = U,X1,X2,...

= Let P be the transition matrix of a lazy random walk on G

3 ifu=v,
Pow =1 i if {U,v} € E(G),
0 otherwise.
= 7 with m, = dzelgé‘l’) is the stationary distribution

Basic Quantities

;.nv,_ Multiple Random Walks Introduction 3



(Single) Random Walks

= Random walk on an undirected, connected and finite graph G = (V, E):

Xo = U,X1,X2,...

= Let P be the transition matrix of a lazy random walk on G

3 ifu=v,
Pow =1 i if {U,v} € E(G),
0 otherwise.
= 7 with m, = dzelgé‘l’) is the stationary distribution

Basic Quantities

» mixing time: tmx(3) =min{t e N: Vu,ve V: |P), —m| < §-m/}

;.nv,_ Multiple Random Walks Introduction 3



(Single) Random Walks

= Random walk on an undirected, connected and finite graph G = (V, E):

Xo = U,X1,X2,...

= Let P be the transition matrix of a lazy random walk on G

3 ifu=v,
Pow =1 i if {U,v} € E(G),
0 otherwise.
= 7 with m, = dzelgé‘l’) is the stationary distribution

Basic Quantities
» mixing time: tmx(3) =min{t e N: Vu,ve V: |P), —m| < §-m/}
= (maximum) hitting time: thy = maxy,vev Eu [min{t: X; = v}]

1
\-,;:E Multiple Random Walks Introduction 3



(Single) Random Walks

= Random walk on an undirected, connected and finite graph G = (V, E):

Xo = U,X1,X2,...

= Let P be the transition matrix of a lazy random walk on G

3 ifu=v,
Pow =1 i if {U,v} € E(G),
0 otherwise.
= 7 with m, = dzelgé‘l’) is the stationary distribution

Basic Quantities
» mixing time: tmx(3) =min{t e N: Vu,ve V: |P), —m| < §-m/}
= (maximum) hitting time: thy = maxy,vev Eu [min{t: X; = v}]

» cover time: teoy = Maxuey Ey [min{t: Uiy X; = V}]

1
-,;:E Multiple Random Walks Introduction 3



(Single) Random Walks

= Random walk on an undirected, connected and finite graph G = (V, E):

Xo = U,X1,X2,...

= Let P be the transition matrix of a lazy random walk on G

3 ifu=v,
P, = —2d61g(u) if {u,v} € E(G),
0 otherwise.
= 7 with m, = dzelgé‘l’) is the stationary distribution

Basic Quantities
» mixing time: tmx(3) =min{t e N: Vu,ve V: |P), —m| < §-m/}
= (maximum) hitting time: thy = maxy,vev Eu [min{t: X; = v}]

» cover time: teoy = Maxuey Ey [min{t: Uiy X; = V}]

~——— Theorem [Feige]

For any graph G with n = |V/| vertices, ninn < twy < 1°.
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Multiple Random Walks

* k Random walks on G = (V, E) (independent and in parallel):

1 1 1
Xo :U7X1,X27...
2 2 2
Xo :U7X1,X27...

k k k
XO :U,X1,X2,...
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Multiple Random Walks

* k Random walks on G = (V, E) (independent and in parallel):

1 1 1
Xo :U,X1,X2,..‘
2 2 2
Xo :U7X1,X27...

k k yk
XO :U,X1,X2,...

Basic Quantities

= hitting time: ) = maxyvev E, g [min{t: U, X[ D {v}}]

= cover time: &) = maxyev E,....sy [min{t: UK, U o XL = V}]
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Motivation and Challenges of Multiple Random Walks

— Applications
= many randomised algorithms employ multiple random walks
= arise in stochastic or diffusive processes (component or analysis)
= Page-Rank can be regarded as multiple random walks
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Motivation and Challenges of Multiple Random Walks

——— Applications
= many randomised algorithms employ multiple random walks
= arise in stochastic or diffusive processes (component or analysis)
= Page-Rank can be regarded as multiple random walks

Mathematical Challenges

= various configurations for start vertices

= deal with short random walks

= already for k = 2, hard(er) to apply linearity of expectations
= (dependencies and interactions)
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Approaches for Speeding Up Cover Times

= modified transition probabilities
= locally computable transition probabilities with fso, < 12 log n
[Ikeda, Kubo, Okumoto, Yamashita]
= non-backtracking random walk on high-girth expanders
[Alon, Benjamini, Lubetzky, Sodin]
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Approaches for Speeding Up Cover Times

= modified transition probabilities
= locally computable transition probabilities with fso, < 12 log n
[Ikeda, Kubo, Okumoto, Yamashita]
= non-backtracking random walk on high-girth expanders
[Alon, Benjamini, Lubetzky, Sodin]

= Neighborhood exploration
= avoid visited vertices (or edges)
[Avin, Krishnamachari]
= look-ahead: when visiting u, cover all neighbors of u
[Cooper, Frieze, Radzik]
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Approaches for Speeding Up Cover Times

= modified transition probabilities
= locally computable transition probabilities with fso, < 12 log n
[Ikeda, Kubo, Okumoto, Yamashita]
= non-backtracking random walk on high-girth expanders
[Alon, Benjamini, Lubetzky, Sodin]

= Neighborhood exploration
= avoid visited vertices (or edges)
[Avin, Krishnamachari]
= look-ahead: when visiting u, cover all neighbors of u
[Cooper, Frieze, Radzik]

= Multiple Walks (this talk)
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Speed-up for Best-Case Start Vertices

>0 | »0
>0 | »0

» k= 1:mingey By [min{t: UL Xi = V} | <P

= k =log n: minuev Eq,... v [min{t: U9 UL o Xt = V}] =n

.....

—  Gllogn
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Speed-up for Best-Case Start Vertices
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Speed-up for Best-Case Start Vertices
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Speed-up for Stationary Start Vertices

Theorem [Broder, Karlin, Raghavan and Upfal]
For any graph G, the cover time for k stationary random walks satisfies

. E|\?
E(r,...,m) [min{t: U UsZoX{ = V}} S (%) -log® n.

i
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Speed-up for Stationary Start Vertices

Theorem [Broder, Karlin, Raghavan and Upfal]
For any graph G, the cover time for k stationary random walks satisfies

. E|\?
E(r,...,m) [min{t: U UsZoX{ = V}} S (%) -log® n.

" ooy X NP < |E|2

E. [min{t: Ul X/ =V} ] e 1
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Speed-up for Worst-Case Start Vertices

[Alon, Avin, Koucky, Kozma, Lotker and Tuttle]

For any graph G and 1 < k < n, the speed-up is defined as

b _ fon
100

cov

1
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Speed-up for Worst-Case Start Vertices

[Alon, Avin, Koucky, Kozma, Lotker and Tuttle]
For any graph G and 1 < k < n, the speed-up is defined as

k) thor maxuev Eu [min{t: Ui Xi = V} ]

K i .
1) maxuev Eu,....4) [mln{t: U',-°:91" UL oXi = V}]
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N\
“Many random walks are faster than one”]
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“Many random walks are faster than one”]

Questions:
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Speed-up for Worst-Case Start Vertices

[Alon, Avin, Koucky, Kozma, Lotker and Tuttle]
For any graph G and 1 < k < n, the speed-up is defined as

(k) thor _ maxuev Eu [min{t: Ui Xi = V} ]

K i .
1) maxuev Eu,....4) [mln{t: U',-"j" UL oXi = V}]
N

N\
“Many random walks are faster than one”]

Questions:

18 8% < kor SW < k?

. How small can S*) be?

. How does S behave on natural topologies?

Can we relate S% to quantities like mixing time or conductance?

—_

A WD

YHy
G-
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A Remarkable Example [Efremenko, Reingold]

Consider the following Markov chain (x — o0):

;.nv,_ Multiple Random Walks Introduction



A Remarkable Example [Efremenko, Reingold]

Consider the following Markov chain (x — o0):

1
X X

1—

= 1) = Ep [min{t: Ul X; = V}] = 5x + o(x)
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A Remarkable Example [Efremenko, Reingold]

Consider the following Markov chain (x — o0):

1—

1
X 1 X 1 X

© /\%
%% 1 1

= 1) = Ep [min{t: Ul X; = V}] = 5x + o(x)
« 1) = E(aa [min{t: U2, UL X/ = V}] =2.25x + o(x)
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A Remarkable Example [Efremenko, Reingold]

Consider the following Markov chain (x — o0):

11 1 -1 11
X 1 X X
2x Q X Q

(a) oo

AR 1

= 1) = Ep [min{t: Ul X; = V}] = 5x + o(x)
« 1) = E(aa [min{t: U2, UL X/ = V}] =2.25x + o(x)
= S > k possible!

- Multiple Random Walks Introduction
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Bounds for small k

Baby Matthew Theorem [Alon, Avin, Koucky, Kozma, Lotker and Tuttle]
For any graph Gand 1 < k <logn,

e+ o(1
< 2%0 Ly h,

ol
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Bounds for small k

Baby Matthew Theorem [Alon, Avin, Koucky, Kozma, Lotker and Tuttle]
For any graph Gand 1 < k <logn,

e+ o(1)

tia) p

- thit - Hn.

N A

[For graphs with tey = thy - Hy = S® > kfor 1 < k < log n.J
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Bounds for small k

Baby Matthew Theorem [Alon, Avin, Koucky, Kozma, Lotker and Tuttle]
For any graph Gand 1 < k <logn,

e+ o(1
< 2%0 Ly h,

D

[For graphs with tey = thy - Hy = S® > kfor 1 < k < log n.]

Question: What happens for larger values of k?
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Bounds for small k

Baby Matthew Theorem [Alon, Avin, Koucky, Kozma, Lotker and Tuttle]
For any graph Gand 1 < k <logn,
e+ o(1
) < —( ) * thit - Hn.
Kk
g

[For graphs with tey = thy - Hy = S® > kfor 1 < k < log n.]

Question: What happens for larger values of k?

~——— Theorem [Alon, Avin, Koucky, Kozma, Lotker and Tuttle]

Let G be any regular graph. Then forany 1 < k < n,

nlog? n - tmix

Ew, .. 0 [min{t; UK, ULo X! = V}] < -
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Bounds for small k

Baby Matthew Theorem [Alon, Avin, Koucky, Kozma, Lotker and Tuttle]
For any graph Gand 1 < k <logn,
e+ o(1)

P - thit - Hn.

tia)

N A

[For graphs with tey = thy - Hy = S® > kfor 1 < k < log n.J

Question: What happens for larger values of k?

~—— Theorem [Alon, Avin, Koucky, Kozma, Lotker and Tuttle]
Let G be any regular graph. Then forany 1 < k < n,
_ , nlog®n- ty;
) [min{t: UL, UboX! = V)] £ #
Z J

E(Uh---»uk

[Since teov < nlog n - tmi, the lower bound on S will be always o(k)!J

~
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Improved Bound for large k

Theorem

For any graph G. Then forany 1 < k < n,

E(u1,4..,uk) [mln{t Uﬁ(:1 Ug:OX{ = V}] S

thit - log n
k

+ tmix-

Multiple Random Walks

Upper Bounds on the Multiple Cover Time



Improved Bound for large k

Theorem
For any graph G. Then forany 1 < k < n,
thit - log n

By [Min{ts Uy UbooX{ = V3| € 22250 4

t Single Random Walk:
mix

w2 1]z l2f]?2[8]2]af]?2[5]72[6]

! + t
0 2 -ty

i
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Improved Bound for large k

Theorem
For any graph G. Then forany 1 < k < n,

thit - log n

v [min{t: UK, UL X! = V}] < Tt

,,,,,,

Single Random Walk:

tmix

w2 1]z l2f]?2[8]2]af]?2[5]72[6]

! + t
0 2 -ty

Multiple Random Walks:

w2 [1]2[2]
w72 [3]72]4]
w2 [5] 26

t

thit
2 - T

a8

i
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Lower Bounds on the Multiple Cover Time
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A Simple Coupon-Collecting Lower Bound

Proposition
‘ Let G be any graph. Then for any log n < k < n, t&) > 7

-log n.

ol
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A Simple Coupon-Collecting Lower Bound

Proposition
‘ Let G be any graph. Then for any log n < k < n, t&) > #-logn.

Proof:
Lett:= - 7-logn
- Define V' := {v e V: Pr[ve Ul X] < &)
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A Simple Coupon-Collecting Lower Bound

Proposition
‘ Let G be any graph. Then for any log n < k < n, t&) > #-logn.

Proof:

» Lett:= & -2-logn

- Define V' := {v e V: PrlveUl_oX]| < &}
= |V/|>1n
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A Simple Coupon-Collecting Lower Bound

Proposition
‘ Let G be any graph. Then for any log n < k < n, t&) > #-logn.

Proof:
» Lett:= & -2-logn
» Define V' := {ve V:Pr[veul_oXs] <&}
= |V/|>1n
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E[Y]
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A Lower Bound for small k

Proposition
Let G be a regular graph with tmy < n'~¢. Thenforany 1 < k < {/n/tmi,
) 2 2-logn.
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A Lower Bound for small k

~——— Proposition

Let G be a regular graph with tmx < n'~c. Thenforany 1 < k < {/n/tmx,
() > n.
toov 2 % - log n.

~——— Theorem [Broder, Karlin]

Let G be a regular graph and let {; be the first time when i vertices are
visited. Thenforany0 <i<nand0<j<n—ij,ue U;’:OXS,

Eu[ty, —t]> = — — 2 — O(1).
[t ']*2 n—i n—i M
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A Lower Bound for small k

~——— Proposition
Let G be a regular graph with tmx < n'~c. Thenforany 1 < k < {/n/tmx,

) 2 2-logn.
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~——— Theorem [Broder, Karlin]
Let G be a regular graph and let {; be the first time when i vertices are

~

visited. Thenforany0 <i<nand0<j<n—ij,ue UZ:OXS,

E,[t,—t]> = — — —/— —
u [t ']*2 n—i n—i
[\

\

1 X

[Forj > i and tmix < n, time to visit j new states is at least j - %]
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A Lower Bound for small k

~——— Proposition
Let G be a regular graph with tyx < n'~c. Then forany 1 < k < {/n/tmx,

) 2 2-logn.
N\ )

\

[ k walks of length (n/k)log n ~ one single walk of length nlog n. ]

~
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A Lower Bound for small k

~——— Proposition

Let G be a regular graph with tmx < n'~c. Thenforany 1 < k < {/n/tmx,
() > n.
toov 2 % - log n.

~

~——— Proposition

Let G be any graph. Then for any logn < k < n, ) > #-logn.
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A Lower Bound for small k

~——— Proposition

Let G be a regular graph with tmx < n'~c. Thenforany 1 < k < {/n/tmx,
() > n.
toov 2 % - log n.

\

~——— Proposition

Let G be any graph. Then for any logn < k < n, ) > #-logn.

oV ~v

~——— Corollary

Let G be a regular graph with tm < n'~¢. Then for any 1 < k

tls) > 2 - log n.

IN
>

N

( "
kUnnatural condltlonJ

Question: Does t¥) 2 ¢ -log n hold for every k and every graph G?
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General Bound

Conjecture: Does S < k hold for every graph G?
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General Bound

Conjecture: Does S < k hold for every graph G?

~—— Proposition [Efremenko, Reingold]

\

Let G = (V, E) be any graph. Then forany 1 < k < n, S% < klogn.
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General Bound

Conjecture: Does S < k hold for every graph G?

~—— Proposition [Efremenko, Reingold]

\

Let G = (V, E) be any graph. Then forany 1 < k < n, S% < klogn.

Proof:
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General Bound

Conjecture: Does S < k hold for every graph G?

~—— Proposition [Efremenko, Reingold]

\

Let G = (V, E) be any graph. Then forany 1 < k < n, S% < klogn.

Proof:
= By definition of té‘ov, for all pairs u,v € V,
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~—— Proposition [Efremenko, Reingold]

\

Let G = (V, E) be any graph. Then forany 1 < k < n, S% < klogn.

Proof:
= By definition of tk,, for all pairs u,v € V,

= By the Markov property, thi; < 4k - (2 - tg;\),),
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Conjecture: Does S < k hold for every graph G?

~—— Proposition [Efremenko, Reingold]

Let G = (V, E) be any graph. Then forany 1 < k < n, S% < klogn.
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Proof:

= By definition of tk,, for all pairs u,v € V,
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{ < s} = 4k
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Bottlenecks

®(G) =

Conductance

PCSCV:

vol(S)<|E]

{

[E(S, V\ )

vol(S)

)
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Bottlenecks

®(G) =

Conductance

PCSCV:

vol(S)<|E]

{

[E(S, V\ )

vol(S)

mi
PCSCV:
ng<1/2

s

}
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Bottlenecks

Conductance
E(S,V\S > 7y - Py,
®(G) = EGVAS _ .y | Zueswes™ Tur
0CSCV: vol(S) 0CSCV: s
voi(S)<|E| rs<i/2
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Bottlenecks

Conductance
E S7 V\S E Ty - Pu,v
®(G) = IE(S, VA S)| — 2. min JZuesves @ 07
0CSCV: vol(S) 0CSCV: s
vol(S)<|E| Tg<1/2
1
1
1
1
1
1
| 1
¢ =< %
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Bottlenecks

Conductance

®(G) := min EGS VA S _ 2. min ZucsgsT Py

- ocscy: vol(S) ocscv: Ts
vol(S)< || Ts<i/2

! |
' 1
! 1
! |
! |
! |
! |
! |
! |
! |
: 1

P = L d =1

~vn
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Bottlenecks

Conductance
®(G):= min E(S, VASI _ 2. min 2ues.vgs M Puv
- ocscy: vol(S) ocscv: Ts
vol(S)< || Ts<i/2
! |
1 \ 1
1 1
1 1 1
1 | 1
1 \ 1
! |
1 \ 1
T \ 1
1 i 1
1 \ 1
1 \ 1
' 1 '
- 1 = 1 = L
R ¢ = o=
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Bottlenecks

Conductance
E(SV\S > 7y Puy
®(G) ;= min IE(S, VA S)I — 2. min JZuesvesd O
peocy: vol(S) 0SSCV: s
vol(S)<|E] Tali)2
' 1
1 \ I
| 1
1 \ !
1 . !
1 . !
! 1
1 \ !
1 \ !
\ \
- 1 o1 o
¢ = Vn ¢ = n o < ~

Some bottlenecks slow down single and multiple random walks, others
only affect multiple random walks.

-,_a % Multiple Random Walks Lower Bounds on the Multiple Cover Time 19




Relating Conductance to Multiple Cover Time

Proposition

Let G= (V,E) be any graph and 1 < k < n. Then,

(k) n 1
> /2
cov < kK
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Proposition
Let G= (V,E) be any graph and 1 < k < n. Then,

(k) n 1
> /2
cov < kK

Proof:
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Proof:
» Thereare |S| < n/2andu € Sst.Pr, [U,_oXs CS]>1—1t-%

= Start all k walks from uand lett = § -

n. 1
kK &

Multiple Random Walks

Lower Bounds on the Multiple Cover Time 20



Relating Conductance to Multiple Cover Time

Proposition

Let G= (V,E) be any graphand 1 < k < n. Then

(k) n 1
> /2
cov < kK

Proof:

*» There are |S| < n/2and u € Ss.t. Pr, [UL_oXs C S]

>1-t-3
= Start all k walks from v and let t =

=1, /0.1
2 K'o®

= The probability that a random walk leaves S is

A

o 1

LLoyn e / \
“2 Vko' 2~

© o
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Relating Conductance to Multiple Cover Time

Proposition

Let G= (V,E) be any graph and 1 < k < n. Then,

(k) n 1
toov 24— —-
COV ~u k ¢
Proof:

» Thereare |S| < n/2andu € Sst.Pr, [U,_oXs CS]>1—1t-%
= Start all k walks fromuandlett=3-/2- &

= The probability that a random walk leaves S is °

i

o] ! o)
<11 / :
=2 k¢2 "

(o] (0] (] Q
= By Markov, w.p. > % the no. visited nodes in S is

1
© O © 0!l 0 ©0 ©

Y“s '"v\s
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Proposition

Let G= (V,E) be any graph and 1 < k < n. Then,
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COV ~u k q)
Proof:
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= Start all k walks fromuandlett=5-4/% -5 .
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Let G= (V,E) be any graph and 1 < k < n. Then,

(k) n 1
loov 2\~ —-
COV ~u k q)
Proof:

» Thereare |S| < n/2andu € Sst.Pr, [U,_oXs CS]>1—1t-%

1 1
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Relating Conductance to Multiple Cover Time

~——— Proposition
Let G= (V,E) be any graph and 1 < k < n. Then,

(k) n 1
8 > /= =

COV ~u k ¢
— Theorem

Let G= (V, E) be any graph and 1 < k < n. Then,

Iog2 n
k) thit - log n n- 2 logn
toov 5 T mix S Kk T
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~——— Proposition

Let G= (V,E) be any graph and 1 < k < n. Then,

(k) n 1
8 > /= =

COV ~u k ¢
— Theorem

Let G= (V, E) be any graph and 1 < k < n. Then,
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Relating Conductance to Multiple Cover Time

~——— Proposition
Let G= (V,E) be any graph and 1 < k < n. Then,

k
te) >

7

n.
k

— Theorem

t(k) < thit’

CoV ~o

Let G= (V, E) be any graph and 1 < k < n. Then,

Iog2 n

log n n-== logn

+ tmix 5 k T

J

Corollary

_[Cover time of n multiple random walks captures rapid mixing]

A

1 log? n
Ve Sto < e
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Concrete Networks
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1D Grid

2
tm/'x =n

2
thie < N

2
leov X N

2D Grid

tmix < N
thit < nlogn

teov =< Nlog® N

3D Grid

tmix < N
thit < n
tcov < nlogn
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1D Grid

2
tmix < N
2
thie < N

2
feov X N

Hypercube

tmix < log nloglog n
tht < n
teov < Nnlogn

2D Grid

tmix < N
thit < nlogn

teov =< Nlog® N

Expander Graph

.
NIRRE
vé‘/

tmix < logn

-

tht < n

teov < Nlogn

3D Grid

tnix < N

)
=]

thit <

X

tcov < nlogn

Binary Tree

Imix <X N
thir < nlogn

teov = nlog®n

-,,E by Multiple Random Walks

Concrete Networks
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Speed-up for Expander Graphs

0

ol
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Speed-up for Expander Graphs

(k) <

cov N

o
)

0

thir-log n Iog n

Jr tm/x
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Speed-up for Expander Graphs

(k) <

cov N

o
)

0

thir-log n Iog n nAIog n

+ tm/x ~ Tk
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Speed-up for Expander Graphs

sk
n
1
(k|)/ < < thirlogn Iogn + tm/x < n~|c;(gn
o 6 >

v 2 R Iog n (since tmix < lognloglog n)
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Speed-up for Hypercubes

Sk

n

__n__
loglog n

n
log log n n
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Speed-up for Hypercubes

Sk
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__n__
loglog n
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Speed-up for Hypercubes

Sk
n
__n__
loglog n
n
1 log log n n
thit | .
" tt(:g\)/ = ogn + tmix S L I(i)(gn + log nloglog n

k
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Speed-up for Hypercubes

Sk

n

__n__
loglog n

n
1 log log n n

- 1) < facloan
cov

+ toix < 2227 1 log nloglog n
) > Iog n (since tmix < log nloglog n)
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Speed-up for Hypercubes

S
n
n
log log n
Kk
1 log Irc7)g n N
= 15 < PRty S 520 4 log nlog log n

- K > > 2. Iog n (since tmix < log nloglog n)

= tégv pe Iog nloglog n (due to coupon-collecting argument)

i
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Speed-up for Hypercubes

k
- )
(k)
cov

()

cov

o
o [

S
2
~

Sk

n ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
__n__
log log n

k
n

1 log log n n n
thit |
b9 4 oy < 297 4 Jog nloglog n

z- Iog n (since tmix < log nloglog n)

log nloglog n (due to coupon-collecting argument)
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Speed-up for Cycles

0

n

logn

s
Sy Multiple Random Walks

Concrete Networks

25



Speed-up for Cycles

0

n

logn

= Direct Analysis
[Alon, Avin, Koucky, Kozma, Lotker and Tuttle]

ol
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Speed-up for 2D Grids

o
o

0

n

log® n

log? n

1 log®n
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Speed-up for 2D Grids

0

n

log® n

log? n

1 log®n

k thir-log n
- éo\)/ ,S MT + tmix
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Speed-up for 2D Grids

0

n

log® n

log? n

1 log®n

(K) « thirlogn |°Q n
oor S +n

n-Iog2 n
k

+ tix S ~
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Speed-up for 2D Grids

0

n

log® n

log? n

1 log®n

k thir-log n nlog? n
- éo\)/ ,S s -+ Tmix 5 E +n

. D) > diam(G)?

cov X Togn

[Carne]
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Speed-up for 2D Grids

0

n

log® n

log? n

1 log®n

k thir-log n nlog? n
- éo\)/ ,S s -+ Tmix 5 E +n

. D) > diam(G)? n

CovV .~  logn log n

[Carne]
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Speed-up for 3D Grids

s

n

n'/3log®n

n'/logn

1

n1/3

log n
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Speed-up for 3D Grids

s

n

n'/3log®n

n'/logn
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Speed-up for 3D Grids

s

n

n'/3log®n

n'/logn

1 n'®logn
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Speed-up for 3D Grids
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n'/logn
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Speed-up for Vertex Transitive Graphs
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Speed-up for Vertex Transitive Graphs
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n
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Speed-up for Vertex Transitive Graphs

sk
n
Lo jog n
diam?
foov . _ 1
diam2  dlogn
K
1 teov n
diam?

o flf) < oen 4y < lorlon | g diam?log n [Babai]

« S = O(klog n)
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Speed-up for Vertex Transitive Graphs
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n
Lo jog n
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teov 1
diam2  dlogn
1 teov
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o gl < Been Ly < k90 4 g diam? log n

. S(" = O(klog n)

t dlam
cov N Tog n

[Babai]

[Carne]
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Binary Trees
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Binary Trees
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Binary Trees
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Binary Trees
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Binary Trees vs. 3D Grids
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n n
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n'/%log®n
n'/3logn
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Summary and Open Problems

General Conjectures [Alon, Avin, Koucky, Kozma, Lotker and Tuttle]

= S > log k
« S <k
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Maximum cover time of k multiple walks is attained for an appropriate
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Summary and Open Problems

General Conjectures [Alon, Avin, Koucky, Kozma, Lotker and Tuttle]

= S0 > logk
~N

« S <

Both conjectures hold in the router-router model (a.k.a.
LPropp machine)! [Dereniowski, Kosowski, Pajak, Uznanski]

]

Conijecture [Efremenko, Reingold]

Maximum cover time of k multiple walks is attained for an appropriate
start vertex common to all k walks.

Load Balancing
= tight analysis of a natural protocol based on multiple random walks
= |load tokens ~» negatively correlated multiple random walks

= qualitative relationship based on hitting-set probabilities

=
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The End

Further Directions

= Can we exploit multiple cover time for clustering applications?
= Can we extend our results to random walks of varying lengths?
= What happens on dynamic graphs?
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