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Toric packing/covering number

Setup: G connected reductive algebraic group, Ti,..., Ts maximal tori.
e.g. G =PGL,(F) = GL,(F)/F*, T; = {diagonal matrices}/F*.
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Toric packing/covering number

Setup: G connected reductive algebraic group, Ti,..., Ts maximal tori.
e.g. G =PGL,(F) = GL,(F)/F*, T; = {diagonal matrices}/F*.

p: Ty X oo X Tg = G, (t1,...,ts) — t1...ts the multiplication map.
e PACK(G) = max{s : y injective} =7
o COVER(G) = min{s : u surjective} =7
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Toric packing/covering number

Setup: G connected reductive algebraic group, Ti,..., Ts maximal tori.
e.g. G =PGL,(F) = GL,(F)/F*, T; = {diagonal matrices}/F*.

p: Ty X oo X Tg = G, (t1,...,ts) — t1...ts the mu/tip/ication map.
° PACK(G) = max{s : u injective} =7 (Titp ... ts: t; € T;)
e CoVER(G) = min{s : u surjective} =7

seee

1Bt T1Tt3

(DO@EC)

PAck

Toric decomposition in algebraic groups David R. Szabé (szabo.r.david@gmail.com)



Toric packing/covering number

Setup: G connected reductive algebraic group, Ti,..., Ts maximal tori.
e.g. G =PGL,(F) = GL,(F)/F*, T; = {diagonal matrices}/F*.

p: Ty X oo X Tg = G, (t1,...,ts) — t1...ts the mu/tip/ication map.
° PACK(G) = max{s : u injective} =7 (Titz.. . ts: € T;)
e CoVER(G) = min{s : u surjective} =7

- B

seee
D@
sese

Tity T T

Pack COVER

Toric decomposition in algebraic groups David R. Szabé (szabo.r.davidegnail.com)



Toric packing/covering number

Setup: G connected reductive algebraic group, Ti,..., Ts maximal tori.
e.g. G =PGL,(F) = GL,(F)/F*, T; = {diagonal matrices}/F*.

p: Ty X oo X Tg = G, (t1,...,ts) — t1...ts the mu/tip/ication map.
° PACK(G) = max{s : u injective} =7 (Titz.. . ts: € T;)
e CoVER(G) = min{s : u surjective} =7

- R

seee
D@
sese

Tity T T

Pack COVER

Toric decomposition in algebraic groups David R. Szabé (szabo.r.davidegnail.com)



Toric packing/covering number

Setup: G connected reductive algebraic group, T1,..., Ts maximal tori.
e.g. G =PGL,(F) = GL,(F)/F*, T; = {diagonal matrices}/F*.

p: Ty x oo x Tg = G, (t1,..., ts) —> t1...ts the multiplication map.
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Toric packing/covering number

Setup: G connected reductive algebraic group, Ti,..., Ts maximal tori.
e.g. G =PGL,(F) = GL,(F)/F*, T; = {diagonal matrices}/F*.

p: Ty X oo X Tg = G, (t1,...,ts) — t1...ts the mu/tip/ication map.
e PACK(G) = max{s : y injective} =7 (Titp ... ts: t; € T;)
e CoVER(G) = min{s : u surjective} =7 (G = T1 .. Ts)

1 < Pack(G) < geid). Ll < CovER(G) < 2dim(G)
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Toric packing/covering number

Setup: G connected reductive algebraic group, Ti,..., Ts maximal tori.
e.g. G =PGL,(F) = GL,(F)/F*, T; = {diagonal matrices}/F*.

p: Ty X oo X Tg = G, (t1,...,ts) — t1...ts the mu/tip/ication map.
e PACK(G) = max{s : y injective} =7 (Titp ... ts: t; € T;)
e CoVER(G) = min{s : u surjective} =7 (G = T1 .. Ts)

1 < Pack(G) < geid). Ll < CovER(G) < 2dim(G)

PACK(PGL,) = dm — p 4 1,

rank —

PACK(PGL,(Fg)) = n+1,
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Toric packing/covering number

Setup: G connected reductive algebraic group, Ti,..., Ts maximal tori.
e.g. G =PGL,(F) = GL,(F)/F*, T; = {diagonal matrices}/F*.

Problem

p: Ty X oo X Tg = G, (t1,...,ts) — t1...ts the mu/tip/ication map.
o PACK(G) = max{s : u injective} =? (Titp ... ts: t; € T;)
e CoVER(G) = min{s : u surjective} =7 (G = T1 .. Ts)

1 < PAcK(G) < dml Aol £ Cover(6) < 2dim(G)
PACK(PGL,) = 4 — p 41, CovER(PGL,) é {n+1,n+2}

PACK(PGL,(F)) = n+1,  COVER(PGL,(Fy)) L n+2 ifq> n?

David R. Szabé (szabo.r.davidQgmail.com)
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Proof — Part 1: connected reductive G

Theorem (Recall: Part 1)

) 3

) 4 ®)
dim(6) < CovER(G) < 2dim(G)

&1
G connected, reductive: PACK(G) < 7ank(C)

Proof:
@ (1): Trivial: packing Ty X --- x Ts <= G, dim(T;) = rank(G)
@ (2): Trivial: covering Ty x - x Ts - G
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Proof — Part 1: connected reductive G

Theorem (Recall: Part 1)

) 3

) 4 ®)
dim(6) < CovER(G) < 2dim(G)

@
G connected, reductive: PACK(G) < Tank(C)
Proof:
@ (1): Trivial: packing Ty X --- x Ts <= G, dim(T;) = rank(G)
@ (2): Trivial: covering Ty x - x Ts - G
o (3): Construction:
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Proof — Part 1: connected reductive G

Theorem (Recall: Part 1)

) 3

_ D gim(g) @ G
G connected, reductive: PACK(G) < k() < CoVER(G) < 2dim(G)

Proof:
@ (1): Trivial: packing Ty X --- x Ts <= G, dim(T;) = rank(G)
@ (2): Trivial: covering Ty x - x Ts - G
o (3): Construction:
o Growth: YV C G subvariety, 3T maximal torus:

dim(V) < dim(VT)

(because | Jtori = {semisimple} C G dense in connected reductive)

Toric decomposition in algebraic groups David R. Szabé (szabo.r.david@gmail.com)



Proof
@00

Proof — Part 1: connected reductive G

Theorem (Recall: Part 1)

_ D gim() @ G
G connected, reductive: PACK(G) < k() < CoVER(G) < 2dim(G)
Proof:
@ (1): Trivial: packing Ty X --- x Ts <= G, dim(T;) = rank(G)

):
@ (2): Trivial: covering Ty x - x Ts - G
° (3):

Construction:
o Growth: YV C G subvariety, 3T maximal torus:

dim(V) < dim(VT)

(because | Jtori = {semisimple} C G dense in connected reductive)
o Dense: Increasing chain (at most dim(G) — rank(G) + 1 steps):
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Proof — Part 1: connected reductive G

Theorem (Recall: Part 1)

_ D gim() @ G
G connected, reductive: PACK(G) < k() < CoVER(G) < 2dim(G)
Proof:
@ (1): Trivial: packing Ty X --- x Ts <= G, dim(T;) = rank(G)

Construction:
o Growth: YV C G subvariety, 3T maximal torus:

):
@ (2): Trivial: covering Ty x - x Ts - G
° (3):

dim(V) < dim(VT)

(because | Jtori = {semisimple} C G dense in connected reductive)
o Dense: Increasing chain (at most dim(G) — rank(G) + 1 steps):

o Density—cover: If Ui, U C G nonempty open, then Ui U = G.
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Proof — Part 2: packing construction in PGL,,

Theorem (Recall: Part 2)

V is n-dimensional F-vector space, n > 1, F arbitrary.
AT,, ..., To C PGL(V) maximal tori: p: T, X -+ X Tog < PGL(V).
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Theorem (Recall: Part 2)

V is n-dimensional F-vector space, n > 1, F arbitrary.
AT,, ..., To C PGL(V) maximal tori: p: T, X -+ X Tog < PGL(V).
Setup:
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Proof — Part 2: packing construction in PGL,,

Theorem (Recall: Part 2)

V is n-dimensional F-vector space, n > 1, F arbitrary.
AT,, ..., To C PGL(V) maximal tori: p: T, X -+ X Tog < PGL(V).
Setup:

e PGL(V) acts on P(V)

@ maximal torus = pointwise stabiliser of n independent points

@ PGL(V) acts regularly on frames ((n+ 1)-tuples in general position)
Proof:

e Fix frame (Po, ..., P,), define max. torus T; = Stab(P; : j # i).
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Proof — Part 2: packing construction in PGL,,

Theorem (Recall: Part 2)

V is n-dimensional F-vector space, n > 1, F arbitrary.
AT,, ..., To C PGL(V) maximal tori: p: T, X -+ X Tog < PGL(V).
Setup:

e PGL(V) acts on P(V)

@ maximal torus = pointwise stabiliser of n independent points

@ PGL(V) acts regularly on frames ((n+ 1)-tuples in general position)
Proof:

e Fix frame (Po, ..., P,), define max. torus T; = Stab(P; : j # i).
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Proof — Part 2: packing construction in PGL,,

Theorem (Recall: Part 2)

V is n-dimensional F-vector space, n > 1, F arbitrary.
AT,, ..., To C PGL(V) maximal tori: p: T, X -+ X Tog < PGL(V).
Setup:

e PGL(V) acts on P(V)

@ maximal torus = pointwise stabiliser of n independent points

@ PGL(V) acts regularly on frames ((n+ 1)-tuples in general position)
Proof:

e Fix frame (Po, ..., P,), define max. torus T; = Stab(P; : j # i).

o T;... Ty C H;:=Stab(P; : j > i), stabiliser of n — i points

@ Injectivity: Tix1 N(T;... To) C Tip1 N H; = Stab(Po,...,P,) =1
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Proof — Part 3: covering construction in PGL,,

Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).
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Proof — Part 3: covering construction in PGL,,

Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).

Recall: Fixed frame (Py,..., P,) induces stabiliser flag:

To T1 T2 To-1 Th
lsHosH ... £ Hi1 SPGL(V)
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Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).

Recall: Fixed frame (Py,..., P,) induces stabiliser flag:

To T1 TQ Tn—l T,,
1 "<" HO S Hy SQ' i § Hn—1 "<“ PG{'IS(ny)ame
gET,... Ty .
e Good frames : {Q: (Qo,...,Qn) ——— (Po,..., Py)} is open:
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Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).
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To T1 TQ Tn—l T,,
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Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).

Recall: Fixed frame (Py,..., P,) induces stabiliser flag:

To T1 TQ Tn—l T,,
1 "<" HO S Hy SQ' i § Hn—1 "<“ PG{'IS(ny)ame
g€Tn. To "~ .
e Good frames : {Q: (Qo,...,Qn) ——— (Po,..., Py)} is open:
(Qo-e s Qn) % (Po, @)ooy Q) 22 (Poy Py, Q) Q) 22
(Po, P1, P2, QY ..., Q")
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Proof — Part 3: covering construction in PGL,,

Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).

Recall: Fixed frame (Py,..., P,) induces stabiliser flag:

To T1 TQ Tn—l T,,
1 "<" HO S Hy SQ' i § Hn—1 "<“ PG{'IS(ny)ame
gC€TnTo T .
e Good frames : {Q: (Qo,...,Qn) ——— (Po,..., Py)} is open:
(Qos- s Q) 2% (Po, @y, Q) 25 (Po, Py, QY ..., Q) 22

(Po, Pr, Py, QY ..., Q) 22 . 22 (Py,..., Py)
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Proof — Part 3: covering construction in PGL,,

Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).

Recall: Fixed frame (Py,..., P,) induces stabiliser flag:

To T T Th—1 T,
1S Hys Hi s S Hoor SPGLLY).

o Good frames : {Q: (Qu, ..., Qn) £1=1% (Py, ..., P,)} is open:
(Qos- s Q) 2% (Po, @y, Q) 25 (Po, Py, QY ..., Q) 22
(Po, Pr, Py, QY ..., Q) 22 . 22 (Py,..., Py)

Open: e.g. for ty, need Qo, Py, ..., P, be in general position
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Proof — Part 3: covering construction in PGL,,

Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).

Recall: Fixed frame (Py,..., P,) induces stabiliser flag:

To T1 TQ Tn—l T,,
1 "<" HO S Hy SQ' i § Hn—1 "<“ PG{'IS(ny)ame

o Good frames : {Q: (Qu, ..., Qn) £1=1% (Py, ..., P,)} is open:
(Qos-s Qn) =2 (Po, Q- Q) =2 (Po, P1, QY -, Q) 2
(Po, Py, Po, QY .., Q) 22 255 (Py,. ., Py)

Open: e.g. for ty, need Qo, Py, ..., P, be in general position
e Bad frames: Xi,..., X2 hypersurfaces (in space of frames = PGL,)
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Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).

Recall: Fixed frame (Py,..., P,) induces stabiliser flag:

Tg T1 TQ Tn—l T,,
1 "<" HO S Hy SQ' i § Hn—1 "<“ PGfl&gyf)ame

o Good frames : {Q: (Qu, ..., Qn) £1=1% (Py, ..., P,)} is open:
(Qos-s Qn) =2 (Po, Q- Q) =2 (Po, P1, QY -, Q) 2
(Po, Py, Po, QY .., Q) 22 255 (Py,. ., Py)

Open: e.g. for ty, need Qo, Py, ..., P, be in general position
e Bad frames: Xi,..., X2 hypersurfaces (in space of frames = PGL,)

o Escape bad frames in one step: ‘bad frame' RiSUN ‘good frame'
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Proof — Part 3: covering construction in PGL,,

Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).

Recall: Fixed frame (Py,..., P,) induces stabiliser flag:

Tg T1 TQ Tn—l T,,
1 "<" HO S Hy SQ' i § Hn—1 "<“ PGfl&gyf)ame

o Good frames : {Q: (Qu, ..., Qn) £1=1% (Py, ..., P,)} is open:
(Qos-s Qn) =2 (Po, Q- Q) =2 (Po, P1, QY -, Q) 2
(Po, Py, Po, QY .., Q) 22 255 (Py,. ., Py)

Open: e.g. for ty, need Qo, Py, ..., P, be in general position
e Bad frames: Xi,..., X2 hypersurfaces (in space of frames = PGL,)

o Escape bad frames in one step: ‘bad frame' RiSUN ‘good frame'
o Need: one maximal torus T = Stab(Rx, ..., R,): VT-orbit Z | J, X;
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Proof — Part 3: covering construction in PGL,,

Theorem (Recall: Part 3)

V' n-dim. F-vector space (F arbitrary with |F| > n?),
ITp,..., To, T C PGL(V) maximal tori: Tpiy ... ToT = PGL(V).

Recall: Fixed frame (Py,..., P,) induces stabiliser flag:

Tg T1 TQ Tn—l T,,
1 "<" HO S Hy SQ' i § Hn—1 "<“ PGfl&gyf)ame

o Good frames : {Q: (Qu, ..., Qn) £1=1% (Py, ..., P,)} is open:
(Qos-s Qn) =2 (Po, Q- Q) =2 (Po, P1, QY -, Q) 2
(Po, Py, Po, QY .., Q) 22 255 (Py,. ., Py)

Open: e.g. for ty, need Qo, Py, ..., P, be in general position
e Bad frames: Xi,..., X2 hypersurfaces (in space of frames = PGL,)

o Escape bad frames in one step: ‘bad frame' RiSUN ‘good frame'
o Need: one maximal torus T = Stab(Rx, ..., R,): VT-orbit Z | J, X;
o Combinatorial Nullstellensatz + computation:
Works for {Po, ..., Ps, Ri,..., R,} general position and |F| > n?
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Open problems
[ ]

Conjectures

G simple algebraic (or even reductive?) group:

° G rdalrk(c) < PAck(G) < :1.::((((;)) < CovERr(G) < G iﬂ(((c;;))
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Open problems
[ ]

Conjectures

G simple algebraic (or even reductive?) group:
e i;:;(c) < Pack(G) < :iur:r:(((G)) < Cover(G) < G f';::(((?)

@ Torus growth: 3T7,..., T, max. tori for all s < :2::(((?)

dim(Ty...Ts) =s-rank(G)
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Open problems
[ ]

Conjectures

G simple algebraic (or even reductive?) group:

dim(G dim(G dim(G
° ¢ rank(c) < Pack(G) < nk(( )) < CovER(G) < G rank((G))'
dim(G)

@ Torus growth: 4Ty, ..., Ts max. tori for all s < rank(G)

dim(Ty...Ts) =s-rank(G)
@ More generally: YV C G closed, 3 max. torus T:

dim(VT) = min{dim(V) + dim(T), dim(G)}
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Open problems
[ ]

Conjectures

G simple algebraic (or even reductive?) group:

dim(G dim(G dim(G
° ¢ rank(c) < Pack(G) < nk(( )) < CovER(G) < G rank((G))'
dim(G)

@ Torus growth: 4Ty, ..., Ts max. tori for all s < rank(G)

dim(Ty...Ts) =s-rank(G)
@ More generally: YV C G closed, 3 max. torus T:

dim(VT) = min{dim(V) + dim(T), dim(G)}

Thank you for your attention!

[Sza26] David R. Szabé. Toric decomposition in algebraic groups. 2026. arXiv:
2607.05212 [math.AG, math.GR].
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