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Basic Fact: Different word metrics on a f.g. group have the same bi-Lipschitz geometry:
For each < S >=< S′ >= G there exists a rescaling r > 0 and distortion D > 1 such that

r dG,S(g, h) ≤ dG,S′(g, h) ≤ r D dG,S(g, h) for all g, h,∈ G

Consequence: many properties of Cayley graphs depend only on the underlying group.
Examples: volume growth, isoperimetric profile, Hilbert compression exponents,
embedability into L1 or L2, number of ends, hyperbolicity, etc...

OUTLINE:
—First: well-known ways in which this story breaks down for finite groups.
—New way the story breaks: embedability into L1.

(Drawing an analogy to the lamplighter group is a crucial step.)
—Related problem where the lamplighter analogy helps; joint work with Eduardo Silva.
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What is the analogous setting in finite groups?

Different Cayley graphs
of the cyclic group:
they all have the same
geometry!
(source: Libre-texts math - visualizing

Cayley graphs)

Trivial case: the clique:
every group G has
generating set S := G
(source: complete graph Wikipedia

page)

The Hamming cube {±1}n
needs ≥ n generators.
(Source: Al-SadiKhaled–DayMohamed–Ould-Khaoua).

We want bounded geometry : sup
n

|Sn| < ∞ and |Gn| → ∞.
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Well-known: bi-Lipschitz geometry is NOT a finite group property

Look at the diameter of the symmetric groups (Symn)n.

—For the generating set {(12), (123 . . . n)} (cycle and transposition) we have

diam(Cay(Symn, {(12), (123 . . . n)}) ≍ n2.

—For the generators of Kassabov of size < 200 which are expander graphs

diam(Cay(Symn, S) ≍ log(n!) ≍ n logn.

Note: the diameter is a bi-Lipschitz invariant of a metric space.
UPSHOT same group – different bounded size generating sets – different geometry!
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Question of Lubotzky-Weiss: Is expansion a group property?
Recall: a sequence of graphs ((Vn, En))n is a family of expander graphs if there exists
κ > 0 such that for any n, S ⊂ Vn of size |Sn| < |Vn|/2, we have

|∂S| = {(u, v) ∈ E : u ∈ S, and v /∈ S} ≥ κ|S|

Question(Lubotzky–Weiss, 1992)
If (Cay(Gn, Sn))n are expander graphs with |Sn| = O(1),
then are (Cay(Gn, S

′
n))n also expander graphs for any (S′

n)n of size |S′
n| = O(1)?

Answer(Alon–Lubotzky–Widgerson, 2001): NO!
Here is an alternative example:
—Kassabov(2007) proved that the symmetric groups Symn have generating sets of size
|Sn| ≤ 200 such that (Cay(Symn, Sn))n are expander graphs.
—On the other hand, it is a simple exercise to show that expansion decays in:
limn→∞ κ(Cay(Symn, {(12), (123 . . . n)})) = 0.
Remark: recent work of Eberhard–Sabatini(2026+) strengthened this contrast.

Result: This contrast also holds for bi-Lipschitz embedability into L1.
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What is a metric embedding into L1?

Definition: given a metric space (M,d), a map f : M → L1([0, 1])
has bi-Lipschitz distortion D > 1 when

d(x, y) ≤ ||f(x)− f(y)||1 ≤ Dd(x, y) for all x, y ∈ M.

Consequences of L1-embedability:
1—Any nonlinear inequality about distances of points in L1 automatically holds for M with a
different constant (e.g. metric cotype 2, 1/2-snowflake embedability into L1).
2—Any approximation algorithm for L1 pullbacks into an approximation algorithm in M with
a different constant (e.g. approximate nearest neighbor search).
3—Embedability into L1 is equivalent into a measure space of cuts (aka walls) for which
the distance d(x, y) is estimated by the measure of the cuts which separate x from y.
(e.g. a group action on a CAT (0)-cube complex gives such an action.)
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Is L1-geometry a property of a finite group? Answer – NO!

Known direction:

Theorem (Kassabov, 2007)

The symmetric groups admit Cayley graphs which are bounded degree expanders.

Theorem (Gromov, 2003)

Bounded degree expanders cannot embed into L1 with uniformly bounded distortion.

Combining: Symn does NOT have L1-geometry for Kassabov’s generators.
In sharp contrast, we have:

Theorem (K. 2026+)

Cay(Symn, {(12), (123 . . . n)}) embeds into L1 with biLipschitz distortion < 1000.



Is L1-geometry a property of a finite group? Answer – NO!

Known direction:

Theorem (Kassabov, 2007)

The symmetric groups admit Cayley graphs which are bounded degree expanders.

Theorem (Gromov, 2003)

Bounded degree expanders cannot embed into L1 with uniformly bounded distortion.

Combining: Symn does NOT have L1-geometry for Kassabov’s generators.
In sharp contrast, we have:

Theorem (K. 2026+)

Cay(Symn, {(12), (123 . . . n)}) embeds into L1 with biLipschitz distortion < 1000.



Is L1-geometry a property of a finite group? Answer – NO!

Known direction:

Theorem (Kassabov, 2007)

The symmetric groups admit Cayley graphs which are bounded degree expanders.

Theorem (Gromov, 2003)

Bounded degree expanders cannot embed into L1 with uniformly bounded distortion.

Combining: Symn does NOT have L1-geometry for Kassabov’s generators.

In sharp contrast, we have:

Theorem (K. 2026+)

Cay(Symn, {(12), (123 . . . n)}) embeds into L1 with biLipschitz distortion < 1000.



Is L1-geometry a property of a finite group? Answer – NO!

Known direction:

Theorem (Kassabov, 2007)

The symmetric groups admit Cayley graphs which are bounded degree expanders.

Theorem (Gromov, 2003)

Bounded degree expanders cannot embed into L1 with uniformly bounded distortion.

Combining: Symn does NOT have L1-geometry for Kassabov’s generators.
In sharp contrast, we have:

Theorem (K. 2026+)

Cay(Symn, {(12), (123 . . . n)}) embeds into L1 with biLipschitz distortion < 1000.



Drawing an analogy with the lamplighter/lampshuffler groups.

Cay(Symn, {(12), (123 . . . n)}) resembles a lamplighter group Z/n ≀ Z/n:
–c = (123 . . . n) resembles a pointer movement.
–t := (12) resembles a change in the ”clock/counter” at the pointer position.
Evidence for L1-embedability: Naor-Peres(2008) showed the standard word metric on
Z/n ≀ Z/n embeds into L1 with biLipschitz distortion O(1).

However, the word metric on Symn is more complicated: for all π, τ ∈ Symn

d(τ, π) ≍ min
l∈Z/n

 ∑
k∈Z/n

dZ/n(π(k)− l, τ(k)) + diamZ/n({0, l} ∪ {p : π−1(p) ̸= τ−1(p− l)})

 .

The presence of the minimum is like a a lamplighter who forgot their position.
For small distances the metric resembles a lamplighter/lampshuffler.
For large distances the metric resembles a median-type quantity.
Difficulty: an embedding into L1 must preserve both small and large distances!
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We always have diamZ/n({0, l} ∪ {p : π−1(p) ̸= τ−1(p− l)}) < n/2
and when minl∈Z/n

∑
k∈Z/n dZ/n(π(k)− l, τ(k)) < n/100 then the optimizer l is the one

that fixes 99% of the distances dZ/n(π(k)− l, τ(k)) = 0. Thus:

d(τ, π) ≍ min
l∈Z/n

 ∑
k∈Z/n

dZ/n(π(k)− l, τ(k)) + diamZ/n({0, l} ∪ {p : π−1(p) ̸= τ−1(p− l)})


≍ min

l∈Z/n

∑
k∈Z/n

dZ/n(π(k)−l, τ(k))+ min
l∈Z/n

diamZ/n({0, l}∪{p : π−1(p) ̸= τ−1(p−l)}) =: T1+T2

T1 = min
l∈Z/n

∑
k∈Z/n

dZ/n(π(k)− l, τ(k)) = min
l∈Z/n

∑
k∈Z/n

dZ/n(π(k)− τ(k), l)

so in the term T1, the point l ∈ Z/n is the median of the set {π(k)− τ(k)|k ∈ Z/n}.

≍ 1

n

∑
k∈Z/n

∑
k′∈Z/n

dZ/n(π(k)−τ(k), π(k′)−τ(k′)) ≍
∑
k

∑
k′

|e2πi(π(k)−π(k′))/n−e2πi(τ(k)−τ(k′))/n|

hence we have an embedding for T1: π 7→ (e2πi(π(k)−π(k′))/n)k,k′∈Z/n.
For the term T2 we modify the embedding Z/2 ≀ Z/n → L1 of (Naor–Peres 2008).



Related problem: based on joint work with Eduardo Silva.
To the left is the famous 15-puzzle!
It can be generalized on the M ×M-torus.

–There are M2 − 1 shuffled tiles on the torus, and a vacant spot.
–The tiles get shuffled by moving one of the 4 neighboring tiles into
the vacant spot. This gives us the Cayley graph of a finite group.
–The goal of the puzzle is to sort the tiles in lexicographical order
(i.e. we walk on the Cayley graph and return to the identity).
Diaconis (1988): what is the mixing time of the random walk?
Morris–Raymer (2017): the mixing time is ≍ M4 logM .
K.–Silva (2026+): Drift/Speed: if I shuffle the 15-puzzle on the
M ×M -torus for t steps, then how many steps do I need to solve it?

E[#steps] ≍ t√
log t

when 1 ≤ t ≲ M2 logM.

E[#steps] ≍ M
√
t when M2 logM ≲ t ≲ M4.

E[#steps] ≍ M3 when t ≳ M4..
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Thank you for listening!

Questions?


