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FIGURE 4: A sequence of semi-circles, converging to a circle.
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FIGURE 2: A sequence of spheres with smaller and smaller caps removed, converging to a
sphere.



FEzxample 0.0.0 (Griffiths twin cone) It might at first appear that it is not possible
for a sequence of compact, geodesic, simply connected metric spaces to converge in
the global Gromov-Hausdorff sense to a space which isn’t even semi-locally-simply-
connected. The Griffiths Twin Cone (defined as the twin cone over the earring space),
however, is a non-semi-locally-simply-connected space, which is the limit of con-
tractible (and hence simply-connected) spaces (see [BrRa14], [BRA23|, and [GRI54]).

P P P P
X, X, X, X

FIGURE 1: A sequence of partial double-cones, converging to the Griffiths twin cone.
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THEOREM ¢ (Zamova, 202"‘) Sur ose
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Example 1.9. Let Y be S! with its standard metric of length 27 and Z, be S® with the

round (bi-invariant) metric of constant curvature 1/n?. Let X,, be the quotient (Y x Z,)/S!
where S! acts on Y x Z,, as follows:

1l 2q):z,weStqeSs.

z(w, q) = (wz
Then X, is isometric to S? equipped with a re-scaled Berger metric. The sequence X,

consists of simply connected homogeneous spaces, but its pointed Gromov—Hausdorff limit
is S' x R2, which is not simply connected.



Example 1.10. Define a “dot product” R* x R* — R6 in R* as
(a-b) := (aiby, aibs, aiby, asbs, asby, asbs), a,b € R*.
With it, define a group structure on R* x R as
(a,z) - (by) :==(a+bx+y+(a-b)), a,beR* z,ycRE

Let G be the above group equipped with a left invariant Riemannian metric. For each n,
define the subgroups K < K,,<G,, < G =2 R* x RS as:

K = {0} x Z°

K = (nZ*) x Z°

e (L2) « (L27)
n n

The sequence X, := G /K, converges in the pointed Gromov-Hausdorff sense to X := G/K.
Since the sequence of finite groups G, /K, acts on X,, with diam(X,/(G,/K,)) — 0, the
sequence X, consists of almost homogeneous spaces. A direct computation shows that the
abelianization of m(X,,) = K, is isomorphic to

7' ® (Z/n*Z)° .

Then it is easy to see that m(X) = K = Z° is not a quotient of 7 (X,,) for any n.



DEFINITION 1.2.2 Let X be a proper metric space, and distinguish a point p € X.
Then, define d,, : Iso(X) x Iso(X) — [0, +o00] by

(0. = inf{ 1+ swp {dlo(e).ho)) |

r>0 | r z€B,(p)

The function, d,, endows Iso(X) with many nice properties, as is outlined in the
following theorem:

Proposition 1.F Let X be a proper metric space, and distinguish a point p € X.
Then, the following hold:

(i) (Iso(X),d,) is a metric space.

(i) The metric d, is left-invariant with respect to composition; that is,
Vf,g,h €Iso(X): dy(g,h) =dy(fog,foh).

(i) The space (Iso(X),d,) is proper.
(tv) The metric d, induces the compact-open topology on Iso(X) (or, equivalently,
the topology of uniform convergence on compact sets).

(v) Closed subgroups generate closed orbits; that is, for each closed subgroup T' <
Iso(X), we have that, for each z € X, the orbit I' -z .= {y € X | If € " :
f(y) = x} is a closed subset of X.
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Theorem 2.J (Wang, 2022) Let {(M;, g;)}2, be a sequence of compact, Rieman-
nian n-manifolds, with Ric(M;) > —(n — 1) for each i and diam(M;) < D, for some
fizred D. Suppose that M; gy X. Then, X is semi-locally-simply-connected.

Theorem 2.K (Ferry-Okun, 1995) Let M be a closed smooth manifold of di-
mension greater or equal to 3. Suppose that X is a compact, connected Riemannian
manifold. Then, the following are equivalent:

(i) There exists a sequence of Riemannian metrics, {g,}5>,, on M such that
(M7 gn) —GH X.

(ii) There exists a continuous function f : M — X inducing a surjective group
homomorphism f, : m (M) — 7 (X).

In particular, any simply-connected Riemannian manifold, X, is approximated in
the global Gromov-Hausdorff sense arbitrarily-well by “distortions” of M = S? via
the Riemannian metrics, g,, in Theorem 2.K.



