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Avoiding 3-term arithmetic progressions

Theorem (Roth '53)

If A C 7Z/NZ contains no nontrivial 3-term arithmetic progression, then
|A| = o(N).

(A nontrivial 3-AP is a set {x,x + y,x + 2y} with y #0.)
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If A C 7Z/NZ contains no nontrivial 3-term arithmetic progression, then
|A| = o(N).

(A nontrivial 3-AP is a set {x,x + y,x + 2y} with y #0.)

Works in all abelian groups (Brown—Buhler '82, Frankl-Graham—-Rad| '87).
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Avoiding 3-term arithmetic progressions

Theorem (Roth '53)

If A C 7Z/NZ contains no nontrivial 3-term arithmetic progression, then
|A| = o(N).

(A nontrivial 3-AP is a set {x,x + y,x + 2y} with y #0.)

Works in all abelian groups (Brown—Buhler '82, Frankl-Graham—-Rad| '87).

Let G be an arbitrary finite group. If A C G contains no nontrivial 3-AP,
must we have |A| = o(|G])?

(A nontrivial 3-AP here is a set {x, xy, xy?} with y # id¢.)
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Using abelian subgroups

Let G be an arbitrary finite group. If A C G has no nontrivial 3-term
arithmetic progression, must we have |A| = o(|G|)?
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Using abelian subgroups

Let G be an arbitrary finite group. If A C G has no nontrivial 3-term
arithmetic progression, must we have |A| = o(|G|)?

Theorem (Pyber '97)

There exists some absolute constant ¢ > 0 such that every finite group G
contains an abelian subgroup of order at least exp(c+/log|G|).
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Let G be an arbitrary finite group. If A C G has no nontrivial 3-term
arithmetic progression, must we have |A| = o(|G|)?

Theorem (Pyber '97)

There exists some absolute constant ¢ > 0 such that every finite group G
contains an abelian subgroup of order at least exp(c+/log|G|).

Proof of non-abelian Roth (Bergelson—-McCutcheon-Zhang '97).

(1) Let A be fairly dense in G. Let H < G be abelian from Pyber's
theorem.

.
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Let G be an arbitrary finite group. If A C G has no nontrivial 3-term
arithmetic progression, must we have |A| = o(|G|)?

Theorem (Pyber '97)

There exists some absolute constant ¢ > 0 such that every finite group G
contains an abelian subgroup of order at least exp(c+/log|G|).

Proof of non-abelian Roth (Bergelson—-McCutcheon-Zhang '97).

(1) Let A be fairly dense in G. Let H < G be abelian from Pyber's
theorem.

(2) Find g € G so 08l > A et A = g 1ANH.

.
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Using abelian subgroups

Let G be an arbitrary finite group. If A C G has no nontrivial 3-term
arithmetic progression, must we have |A| = o(|G|)?

Theorem (Pyber '97)

There exists some absolute constant ¢ > 0 such that every finite group G
contains an abelian subgroup of order at least exp(c+/log|G|).

Proof of non-abelian Roth (Bergelson—-McCutcheon-Zhang '97).

(1) Let A be fairly dense in G. Let H < G be abelian from Pyber's
theorem.

(2) Find g € G so 08l > A et A = g 1ANH.

(3) If |A|/|G| is large enough in |H|, the set A’ has a 3-AP x, xy, xy°.
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Let G be an arbitrary finite group. If A C G has no nontrivial 3-term
arithmetic progression, must we have |A| = o(|G|)?

Theorem (Pyber '97)

There exists some absolute constant ¢ > 0 such that every finite group G
contains an abelian subgroup of order at least exp(c+/log|G|).

Proof of non-abelian Roth (Bergelson—-McCutcheon-Zhang '97).

(1) Let A be fairly dense in G. Let H < G be abelian from Pyber's
theorem.

(2) Find g € G so 08l > A et A = g 1ANH.

(3) If |A|/|G| is large enough in |H|, the set A’ has a 3-AP x, xy, xy°.
(4) Then gx, gxy, gxy? is a 3-AP in A, Ol

Carl Schildkraut (Stanford) July 2026 3/6



Using abelian subgroups

Theorem (Pyber '97)

There exists some absolute constant ¢ > 0 such that every finite group G
contains an abelian subgroup of order at least exp(c+/log|G]).

Proof of non-abelian Roth (Bergelson-McCutcheon-Zhang '97).

(1) Let A be fairly dense in G. Let H < G be abelian from Pyber’s
theorem.

2) Find g € G so A08Hl 5 AL | ot A/ = g~ 1AN H.
( g g

(3) If |A|/|G| is large enough in |H|, the set A’ has a 3-AP x, xy, xy?.
(4) Then gx, gxy, gxy? is a 3-AP in A Ol

v

The largest density of a 3-AP-free set in Z/NZ is quasipolynomial anyway!
So this argument loses little quantitatively.
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Smaller sets in groups, and growth

Let A be a finite subset of a group. Suppose that A avoids some pattern
(like a 3-AP). How much must A grow?
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Smaller sets in groups, and growth

Let A be a finite subset of a group. Suppose that A avoids some pattern
(like a 3-AP). How much must A grow?

Theorem (S. '25+)

Let G be residually solvable. Let A C G satisfy1 € A= AL
Write K = |A3|/|A|. Then there exists an abelian subgroup H < G with

log/®| A
|A* N H| > exp (c()g’l> .

log2K
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Smaller sets in groups, and growth

Theorem (S. '25+)

Let G be residually solvable. Let A C G satisfy 1 € A= A1
Write K = |A3|/|A|. Then there exists an abelian subgroup H < G with

log/®|A|
A*NH| > — .
|A* N H| > exp (c log 2K

This result is enough to obtain

Theorem (S. '25+)

If A is a 3-AP-free subset of any residually solvable group, then

[42] > Al exp ( c(log| AJ)M/ 35
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An application to Cayley graphs

Theorem (Conlon—Fox—Pham—Yepremyan '24+)

For some constant C > 0, every finite abelian group G with

ged(|G|,6) = 1 admits a Cayley graph with no clique or independent set
of size Clog,|G].

Carl Schildkraut (Stanford) July 2026 5/6



An application to Cayley graphs

Theorem (Conlon—Fox—Pham—Yepremyan '24+)

For some constant C > 0, every finite abelian group G with
ged(|G|,6) = 1 admits a Cayley graph with no clique or independent set
of size Clog,|G].

The only part of their argument which uses “abelian” is

Lemma (Conlon—-Fox-Pham—Yepremyan '24+)

If G is abelian and A C G has no nontrivial solutions to
ab™! = (cd™1)? = (ef 1)* = (gh™1)8, then |AAT| > |AFOL.
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An application to Cayley graphs

Theorem (Conlon—Fox—Pham—Yepremyan '24+)

For some constant C > 0, every finite abelian group G with
gcd(|G|,6) = 1 admits a Cayley graph with no clique or independent set
of size Clog,|G].

The only part of their argument which uses “abelian” is

Lemma (Conlon—-Fox-Pham—Yepremyan '24+)

If G is abelian and A C G has no nontrivial solutions to
ab™! = (cd™1)? = (ef 1)* = (gh 1), then |AATY| > |A|LOL.

Theorem (S. '25+)

The above theorem holds with the word “abelian” removed.
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Extending from solvable groups

In fact, such Cayley graphs exist for all groups of almost all orders.
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Extending from solvable groups

In fact, such Cayley graphs exist for all groups of almost all orders.
One tool:

Theorem (S. '25+)

Let A C GLy(F) satisfy 1 € A= AL, Write K = |A3|/|A|. Then there
exists an abelian subgroup H < GL4(F) with

1
|A* N H| > W’AF‘Z

for e4 decaying quasi-polynomially in d.

Stitch these together through the chief series and use CFSG.
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