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Classical Eisenstein series

Let k ≥ 1 be even. The Eisenstein series

Gk+2(τ) ∶= ∑
(m,n)∈Z2 ∖{0}

1

(mτ + n)k+2

has Fourier series expansion

Gk+2(τ) = 2ζ(k + 2) +
2(2πi)k+2

(k + 1)!

∞
∑
n=1
(∑
d ∣n

dk+1)e2πinτ ,

where ζ ∶C∖{1}→ C is the Riemann zeta function given by

ζ(s) =
∞
∑
n=1

1

ns
for s ∈ C,Re(s) > 1.
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Classical Eisenstein series

Consider the normalized Eisenstein series

G∗k+2(τ) ∶=
(k + 1)!

2(2πi)k+2
⋅Gk+2(τ) = 2

−1ζ(−1−k)+
∞
∑
n=1
(∑
d ∣n

dk+1)e2πinτ .

Question:

What does it mean for ζ(−1− k) to appear in the constant term of
an Eisenstein series with rational Fourier coefficients?

.

Klingen (1962): Ô⇒ ζ(−1 − k) ∈ Q
.

Sczech (1993), Nori (1994), Beilinson–Kings–Levin (2018):
Cohomological approach, construction of “Eisenstein classes”
(↝ different notion of rationality resp. integrality)
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Cohomological interpretation of modular forms

Symk C2 ≅ CX k ⊕CX k−1Y ⊕ . . .⊕CY k

is a left C[SL2(Z)]-module with SL2(Z)-action given by

(
a b
c d

)P(X ,Y ) ∶= P(aX + cY ,bX + dY ).

We obtain a sheaf ̃Symk C2 on SL2(Z) /H defined by

̃Symk C2(U) =

⎧⎪⎪
⎨
⎪⎪⎩

ϕ∶π−1(U)→Symk C2 locally constant∶
.

ϕ(γτ)=γ(ϕ(τ)) for all τ∈π−1(U),γ∈SL2(Z)

⎫⎪⎪
⎬
⎪⎪⎭

for open U ⊆ SL2(Z) /H, where π∶H→ SL2(Z) /H is the
projection.
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Cohomological interpretation of modular forms

Elements in
H1(SL2(Z) /H,

̃Symk C2)

may be represented by closed differential forms

ω =
k

∑
j=0

ωj ⋅X
jY k−j ∈ Ω1(H,C)⊗C Symk C2

satisfying (γ∗ω)(τ) = γ(ω(τ)) for all γ ∈ SL2(Z), τ ∈ H.
.
Example: If f is a modular form for SL2(Z) of weight k + 2, then

δf (τ) ∶= f (τ)(τX +Y )
kdτ ∈ H1(SL2(Z) /H,

̃Symk C2).

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of modular forms

Elements in
H1(SL2(Z) /H,

̃Symk C2)

may be represented by closed differential forms

ω =
k

∑
j=0

ωj ⋅X
jY k−j ∈ Ω1(H,C)⊗C Symk C2

satisfying (γ∗ω)(τ) = γ(ω(τ)) for all γ ∈ SL2(Z), τ ∈ H.
.
Example: If f is a modular form for SL2(Z) of weight k + 2, then

δf (τ) ∶= f (τ)(τX +Y )
kdτ ∈ H1(SL2(Z) /H,

̃Symk C2).

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of modular forms

Elements in
H1(SL2(Z) /H,

̃Symk C2)

may be represented by closed differential forms

ω =
k

∑
j=0

ωj ⋅X
jY k−j ∈ Ω1(H,C)⊗C Symk C2

satisfying (γ∗ω)(τ) = γ(ω(τ)) for all γ ∈ SL2(Z), τ ∈ H.
.
Example: If f is a modular form for SL2(Z) of weight k + 2, then

δf (τ) ∶= f (τ)(τX +Y )
kdτ ∈ H1(SL2(Z) /H,

̃Symk C2).

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of modular forms

Elements in
H1(SL2(Z) /H,

̃Symk C2)

may be represented by closed differential forms

ω =
k

∑
j=0

ωj ⋅X
jY k−j ∈ Ω1(H,C)⊗C Symk C2

satisfying (γ∗ω)(τ) = γ(ω(τ)) for all γ ∈ SL2(Z), τ ∈ H.

.
Example: If f is a modular form for SL2(Z) of weight k + 2, then

δf (τ) ∶= f (τ)(τX +Y )
kdτ ∈ H1(SL2(Z) /H,

̃Symk C2).

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of modular forms

Elements in
H1(SL2(Z) /H,

̃Symk C2)

may be represented by closed differential forms

ω =
k

∑
j=0

ωj ⋅X
jY k−j ∈ Ω1(H,C)⊗C Symk C2

satisfying (γ∗ω)(τ) = γ(ω(τ)) for all γ ∈ SL2(Z), τ ∈ H.
.
Example: If f is a modular form for SL2(Z) of weight k + 2,

then

δf (τ) ∶= f (τ)(τX +Y )
kdτ ∈ H1(SL2(Z) /H,

̃Symk C2).

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of modular forms

Elements in
H1(SL2(Z) /H,

̃Symk C2)

may be represented by closed differential forms

ω =
k

∑
j=0

ωj ⋅X
jY k−j ∈ Ω1(H,C)⊗C Symk C2

satisfying (γ∗ω)(τ) = γ(ω(τ)) for all γ ∈ SL2(Z), τ ∈ H.
.
Example: If f is a modular form for SL2(Z) of weight k + 2, then

δf (τ) ∶= f (τ)(τX +Y )
kdτ

∈ H1(SL2(Z) /H,
̃Symk C2).

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of modular forms

Elements in
H1(SL2(Z) /H,

̃Symk C2)

may be represented by closed differential forms

ω =
k

∑
j=0

ωj ⋅X
jY k−j ∈ Ω1(H,C)⊗C Symk C2

satisfying (γ∗ω)(τ) = γ(ω(τ)) for all γ ∈ SL2(Z), τ ∈ H.
.
Example: If f is a modular form for SL2(Z) of weight k + 2, then

δf (τ) ∶= f (τ)(τX +Y )
kdτ ∈ H1(SL2(Z) /H,

̃Symk C2).

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of modular forms

δf (τ) ∶= f (τ)(τX +Y )
kdτ ∈ H1(SL2(Z) /H,

̃Symk C2).

Eichler–Shimura isomorphism:

The assignment f ↦ δf induces a Hecke-equivariant isomorphism

Mk+2(SL2(Z))⊕ Sk+2(SL2(Z)) ≅ H1(SL2(Z) /H,
̃Symk C2).

Observe that

Mk+2(SL2(Z)) ≅ Sk+2(SL2(Z))⊕C ⋅Gk+2.
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Cohomological interpretation of the constant term

We have an isomorphism of groups

Z ≅
Ð→ U ∶= {(

1 z
0 1

)∶ .z ∈ Z} ⊆ SL2(Z)

given by z ∈ Z↦ ( 1 z
0 1

) ∈ U .
.
This induces Z-actions on H and Symk C2.

(z ⋆ P)(X ,Y ) ∶= P(X , zX +Y ) for z ∈ Z .

Ô⇒ The map R→ H given by r ↦ r + i is Z-equivariant.
.
Ô⇒ We have a homomorphism of C[Z]-modules Symk C2 → C,

P(X ,Y ) ∈ Symk C2 ↦ “coefficient of Y k” ∈ C .
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P(X ,Y ) ∈ Symk C2 ↦

“coefficient of Y k” ∈ C .
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Cohomological interpretation of the constant term

.

U ∶= {(
1 z
0 1

)∶ .z ∈ Z} ⊆ SL2(Z)

We obtain the restriction map

R∗∶ ..H1(SL2(Z) /H,
̃Symk C2)→ H1(U /H,

̃Symk C2)

→ H1(Z /R, ̃Symk C2)→ H1(Z /R, C̃) de Rham
ÐÐÐÐ→ C .

Fact: If f is a modular form with Fourier series expansion

f (τ) =
∞
∑
n=0

ane
2πinτ ,

then
R∗(δf ) = a0.

...

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of the constant term

.

U ∶= {(
1 z
0 1

)∶ .z ∈ Z} ⊆ SL2(Z)

We obtain the restriction map

R∗∶ ..H1(SL2(Z) /H,
̃Symk C2)

→ H1(U /H,
̃Symk C2)

→ H1(Z /R, ̃Symk C2)→ H1(Z /R, C̃) de Rham
ÐÐÐÐ→ C .

Fact: If f is a modular form with Fourier series expansion

f (τ) =
∞
∑
n=0

ane
2πinτ ,

then
R∗(δf ) = a0.

...

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of the constant term

.

U ∶= {(
1 z
0 1

)∶ .z ∈ Z} ⊆ SL2(Z)

We obtain the restriction map

R∗∶ ..H1(SL2(Z) /H,
̃Symk C2)→ H1(U /H,

̃Symk C2)

→ H1(Z /R, ̃Symk C2)→ H1(Z /R, C̃) de Rham
ÐÐÐÐ→ C .

Fact: If f is a modular form with Fourier series expansion

f (τ) =
∞
∑
n=0

ane
2πinτ ,

then
R∗(δf ) = a0.

...

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of the constant term

.

U ∶= {(
1 z
0 1

)∶ .z ∈ Z} ⊆ SL2(Z)

We obtain the restriction map

R∗∶ ..H1(SL2(Z) /H,
̃Symk C2)→ H1(U /H,

̃Symk C2)

→ H1(Z /R, ̃Symk C2)

→ H1(Z /R, C̃) de Rham
ÐÐÐÐ→ C .

Fact: If f is a modular form with Fourier series expansion

f (τ) =
∞
∑
n=0

ane
2πinτ ,

then
R∗(δf ) = a0.

...

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of the constant term

.

U ∶= {(
1 z
0 1

)∶ .z ∈ Z} ⊆ SL2(Z)

We obtain the restriction map

R∗∶ ..H1(SL2(Z) /H,
̃Symk C2)→ H1(U /H,

̃Symk C2)

→ H1(Z /R, ̃Symk C2)→ H1(Z /R, C̃)

de Rham
ÐÐÐÐ→ C .

Fact: If f is a modular form with Fourier series expansion

f (τ) =
∞
∑
n=0

ane
2πinτ ,

then
R∗(δf ) = a0.

...

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of the constant term

.

U ∶= {(
1 z
0 1

)∶ .z ∈ Z} ⊆ SL2(Z)

We obtain the restriction map

R∗∶ ..H1(SL2(Z) /H,
̃Symk C2)→ H1(U /H,

̃Symk C2)

→ H1(Z /R, ̃Symk C2)→ H1(Z /R, C̃) de Rham
ÐÐÐÐ→ C .

Fact: If f is a modular form with Fourier series expansion

f (τ) =
∞
∑
n=0

ane
2πinτ ,

then
R∗(δf ) = a0.

...

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of the constant term

.

U ∶= {(
1 z
0 1

)∶ .z ∈ Z} ⊆ SL2(Z)

We obtain the restriction map

R∗∶ ..H1(SL2(Z) /H,
̃Symk C2)→ H1(U /H,

̃Symk C2)

→ H1(Z /R, ̃Symk C2)→ H1(Z /R, C̃) de Rham
ÐÐÐÐ→ C .

Fact: If f is a modular form with Fourier series expansion

f (τ) =
∞
∑
n=0

ane
2πinτ ,

then
R∗(δf ) = a0.

...

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Cohomological interpretation of the constant term

.

U ∶= {(
1 z
0 1

)∶ .z ∈ Z} ⊆ SL2(Z)

We obtain the restriction map

R∗∶ ..H1(SL2(Z) /H,
̃Symk C2)→ H1(U /H,

̃Symk C2)

→ H1(Z /R, ̃Symk C2)→ H1(Z /R, C̃) de Rham
ÐÐÐÐ→ C .

Fact: If f is a modular form with Fourier series expansion

f (τ) =
∞
∑
n=0

ane
2πinτ ,

then
R∗(δf ) = a0.

...
Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Eisenstein classes and Eisenstein cohomology

Eichler–Shimura isomorphism: f ↦ δf induces

Mk+2(SL2(Z))⊕ Sk+2(SL2(Z)) ≅ H1(SL2(Z) /H,
̃Symk C2).

Sk+2(SL2(Z))⊕ Sk+2(SL2(Z)).
E.–S.
←→ . ker(R∗).

● We call ω ∈ H1(SL2(Z) /H,
̃Symk C2) an Eisenstein class if

ω /∈ ker(R∗).

● The Eisenstein cohomology is the subspace

H1
Eis(SL2(Z) /H,

̃Symk C2) ∶= C ⋅Gk+2.

H1(SL2(Z) /H,
̃Symk C2) ≅ ker(R∗)⊕H1

Eis(SL2(Z) /H,
̃Symk C2)
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The key idea

One may construct a restriction map

R∗Q∶ .H
1(SL2(Z) /H,

̃Symk Q2)→ Q

which fits into the commutative diagram

Consequence: If ω ∈ H1(SL2(Z) /H,
̃Symk C2) lies in the image of

H1(SL2(Z) /H,
̃Symk Q2), then R∗C(ω) ∈ Q.
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The logarithm sheaf

T ∶= Zn /Rn real torus of dimension n.
.
RQ ∶=∏k≥0 Sym

k Q2 completed symmetric algebra.
.
RQ is a Q[Zn]-module, where z ∈ Zn acts by multiplication by

exp(z) ∶= ∑
k≥0

z⊗k

k!
.

The logarithm sheaf L ogQ on T is defined by

L ogQ(U) =

⎧⎪⎪
⎨
⎪⎪⎩

ϕ∶.π−1(U)→RQ locally constant∶
.

ϕ(z+r)=exp(z)⋅ϕ(r) for all r∈π−1(U),z∈Zn

⎫⎪⎪
⎬
⎪⎪⎭

for open U ⊆ T , where π∶ .Rn → T is the projection.

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



The logarithm sheaf

T ∶= Zn /Rn real torus of dimension n.

.
RQ ∶=∏k≥0 Sym

k Q2 completed symmetric algebra.
.
RQ is a Q[Zn]-module, where z ∈ Zn acts by multiplication by

exp(z) ∶= ∑
k≥0

z⊗k

k!
.

The logarithm sheaf L ogQ on T is defined by

L ogQ(U) =

⎧⎪⎪
⎨
⎪⎪⎩

ϕ∶.π−1(U)→RQ locally constant∶
.

ϕ(z+r)=exp(z)⋅ϕ(r) for all r∈π−1(U),z∈Zn

⎫⎪⎪
⎬
⎪⎪⎭

for open U ⊆ T , where π∶ .Rn → T is the projection.

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



The logarithm sheaf

T ∶= Zn /Rn real torus of dimension n.
.
RQ ∶=∏k≥0 Sym

k Q2 completed symmetric algebra.

.
RQ is a Q[Zn]-module, where z ∈ Zn acts by multiplication by

exp(z) ∶= ∑
k≥0

z⊗k

k!
.

The logarithm sheaf L ogQ on T is defined by

L ogQ(U) =

⎧⎪⎪
⎨
⎪⎪⎩

ϕ∶.π−1(U)→RQ locally constant∶
.

ϕ(z+r)=exp(z)⋅ϕ(r) for all r∈π−1(U),z∈Zn

⎫⎪⎪
⎬
⎪⎪⎭

for open U ⊆ T , where π∶ .Rn → T is the projection.

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



The logarithm sheaf

T ∶= Zn /Rn real torus of dimension n.
.
RQ ∶=∏k≥0 Sym

k Q2 completed symmetric algebra.
.
RQ is a Q[Zn]-module,

where z ∈ Zn acts by multiplication by

exp(z) ∶= ∑
k≥0

z⊗k

k!
.

The logarithm sheaf L ogQ on T is defined by

L ogQ(U) =

⎧⎪⎪
⎨
⎪⎪⎩

ϕ∶.π−1(U)→RQ locally constant∶
.

ϕ(z+r)=exp(z)⋅ϕ(r) for all r∈π−1(U),z∈Zn

⎫⎪⎪
⎬
⎪⎪⎭

for open U ⊆ T , where π∶ .Rn → T is the projection.

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



The logarithm sheaf

T ∶= Zn /Rn real torus of dimension n.
.
RQ ∶=∏k≥0 Sym

k Q2 completed symmetric algebra.
.
RQ is a Q[Zn]-module, where z ∈ Zn acts by multiplication by

exp(z) ∶= ∑
k≥0

z⊗k

k!
.

The logarithm sheaf L ogQ on T is defined by

L ogQ(U) =

⎧⎪⎪
⎨
⎪⎪⎩

ϕ∶.π−1(U)→RQ locally constant∶
.

ϕ(z+r)=exp(z)⋅ϕ(r) for all r∈π−1(U),z∈Zn

⎫⎪⎪
⎬
⎪⎪⎭

for open U ⊆ T , where π∶ .Rn → T is the projection.

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



The logarithm sheaf

T ∶= Zn /Rn real torus of dimension n.
.
RQ ∶=∏k≥0 Sym

k Q2 completed symmetric algebra.
.
RQ is a Q[Zn]-module, where z ∈ Zn acts by multiplication by

exp(z) ∶= ∑
k≥0

z⊗k

k!
.

The logarithm sheaf L ogQ on T is defined by

L ogQ(U) =

⎧⎪⎪
⎨
⎪⎪⎩

ϕ∶.π−1(U)→RQ locally constant∶
.

ϕ(z+r)=exp(z)⋅ϕ(r) for all r∈π−1(U),z∈Zn

⎫⎪⎪
⎬
⎪⎪⎭

for open U ⊆ T , where π∶ .Rn → T is the projection.

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



The logarithm sheaf

T ∶= Zn /Rn real torus of dimension n.
.
RQ ∶=∏k≥0 Sym

k Q2 completed symmetric algebra.
.
RQ is a Q[Zn]-module, where z ∈ Zn acts by multiplication by

exp(z) ∶= ∑
k≥0

z⊗k

k!
.

The logarithm sheaf L ogQ on T is defined by

L ogQ(U) =

⎧⎪⎪
⎨
⎪⎪⎩

ϕ∶.π−1(U)→RQ locally constant∶
.

ϕ(z+r)=exp(z)⋅ϕ(r) for all r∈π−1(U),z∈Zn

⎫⎪⎪
⎬
⎪⎪⎭

for open U ⊆ T , where π∶ .Rn → T is the projection.

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



The logarithm sheaf
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.

ϕ(z+r)=exp(z)⋅ϕ(r) for all r∈π−1(U),z∈Zn

⎫⎪⎪
⎬
⎪⎪⎭

For any subgroup Γ ⊆ GLn(Z), the logarithm sheaf L ogQ is
Γ-equivariant:

Ψγ ∶L og(U)→ (γ−1 L ogQ)(U) =L ogQ(γU),

(ϕ∶π−1(U)→ RQ)↦ (Ψγ(ϕ)∶π
−1(γU)→ RQ),

where

Ψγ(ϕ)(r) ∶= γ(ϕ(γ
−1r)) for r ∈ π−1(γU) = γπ−1(U).
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The topological polylogarithm

For M ∈ N, let T [M] ∶= Zn /M−1Zn ⊆ T be the M-torsion points.
.
Write D ∶= T [M] ∖ {0} and Γ = {γ ∈ GLn(Z)∶ γD = D}. We have
an isomorphism

Hn−1(T ∖D,Γ;L ogQ⊗λ) ≅ ker(⊕
d∈D

RQ
∑
Ð→ Q)Γ.

Right hand side: Functions α∶D → RQ satisfying

α(γd) = γ(α(d)) and ∑
d∈D

aug(α(d)) = 0

for every γ ∈ Γ.
.

Given α ∈ ker(⊕d∈D Q ∑
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The topological polylogarithm

The space Pn of real positive definite n × n-matrices has a left
Γ-action given by γ ⋆B ∶= γBγt . Then

Hn−1(T ∖D,Γ;L ogQ⊗λ) ≅ H
n−1(Γ /((T ∖D) ×Pn),L ogQ⊗λ).

Important fact: One can explicitly construct a differential form Gα

on Pn representing the image of

polα ∈ H
n−1(Γ /((T ∖D) ×Pn),L ogQ⊗λ)

0∶ Pn → (T ∖D) ×Pn, B ↦ (0,B)

→ Hn−1(Γ /Pn, R̃Q ⊗ λ)→ Hn−1(Γ /Pn, R̃C ⊗ λ).
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Polylogarithmic Eisenstein classes for SL2

Let now n = 2 and assume Γ ⊆ SL2(Z).

0∗ polα ∈ H
1(Γ /P2, R̃Q)

Take the pullback under SL2(R)/SO2(R)→P2, g ↦ gg t .
.

Apply the projection

RQ =∏
l≥0

Syml Q2 → Symk Q2 .

↝ Obtain a cohomology class

̃polkα ∈ H
1(Γ /SL2(R)/SO2(R), ̃Symk Q2).
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Polylogarithmic Eisenstein classes for SL2

The image of ̃polkα in H1(Γ /SL2(R)/SO2(R), ̃Symk C2) may be
represented by the differential form

G̃
k
α(g) = ∑

µ∈Z2 ∖{0}
E k
µ (g)( ∑

t∈T [M]
α(t)e2πiµ(t)),

where

E k
µ (g) =

(−1)k+1(k + 1)

(2πi)k+2
⋅
(gg tµt)⊗k

(µgg tµt)k+2
⋅

⋅(µ1gg
tµt ⋅ d(µ2gg

tµt) − µ2gg
tµt ⋅ d(µ1gg

tµt))

for µ1 = (1,0), µ2 = (0,1) ∈ Z2.
Explicit calculation: If Γ = SL2(Z), then

R∗(G̃ k
α ) =

(−1)k+1(k + 1)

(2πi)k+2
∑
b≠0

1

bk+2
( ∑
t=(t1,t2)∈T [M]

α(t)e2πibt2).
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Special values of the Riemann zeta function

For even k ∈ N and suitable choices of α, M, and Γ, we get

R∗(G̃ k
α ) = −

1

k!
q2(q − 1)(1 − q−(k+2))ζ(−1 − k) ∈ Q .

Conclusion: ζ(−1 − k) ∈ Q.
.
Result of the integral version: For all primes p ≠ q with q > 2,

(q − 1)(qk+2 − 1)ζ(−1 − k) ∈ Z(p) .

In particular: If p − 1 ∤ k + 2, choose q to be a primitive root
modulo p. Then

ζ(−1 − k) ∈ Z(p) .

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Special values of the Riemann zeta function

For even k ∈ N and suitable choices of α, M, and Γ, we get

R∗(G̃ k
α ) = −

1

k!
q2(q − 1)(1 − q−(k+2))ζ(−1 − k) ∈ Q .

Conclusion: ζ(−1 − k) ∈ Q.
.
Result of the integral version: For all primes p ≠ q with q > 2,

(q − 1)(qk+2 − 1)ζ(−1 − k) ∈ Z(p) .

In particular: If p − 1 ∤ k + 2, choose q to be a primitive root
modulo p. Then

ζ(−1 − k) ∈ Z(p) .

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Special values of the Riemann zeta function

For even k ∈ N and suitable choices of α, M, and Γ, we get

R∗(G̃ k
α ) = −

1

k!
q2(q − 1)(1 − q−(k+2))ζ(−1 − k) ∈ Q .

Conclusion: ζ(−1 − k) ∈ Q.
.
Result of the integral version: For all primes p ≠ q with q > 2,

(q − 1)(qk+2 − 1)ζ(−1 − k) ∈ Z(p) .

In particular: If p − 1 ∤ k + 2, choose q to be a primitive root
modulo p. Then

ζ(−1 − k) ∈ Z(p) .

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Special values of the Riemann zeta function

For even k ∈ N and suitable choices of α, M, and Γ, we get

R∗(G̃ k
α ) = −

1

k!
q2(q − 1)(1 − q−(k+2))ζ(−1 − k) ∈ Q .

Conclusion: ζ(−1 − k) ∈ Q.

.
Result of the integral version: For all primes p ≠ q with q > 2,

(q − 1)(qk+2 − 1)ζ(−1 − k) ∈ Z(p) .

In particular: If p − 1 ∤ k + 2, choose q to be a primitive root
modulo p. Then

ζ(−1 − k) ∈ Z(p) .

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Special values of the Riemann zeta function

For even k ∈ N and suitable choices of α, M, and Γ, we get

R∗(G̃ k
α ) = −

1

k!
q2(q − 1)(1 − q−(k+2))ζ(−1 − k) ∈ Q .

Conclusion: ζ(−1 − k) ∈ Q.
.
Result of the integral version: For all primes p ≠ q with q > 2,

(q − 1)(qk+2 − 1)ζ(−1 − k) ∈ Z(p) .

In particular: If p − 1 ∤ k + 2, choose q to be a primitive root
modulo p. Then

ζ(−1 − k) ∈ Z(p) .

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions



Special values of the Riemann zeta function

For even k ∈ N and suitable choices of α, M, and Γ, we get

R∗(G̃ k
α ) = −

1

k!
q2(q − 1)(1 − q−(k+2))ζ(−1 − k) ∈ Q .

Conclusion: ζ(−1 − k) ∈ Q.
.
Result of the integral version: For all primes p ≠ q with q > 2,

(q − 1)(qk+2 − 1)ζ(−1 − k) ∈ Z(p) .

In particular: If p − 1 ∤ k + 2, choose q to be a primitive root
modulo p. Then

ζ(−1 − k) ∈ Z(p) .

Lukas Prader University of Regensburg Polylogarithmic Eisenstein classes and special values of L-functions
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Special values via Bernoulli numbers

It is known that

ζ(−1 − k) = −
Bk+2
k + 2

,

where the Bernoulli numbers are defined by

x

ex − 1
=
∞
∑
n=0

Bn

n!
xn.

Adam’s theorem: If p − 1 ∤ k + 2, then

Bk+2
k + 2

∈ Z(p) .
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