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Let -
l(s) = 5 and T'(s) :=/ e “uldu,
Z :

n=1

for s € C with Re(s) >
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Let -
l(s):= > n¥ and TI'(s) :=/ e “uldu,

for s € C with Re(s) > 1.
Note that, for 1 € R,,

/l_sl"(s)z/ e My
0

after using the change of variables u = At.
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Let -
l(s):= > n¥ and TI'(s) :=/ e “uldu,

for s € C with Re(s) > 1.
Note that, for 1 € R,,

/l_SF(s)z/ e My
0

after using the change of variables u = At. Then one can set A = n and
sum over all natural numbers:

(I (s) = /0°° i e M5 s,
n=1

We may define G(r) := 1% = X, e

l—e7t
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L P
g’(s)_r(s)/0 G’ dt.
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L P
g’(s)_r(s)/0 G’ dt.

Under certain hypotheses on f € C*(Rx),
M(f,s) = ﬁ /000 f()r*~'dt admits an analytic continuation to all

of C, and for k € N, M(f,-k) = (=D*(L)* f(1)],.

We also have that £(s) = S%M(tG(t), s—1).
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L P
g’(s)_r(s)/0 G’ dt.

Under certain hypotheses on f € C*(Rx),
M(f,s) = ﬁ /000 f()r*~'dt admits an analytic continuation to all

of C, and for k € N, M(f,-k) = (=D*(L)* f(1)],.

We also have that £(s) = S%M(tG(t), s—1).

(=1)* By
Theref —-k)y=—>—,
erefore  ((—k) 1

where By € Q is the k-th Bernoulli number, defined by

t

o te”

ZB”_ - =1tG(t).
n!l 1-et

n=0
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Dirichlet L-function and Hurwitz Zeta function

Analogously, for y : Z/NZ — C* and x € [0, 1), we define

L(s, x) := Zx(n)n_s and /(s,x) := Z(n +x)7°,
n=1 n=1

Julio de Mello Bezerra Cohomological approaches to rationality of L-values



Dirichlet L-function and Hurwitz Zeta function

Analogously, for y : Z/NZ — C* and x € [0, 1), we define

L(s, x) := Zx(n)n_s and /(s,x) := Z(n +x)7°,
n=1 n=1

and conclude that

Bk+1(x)
k+1

N
and L(—k,x)=- Zx(a)NkW,

a=1

{(=k,x) =

where B, (x) € Q[x] is the n-th Bernoulli polynomial, defined by

(o)

tn el‘x
§ By(x)— =1

n! el —
n=0
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L-functions of Totally Real Number Fields

We make the following definitions.

o Fis a totally real number field of degree g over Q;
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L-functions of Totally Real Number Fields

We make the following definitions.
o Fis a totally real number field of degree g over Q;

@ There are g complex embeddings 7 : F — C factoring through
R and F @ R = R&, with each axis given by an embedding 7 € I;
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L-functions of Totally Real Number Fields

We make the following definitions.
o Fis a totally real number field of degree g over Q;

@ There are g complex embeddings 7 : F — C factoring through
R and F @ R = R&, with each axis given by an embedding 7 € I;

@ OFr is the ring of integers of F and OF, the totally positive
integers;
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L-functions of Totally Real Number Fields

We make the following definitions.
o Fis a totally real number field of degree g over Q;

@ There are g complex embeddings 7 : F — C factoring through
R and F @ R = R&, with each axis given by an embedding 7 € I;

@ OFr is the ring of integers of F and OF, the totally positive
integers;

@ Jis the group of fractional ideals, P* the subgroup of principal
ideals with totally positive generators and R; := 3/P* the
narrow class group;
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L-functions of Totally Real Number Fields

We make the following definitions.
o Fis a totally real number field of degree g over Q;

@ There are g complex embeddings 7 : F — C factoring through
R and F @ R = R&, with each axis given by an embedding 7 € I;

@ OFr is the ring of integers of F and OF, the totally positive
integers;

@ Jis the group of fractional ideals, P* the subgroup of principal
ideals with totally positive generators and R; := 3/P* the
narrow class group;

@ For an ideal f € OF, Jj is the group of fractional ideals coprime
to f;
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L-functions of Totally Real Number Fields

We make the following definitions.
o Fis a totally real number field of degree g over Q;

@ There are g complex embeddings 7 : F — C factoring through
R and F @ R = R&, with each axis given by an embedding 7 € I;

@ OFr is the ring of integers of F and OF, the totally positive
integers;

@ Jis the group of fractional ideals, P* the subgroup of principal
ideals with totally positive generators and R; := 3/P* the
narrow class group;

@ For an ideal f € OF, Jj is the group of fractional ideals coprime
to f;

@ Rj is the ray class group modulo §, which is a quotient of Js;
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The Hecke L-function

For f ¢ Op we have the finite Hecke characters with conductor §
X Rf — CX
giving rise to the Hecke L-function

Lx.9) = Y x(@N(@)™,

aCOF
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The Hecke L-function

For f ¢ Op we have the finite Hecke characters with conductor §
X Rf — CX
giving rise to the Hecke L-function

Lx.9) = Y x(@N(@)™,

aCOF

For b ¢ OF we define £(b,f, s) = X[q)~[p] N(a)™* so we have

Lix.s)= D x(0){(b.1,5).

[I)] ERf

We want to show that the values L(y, —k) € Q(y) are rational up to
the image of the character y for k > 0.
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The Siegel-Klingen Theorem

Theorem (Siegel-Klingen)

With the definitions as above,

g(b’f’l_k)EQ VkZlEZ
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The Siegel-Klingen Theorem

Theorem (Siegel-Klingen)

With the definitions as above,

g(b’f’l_k)EQ VkZlEZ

Sketch of proof: Let f(z) be an SL;,(Z)—Eisenstein series, z € H, of
weight k with g-expansion

F@) =) ang", q=e""
n=0
and show that there are integers ck o, . . . , Ck,» such that

Ck,0a0+ C,1a1+ -+ Ci ray = 0, Ck,0 F 0

where r := r(k) := dimc My (SLy2(Z)).
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The Siegel-Klingen Theorem

Now show that for each k > 1 there is an Eisenstein series f(z) such
that ag = CZ(b,f,1 — k) with C, a4, ..., a, € Q. The previous result
implies that ag € Q as desired.
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The Siegel-Klingen Theorem

Now show that for each k > 1 there is an Eisenstein series f(z) such
that ag = CZ(b,f,1 — k) with C, a4, ..., a, € Q. The previous result
implies that ag € Q as desired.

Example: The classical Eisenstein series

(k—1)! .
Ek(Z)ZW Z (mz+n) k=
(m,n)€Z?\ {0}

= —5(12_ D4 o ma”
n=1

with og—1(n) := X gpn d*=" and even k > 4 gives

2 - _
{(1—k) = —a;%—l(])ck,j €Q.
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The Shintani Method

Let A := O%, be the set of totally positive units of OF.
F+ yp

For f c Op we have the additive characters

& € U[f] = Hom(OF /1,C*) \ {1},

defining the Lerch zeta function

L(EA,s) = Z £(@)N(a)™*.

(lEAf\O}u

where Ag = {e € A | é(ea) =€é(a), VYa € Or}.
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The Shintani Method

Let A := O%, be the set of totally positive units of OF.
F+ yp

For f c Op we have the additive characters
¢ € U[f] == Hom(OF /§,C*) \ {1},

defining the Lerch zeta function

L(EA,s) = Z £(@)N(a)™*.

(lEAf\O}u

where Ag = {e € A | é(ea) =€é(a), VYa € Or}.

Proposition

Assume that |R;| = 1, then for y # 1 we have

Lx.s)= D, cy(&)L(A,s).
£eA\U[f]
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The Shintani Decomposition

A cone generated by @ = (1, ..., a,) € OF, is any set of the form

Oo ={x101 + ...+ X0y | X1,...,xm € R5o}.

Shintani’s Unit Theorem

There is a set of cones ® such that RS = | J .. 0, @ is closed under
the A action and the quotient A\® is a finite set.

When g = 2:

zy =1

1,1
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The Shintani Zeta Function

For s € C, Re(s) > 1 and o a cone, we define the Shintani zeta
function:

(&)= Y E@N(@)™

aedTNOF
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The Shintani Zeta Function

For s € C, Re(s) > 1 and o a cone, we define the Shintani zeta
function:

(&)= Y E@N(@)™

aedTNOF

Theorem (Shintani, Cassou-Nogues)

(o (€, s) admits a meromorphic continuation to C and there exists a
meromorphic function &, (¢) on F ® C such that for each k € N,

"G (1), = Lo (6.-K).
Furthermore, if ® is a Shintani decomposition, then

LENS) = Y Lo(&9).

O'GAf\(I)
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Equivariant Sheaf Cohomology

@ The algebraic torus T is the group scheme such that
T(C) = Hom(OF, C");
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Equivariant Sheaf Cohomology

@ The algebraic torus T is the group scheme such that
T(C) = Hom(Of, C*);

@ T has a A-action [§] : T — T, and so does the open sub-scheme
U:=T\{l}
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Equivariant Sheaf Cohomology

@ The algebraic torus T is the group scheme such that
T(C) = Hom(Of, C*);

@ T has a A-action [§] : T — T, and so does the open sub-scheme
U:=T\{l}

© A A-equivariant sheaf is an Oy -module & together with a
family of isomorphisms

which are compatible with the A action on U;
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Equivariant Sheaf Cohomology

@ The algebraic torus T is the group scheme such that
T(C) = Hom(Of, C*);

@ T has a A-action [§] : T — T, and so does the open sub-scheme
U:=T\{l}

© A A-equivariant sheaf is an Oy -module & together with a
family of isomorphisms

which are compatible with the A action on U;

e For any A-equivariant sheaf & on U, we define the equivariant
global sectionby T(U/A, F) = T(U, F)*;
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Equivariant Sheaf Cohomology

@ The algebraic torus T is the group scheme such that
T(C) = Hom(Of, C*);

@ T has a A-action [§] : T — T, and so does the open sub-scheme
U:=T\{l}

© A A-equivariant sheaf is an Oy -module & together with a
family of isomorphisms

which are compatible with the A action on U;

e For any A-equivariant sheaf & on U, we define the equivariant
global sectionby T(U/A, F) = T(U, F)*;

@ The equivariant cohomology H™ (U /A, —) is defined to be the
m-th right derived functor of I'(U/A, -).
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Specialization Map

For each finite character £ € U, let Q(¢) be the number field obtained
by adjoining the image of ¢ to Q. Then each torsion point ¢ € U can
be identified with Spec Q(¢).
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Specialization Map

For each finite character £ € U, let Q(¢) be the number field obtained
by adjoining the image of ¢ to Q. Then each torsion point ¢ € U can
be identified with Spec Q(¢).

& = Spec Q(&) is a Ag-scheme, and the inclusion & — U is compatible
with the inclusion Az C A, so we have the specialization map

ETH™(UIA Oy) = H"(E[Ag,O).
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Specialization Map

For each finite character £ € U, let Q(¢) be the number field obtained
by adjoining the image of ¢ to Q. Then each torsion point ¢ € U can
be identified with Spec Q(¢).

& = Spec Q(&) is a Ag-scheme, and the inclusion & — U is compatible
with the inclusion Az C A, so we have the specialization map

£ H™(U/A, Oy) — H™(€[A¢., O¢).
Furthermore, there exists a canonical isomorphism
H8™'(&/Ag, 0p) = Q(€)

which allows us to identify them as Q vector spaces.
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Canonical Decomposition

Theorem (Bannai, Hagihara, Yamada, Yamamoto)

There exist a canonical class G € HS~'(U/A, Oy) and a
homomorphism d: H™(U/A, Oy) — H™(U/A, Oy) induced by a
differential operator on Oy, such that

E(0G) = L(¢A, k)

through the identification H8~!(£/A¢, Of) 5 Q(&).
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Canonical Decomposition

Theorem (Bannai, Hagihara, Yamada, Yamamoto)

There exist a canonical class G € HS~'(U/A, Oy) and a
homomorphism d: H™(U/A, Oy) — H™(U/A, Oy) induced by a
differential operator on Oy, such that

E(0G) = L(¢A, k)

through the identification H8~!(£/A¢, Of) 5 Q(&).

The class G is constructed from the previous generating functions
& (t) of Shintani zeta functions, by considering all possible Shintani
cone decompositions of F ® R.
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Canonical Decomposition

Theorem (Bannai, Hagihara, Yamada, Yamamoto)

There exist a canonical class G € HS~'(U/A, Oy) and a
homomorphism d: H™(U/A, Oy) — H™(U/A, Oy) induced by a
differential operator on Oy, such that

E(0G) = L(¢A, k)

through the identification H8~!(£/A¢, Of) 5 Q(&).

The class G is constructed from the previous generating functions
& (t) of Shintani zeta functions, by considering all possible Shintani
cone decompositions of F ® R.

Assume that |R| = 1, then for y # 1 we have

Lo-k)= Y ¢y (&) (0°G) € Qx).
£eUl[fl/A
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o If the number field K is not totally real, then L(y, —k) = 0 for all
k € Z, and y a finite Hecke character.
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o If the number field K is not totally real, then L(y, —k) = 0 for all
k € Z, and y a finite Hecke character.

o If [R;| > 1 we may instead use the FX-scheme T := [ [,c5 T
where T® := Hom(a, C*), to get a canonical representation of the
Hecke L-function in terms of the cohomology class. To prove the
rationality of the special L-values, one may simply sum over the
narrow classes.
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A Topological Torus

Let b and f be integral ideals as before and consider the following zeta
function
(L= Y N@)™
ac(1+fp~-H+/T
whereT:={ee€A|sel+fb1}.
Then
£(b.f.5) = N(®) ¢ (167 5).
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A Topological Torus

Let b and f be integral ideals as before and consider the following zeta
function

(L= ) N@T

ac(1+fp~-H+/T

where':i={ecA|cel+fb7'}.
Then
£(b,f,8) = N(b)* (1,767, 9).

Note that fb~! is a Z-module of rank g, so it defines a full lattice inside
F ® R. Therefore we may define the g-dimensional topological torus

T:= (F®R)/fo" = (s,

05> (FOR) ST — 0.
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The Logarithm Sheaf

Let A be a Q-algebra and let R4 := A[[Y — 1]] = A[[z]] be the power
seriesringon Y =Y1,...,Y, variables with isomorphism given by
Y; — eli.
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The Logarithm Sheaf

Let A be a Q-algebra and let R4 := A[[Y — 1]] = A[[z]] be the power
seriesringon Y =Y1,...,Y, variables with isomorphism given by
Y; — eli.

We define the Logarithm sheaf on T as the sheaf assigning to each
openU CcT

Log(U)={f : a7 Y (U) > Ra | fx+) =Y f(x) VIefbo L, x e 771 (U)}.
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The Logarithm Sheaf

Let A be a Q-algebra and let R4 := A[[Y — 1]] = A[[z]] be the power
seriesringon Y =Y1,...,Y, variables with isomorphism given by
Y; — eli.

We define the Logarithm sheaf on T as the sheaf assigning to each
openU CcT

Log(U)={f : a7 Y (U) > Ra | fx+) =Y f(x) VIefbo L, x e 771 (U)}.
Note that for the Hurwitz Zeta function

__L e s-1
g“(s,x)—r(s)/o G(t,x)t*" ' dt,

the generating function is a section of this sheaf

o e _ S —(n+x)t
G(t,x) := = —Ze .
n=1
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Polylogarithm Class

The logarithm sheaf Log is a I'-equivariant sheaf and we can define a
unique cohomology class

pol € H&™'((T'\ {0})/T; Log)

called the topological polylogarithm.
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Polylogarithm Class

The logarithm sheaf Log is a I'-equivariant sheaf and we can define a
unique cohomology class

pol € H&™'((T'\ {0})/T; Log)

called the topological polylogarithm.
When specialized to a torsion point & € T stabilized by I', this class
yields

Eis(h) := h*pol € H¥"\(T', Log;,) = H (', Ra)

the Eisenstein class associated to i. There exists further an evaluation
map
ev: H5 Y (', R4) — (RA)r.
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Rationality of Coeflicients

For any subring A C C, we have a commutative diagram

H& (T, RA) = > (Ra)r

H& (T, Re)

o > (Ro)r.
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Rationality of Coeflicients

For any subring A C C, we have a commutative diagram

H& (T, RA) = > (Ra)r

~

HS™\(T Re) ~ (Ro)r-

For A = C, the polylogarithm class polc can be given explicitly using
certain generalized Eisenstein series.

Furthermore, (Rc)r = C[[w]] € C[[t]] for w :=t; - - - 1.
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Rationality of L-values

Theorem (Beilinson-Kings-Levin)

Using our previous definitions, we have

ev(1"polc) = (=D )" £(1,f67!,=k)

k>0

e < Cliwl
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Rationality of L-values

Theorem (Beilinson-Kings-Levin)

Using our previous definitions, we have

ev(1"polc) = (=187 3" £(1,f67", -k) Cliwl].

=0 (k e ©

From this theorem and the previous commutative diagram, it follows
from setting A = Q that £(1,fb~!, —k) € Q for k > 0.
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Rationality of L-values

Theorem (Beilinson-Kings-Levin)

Using our previous definitions, we have

ev(1"polc) = (=D )" £(1,f67!,=k)

k>0

e < Cliwl

From this theorem and the previous commutative diagram, it follows
from setting A = Q that £(1,fb~!, —k) € Q for k > 0.

Remark: This approach should give a framework that generalizes the
previous approaches.
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Integrality

Let ¢ be an integral ideal coprime to fb~!. By setting A := Z[ Nl( 5 ],a

careful modification of the previous theorem yields:

Theorem (Deligne-Ribet, Cassou-Nogues)

For f # Of and k > 0 one has
(No)"** ¢ (b, ,—k) — £(be, T, —k) € NO*Z[N(¢)7'].

If f = OF the result holds for k > 1.

This type of theorem is what is known as an "integrality result". It
allows us to define p-adic L-functions!
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p-adic L-functions

Suppose now that p is an odd prime and y has values in (QTPX.

Theorem (Deligne-Ribet, Cassou-Nogues, Barsky)

There exists an unique continuous function L, (y, s) : Z, — QTP such
that

Ly(x, 1=k = L(xo™ 1= k) [ (1= xo ™ (m)Np*) Vi >0,
rlp

where w is the Teichmiiller character and the product is over the
primes of F above p.

This theorem can be deduced from the previous integrality results
using the technique of p-adic interpolation developed by
Kubota-Leopoldt.
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