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Duality for Markov processes: Definition
VY : AXx B — Cis a duality function.
T
Vac A beB, L[W(.b)(a)=M[W(a )](b)
where
L[W(-, b)](a ZZ (a, a)w(a, b),
aeA (Gen)

M[W(a, ))(b) = m(b,b)¥(a b).

b'eB
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Duality for Markov processes: Matrix formalism

» Consider vector spaces with elements of A and B as bases,
A =Span{|a),a € A}, B = Span{|b), b € B}.
» Define an element in the tensor product [V) € A ® B,

W) =) "W(a, b)|a) @ |b).

acA
beB

» Define linear operators L € End(A) and M € End(A),
Lla) = #a. a)l|d), M|b) = > _m(b,b)|b),
aeA beB
where coefficients £(a’, a) and m(&’, a) are given by (Gen).

» L and M are right actions.
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Duality for Markov processes: Matrix formalism

Prop. 1.1 : Duality relation is equivalent to L|W) = M|W).

|

Proof: Direct computation.

LIw) =" 4(d,a)¥(a b)|a) ® |b)

a'eA acA
b

€B
=YY #(a d)w(a, b)|a)®|b).
acA deA
e LW (-.b)](a)
MW) = 33" m(b, b)¥(a, b)|a) ® |1')

b'EA acA
beB

=5 3" m(b, B)W(a,b) |a) @ [b)

acA b'eB
beB

MW (a,)](p)
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mASEP on the segment

The multi-species asymmetric simple exclusion process (mASEP):
» On the segment {1, ..., n}.

At most one particle per site.

Particles of type 1, ..., r. Empty site is of type 0.

Higher-type particle can switch with a lower-type particle.

Switch rates are: T, to the right, 7, to the left. For i > j,
TT‘

@le] @llel

Te
X x4+1 .- X x4+1 .-

» ASEP & r=1.
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A configuration can be encoded in two ways.
Monomial: z¥ € C[z, . .., zn].

n
> A= {z” = Hz,-”’,O <y < r}.
i=1

Sequence : p = (ki)i<i<n € {0, ..., r}".

- B:{|“1---Nn> =:®|uf>,-v0<m<r}
=1
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Example for n = 5:
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n
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i=1
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mASEP on the segment

A configuration can be encoded in two ways. I |®|@| |®I
2 5

Example for n = 5:

1 3 4
Monomial: z¥ € C[z, . .., zy). ~ Example: 275 zs.
n
> A= {z” = Hz,-”',O <y < r}.
i=1
» A={Pe(Clz,..., zp] s.t. the degree in each variable is at most r}.

Sequence : u = (ui)i<i<n € {0, ..., r}". ~» Example: |0, 1,2,0,1).

- B:{|“1---Nn> =:®|Mf>,-v0<m<r}
=1

n

> B= ® Vi where V; =2 C™** and {[0), ..., |r)} = canonical basis of C"*.

=il

Particle content: 0™ 1™ ... r™ m; = |{k : ux = i}|. ~> Example: 0°1%2'.



mASEP on the segment: Local generator

» Fixt>0.
» Consider two processes:
t 1
N\ VAR
> 1, =tand 1, = 1: @@ @@ for i > j.
o @ @D oo o m mad o
1 t
/Y VAR
> 17, =1and 1, = t: @@ @@ for i > j.
o @ gl e o @ mad o

» The forward dynamics of one is the backward dynamics of the other.
» Denote their generators by I and M.

» [nitial conditions might be different!
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mASEP on the segment: Local generator

» The local generators IL; and M; act on particles at positions / and / + 1.

n—1 n—1
L=>) L M=) M
i=1 i=1

» The local operators L; and M; are,

Lilf](v) = Z& (v V) F(V), Mi[FI(w) =D miu, ') F(1).
T(UHI/) u T(u—)

» Example for ASEP (r = 1):

Li = (&, V) Mi = (mi(p, 1))
w0 o 0 1 o o 0 u
w [0 0 0 0 o [0 0 0 0
an [0 -1 0 a |0 —t t 0
0 |0 t -t 0 w0 |0 1 -1 0
1 \0 0 0 0 u \0 0 0 0



mASEP on the segment: r = 1, ASEP

. tzi — z; )
» Define L; = (zlizlﬂ) (si — 1), where s; acts on polynomials by zj <> zj41.
i — Zit1

i

[ Prop. 2.1 : Let [v) =T]L,z". Then, Li|v) =3, . &V, v) V). ]




mASEP on the segment: r = 1, ASEP

. tzi — z;
» Define L; = ('7'“

Zj — Zj41

) (si — 1), where s; acts on polynomials by zj <> zj41.

-

\

Prop. 2.1 : Let [v) =T]L,z". Then, Li|v) =3, . &V, v) V).

Proof:
» L;|1) = L;|zzy1) = 0 due to the symmetry.

| 2 ]L,'|Z,'> = (w) (Z,'+1 = Z,') = Zj41 — tz.

Zi=Zj+1

@® ~ 1 O -t @

i i+l i i+l i i+l

» Liziy1) = (M) (& = zun) = 7 = Zy.

Zi—=Zj+1

D ~ t ® = i @

i 031 ii+1 R )

00

01

o O o O

L,‘ = (@,‘(U, I/’))W/

o O O O



mASEP on the segment: Local duality

» A function WV : A x B — C is a local duality function for X and Y iff:
Lijw)y =M;|V), 1<i<n—1, (LD)

where

=2 D v u)H 2, ).
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mASEP on the segment: Local duality

» A function WV : A x B — C is a local duality function for X and Y iff:
Lijw)y =M;|V), 1<i<n—1, (LD)

where

=2 D v u)H 2, ).

veAueEB
» Local duality = global duality. (The reverse is false in general.)

» We focus on the local duality, i.e. solutions of (LD).
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!From duality to determinants for g-TASEP and ASEP (2014)



mASEP on the segment: Local duality

» The following duality functions for ASEP are constructed in [BCS+14] .

( \

Theorem 4.1 & 4.2 [Duality functions of ASEP on Z]:

» ASEP occupation process (Vx)xez with rates (1, 7,) = (1, t) ;

» Position process X (1) = (x1(i) < --- < xa()) with rates (7,, 7) = (t, 1).

V(v, w) (H t”’)
xe? 1<x

Y(v, 1) (H t"’)
Xx€X (1 i<x

!From duality to determinants for g-TASEP and ASEP (2014)



mASEP on the segment: Local duality

» The following duality functions for ASEP are constructed in [BCS+14] .

( \

Theorem 4.1 & 4.2 [Duality functions of ASEP on Z]:

» ASEP occupation process (Vx)xez with rates (1, 7,) = (1, t) ;

» Position process X () = (x1(1) < - -+ < xa(1)) with rates (7,, 7) = (t, 1).

won 1 1)

x€X () \i<x
V(v w) H (H t"’)
x€X () \isx

» The first one can be recovered using the framework of 2 but not the second one.

1From duality to determinants for q-TASEP and ASEP (2014)
2Integrable stochastic dualities and the deformed Knizhnik—Zamolodchikov equation (2020)



mASEP on the segment: Something wrong...
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mASEP on the segment: Something wrong...

. tzi — z; )
» Define L; = (zlizlﬂ) (si — 1), where s; acts on polynomials by zj <> zj41.
i — Zit1

[ Prop. 2.1 : Let [v) =T]L,z". Then, Li|v) =3, . &V, v) V). ]

» IL; acts on polynomials faithfully for r = 1.
» For r > 2, consider the local dynamics starting from @ .

PP+l
Li|z’) = LRk 422 (si—1)-27 = & —zp (Zn—2)
= zi—zi1 ) ' Zi—zip )T

=z2 + (1 —t)zizig1 — tz2.

» But the dynamics gives J@l_l_ ~s 1. @ -t 1@ .

i+l i+l ii+1
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mASEP on the segment: Something wrong...

. tzi — z; )
» Define L; = (zlizlﬂ) (si — 1), where s; acts on polynomials by zj <> zj41.
i — Zit1

i

[ Prop. 2.1 : Let [v) =T]L,z". Then, Li|v) =3, . &V, v) V). ]

» IL; acts on polynomials faithfully for r = 1.
n

» Conclusion: the basis {u) = Hz,”’} is not a good basis to work with.
i=1

» We look for a basis of polynomials {|v) = f,(z)} such that

L;|v) = Z L, vy |V, Yu. (Adm)

V'eA

We say that {|v) = f,(2)} is admissible.
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mASEP on the segment: Hecke algebra

» Type A,—1 Hecke algebra with generators { T;}1<i<n—1 and relations,

(Ti —t)(Ti+1) =0, (quaratic relation)
TiTisaTi= Tix1 Ti Tisa, (braid relation)
TiT; = T;Ti, Vi, g, i —j| > 1. (commutativity)

» Generators and inverses can be realized as operators on the space of polynomials
tZ,'*Z,'
To=t—(Z=2)(1-s), (=Li=T—1),

T S () ()

Zj—Zj11



mASEP on the segment: tKZ equation

» Consider a family of polynomials {f,(z) : v = (v1, ..., Vn)}t in Clzi, ..., Zn].

» We say that {f,(z)} is a solution to the ASEP exchange relations if

fsv, ifvi>vig,
Tif, = e DY (tKZ)
tf,, if vi = Vi1,

forallvand 1 < /i< n—1.
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ﬂfu:(t_l)fu+tﬂiu if v < Vig1.
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mASEP on the segment: tKZ equation

» Consider a family of polynomials {f,(z) : v = (v1, ..., Vn)}t in Clzi, ..., Zn].
» We say that {f,(z)} is a solution to the ASEP exchange relations if
re={ G fali w
forallvand 1 <i<n—1.
» Using the quadratic relation 77 + (1 — t)T; — t = 0, (tKZ) gives,

ﬂfu:(t_l)fu+tﬂiu if v < Vig1.

(siv)i > (siv)iqn = Tifsw=1f, = T fo,=Tif,

i

~—~
(t—1)T;+t



mASEP on the segment: tKZ equation

» Consider a family of polynomials {f,(z) : v = (v1, ..., Vn)} in Clzi, . ..

» We say that {f,(z)} is a solution to the ASEP exchange relations if

Tf — fsv, if Vi > Vi1,
G if vi = Vi1,

forallvand 1 < /i< n—1.

» Using the quadratic relation 77 + (1 — t)T; — t = 0, (tKZ) gives,

ﬂfu:(t_l)fu+tﬂiu if v < Vig1.

(S,'I/),‘ > (S,'l/),'+1 - T,'fq,,, =ip = 7—,'2 fsr = Tify

i

~—~
(t—1)T;+t

= (t — 1)f, + tfs,, = Tif,.

(tKZ)



mASEP on the segment: tKZ equation

» Consider a family of polynomials {f,(z) : v = (v1, ..., Vn)}t in Clzi, ..., Zn].
» We say that {f,(z)} is a solution to the ASEP exchange relations if
fsv, v >viga,
Tif, =4 o Y7 (tKZ)
tf,, ifvi=vin,

forallvand 1 < /i< n—1.

» Using the quadratic relation 77 + (1 — t)T; — t = 0, (tKZ) gives,
ﬂfu:(t_l)fu+tﬂiu if v < Vig1.
fs,u — tﬁ/, if Vi > Viy1,

» Lletl; =T, —t. ILsify = 0, if v = vy,
thoy — fu,  if v <wviga.



mASEP on the segment: tKZ equation

» Consider a family of polynomials {f,(z) : v = (v1, ..., Vn)}t in Clzi, ..., Zn].

» We say that {f,(z)} is a solution to the ASEP exchange relations if

fov, ifvi > v,
Tif, =9 o DU (tKZ)
tf,, ifvi=vin,

forallvand 1 < /i< n—1.
» Using the quadratic relation 77 + (1 — t)T; — t = 0, (tKZ) gives,
ﬂfU:(t—l)fu+tﬂiu if v < Vit1.
fov —thy, i v > v,

» Lletl; =T, —t. ILsify = 0, if v = vy,
thy — o if U5 < Vi,

~> (Adm) is satisfied.



mASEP on the segment: tKZ equation

» Given a family of polynomials {f,(z) : v = (v1, ..., Vn)}t in Clzi, ..., Zp].
f:SUy if vj i+1,
T ={ e YU (tkZ)
tf,,  ifvi =vi,

forallvand 1 <i<n—1.

U

Li|v) = Zé,—(u', V)|V, Y. (Adm)

V'EA

» Look for {f,(z):v=(v1,..., vn)} satisfying tKZ.



From tKZ to duality

-

Prop. 3.2 :

If {|v) = f.(z)} satisfies (tKZ), then the function W (v, u) = du,p

is a local mMASEP duality function. In other words,

where |W)

L;|W)

= ZZ\IJ(U, w)fu(z

=M;V), 1<i<n-—1,

2)|u) = Z fu(2)|12).

N
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N

» Proof by direct computation.
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» The trivial (diagonal) duality function is not interesting.



From tKZ to duality

-

Prop. 3.2 . |If {|v) = f,(z)} satisfies (tKZ), then the function W(v, u) = du

N

is a local mMASEP duality function. In other words,

L/‘W)ZM,‘|W>, 1<i<n—1,

where |V) = ZZ\U(U w)fu(2)|pw) = Zf (2)|w)-

» Proof by direct computation.

» The trivial (diagonal) duality function is not interesting.

» Find a particular family of polynomials {f,(z)} satisfying (tKZ) and construct a
non-trivial duality function.

» Key idea: construct functions {f,(z)} depending on additional parameters t and

g and extract certain coefficients.
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Non-symmetric Macdonald Polynomials: Compositions

» A composition w is an n-tuple of non-negative integers (u1, . .., n)-
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» An anti-partition 9 is a composition s.t. 0 < 01 < -+ < 0p.



Non-symmetric Macdonald Polynomials: Compositions

» A composition w is an n-tuple of non-negative integers (u1, . .., n)-
» A partition X is a composition s.t. Ay > -+ > X\, > 0.
» An anti-partition § is a composition s.t. 0 < 01 < -+ < 0p.

» For a given composition u, write 4 and u~ its unique partition / anti-partition
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Non-symmetric Macdonald Polynomials: Compositions

A composition w is an n-tuple of non-negative integers (w1
A partition X is a composition s.t. Ay = --- > A\, > 0.
An anti-partition § is a composition s.t. 0 < 01 < -+ < 0n.

For a given composition u, write u* and w~ its unique partition / anti-partition
obtained by permutation . ~» Example: (1,0,2)* = (2,1,0).

Given two compositions u and v, define two orders:

j J
> v Zu, Nz <n.
f=ll =il

u.>t/<:>p, >t orp, =yt L > V.

» Example: (0,0) <|(0,1) < (1,0)|=<(1,1) <|(0,2) < (2,0)]|

» It is not a total order: (2,2) 4 (3,0) and (3,0) 4 (2,2)
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Non-symmetric Macdonald Polynomials: Compositions
For a composition w, its composition sector o(u) is defined by
ow)={vlu =v}=5p
Example: n =3 with u = (0, 1, 2).

(0,1,2)

(0,2,1) — T (1,0,2)

(2,0,1) (1,2,0)

T (2,1,0) —



Non-symmetric Macdonald Polynomials: Compositions
For a composition w, its composition sector o(u) is defined by
ow)={vlu =v}=5p
Example: n =3 with u = (0, 1, 2).

(0,1,2)
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Non-symmetric Macdonald Polynomials: Definition

» Multi-variate polynomial ring: Cq¢[z1, .. ., z] = C(q, t)[z, ..., Zn] where t is the
rate of ASEP and ¢ is an additional parameter.

» Consider the Hecke algebra of type A,—1 as before. Define
(wa)(z1, ..., 2z0) = 9(qzn, 21, . .., Zn—1).
» Define the Cherednik-Dunkl operators Y; [Che91] * [Che95] 2,
Yi=Ti. . TeawTi ... T2Y, 1<i<n.

» Fact: the operators (Y;) commute, so can be jointly diagonalized.

» Non-symmetric Macdonald Polynomials (NSMP) are defined as “normalized”
eigenfunctions of these operators.

» NSMP are indexed by compositions p € Z2%.

LA unification of Knizhnik-Zamolodchikov and Dunkl operators via affine Hecke algebras (1991)
2Non-symmetric Macdonald's polynomials (1995)



Non-symmetric Macdonald Polynomials: Properties

» The change of basis w.r.t. the canonical basis is triangular:
Eu=2"+> cu(at)z’, cuu(a.t)€Q(q ).
v=p

» Eigenvalues are given by, for all 1 </ < n,

YiE, = yi(u; q, t)Ey,
il g, t) = gt B o) = —wy - (1,2, n),

where w, € S, is the permutation with minimal length s.t. u = w, - u*.
» Let pu be a composition such that w; < wi+1. Then

1-t

o= (T 15 ) &



Non-symmetric Macdonald Polynomials: Examples

» Example for n = 2.

E(O,O) = 1

E(O,l) = 22

Enoy = a + (f—%t:) 2

E(l,l) = 2122

E(O,Q) = (Cll(lgi)) 212 +222
_ 2 a(1-t)° 1— P

Eeop = a + ((1 Poi—q t T qt) nz  + (17q§t) 22

\4

(0,0) <[(0,1) <(1,0)|<(1,1) <|(0,2) < (2,0)|.
» The order is defined in [CGW20] *

J J
> v Z“‘ Nz < n.
J=i =il

u.>t/<:>p, >t orp, =u" J > V.

Integrable stochastic dualities and the deformed Knizhnik—Zamolodchikov equation (2020)
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» Example for n = 2.

E(O,O) = 1

E(O,l) = 25

Enoy = 2 + (ffqtt) 2

E(l,l) = Z122

Ep2 = (Ll(:,t)) z2122 7
_ 2 a(1—t)’ = 2

Eeop = zn + ((1 Poi-a) T 1 qt) 2z + (17q§t) z5

\4

(0,0) <[(0,1) <(1,0)|<(1,1) <|(0,2) < (2,0)|.
» The order is defined in [CGW20] *

J J
> v Z“‘ Nz < n.
J=i =il

u.>t/<:>p, >t orp, =u" J > V.

Integrable stochastic dualities and the deformed Knizhnik—Zamolodchikov equation (2020)



Non-symmetric Macdonald Polynomials:

» Example for n = 2.

E(O,O) = 1
E(l,o) = Z1
E(o,l) = (11_;(;) Z1 =)
E(1~1) = Z129
Epo = z2 4k (70’1(1;?) Z12)
= 2 1-t 2
E(ng) = (lfqgt) 41 + ((1 q(Qt)(l) qt) + 1— qt) 2122 t+2

\4

(0,0) <[(1,0) <(0,1)|=<(1,1) <|(2,0) < (0,2) |

» The order is defined in [HHLO08] * also implemented in Sage.
J J

WZVE ) b1 2 ) Vaipn, VIS,
=il i

p-ve=put>viorput=v" u>v.

LA combinatorial formula for nonsymmetric Macdonald polynomials (2008)

E ] ES



Non-symmetric Macdonald Polynomials

: Examples

-

Conjecture 3.8 : Fix u a composition. Let m € Q<o and p € N. If

Coeffy [Ep, m] := lim (1 — qt™)PEu(z; q.t)
q—t—m
exists and is non-zero. Then, there exists a unique v for which

Coeffy [Ep, m] o< Ey(z;t™™, t) := lim E,(z;q,1).
q—t=m

N
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( )

Conjecture 3.8 : Fix u a composition. Let m € Q<o and p € N. If
Coeffy [Ep, m] := lim (1 — qt™)PEu(z; q.t)
q—t=m
exists and is non-zero. Then, there exists a unique v for which

Coeffy [Ep, m] o< Ey(z;t™™, t) := lim E,(z;q,1).
@l

» One can check some examples using Sage.

> Authors of [CGW20] ! are able to show this conjecture only in some particular
cases which is enough to construct some non-trivial duality functions.

!Integrable stochastic dualities and the deformed Knizhnik—Zamolodchikov equation (2020)
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Prop. 3.5 : Define generating series

Y(w)=3_ viw', yu(w) = yilwi g, )"
Then, Eu(z;q.t) = H M —

Yu(w) = yu(w)

v=p

N

» This can be seen as “Lagrange interpolation”.



Non-symmetric Macdonald Polynomials

: Examples

Prop. 3.5 : Define generating series

Y(w)=3_ viw', yu(w) = yilwi g, )"
Then, Eu(z;q.t) = H M —

Yu(w) = yu(w)

v=p

N

» This can be seen as “Lagrange interpolation”.

Proof: Use the following two properties:

Y(w) — yo(w) ,E”:{ 0, ifrv=up,

>
Yu(w) = yu(w) E., fv=nup.



Non-symmetric Macdonald Polynomials: Coefficients

-

.

Prop. 3.6 : Fix u a composition. Let m € Qsg and p € N. If
Coeffy [Ep, m] := lim (1 — qt™)PEu(z; g, t)
@={r=0
exists and is non-zero. Then,

Coeff, [Ey, m] = lim (1 — qt’")pzc,,(q, t)E.(z;q, t),
@=r=

veey

where &, = {v:v < u, yu(w) = yu(w) at g =t="}.

N
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.

Prop. 3.6 : Fix u a composition. Let m € Qsg and p € N. If

Coeffy [Ep, m] := lim (1 — qt™)PEu(z; g, t)
q—t—m
exists and is non-zero. Then,

Coeffy [Ey, m) = lim (1—qt™y> c(q.t)E(ziq,t),
q—t—m

veey

where &, ={v:v <, y(w)=y.(w)at g=1t""}.

N

Recall that eigenvalues are yi(u; g, t) = g4 tPWiFn=i+1
Thus,  yu(w) = yu(w) = yi(w) = yi(v), v

1
= gt P — q” tﬂ("):y V1

V/ANN/AN
//\ //\
S

Unique solution v = u for generic g and t; more solutions at g =t~ .

=



Non-symmetric Macdonald Polynomials: Coefficients

Prop. 3.6 : Fix u a composition. Let m € Qsg and p € N. If
Coeffy [Ep, m] := lim (1 — qt™)PEu(z; g, t)
q—t—m
exists and is non-zero. Then,

Coeffy [Ey, m) = lim (1—qt™y> c(q.t)E(ziq,t),
q—t—m

veey

where &, ={v:v <, y(w)=y.(w)at g=1t""}.

.

N

Proof: Use “Lagrange interpolation”,

I1 Y(w) =y(w) u_ Eu+ > duu(a t)E.

Ly =w(w)

vEEy

By taking lim,_,;—m (1 — gt™)” on both sides, LHS = 0 and RHS gives the propo-
sition. 0




Non-symmetric Macdonald Polynomials: Coefficients

Prop. 3.7 : Assume that p = |£,|, then there exists a unique v for which

E,(z;t™", t):= lim E,(z;q,t)

q—t—m

is well-defined and Coeff, [E,, m] o< Eu(z; t77, t).




Non-symmetric Macdonald Polynomials: Coefficients

Prop. 3.7 : Assume that p = |£,|, then there exists a unique v for which
E,(z;t™", t):= lim E,(z;q,t)
q—t—m

is well-defined and Coeff, [E,, m] o< Eu(z; t77, t).

» Conjecture 3.8 is true with an additional condition p = |&,].
» Proof uses “Lagrange interpolation” and by induction.

» The composition v corresponds to the minimal composition in &,.



The notion of the duality: operator / matrix formalism.
Multi-species ASEP process.

Hecke algebra, tKZ equation and trivial duality function.
Non-symmetric Macdonald polynomials.

ASEP polynomials: construction of non-trivial duality functions.

Matrix product Ansatz and examples.

Outline
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» Another basis ASEP polynomials can be defined from NSMP,

fs(z:q.t) = Es(z; q. 1), Vo= (61 <...<dn),

fou = 771"T ) Wi < Wit1-

» Well-defined due to the Hecke algebra structure.

» f. # E, in general: the recursion formula is different.

L=

Recall that B, =t " (T,— e
. 1 — yira () /yi(1)

) Ey for pi < it
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» Another basis ASEP polynomials can be defined from NSMP,
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ASEP polynomials: Definition

Another basis ASEP polynomials can be defined from NSMP,

f5(z; q.t) = Es(z; g, t), Vo= (01 < ... < dn),

fou = 771"T ) Wi < Wit1-

» Well-defined due to the Hecke algebra structure.

» f. # E, in general: the recursion formula is different.

» ASEP polynomials are triangular w.r.t. the canonical basis,

fo=2"4+ Z cuv(q, t)z",

v=<p
and satisfies (tKZ).

fun,ul ..... ,u,,,l(qzn, Zlgooag Zn-1, 4, t) = q“" f,u(Z; @; t)- (Cyclic—B.C.)

» Above two properties uniquely define ASEP polynomials.

» ASEP and NSMP are also related by a triangular change of basis.



ASEP polynomials: Definition

N

Prop. 3.10 : For any composition u, the following expansions are unique,

Eu(ziq.t) = fulza. t) + D cuwla t)fu(zi g, t);

vea(u)
V=L

fu(z;q,t) = Eu(z; g, t) + Z duu(q, t)Eu(z; q. t).

)
V=<
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Prop. 3.10 : For any composition u, the following expansions are unique,

Eu(ziq.t) = fulza. t) + D cuwla t)fu(zi g, t);

vea(u)
V=L

fu(z;q,t) = Eu(z; g, t) + Z duu(q, t)Eu(z; q. t).

vea(u)
V=<

Proof: For an anti-partition, E5 = f5 so the proposition is true.
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Prop. 3.10 : For any composition u, the following expansions are unique,

Eu(z;q.t) = fu(z; 9. t) + Z cuv(q, t)f(z; g, t);

vea(u)
V=L

fu(z;q,t) = Eu(z; g, t) + Z duu(q, t)Eu(z; q. t).

vea(u)
V=<

Proof: For an anti-partition, Es; = f5 so the proposition is true. By induction,
assume w is s.t. the proposition holds with i < wii1,

o ! (T,- + W) (fM + Z G (@, t)fu).

veo(u)
v<p



ASEP polynomials: Definition

N

Prop. 3.10 : For any composition u, the following expansions are unique,

Eu(ziq.t) = fulza. t) + D cuwla t)fu(zi g, t);

vea(u)
V=L

fu(z;q,t) = Eu(z; g, t) + Z duu(q, t)Eu(z; q. t).

vea(u)
V=<

Proof: For an anti-partition, Es; = f5 so the proposition is true. By induction,
assume w is s.t. the proposition holds with i < wii1,

o ! (T,- + W) (fM + Z G (@, t)fu).

veo(u)
v<p

> 7—Ifll — (t - 1)f1/ i tfs,u;
> v, siv€o(u)=o(sip);

> (V< W< Sik) = U, SV < Sijk.



ASEP polynomials: Definition

\

Theorem 3.11 : Fix an anti-partition 6. Let m € Qs¢ and p € N such that
Conjecture 3.8 holds. Then, there exists a unique anti-partition &

fy(Z; t—m’ t) = qﬂglm f,,(Z; @, t)

is well-defined for all v € o(¢) and

Coeff, [, m) = Y W(v,wit)f(z:t " 1)

veo(e)

for all u € o(d) and suitable coefficients W(v, u; t).

N




ASEP polynomials: Definition

r

\

N

Theorem 3.11 : Fix an anti-partition 6. Let m € Qs¢ and p € N such that
Conjecture 3.8 holds. Then, there exists a unique anti-partition &
f(z;t™™, t) == lim f,(z;q,1t)
q—t—m

is well-defined for all v € o(¢) and

Coeff, [, m) = Y W(v,wit)f(z:t " 1)

veo(e)

for all u € o(d) and suitable coefficients W(v, u; t).

Proof:
» The proof is based on Prop. 3.10.

» Use the recurrence relation and the fact that 7; commutes with lim.



ASEP polynomials: Definition

-

Conjecture 3.8 : Fix u a composition. Let m € Q<o and p € N. If

Coeffy [Ep, m] := lim (1 — qt™)PEu(z; q.t)
q—t—m
exists and is non-zero. Then, there exists a unique v for which

Coeffy [Ep, m] o< Ey(z;t™™, t) := lim E,(z;q,1).
q—t=m

N




ASEP polynomials: Definition

r

Theorem 3.12 : Keep the notations from Theorem 3.11. W(v, u; t) defines a
local duality function.

L

Proof: From Prop 3.2 (trivial duality function), the following holds
Li|Z) =M;|T), 1<i<n—1, (1)

where |Z) = qu(z; g, t)|w). Taking the coefficient,
"

|Ip,m> = Coeff [|I m] Z Z \|j U, W t m’ )|/J»>

uea(d)rveo(e)

also satisfies Lj|Zp m) = Mj|Zpm), 1<i<n—1.




The notion of the duality: operator / matrix formalism.
Multi-species ASEP process.

Hecke algebra, tKZ equation and trivial duality function.
Non-symmetric Macdonald polynomials.

ASEP polynomials: construction of non-trivial duality functions.

Matrix product Ansatz and examples.

Outline



Matrix product Ansatz

» The coefficients W(v, u) are difficult to compute in general.

» The matrix product Ansatz from [CGW15] * is useful for ASEP polynomials.

-

Theorem : Fix r > 1. For a composition u with largest part equal to r,
f.(z:q,t) = Qu(q. t) x Tr(AM (21).. .Aun(z,,)S), (Mat-Ans)

where {Aj(z)}o<i<r and S are explicit matrices.

\

Proof: Translate (tKZ) and (Cyclic-B.C.) into matrices.

!Matrix product formula for Macdonald polynomials (2015)
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