
December 1st, 2020 - University of Warwick LI Jhih-Huang

Integrable systems and duality

Based on Chen, de Gier, Wheeler

�Integrable stochastic dualities and the deformed Knizhnik�Zamolodchikov equation�



Outline

I The notion of the duality: operator / matrix formalism.

I Multi-species ASEP process.

I Hecke algebra, tKZ equation and trivial duality function.

I Non-symmetric Macdonald polynomials.

I ASEP polynomials: construction of non-trivial duality functions.

I Matrix product Ansatz and examples.



Outline

I The notion of the duality: operator / matrix formalism.

I Multi-species ASEP process.

I Hecke algebra, tKZ equation and trivial duality function.

I Non-symmetric Macdonald polynomials.

I ASEP polynomials: construction of non-trivial duality functions.

I Matrix product Ansatz and examples.



Duality for Markov processes: De�nition

I Given two Markov processes on state spaces A and B,

X = (ΩA,FA, (Xt)t>0, {Pa}a∈A), Y = (ΩB ,FB , (Yt)t>0, {Pb}b∈B).

I A function Ψ : A× B → C is a duality function for X and Y i�:

I Let (Pt) and (Qt) be semi-groups of (Xt) and (Yt). Recall: Pt f (a) = Ea[f (Xt)].

I Assume that the in�nitesimal generators L and M are well-de�ned.

∀a ∈ A, b ∈ B,∀t > 0, Ea[Ψ(Xt , b)] = Eb[Ψ(a,Yt)].

⇐⇒ PtΨ(·, b)(a) = QtΨ(a, ·)(b).

⇐⇒ L[Ψ(·, b)](a) = M[Ψ(a, ·)](b).

I Write L[Ψ(·, b)](a) =
∑
a′∈A

`(a, a′)Ψ(a′, b),

M[Ψ(a, ·)](b) =
∑
b′∈B

m(b, b′)Ψ(a, b′).

 left actions

(Gen)



Duality for Markov processes: De�nition

I Given two Markov processes on state spaces A and B,

X = (ΩA,FA, (Xt)t>0, {Pa}a∈A), Y = (ΩB ,FB , (Yt)t>0, {Pb}b∈B).

I A function Ψ : A× B → C is a duality function for X and Y i�:

I Let (Pt) and (Qt) be semi-groups of (Xt) and (Yt). Recall: Pt f (a) = Ea[f (Xt)].

I Assume that the in�nitesimal generators L and M are well-de�ned.

∀a ∈ A, b ∈ B,∀t > 0, Ea[Ψ(Xt , b)] = Eb[Ψ(a,Yt)].

⇐⇒ PtΨ(·, b)(a) = QtΨ(a, ·)(b).

⇐⇒ L[Ψ(·, b)](a) = M[Ψ(a, ·)](b).

I Write L[Ψ(·, b)](a) =
∑
a′∈A

`(a, a′)Ψ(a′, b),

M[Ψ(a, ·)](b) =
∑
b′∈B

m(b, b′)Ψ(a, b′).

 left actions

(Gen)



Duality for Markov processes: De�nition

I Given two Markov processes on state spaces A and B,

X = (ΩA,FA, (Xt)t>0, {Pa}a∈A), Y = (ΩB ,FB , (Yt)t>0, {Pb}b∈B).

I A function Ψ : A× B → C is a duality function for X and Y i�:

I Let (Pt) and (Qt) be semi-groups of (Xt) and (Yt). Recall: Pt f (a) = Ea[f (Xt)].

I Assume that the in�nitesimal generators L and M are well-de�ned.

∀a ∈ A, b ∈ B,∀t > 0, Ea[Ψ(Xt , b)] = Eb[Ψ(a,Yt)].

⇐⇒ PtΨ(·, b)(a) = QtΨ(a, ·)(b).

⇐⇒ L[Ψ(·, b)](a) = M[Ψ(a, ·)](b).

I Write L[Ψ(·, b)](a) =
∑
a′∈A

`(a, a′)Ψ(a′, b),

M[Ψ(a, ·)](b) =
∑
b′∈B

m(b, b′)Ψ(a, b′).

 left actions

(Gen)



Duality for Markov processes: De�nition

I Given two Markov processes on state spaces A and B,

X = (ΩA,FA, (Xt)t>0, {Pa}a∈A), Y = (ΩB ,FB , (Yt)t>0, {Pb}b∈B).

I A function Ψ : A× B → C is a duality function for X and Y i�:

I Let (Pt) and (Qt) be semi-groups of (Xt) and (Yt). Recall: Pt f (a) = Ea[f (Xt)].

I Assume that the in�nitesimal generators L and M are well-de�ned.

∀a ∈ A, b ∈ B,∀t > 0, Ea[Ψ(Xt , b)] = Eb[Ψ(a,Yt)].

⇐⇒ PtΨ(·, b)(a) = QtΨ(a, ·)(b).

⇐⇒ L[Ψ(·, b)](a) = M[Ψ(a, ·)](b).

I Write L[Ψ(·, b)](a) =
∑
a′∈A

`(a, a′)Ψ(a′, b),

M[Ψ(a, ·)](b) =
∑
b′∈B

m(b, b′)Ψ(a, b′).

 left actions

(Gen)



Duality for Markov processes: De�nition

I Given two Markov processes on state spaces A and B,

X = (ΩA,FA, (Xt)t>0, {Pa}a∈A), Y = (ΩB ,FB , (Yt)t>0, {Pb}b∈B).

I A function Ψ : A× B → C is a duality function for X and Y i�:

I Let (Pt) and (Qt) be semi-groups of (Xt) and (Yt). Recall: Pt f (a) = Ea[f (Xt)].

I Assume that the in�nitesimal generators L and M are well-de�ned.

∀a ∈ A, b ∈ B,∀t > 0, Ea[Ψ(Xt , b)] = Eb[Ψ(a,Yt)].

⇐⇒ PtΨ(·, b)(a) = QtΨ(a, ·)(b).

⇐⇒ L[Ψ(·, b)](a) = M[Ψ(a, ·)](b).

I Write L[Ψ(·, b)](a) =
∑
a′∈A

`(a, a′)Ψ(a′, b),

M[Ψ(a, ·)](b) =
∑
b′∈B

m(b, b′)Ψ(a, b′).

 left actions

(Gen)



Duality for Markov processes: De�nition

I Given two Markov processes on state spaces A and B,

X = (ΩA,FA, (Xt)t>0, {Pa}a∈A), Y = (ΩB ,FB , (Yt)t>0, {Pb}b∈B).

I A function Ψ : A× B → C is a duality function for X and Y i�:

I Let (Pt) and (Qt) be semi-groups of (Xt) and (Yt). Recall: Pt f (a) = Ea[f (Xt)].

I Assume that the in�nitesimal generators L and M are well-de�ned.

∀a ∈ A, b ∈ B,∀t > 0, Ea[Ψ(Xt , b)] = Eb[Ψ(a,Yt)].

⇐⇒ PtΨ(·, b)(a) = QtΨ(a, ·)(b).

⇐⇒ L[Ψ(·, b)](a) = M[Ψ(a, ·)](b).

I Write L[Ψ(·, b)](a) =
∑
a′∈A

`(a, a′)Ψ(a′, b),

M[Ψ(a, ·)](b) =
∑
b′∈B

m(b, b′)Ψ(a, b′).

 left actions (Gen)



Duality for Markov processes: De�nition

Ψ : A× B → C is a duality function.

m

∀a ∈ A, b ∈ B, L[Ψ(·, b)](a) = M[Ψ(a, ·)](b)

where
L[Ψ(·, b)](a) =

∑
a′∈A

`(a, a′)Ψ(a′, b),

M[Ψ(a, ·)](b) =
∑
b′∈B

m(b, b′)Ψ(a, b′).
(Gen)



Duality for Markov processes: Matrix formalism

I Consider vector spaces with elements of A and B as bases,

A = Span {|a〉, a ∈ A} , B = Span {|b〉, b ∈ B} .

I De�ne an element in the tensor product |Ψ〉 ∈ A⊗ B,

|Ψ〉 =
∑
a∈A
b∈B

Ψ(a, b)|a〉 ⊗ |b〉.

I De�ne linear operators L ∈ End(A) and M ∈ End(A),

L |a〉 =
∑
a′∈A

`(a′, a)
∣∣a′〉, M |b〉 =

∑
b′∈B

m(b′, b)
∣∣b′〉,

where coe�cients `(a′, a) and m(a′, a) are given by (Gen).

I L and M are right actions.
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Duality for Markov processes: Matrix formalism

Prop. 1.1 : Duality relation is equivalent to L|Ψ〉 = M|Ψ〉.

Proof: Direct computation.

L|Ψ〉 =
∑
a′∈A

∑
a∈A
b∈B

`(a′, a)Ψ(a, b)
∣∣a′〉⊗ |b〉

=
∑
a∈A
b∈B

∑
a′∈A

`(a, a′)Ψ(a′, b)︸ ︷︷ ︸
L[Ψ(·,b)](a)

|a〉 ⊗ |b〉 .

M|Ψ〉 =
∑
b′∈A

∑
a∈A
b∈B

m(b′, b)Ψ(a, b) |a〉 ⊗
∣∣b′〉

=
∑
a∈A
b∈B

∑
b′∈B

m(b, b′)Ψ(a, b′)︸ ︷︷ ︸
M[Ψ(a,·)](b)

|a〉 ⊗ |b〉 .
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mASEP on the segment

The multi-species asymmetric simple exclusion process (mASEP):

I On the segment {1, . . . , n}.

I At most one particle per site.

I Particles of type 1, . . . , r . Empty site is of type 0.

I Higher-type particle can switch with a lower-type particle.

I Switch rates are: τr to the right, τ` to the left. For i > j ,

i

x

j

x+ 1· · · · · ·

τr

j

x

i

x+ 1· · · · · ·

τ`

I ASEP ⇔ r = 1.



mASEP on the segment

A con�guration can be encoded in two ways.

Example for n = 5:
1

1

2

2

3 4

1

5

Monomial: zν ∈ C[z1, . . . , zn].

 Example: z2z
2

3 z5.

I A =

{
zν :=

n∏
i=1

z
νi
i , 0 6 νi 6 r

}
.

I A = {P ∈ C[z1, . . . , zn] s.t. the degree in each variable is at most r}.

Sequence : µ = (µi)16i6n ∈ {0, . . . , r}n.

 Example: |0, 1, 2, 0, 1〉.

I B =

{
|µ1 . . . µn〉 :=

n⊗
i=1

|µi〉i , 0 6 µi 6 r

}

I B =

n⊗
i=1

Vi where Vi
∼= Cr+1 and {|0〉 , . . . , |r〉} = canonical basis of Cr+1.

Particle content: 0m01m1 . . . rmr , mi = |{k : µk = i}|.

 Example: 021221.
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mASEP on the segment: Local generator

I Fix t > 0.

I Consider two processes:

B τr = t and τ` = 1:
i

x

j

x + 1· · · · · ·

t

j

x

i

x + 1· · · · · ·

1

for i > j .

B τr = 1 and τ` = t:
i

x

j

x + 1· · · · · ·

1

j

x

i

x + 1· · · · · ·

t

for i > j .

I The forward dynamics of one is the backward dynamics of the other.

I Denote their generators by L and M.

I Initial conditions might be di�erent!



mASEP on the segment: Local generator

I The local generators Li and Mi act on particles at positions i and i + 1.

L =

n−1∑
i=1

Li , M =

n−1∑
i=1

Mi .

I The local operators Li and Mi are,

Li [f ](ν) =
∑
ν′
`i(ν, ν

′)︸ ︷︷ ︸
τ(ν→ν′)

f (ν ′), Mi [f ](µ) =
∑
µ′

mi(µ, µ
′)︸ ︷︷ ︸

τ(µ→µ′)

f (µ′).

I Example for ASEP (r = 1):

Li = (`i(ν, ν
′))ν,ν′ Mi = (mi(µ, µ

′))µ,µ′

00 01 10 11


00 0 0 0 0

01 0 −1 1 0

10 0 t −t 0

11 0 0 0 0

00 01 10 11


00 0 0 0 0

01 0 −t t 0

10 0 1 −1 0

11 0 0 0 0
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mASEP on the segment: r = 1, ASEP

I De�ne Li =

(
tzi − zi+1

zi − zi+1

)
(si − 1), where si acts on polynomials by zi ↔ zi+1.

Prop. 2.1 : Let |ν〉 =
∏n

i=1
z
νi
i . Then, Li |ν〉 =

∑
ν′∈A `i(ν

′, ν) |ν ′〉.



mASEP on the segment: r = 1, ASEP

I De�ne Li =

(
tzi − zi+1

zi − zi+1

)
(si − 1), where si acts on polynomials by zi ↔ zi+1.

Prop. 2.1 : Let |ν〉 =
∏n

i=1
z
νi
i . Then, Li |ν〉 =

∑
ν′∈A `i(ν

′, ν) |ν ′〉.

Proof:

I Li |1〉 = Li |zizi+1〉 = 0 due to the symmetry.

I Li |zi〉 =
(

tzi−zi+1

zi−zi+1

)
(zi+1 − zi) = zi+1 − tzi .

1

i i + 1

 1·
i

1

i + 1

− t· 1

i i + 1

I Li |zi+1〉 =
(

tzi−zi+1

zi−zi+1

)
(zi − zi+1) = tzi − zi+1.

i

1

i + 1

 t· 1

i i + 1

− 1·
i

1

i + 1

Li = (`i(ν, ν
′))ν,ν′

00 01 10 11


00 0 0 0 0

01 0 −1 1 0

10 0 t −t 0

11 0 0 0 0



mASEP on the segment: Local duality

I A function Ψ : A× B → C is a local duality function for X and Y i�:

Li |Ψ〉 = Mi |Ψ〉, 1 6 i 6 n − 1, (LD)

where

|Ψ〉 =
∑
ν∈A

∑
µ∈B

Ψ(ν, µ)

n∏
k=1

z
νk
k |µ〉.

I Local duality ⇒ global duality. (The reverse is false in general.)

I We focus on the local duality, i.e. solutions of (LD).
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mASEP on the segment: Local duality

I The following duality functions for ASEP are constructed in [BCS+14] 1.

Theorem 4.1 & 4.2 [Duality functions of ASEP on Z]:

I ASEP occupation process (νx )x∈Z with rates (τr , τ`) = (1, t) ;

I Position process −→x (µ) = (x1(µ) < · · · < xn(µ)) with rates (τr , τ`) = (t, 1).

Ψ(ν, µ) =
∏

x∈−→x (µ)

(∏
i<x

tνi

)
νx ,

Ψ(ν, µ) =
∏

x∈−→x (µ)

(∏
i6x

tνi

)
.

I The �rst one can be recovered using the framework of 2 but not the second one.

1From duality to determinants for q-TASEP and ASEP (2014)

2Integrable stochastic dualities and the deformed Knizhnik�Zamolodchikov equation (2020)



mASEP on the segment: Local duality

I The following duality functions for ASEP are constructed in [BCS+14] 1.

Theorem 4.1 & 4.2 [Duality functions of ASEP on Z]:

I ASEP occupation process (νx )x∈Z with rates (τr , τ`) = (1, t) ;

I Position process −→x (µ) = (x1(µ) < · · · < xn(µ)) with rates (τr , τ`) = (t, 1).

Ψ(ν, µ) =
∏

x∈−→x (µ)

(∏
i<x

tνi

)
νx ,

Ψ(ν, µ) =
∏

x∈−→x (µ)

(∏
i6x

tνi

)
.

I The �rst one can be recovered using the framework of 2 but not the second one.

1From duality to determinants for q-TASEP and ASEP (2014)

2Integrable stochastic dualities and the deformed Knizhnik�Zamolodchikov equation (2020)



mASEP on the segment: Local duality

I The following duality functions for ASEP are constructed in [BCS+14] 1.

Theorem 4.1 & 4.2 [Duality functions of ASEP on Z]:

I ASEP occupation process (νx )x∈Z with rates (τr , τ`) = (1, t) ;

I Position process −→x (µ) = (x1(µ) < · · · < xn(µ)) with rates (τr , τ`) = (t, 1).

Ψ(ν, µ) =
∏

x∈−→x (µ)

(∏
i<x

tνi

)
νx ,

Ψ(ν, µ) =
∏

x∈−→x (µ)

(∏
i6x

tνi

)
.

I The �rst one can be recovered using the framework of 2 but not the second one.

1From duality to determinants for q-TASEP and ASEP (2014)
2Integrable stochastic dualities and the deformed Knizhnik�Zamolodchikov equation (2020)



mASEP on the segment: Something wrong...

I De�ne Li =

(
tzi − zi+1

zi − zi+1

)
(si − 1), where si acts on polynomials by zi ↔ zi+1.

Prop. 2.1 : Let |ν〉 =
∏n

i=1
z
νi
i . Then, Li |ν〉 =

∑
ν′∈A `i(ν

′, ν) |ν ′〉.

I Li acts on polynomials faithfully for r = 1.
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.
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Prop. 2.1 : Let |ν〉 =
∏n

i=1
z
νi
i . Then, Li |ν〉 =

∑
ν′∈A `i(ν

′, ν) |ν ′〉.

I Li acts on polynomials faithfully for r = 1.

I Conclusion: the basis

{
|ν〉 =

n∏
i=1

z
νi
i

}
is not a good basis to work with.

I We look for a basis of polynomials {|ν〉 = fν(z)} such that

Li |ν〉 =
∑
ν′∈A

`i(ν
′, ν)

∣∣ν ′〉 , ∀ν. (Adm)

We say that {|ν〉 = fν(z)} is admissible.
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I The notion of the duality: operator / matrix formalism.
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I Hecke algebra, tKZ equation and trivial duality function.
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I ASEP polynomials: construction of non-trivial duality functions.

I Matrix product Ansatz and examples.



mASEP on the segment: Hecke algebra

I Type An−1 Hecke algebra with generators {Ti}16i6n−1 and relations,

(Ti − t)(Ti + 1) = 0, (quaratic relation)

TiTi+1Ti = Ti+1TiTi+1, (braid relation)

TiTj = TjTi , ∀i , j , |i − j | > 1. (commutativity)

I Generators and inverses can be realized as operators on the space of polynomials

C[z1, . . . , zn],
Ti = t −

(
tzi−zi+1

zi−zi+1

)
(1− si), (⇒ Li = Ti − t),

T−1i = t−1 − t−1
(

tzi−zi+1

zi−zi+1

)
(1− si).



mASEP on the segment: tKZ equation

I Consider a family of polynomials {fν(z) : ν = (ν1, . . . , νn)} in C[z1, . . . , zn].

I We say that {fν(z)} is a solution to the ASEP exchange relations if

Ti fν =

{
fsi ν , if νi > νi+1,

tfν , if νi = νi+1,
(tKZ)

for all ν and 1 6 i 6 n − 1.
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i + (1− t)Ti − t = 0, (tKZ) gives,

Ti fν = (t − 1)fν + tfsi ν if νi < νi+1.
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mASEP on the segment: tKZ equation

I Given a family of polynomials {fν(z) : ν = (ν1, . . . , νn)} in C[z1, . . . , zn].

Ti fν =

{
fsi ν , if νi > νi+1,

tfν , if νi = νi+1,
(tKZ)

for all ν and 1 6 i 6 n − 1.

⇓

Li |ν〉 =
∑
ν′∈A

`i(ν
′, ν)

∣∣ν ′〉 , ∀ν. (Adm)

I Look for {fν(z) : ν = (ν1, . . . , νn)} satisfying tKZ.



From tKZ to duality

Prop. 3.2 : If {|ν〉 = fν(z)} satis�es (tKZ), then the function Ψ(ν, µ) = δν,µ

is a local mASEP duality function. In other words,

Li |Ψ〉 = Mi |Ψ〉, 1 6 i 6 n − 1,

where |Ψ〉 =
∑
ν

∑
µ

Ψ(ν, µ)fν(z)|µ〉 =
∑
µ

fµ(z)|µ〉.

I Proof by direct computation.

I The trivial (diagonal) duality function is not interesting.

I Find a particular family of polynomials {fν(z)} satisfying (tKZ) and construct a

non-trivial duality function.

I Key idea: construct functions {fν(z)} depending on additional parameters t and

q and extract certain coe�cients.
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Non-symmetric Macdonald Polynomials: Compositions

I A composition µ is an n-tuple of non-negative integers (µ1, . . . , µn).

I A partition λ is a composition s.t. λ1 > · · · > λn > 0.

I An anti-partition δ is a composition s.t. 0 6 δ1 6 · · · 6 δn.

I For a given composition µ, write µ+ and µ− its unique partition / anti-partition

obtained by permutation µ.  Example: (1, 0, 2)+ = (2, 1, 0).

I Given two compositions µ and ν, de�ne two orders:

µ > ν ⇐⇒
j∑

i=1

µi >
j∑

i=1

νi , ∀1 6 j 6 n.

µ � ν ⇐⇒ µ+ > ν+ or µ+ = ν+, µ > ν.

I Example: (0, 0) ≺ (0, 1) ≺ (1, 0) ≺ (1, 1) ≺ (0, 2) ≺ (2, 0) .

I It is not a total order: (2, 2) ⊀ (3, 0) and (3, 0) ⊀ (2, 2)
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Non-symmetric Macdonald Polynomials: Compositions

For a composition µ, its composition sector σ(µ) is de�ned by

σ(µ) := {ν | µ+ = ν+} = Sn · µ.

Example: n = 3 with µ = (0, 1, 2).
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(0, 2, 1)

2 1
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(2, 1, 0)

2 1
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Non-symmetric Macdonald Polynomials: De�nition

I Multi-variate polynomial ring: Cq,t [z1, . . . , zn] = C(q, t)[z1, . . . , zn] where t is the

rate of ASEP and q is an additional parameter.

I Consider the Hecke algebra of type An−1 as before. De�ne

(ωg)(z1, . . . , zn) = g(qzn, z1, . . . , zn−1).

I De�ne the Cherednik-Dunkl operators Yi [Che91]
1 [Che95] 2,

Yi = Ti . . .Tn−1ωT
−1
1 . . .T−1i−1, 1 6 i 6 n.

I Fact: the operators (Yi) commute, so can be jointly diagonalized.

I Non-symmetric Macdonald Polynomials (NSMP) are de�ned as �normalized�

eigenfunctions of these operators.

I NSMP are indexed by compositions µ ∈ Zn
>0.

1A uni�cation of Knizhnik-Zamolodchikov and Dunkl operators via a�ne Hecke algebras (1991)
2Non-symmetric Macdonald's polynomials (1995)
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I De�ne the Cherednik-Dunkl operators Yi [Che91]
1 [Che95] 2,

Yi = Ti . . .Tn−1ωT
−1
1 . . .T−1i−1, 1 6 i 6 n.

I Fact: the operators (Yi) commute, so can be jointly diagonalized.

I Non-symmetric Macdonald Polynomials (NSMP) are de�ned as �normalized�

eigenfunctions of these operators.

I NSMP are indexed by compositions µ ∈ Zn
>0.

1A uni�cation of Knizhnik-Zamolodchikov and Dunkl operators via a�ne Hecke algebras (1991)
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Non-symmetric Macdonald Polynomials: Properties

I The change of basis w.r.t. the canonical basis is triangular:

Eµ = zµ +
∑
ν≺µ

cµ,ν(q, t)zν , cµ,ν(q, t) ∈ Q(q, t).

I Eigenvalues are given by, for all 1 6 i 6 n,

YiEµ = yi(µ; q, t)Eµ,

yi(µ; q, t) = qµi tρ(µ)i+n−i+1, ρ(µ) = −wµ · (1, 2, . . . , n),

where wµ ∈ Sn is the permutation with minimal length s.t. µ = wµ · µ+.

I Let µ be a composition such that µi < µi+1. Then

Esiµ = t−1
(
Ti +

1− t

1− yi+1(µ)/yi(µ)

)
Eµ.



Non-symmetric Macdonald Polynomials: Examples

I Example for n = 2.

E(0,0) = 1

E(0,1) = z2

E(1,0) = z1 +
(

1−t
1−qt

)
z2

E(1,1) = z1z2

E(0,2) =
(

q(1−t)
1−qt

)
z1z2 +z22

E(2,0) = z21 +
(

q(1−t)2

(1−q2t)(1−qt)
+ 1−t

1−qt

)
z1z2 +

(
1−t

1−q2t

)
z22

I (0, 0) ≺ (0, 1) ≺ (1, 0) ≺ (1, 1) ≺ (0, 2) ≺ (2, 0) .

I The order is de�ned in [CGW20] 1.

µ > ν ⇐⇒
j∑

i=1

µi >
j∑

i=1

νi , ∀1 6 j 6 n.

µ � ν ⇐⇒ µ+ > ν+ or µ+ = ν+, µ > ν.

1Integrable stochastic dualities and the deformed Knizhnik�Zamolodchikov equation (2020)
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Non-symmetric Macdonald Polynomials: Examples

I Example for n = 2.

E(0,0) = 1

E(1,0) = z1

E(0,1) =
(

1−t
1−qt

)
z1 +z2

E(1,1) = z1z2

E(2,0) = z21 +
(

q(1−t)
1−qt

)
z1z2

E(0,2) =
(

1−t
1−q2t

)
z21 +

(
q(1−t)2

(1−q2t)(1−qt)
+ 1−t

1−qt

)
z1z2 +z22

I (0, 0) ≺ (1, 0) ≺ (0, 1) ≺ (1, 1) ≺ (2, 0) ≺ (0, 2) .

I The order is de�ned in [HHL08] 1 also implemented in Sage.

µ > ν ⇐⇒
j∑

i=1

µn−i+1 >
j∑

i=1

νn−i+1, ∀1 6 j 6 n.

µ � ν ⇐⇒ µ+ > ν+ or µ+ = ν+, µ > ν.

1A combinatorial formula for nonsymmetric Macdonald polynomials (2008)



Non-symmetric Macdonald Polynomials: Examples

Conjecture 3.8 : Fix µ a composition. Let m ∈ Q>0 and p ∈ N. If

Coe�p [Eµ,m] := lim
q→t−m

(1− qtm)pEµ(z ; q, t)

exists and is non-zero. Then, there exists a unique ν for which

Coe�p [Eµ,m] ∝ Eν(z ; t−m, t) := lim
q→t−m

Eν(z ; q, t).

I One can check some examples using Sage.

I Authors of [CGW20] 1 are able to show this conjecture only in some particular

cases which is enough to construct some non-trivial duality functions.

1Integrable stochastic dualities and the deformed Knizhnik�Zamolodchikov equation (2020)
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Non-symmetric Macdonald Polynomials: Examples

Prop. 3.5 : De�ne generating series

Y (w) =

n∑
i=1

Yiw
i , yµ(w) =

n∑
i=1

yi(µ; q, t)w i .

Then, Eµ(z ; q, t) =
∏
ν≺µ

Y (w)− yν(w)

yµ(w)− yν(w)
· zµ.

I This can be seen as �Lagrange interpolation�.

Proof: Use the following two properties:

I
Y (w)− yν(w)

yµ(w)− yν(w)
· Eν =

{
0, if ν ≺ µ,
Eµ, if ν = µ.

I Eµ = zµ +
∑
ν≺µ

cµ,ν(q, t)zν .
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Non-symmetric Macdonald Polynomials: Coe�cients

Prop. 3.6 : Fix µ a composition. Let m ∈ Q>0 and p ∈ N. If

Coe�p [Eµ,m] := lim
q→t−m

(1− qtm)pEµ(z ; q, t)

exists and is non-zero. Then,

Coe�p [Eµ,m] = lim
q→t−m

(1− qtm)p
∑
ν∈Eµ

cν(q, t)Eν(z ; q, t),

where Eµ = {ν : ν ≺ µ, yν(w) = yµ(w) at q = t−m}.
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Prop. 3.6 : Fix µ a composition. Let m ∈ Q>0 and p ∈ N. If

Coe�p [Eµ,m] := lim
q→t−m

(1− qtm)pEµ(z ; q, t)

exists and is non-zero. Then,

Coe�p [Eµ,m] = lim
q→t−m

(1− qtm)p
∑
ν∈Eµ

cν(q, t)Eν(z ; q, t),

where Eµ = {ν : ν ≺ µ, yν(w) = yµ(w) at q = t−m}.

Recall that eigenvalues are yi(µ; q, t) = qµi tρ(µ)i+n−i+1.

Thus, yµ(w) = yν(w)⇐⇒ yi(µ) = yi(ν), ∀1 6 i 6 n,

⇐⇒ qµi tρ(µ)i = qνi tρ(ν)i , ∀1 6 i 6 n.

Unique solution ν = µ for generic q and t; more solutions at q = t−m.



Non-symmetric Macdonald Polynomials: Coe�cients

Prop. 3.6 : Fix µ a composition. Let m ∈ Q>0 and p ∈ N. If

Coe�p [Eµ,m] := lim
q→t−m

(1− qtm)pEµ(z ; q, t)

exists and is non-zero. Then,

Coe�p [Eµ,m] = lim
q→t−m

(1− qtm)p
∑
ν∈Eµ

cν(q, t)Eν(z ; q, t),

where Eµ = {ν : ν ≺ µ, yν(w) = yµ(w) at q = t−m}.

Proof: Use �Lagrange interpolation�,∏
ν≺µ
ν /∈Eν

Y (w)− yν(w)

yµ(w)− yν(w)
· zµ = Eµ +

∑
ν∈Eµ

dµ,ν(q, t)Eν .

By taking limq→t−m (1− qtm)p on both sides, LHS = 0 and RHS gives the propo-

sition.



Non-symmetric Macdonald Polynomials: Coe�cients

Prop. 3.7 : Assume that p = |Eµ|, then there exists a unique ν for which

Eν(z ; t−m, t) := lim
q→t−m

Eν(z ; q, t)

is well-de�ned and Coe�p [Eµ,m] ∝ Eν(z ; t−m, t).

I Conjecture 3.8 is true with an additional condition p = |Eµ|.

I Proof uses �Lagrange interpolation� and by induction.

I The composition ν corresponds to the minimal composition in Eµ.
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Outline

I The notion of the duality: operator / matrix formalism.

I Multi-species ASEP process.

I Hecke algebra, tKZ equation and trivial duality function.

I Non-symmetric Macdonald polynomials.

I ASEP polynomials: construction of non-trivial duality functions.

I Matrix product Ansatz and examples.



ASEP polynomials: De�nition

I Another basis ASEP polynomials can be de�ned from NSMP,

fδ(z ; q, t) = Eδ(z ; q, t), ∀δ = (δ1 6 . . . 6 δn),

fsiµ = T−1i fµ, µi < µi+1.

I Well-de�ned due to the Hecke algebra structure.

I fµ 6= Eµ in general: the recursion formula is di�erent.
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Ti +
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1− yi+1(µ)/yi(µ)

)
Eµ for µi < µi+1.
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I Well-de�ned due to the Hecke algebra structure.

I fµ 6= Eµ in general: the recursion formula is di�erent.

I ASEP polynomials are triangular w.r.t. the canonical basis,

fµ = zµ +
∑
ν≺µ

cµ,ν(q, t)zν ,

and satis�es (tKZ).

I fµn ,µ1,...,µn−1(qzn, z1, . . . , zn−1; q, t) = qµn fµ(z ; q, t). (Cyclic-B.C.)
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ASEP polynomials: De�nition

I Another basis ASEP polynomials can be de�ned from NSMP,

fδ(z ; q, t) = Eδ(z ; q, t), ∀δ = (δ1 6 . . . 6 δn),

fsiµ = T−1i fµ, µi < µi+1.

I Well-de�ned due to the Hecke algebra structure.

I fµ 6= Eµ in general: the recursion formula is di�erent.

I ASEP polynomials are triangular w.r.t. the canonical basis,

fµ = zµ +
∑
ν≺µ

cµ,ν(q, t)zν ,

and satis�es (tKZ).

I fµn ,µ1,...,µn−1(qzn, z1, . . . , zn−1; q, t) = qµn fµ(z ; q, t). (Cyclic-B.C.)

I Above two properties uniquely de�ne ASEP polynomials.

I ASEP and NSMP are also related by a triangular change of basis.



ASEP polynomials: De�nition

Prop. 3.10 : For any composition µ, the following expansions are unique,

Eµ(z ; q, t) = fµ(z ; q, t) +
∑
ν∈σ(µ)
ν≺µ

cµ,ν(q, t)fν(z ; q, t);

fµ(z ; q, t) = Eµ(z ; q, t) +
∑
ν∈σ(µ)
ν≺µ

dµ,ν(q, t)Eν(z ; q, t).

Proof: For an anti-partition, Eδ = fδ so the proposition is true. By induction,

assume µ is s.t. the proposition holds with µi < µi+1,

Esiµ = t−1
(
Ti +

1− t

1− yi+1(µ)/yi(µ)

)(
fµ +

∑
ν∈σ(µ)
ν≺µ

cµ,ν(q, t)fν
)
.

I Ti fν = (t − 1)fν + tfsi ν ;

I ν, siν ∈ σ(µ) = σ(siµ);

I (ν ≺ µ, µ ≺ siµ)⇒ ν, siν ≺ siµ.
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ASEP polynomials: De�nition

Theorem 3.11 : Fix an anti-partition δ. Let m ∈ Q>0 and p ∈ N such that

Conjecture 3.8 holds. Then, there exists a unique anti-partition ε

fν(z ; t−m, t) := lim
q→t−m

fν(z ; q, t)

is well-de�ned for all ν ∈ σ(ε) and

Coe�p [fµ,m] =
∑
ν∈σ(ε)

Ψ(ν, µ; t)fν(z ; t−m, t)

for all µ ∈ σ(δ) and suitable coe�cients Ψ(ν, µ; t).

Proof:

I The proof is based on Prop. 3.10.

I Use the recurrence relation and the fact that Ti commutes with lim.
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ASEP polynomials: De�nition

Conjecture 3.8 : Fix µ a composition. Let m ∈ Q>0 and p ∈ N. If

Coe�p [Eµ,m] := lim
q→t−m

(1− qtm)pEµ(z ; q, t)

exists and is non-zero. Then, there exists a unique ν for which

Coe�p [Eµ,m] ∝ Eν(z ; t−m, t) := lim
q→t−m

Eν(z ; q, t).

I One can check some examples using Sage.

I Authors of [CGW20] 1 are able to show this conjecture only in some particular

cases which is enough to construct some non-trivial duality functions.

1Integrable stochastic dualities and the deformed Knizhnik�Zamolodchikov equation (2020)



ASEP polynomials: De�nition

Theorem 3.12 : Keep the notations from Theorem 3.11. Ψ(ν, µ; t) de�nes a

local duality function.

Proof: From Prop 3.2 (trivial duality function), the following holds

Li |I〉 = Mi |I〉, 1 6 i 6 n − 1, (1)

where |I〉 =
∑
µ

fµ(z ; q, t)|µ〉. Taking the coe�cient,

|Ip,m〉 := Coe�p [|I〉,m] =
∑
µ∈σ(δ)

∑
ν∈σ(ε)

Ψ(ν, µ; t)fν(z ; t−m, t)|µ〉

also satis�es Li |Ip,m〉 = Mi |Ip,m〉, 1 6 i 6 n − 1.



Outline

I The notion of the duality: operator / matrix formalism.

I Multi-species ASEP process.

I Hecke algebra, tKZ equation and trivial duality function.

I Non-symmetric Macdonald polynomials.

I ASEP polynomials: construction of non-trivial duality functions.

I Matrix product Ansatz and examples.



Matrix product Ansatz

I The coe�cients Ψ(ν, µ) are di�cult to compute in general.

I The matrix product Ansatz from [CGW15] 1 is useful for ASEP polynomials.

Theorem : Fix r > 1. For a composition µ with largest part equal to r ,

fµ(z ; q, t) = Ωµ(q, t)× Tr
(
Aµ1(z1) . . .Aµn (zn)S

)
, (Mat-Ans)

where {Ai(z)}06i6r and S are explicit matrices.

Proof: Translate (tKZ) and (Cyclic-B.C.) into matrices.

1Matrix product formula for Macdonald polynomials (2015)
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