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The nonlinear Schrodinger equation

Consider the spatial domain A = T for d = 1,2, 3.
@ Study the nonlinear Schrédinger equation (NLS).

1001 (2) = (= A/2+ K)du(2) + [ dyw(z —y) [¢e(y)|* de(x)
¢o(x) = @(x) € H*(A).

@ Parameter: x > 0.
@ Interaction: w : A — R is positive or w = 9.
@ Conserved energy

H@) = [ dede)(x— 8/2)6() + 5 [ dodylo@P uio - ) o).
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Gibbs measures for the NLS

@ The Gibbs measure d;. associated with H is the probability measure on
the space of fields ¢ : A — C

1 .
w(de) == Ze_H(d)) do, Z = / e H () qg .

d¢ = (formally-defined) Lebesgue measure.
@ Formally, dy is invariant under the flow of the NLS:

(Fy)wdp = du,

where F; := flow map of NLS.
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Gibbs measures for the NLS: known results

@ Rigorous construction of Gibbs measure: CQFT literature in the
1970-s (Nelson, Glimm-Jaffe, Simon).

@ Proof of invariance: Bourgain and Zhidkov (1990s).
— Measure supported on low-regularity Sobolev spaces.

@ Application to PDE: Obtain low-regularity solutions of NLS ji-almost
surely.
Recent advances: Bourgain-Bulut, Burg-Tzvetkov,
Burg-Thomann-Tzvetkov, Cacciafesta- de Suzzoni, Deng-Nahmod-Yue,
Fan-Ou-Staffilani-Wang, Genovese-Luca-Valeri,
Nahmod-Oh-Rey-Bellet-Staffilani,
Nahmod-Rey-Bellet-Sheffield-Staffilani, Oh-Pocovnicu,
Oh-Tzvetkov-Wang, Thomann-Tzvetkov, Tzvetkoy, ...
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Derivation of Gibbs measures: informal statement

NLS is a classical limit of many-body quantum theory.
@ On»(™ = L2 (A")we consider the n-body Hamiltonian

H™ . fZAJr Z w(; — x;).

171

@ Solve n-body Schrédinger equation
iat\ljnyt - H(n)\ljnyt .
Obtain that, as n — oo
QXn

U, 0~ of" implies W, , ~ ¢

(Hepp (1974), Ginibre-Velo (1979), Spohn (1980), Fréhlich-Tsai-Yau

(1998), Fréhlich-Knowles-Pickl (2006), Erdés-Schlein-Yau (2006, 2007),

Fréhlich-Graffi-Schwarz (2007), Fréhlich-Knowles-Schwarz (2009), T.
Chen-Pavlovi¢ (2010), Pickl (2010), Ammari-Nier (2011), ...).

@ Problem: Obtain Gibbs measure du as many-body quantum limit.
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The Wiener measure and classical free field

o Let Hy(¢) := [ dz (IVe(x)*/2 + rle(x)]?).
Define the Wiener measure dy.

1
polde) i= e D dg, Z i / e~ Ho(@) dg.

@ For ¢ € supp duy,

p=¢" ~ Y TRE L )2 ™ (gy) = i.i.d. complex Gaussians.

kezd

— Classical free field .
@ Series converges almost surely in /'~ 2<(A).
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The classical system and Gibbs measures

@ The classical interaction is

W im 1 [dsaylo* (@l uie - ) 6P

@ In [0, +00) almost surely if d = 1 and w € L>(T") is pointwise
nonnegative.
@ In this case dy is a well-defined probability measure on 7'/2~=(T") which
satisfies
dp < dpo -

@ For d = 2,3, W is infinite almost surely even if w € L>(T%).
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The classical system and Gibbs measures

@ Perform a renormalisation in the form of Wick ordering .

WY = %/dwdyﬂqﬁ”(xﬂ foo) w(x — )(|¢w( )2 OO)'

@ Rigorously defined as limit in ﬂm>1 L™(dup) of truncations Wi .

Z 271‘2](51‘
lkl< K V ‘k|2+“
QK( ) —Euo|¢K Z |k|2+,{ — 0,

k| <K
Wici= 5 [ dedy (6@ - exc) wla ~ ) (6 W - ox).

@ W =W > 0 almost surely if w is pointwise nonneg{:ztive, i.e. wis of
positive type: [ dxzdy f(z)w(x —y)f(y) = >, w(k)|f(k)|?, for f real.
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The classical system and Gibbs measures

@ Classical Gibbs state p(-): Given X = X (w) a random variable, let

er W dpuo /
X) = Xd
p(X) Te W dug -

@ OnHP) = L2,..(A?) define the classical p-particle correlation function
7, by its operator kernel

('Yp)l’l,---,mp;yl ----- Yp P((/’Td(yl) o ~¢T‘*’(yp)(/)w(x1) T ¢w(1p)) .

—  is determined by (7,),-
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The quantum problem

@ Consider d = 1.
@ Given m > 0 (mass of particles) and A\ > 0 (coupling constant), we work

@ Atinverse temperature 5 € (0, o), equilibrium of H(") is governed by the
Canonical ensemble

1 n n e
()cfﬁHH, Zé)::Trc pH™
Zﬂ,

B

@ Henceforth consider g = 1.

@ We take m = 1/v and A ~ v and analyse the regime v — 0.
This can be interpreted as a mean-field/semiclassical limit.
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The quantum problem

@ Work on the Bosonic Fock space
7= @
neN

with quantum Hamiltonian

H,:=PHM,

neN
where
HM .= Vﬁ:(fé + /1) + V—2 i w(z; —x;) .
v ; 2 2 £ B
=1 7,7=1
@ On F define the grand canonical ensemble by
1 n
P, i= o @cﬂi " TreP, =1.
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The quantum Gibbs state

@ Work with quantum fields (operator-valued distributions) ¢,., ¢¥, on F that
satisfy

[¢u(@), 0, ()] =vi(z —y), [Pv(x), ¢u(y)] = [¢,(2), 0 (y)] = 0.
Heuristic: ¢, +— ¢, ¢F «— ¢~.
@ Quantum Gibbs state p,(-): Given A € L(F) we define its expectation

pu(A) = Trz(AP,) .
On $®) define the quantum p-particle correlation function ~, , by

(”Yz/,p):m T,y — PU (¢i(y1) T ¢;(yp)¢u(l‘l) ce (bu(xp)) .

— P, is determined by (v,,p),-
@ One can write

n! e~ H{"
(r}/y p)w1 T iYLy Yp Z yARY] Trp+1 s .
g ) s Lpsydly yYp (n/*p)! B ) ZV

nzp
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Theorem 1: w € L.

Theorem 1: Fréhlich, Knowles, Schlein, S. (CMP, 2017).

(i) Letd =1 and w € L>°(T') be pointwise nonnegative or w = §. Then for
all p € N we have

Tr
Yop — 7 as v —0.

The convergence is in the trace class. (||Al|1: := Tr|A).

(i) Letd = 2,3 and w € L>(T) be of positive type (i > 0). The
convergence holds in the Hilbert-Schmidt class after a renormalisation
procedure (Wick ordering ) and with a slight modification of the grand
canonical ensemble P, (needed for technical reasons).

Modification:
HV = v,0 + W,/
Free part (w = 0)  Interaction
e—Hu — e—’rIHu.U e—(l—?q)H,,\u—VVu e_TIHu,U 7 n> 0.
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Theorem 2: w € 1.

Theorem 2: S. (Preprint, 2019).
Let d = 2,3 and w € L9(T?) be of positive type, where

(1,00],d
Ue {(3,00],(1

With Wick renormalisation and modification of P, as in Theorem 1, we have

2
3.

HS
Yop —Vp as v —0.

— Optimal range of w for NLS: Bourgain (JMPA, 1997).
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Theorem 3: L! interactions in two dimensions.

Theorem 3: S. (Preprint, 2019).

Letd =2 and w € L'(T?) satisfy the following assumptions.
@ w is of positive type.
@ w is pointwise nonnegative.
@ There exist ¢ > 0 and C' > 0 such that

C

o) < TETRe

forall k € 7°.
With setup as in Theorem 1, we have

HS
Yop—Vp as v —0.

— Classical variant of this endpoint case: Bourgain (JMPA, 1997).
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Unmodified grand canonical ensemble 1

Theorem 4: Fréhlich, Knowles, Schlein, S. (Preprint, 2020).

Suppose that the interaction w is continuous and of positive type. Then for all
p € N we have

I
Yop —Vp as v—0,

where
[1,00], d=1
re{[l,o0), d=2
[1,3), d=3.

is optimal. We apply Wick ordering when d = 2, 3.
The result holds with an unmodified grand canonical ensemble P,,.
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Unmodified grand canonical ensemble 2

Theorem 4 can be deduced from a stronger result.
We Wick order ~, , and ~, to obtain 7, , and 7,,.
Example: We have

and

(F2) 21 ,20581,52 = (V2)ar,@asr,22 — (M)arser (W )enize — (Vwniza (V)wasss
- (71)1‘2;-731 (rylo)»nfz - (71)1722,53'2 (ﬂ/lo):m:,il + (’\/g)xl,z:ggil,ig .

Theorem 5: Fréhlich, Knowles, Schlein, S. (Preprint, 2020).

For all p € N we have

~ C ~
Yop —Vp a8 v—0,

C . . R
where — denotes convergence in the space of continuous functions w.r.t.
[ llzee-
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Related results

@ 1D results: previously shown using variational techniques by Lewin,
Nam, Rougerie (J. Ec. Polytech. Math., 2015).
Higher dimensions: non local, non translation-invariant interactions.

@ Lewin, Nam, Rougerie (JMP, 2018) : 1D non-periodic problem with
subharmonic trapping.

@ Lewin, Nam, Rougerie (preprint 2018) : 2D problem with
translation-invariant interaction without modified Gibbs state.

@ Lewin, Nam, Rougerie (preprint 2020) : Extension to 3D.

@ Frohlich, Knowles, Schlein, S. (AIM 2019): time-dependent problem in
1D. — Corresponds to the invariance of the measure.
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The v — 0 limit in the free case

Examine the limit v — 0 in the free case w = 0.
@ Define the rescaled particle number operator by

N, =v@Pnlgem = /dwj(x) bu ().

neN

@ Compare with

= [ o @p.

@ We have

1 ifd=1
v
1 . o
pv(Ny) ~ E R =1~ log v ifd=2
hezd v ifd =3,

po () has a natural cut-offfor [k| > v—/2.
— Need to renormalise when d = 2, 3.
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Methods of proof

@ Theorems 1 — 3: apply a perturbative expansion in the interaction and a
resummation of the resulting series.

Hl/ - HV,O + Wl/

Free part (w = 0)  Interaction

@ Theorems 4 — 5: Use a functional integral formulation.
— Represent the field theory as a gas of interacting Brownian loops and
paths : Ginibre (1965), Symanzik (1968).
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Method 1: Perturbative expansion

@ Example: Consider the

Classical (relative) partition function ((z) == / e W dpyg

Quantum (relative) partition function — (,(z) =

® ((z)and ¢,(z) are analyticin Rez > 0.
@ Our goal is to prove that

lim (,(2) =((z) for Rez > 0.
v—0

@ Problem: The series expansions

((z) = Z amz™, (G (2) = Z aymz"

m=0 m=0
have radius of convergence zero.
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Borel resummation

@ Given a formal power series

A(z) = Z 2"

m=0

its Borel transform is

Formally we have A(z) = [~ die " B(tz).

Example (1)
If A(z) = 3,50 2™ then B(z) = 3,5, 2 = ¢* and we have

o 1
/ dte te” = ——  for Rez < 1.
0 1—=2

Example (2)

4 . . .
f(z)=[e ™ e~"/2 dz: analytic on Re = > 0, radius of convergence is zero.

v
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Borel resummation

Write
M—1 M-1
C(Z) - Z amzm + RZ\»’[ (Z) 3 Cu(z) - Z al/,mzﬁI + RU,JW(Z) .
m=0 m=0

By Sokal (1980), we should prove the following.
(i) The explicit terms satisfy

‘(Lm‘ + |au,m,‘ g Omm' .
The remainder terms satisfy
|Rar(2)| + | R (2)] < CY MM

— In 2D, 3D, bound on R, 5 requires modification of IP,,.
(i) The quantum coefficients converge to the classical coefficients, i.e.

111)1%) Qym = Qm, -
v
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Optimality of ¢ (w € L)

@ Recall the classical expansion

@ We can compute

an [do [ayue-y) G,

where G = (—=A/2 +r) %
@ We have G € L"(T¢ x T¢) where

{[1.,00)., d=2
r e
[1,3), d=3.

— Obtain optimal range of ¢ by duality.
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Method 2: Functional integral formulation

@ Consider d = 1.
@ Classical field ¢ : A — C, measure d¢ := [, ., (z).
@ Define

5°0) 1= /A dw B(x)(r — A/2)(x)

W)= 5 [ | dedy o) ute - 1) [0()P

S(¢) = S(¢) + W(9).
Classical (relative) partition function:

. jl d¢ efs((ﬁ)

¢= [dpe 5@

V. Sohinger (Warwick) Derivation of Gibbs measures for NLS Warwick-QMUL seminar, June 3, 2020 25/35



Functional integral (formal setup)

@ Quantum field @ : [0,1] x A — C, measure D® := [, [[,c (7, 2).
@ Define

SO(®) == /0” dT/Adaﬂf(T,x)(aT +r—A/2)D(T,x)
W(®) = ;/Oydf /A dz dy |0 (r, 2) 2 w(z — ) |&(r, )2

@ Quantum (relative) partition function 2, % (formally).

@ Rescale fort € [0,1] as (¢, x) := /v ®(vt, x).
= /1 dt/ dz @' (t,2)(0y/v + Kk — A/2) ¥ (t, x)
0 A

1 1
+*/ dt/ da dy |&'(t, 2)|* w(z — y) | (t,y)|*.
2 JO A2

@ Formally deduce Z, — ( by stationary phase.
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Functional integral (formal setup)

@ Field theory e~ 5(®) D®: previously studied by Chen, Frohlich, Seifert
(1994), Moshe, Zinn-Justin (2003).

@ The free theory ¢=S"(®) D, with

S°(®) = / dT/ dz ®(1,2)(0, + Kk — A/2)®(7, 2)
0 A
does not yield a well-defined Gaussian measure: Cameron (1962).

@ Instead, one works with correlation functions, which can be rigorously
interpreted.
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Hubbard-Stratonovich transformation

@ LetC > 0 be an n x n matrix. The Gaussian probability measure on R™
with covariance C is

1 1 -1
du) = ————— e 2O W gy,
pe(du) (2m)™det C

@ Wick’s theorem: for any f € R™ we have

/Mc(du) il w) = =3 (f.Ch)

@ Hubbard-Stratonovich transformation: for a real Gaussian measure ¢
(not necessarily finite dimensional) with covariance C we have

/Mc(do)ei<-f"7> — m3ires)

(In general formal if f and o are both rough!)
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Functional integral + HS transformation

@ Consider o : [0,7] x A — R centred with law . and covariance

/ pue(do)o(r,z)o(7,2) =vo(t —T)w(x — ) = C;; )

@ (Formally) use HS with f = |®|? and let K (u) := 0, — A/2 —u

K(—k+io)

A

VT DR 5@

By Gaussian integration

' det K(—k +io) ! " s
2= [ netao) T = [ netanen .

Filo) = /:"dt Tr(t—i—K(im—Ha) B t+K1(—/<,)> '

We used det(A) = exp(Trlog A),loga — logh = — fow dt(ﬁ — tfb)
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Space-time representation

@ Goal: Find K (u)~! for K(u) =0, — A/2 — u.
@ Toy example: K = 0, + x on L*([0,v/]).

(I(:fl)T,‘F _ Z ) D e*/ﬁ(Tfﬁ;{»'r) .
revN

@ We have

( Z 1T+T>7’ WT+, T( )a

revN
where for [t], := (tmodv) € [0,v), (W™7);<, solves

. 1 .
O W™ (u) = (2A + u([r}l,))W”(u)., W™ (u) = 1.
Feynman-Kac formula: the kernel of W™ is given by
() / W77 (duw) ofF dtulltlo)
Conclusion: 2/ = fe*s@) D® is a rigorous expression in terms of

Brownian loops; similarly for correlation functions.
— Ginibre representation.
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Functional integral representation

@ By the Feynman-Kac formula and Hubbard-Stratonovich transformation
and working backwards, we formally get

s / ue(do) ()

(the true quantum partition function).
@ In practice, always regularise C.

@ Replace C — C, for ) > 0, such that under the law of 1, , o is almost
surely smooth.

/ pe, (do)o(r,2) o(7,Z) = v, (T — T) wy(x — &) = (Cn)IZ )

@ We have
Z, = lim /MC, (do) ef1()
n—0 !
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Wick ordering

@ Wick order for d = 2, 3.

o / ne(do) ()
where

~ 1 1
Fy(o) ::/0 @ Tr(t+K(—/‘é+iU) i+ K (k)

1 . 1
Tt rK(k) it K(—r) )

@ We subtract the first order term in the resolvent expansion.
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Functional integral representation: classical setting

@ Classical setting: derive a similar representation, after Symanzik (1968).
@ 1, real Gaussian measure with mean zero and covariance

[ rd9) ¢(@)¢(@) = wia ~ 3).

@ We have .
= /uw(dé) of2(6)
where
— [Ta ! :
f2(5)'—/0 Nt—A2tr—i& t-A2+x

1 i€ 1
- 1 .
t—A24+Kk Tt—A/2+k
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Conclusion of the proof

@ Use the functional integral representations

Z, = / MC(dJ) CFZ(U) ) C / (df) oF2(6)

to obtain 2, — Casv — 0.
@ Fact: If o has law y¢, then

has law /.
@ Show that

hHl /MC(dU) |:er(<7) _ ef2(<0>)} =0.

@ Conclude the proof by analysing Riemann sums and using continuity
properties of Brownian paths.
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Thank you for your attention!
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