Chapter 11

Spectral Expansions

The mark of a mature, psychologically healthy
mind is indeed the ability to live with uncertainty
and ambiguity, but only as much as there really is.

JULIAN BAGGINI

This chapter and its sequels consider several spectral methods for uncertainty quantification.
At their core, these are orthogonal decomposition methods in which a random variable stochastic
process (usually the solution of interest) over a probability space (©,.%, u) is expanded with respect
to an appropriate orthogonal basis of L?(©, u; R). This chapter lays the foundations by considering
spectral expansions in general, starting with the Karhunen—Loéve biorthogonal decomposition, and
continuing with orthogonal polynomial bases for L2(0, i; R) and the resulting polynomial chaos
decompositions.

11.1 Karhunen—Loéve Expansions

Fix a compact domain © C R? (which could be thought of as ‘space’, ‘time’, or a general parameter
space) and a probability space (0,.%#, ). The Karhunen—Loeve expansion of a square-integrable
stochastic process U: Q2x© — Ris a particularly nice spectral decomposition, in that it decomposes
U in a biorthogonal fashion, i.e. in terms of components that are both orthogonal over the parameter
domain 2 and the probability space O.

To be more precise, consider a stochastic process U: 2 x © — R such that

o forall z € Q, U(x) € L0, u; R);

o forall z € Q, E,[U(z)] = 0;

o the covariance function Cy(z,y) := E,[U(z)U(y)] is a well-defined continuous function of
z,y € .
Remark 11.1. 1. The condition that U is a zero-mean process is not a serious restriction; if U

is not a zero-mean process, then simply consider U defined by U(z, §) := U(z, 6) — E,[U(z)).

2. It is common in practice to see the covariance function interpreted as proving some infor-
mation on the correlation length of the process U. That is, Cy(z,y) depends only upon
|lx — y|| and, for some function g: [0,00) — [0,00), Cy(z,y) = g(|]z — y||). A typical such g
is g(r) = exp(—r/ro), and the constant ro encodes how similar values of U at nearby points
of O are expected to be; when the correlation length 7 is small, the field U has dissimilar
values near to one another, and so is rough; when rg is large, the field U has only similar
values near to one another, and so is more smooth.
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136 11: Spectral Expansions

Define the covariance operator of U, also denoted by Cyr: L2(2,dx; R) — L2(£2,da; R) by

(Cuf)) = /Q Cu (&, 9) f(y) dy.

Now let {¢,, | n € N} be an orthonormal basis of eigenvectors of L2(€2,dz;R) with corresponding
eigenvalues {\,, | n € N}, i.e.

/Q Cur (2, y)bn () dy = Anthn ()

and

/Q@/}m(m)wn(:v) dz = dmn.-

Definition 11.2. Let X be a first-countable topological space. A function K: X x X — R is called
a Mercer kernel if
1. K is continuous;
2. K is symmetric, i.e. K(z,2') = K(2/,z) for all z,z' € X; and
3. K is positive semi-definite in the sense that, for all choices of finitely many points x1,...,z, €
X, the Gram matriz
K(zi,21) -+ K(z1,25)
G :=
K(xp,21) - K(zp,zy,)
is positive semi-definite, i.e. satisfies £ - G€ > 0 for all £ € R”.
Theorem 11.3 (Mercer). Let X be a first-countable topological space equipped with a complete Borel

measure pi. Let K: X x X — R be a Mercer kernel. If x — K (x,z) lies in L'(X, u;R), then there
is an orthonormal basis {y }nen of L?(X, u;R) consisting of eigenfunctions of the operator

fo /X K(-,9)f () du(y)

with non-negative eigenvalues {\, }nen. Furthermore, the eigenfunctions corresponding to non-zero
etgenvalues are continuous, and

K(z,y) = Z Antn (@) 0 (y),

neN
and this series converges absolutely, and uniformly over compact subsets of X .

Theorem 11.4 (Karhunen—Loeve). Under the above assumptions on U, its covariance function and
its covariance operator, U can be written as

U= Zutn

neN

where the {n tnen are orthonormal eigenfunctions of the covariance operator Cy, the correspond-
ing eigenvalues {An}nen are mon-negative, the convergence of the series is in L?(0,u;R) and
uniform in x € ), with

= / U () () .
Q
Furthermore, the random variables Z, are centred, uncorrelated, and have variance Ay :

E,[Z,] =0, and E,[Z,Zy) = Aimn.-
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11.1: Karhunen—Loéve Expansions 137

Proof. By Exercise 2.1, and since the covariance function Cy is continuous, Cy is a Mercer kernel.
Hence, by Mercer’s theorem, there is an orthonormal basis {1, }nen of L2(Q, dz;R) consisting of
eigenfunctions of the covariance operator with non-negative eigenvalues {\, }nen. In this basis

the covariance function has the representation

= Athn (@)0n (y)

neN

Write the process U in terms of this basis as

neN

where the coefficients Z,, are random variables given by orthogonal projection:

7 = /Q U () () da

o B2 =B, | [ U@ as| = [ B0 s =0,
and
E,[ |=E, [ )P () da:/QU(x)z/;n(x) dx]
=5, | [ [ U@n @) anas]

/Q E, [U (@)U ()b ()1 (3) dydr

Q

= [ | coteun (@) dyda
/wm ) | Cotayia () dyea
- /Q Y (@) Ao (@) d
= MO
Let Sy := SN Zuth: © x © — R. Then, for any z € €,

n=1

E, [|U(z) — S (2)]
=Eu[U(2)*] + Eu[Sn (2)*] — 2E,[U(z) Sy (2)]

N N N
= Cule,0) + By |33 ZuZutbun (2 () ()Y annm}

> /S X U(z)U (y)thn (y)on () dy]

N
U(xv 1‘) =+ Z )\nwn(m)Q - QEH
n];1 N
= Cufe) + 3 Al =23 | coteninmin@ ay

(x,z) — Z)\nwn (z)?

—0as N — oo, umformly in x, by Mercer’s theorem.
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138 11: Spectral Expansions

Among many possible decompositions of a random process, the Karhunen—Loeve expansion is
optimal in the sense that the mean-square error of any truncation of the expansion after finitely
many terms is minimal. However, its utility is limited since the covariance function of the solution
process is often not known a priori. Nevertheless, the Karhunen—Loeve expansion provides an
effective means of representing input random processes when their covariance structure is known,
and provides a simple method for sampling Gaussian measures on Hilbert spaces, which is a
necessary step in the implementation of the methods outlined in Chapter 6.

Example 11.5. Suppose that C': H — H is a self-adjoint, positive-definite, nuclear operator on a
Hilbert space H and let m € H. Let (Mg, ¥r)ren be a sequence of orthonormal eigenpairs for C,
ordered by decreasing eigenvalue \;. Let =1, =5, ... be independently distributed according to the
standard Gaussian measure N(0,1) on R. Then, by the Karhunen-Logve theorem,

U:=m+> N/ Zpn (11.1)
k=1

is an H-valued random variable with distribution A/ (m, C). Therefore, a finite sum of the form
m+ 25:1 )\Ilc/ZEkwk for large K is a reasonable approximation to a AN/ (m, C)-distributed random
variable; this is the procedure used to generate the sample paths in Figure 11.1.

Note that A,lc/25k has Lebesgue density on R proportional to exp(—|&|?/2Ak). Therefore,
although Theorem 2.33 shows that the infinite product of Lebesgue measures on span{ty, | k € N}
cannot define an infinite-dimensional Lebesgue measure on H, U — m defined by (11.1) may be
said to have a ‘formal Lebesgue density’ proportional to

o [ &xl”

o (-155) oo (-3 3T
1 U —m, Py 2
:exp(_iz#)

keN k
— exp (_%ch(u - m>|y;>

by Parseval’s theorem and the eigenbasis representation of C. This formal derivation should make
it intuitively reasonable that U is a Gaussian random variable on ‘H with mean m and covariance
operator C'. For more general sampling schemes of this type, see the later remarks on the sampling
of Besov measures.

Principal Component Analysis. As well as being useful for the analysis of random paths, surfaces,
and so on, Karhunen—Loeve expansions are also useful in the analysis of finite-dimensional random
vectors and sample data:

Definition 11.6. A principal component analysis of an RV -valued random vector U is the Karhunen—
Loeve expansion of U seen as a stochastic process U: {1,..., N} x Q — R. It is also known as the
discrete Karhunen—Loéve transform, the Hotelling transform, and the proper orthogonal decompo-
sition.

Principal component analysis is often applied to sample data, and is intimately related to the
singular value decomposition:

Example 11.7. Let X € RY*M be a matrix whose columns are M independent and identically
distributed samples from some probability measure on RY, and assume without loss of generality
that the samples have mean zero. The empirical covariance matrix of the samples is

Ci= XX
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11.1: Karhunen—Loéve Expansions 139
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Figure 11.1: Approximate sample paths of the Gaussian distribution on H2([0,1]) that has mean

path m(z) = z(1 — z) and covariance operator (—dd—;)q. Along with the mean path (dashed), six
sample paths are shown for truncated Karhunen—Loeéve expansions using K € N terms.

The eigenvalues A, and eigenfunctions ¢, of the Karhunen-Lo¢ve expansion are just the eigenvalues
and eigenvectors of this matrix C. Let A € RV*V be the diagonal matrix of the eigenvalues M,
(which are non-negative, and are assumed to be in decreasing order) and ¥ € RV*¥ the matrix
of corresponding orthonormal eigenvectors, so that C diagonalizes as

C=UADT,

The principal component transform of the data X is W := ¥ " X; this is an orthogonal transforma-
tion of RN that transforms X to a new coordinate system in which the greatest component-wise
variance comes to lie on the first coordinate (called the first principal component), the second
greatest variance on the second coordinate, and so on.
On the other hand, taking the singular value decomposition of the data (normalized by the
number of samples) yields
X =UxVT,

where U € RY*N and V € RMXM are orthogonal and ¥ € RV*M ig diagonal with decreasing
non-negative diagonal entries (the singular values of %X ). Then

C=usvT(wusvT =usvTvsTuT =us?u’.

from which we see that U = ¥ and %2 = A. This is just another instance of the well-known
relation that, for any matrix A, the eigenvalues of AA* are the singular values of A and the right
eigenvectors of AA* are the left singular vectors of A; however, in this context, it also provides an
alternative way to compute the principal component transform.

In fact, performing principal component analysis via the singular value decomposition is nu-
merically preferable to forming and then diagonalizing the covariance matrix, since the formation
of XX T can cause a disastrous loss of precision; the classic example of this phenomenon is the
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140 11: Spectral Expansions

Lauchli matrix

1
1
1

S O M

0 0
e 0 (0<ex ),
0 €

for which taking the singular value decomposition (e.g. by bidiagonalization followed by QR iter-
ation) is stable, but forming and diagonalizing X X T is unstable.

Karhunen—Loéve Sampling of Non-Gaussian Besov Measures. The Karhunen—Loeéve approach
to generating samples from Gaussian measures of known covariance operator, as in Example 11.5,
can be extended to more general settings, in which a basis is prescribed a priori and (not necessarily
Gaussian) random coefficients with a suitable decay rate are used. The choice of basis elements
and the rate of decay of the coefficients together control the smoothness of the sample realizations;
the mathematical hard work lies in showing that such random series do indeed converge to a
well-defined limit, and thereby define a probability measure on the desired function space.

One method for the construction of function spaces — and hence random functions — of desired
smoothness is to use wavelets. Wavelet bases are particularly attractive because they allow for the
representation of sharply localized features — e.g. the interface between two media with different
material properties — in a way that globally smooth basis functions such as polynomials and the
Fourier basis do not. Omitting several technicalities, a wavelet basis of L?(R?) or L?(T%) can be
thought of as an orthonormal basis consisting of appropriately scaled and shifted copies of a single
basic element that has some self-similarity. By controlling the rate of decay of the coefficients in a
wavelet expansion, we obtain a family of function spaces — the Besov spaces — with three scales
of smoothness, here denoted p, ¢ and s. In what follows, for any function f on R% or T¢, define
the scaled and shifted version f; of f for j,k € Z by

fin(a) = (22 — k). (11.2)

The starting point of a wavelet construction is a scaling function (also known as the averaging
function or father wavelet) ¢:R— Randa family of closed subspaces V; C L?(R), j € Z, called
a multiresolution analysis of L*(R), satisfying
(nesting) for all j € Z, V; C Vjy1;

—_

density and zero intersection) ;o Vj = L*(R) and ;5 V; = {0};

2. (

3. (scaling) for all j,k € Z, f € Vy <= fjr € V};

4. (translates of ¢ generate Vo) Vo = span{¢ox | k € Z};

5. (Riesz basis) there are finite positive constants A and B such that, for all sequences (ci)rez €
*(Z),

All(er)lle2zy <

Z crdo

kEZ

< Bl[(cr)lle2(zy-
12(R)

Given such a scaling function gg: R — R, the associated mother wavelet 1;: R — R is defined as
follows:

if §(z) = > k(27 — k),

kEeZ

then ¥ (z) = Z(—l)kckﬂg(%c + k).

keZ

It is the scaled and shifted copies of the mother wavelet 'LZ that will form the desired orthonormal
basis of L2.

Example 11.8. 1. The indicator function <;~$ = 1jp,1) satisfies the self-similarity relation gg(x) =
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11.1: Karhunen—Loéve Expansions 141

(Z(Qm) + (E(Qx —1); the associated ¢ given by

1, ifo<z<y,
Y(x) = 6(2r) — (2 — 1) = ¢ -1, if 5 <w <1,
0, otherwise.
is called the Haar wavelet.

2. The B-spline scaling functions o, r € Ny, are piecewise polynomial of degree r and globally
C"~1, and are defined recursively by convolution:

1 f =
oy o= { L0 forr=0, (113)
or_1%0g, forréeN,

where

(f % 9)() = / F(@)g(z — ) dy.

Here, the presentation focusses on Besov spaces of 1-periodic functions, i.e. functions on the
unit circle T := R/Z, and on the d-dimensional unit torus T¢ := R?/Z?. To this end, set

o(x) = Zg(ac +s) and ¢(z):= Zi(z + ).

SEZ SEZL

Scaled and translated versions of these functions are defined as usual by (11.2). Note that in the
toroidal case the spaces V; for j < 0 consist of constant functions, and that, for each scale j € Np,
¢ € Vo has only 27 distinct scaled translates ¢; 5 € V;, i.e. those with k =0,...,2/71. Let

V; i=span{¢; | k=0,...,27 — 1},
W; = span{e; i | k=0,...,27 — 1},

so that Wj; is the orthogonal complement of V; in V;4; and

rm=Jv=gw

J€Ng J€Ng

Indeed, if ¥ has unit norm, then 2j/21/)j7k also has unit norm, and

{2j/2¢j7k | k=0,...,27 — 1}is an orthonormal basis of W;, and
{2924 1 | j € No,k =0,...,29 — 1} is an orthonormal basis of L*(T),

a so-called wavelet basis.
To construct an analogous wavelet basis of L?(T¢) for d > 1, proceed as follows: for v €
{0,134\ {(0,...,0)}, 7 € No, and k € {0,...,29 — 1}4, define the scaled and translated wavelet
ke T¢ - R by

Vi) = 240/ 2 (2 0y — foy) - )" (2 wg — kg)

where 1 = ¢ and ' = 1. The system
{¥ s ]j €Nok€{0,...,27 = 13", v € {0,1}*\ {(0,...,0)} }

is an orthonormal wavelet basis of L?(T9).
The Besov space Bf,q(Td) can be characterized in terms of the summability of wavelet coefficients
at the various scales:
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142 11: Spectral Expansions

Definition 11.9. Let 1 < p,q < oo and let s > 0. The Besov (p,q,s) norm of a function u =
> ik WS R4 s T4 — R is defined by

DD DAL I Tl (GRS

jENy v,k
B;Q(Td)

£9(No)

a/p\ V4

— jsoqid(3—2 v
= | ) 2weawizTy [ ,
v,k

J€No
and the Besov space B;q(']l‘d) is the space of functions for which this norm is finite.

Note that at each scale j, there are (2% —1)27¢ = 20414 _ 274 wayelet coefficients. The indices
J, k and v can be combined into a single index ¢ € N. First, £ = 1 corresponds to the scaling
function ¢(z1) - - #(x4). The remaining numbering is done scale by scale; that is, we first number
wavelets with j = 0, then wavelets with j = 1, and so on. Within each scale j € Ny, the 2¢ — 1
indices v are ordered by thinking them as binary representation of integers, and an ordering of the
2J¢ translations k can be chosen arbitrarily. With this renumbering,

00 QG+ _q 1/p
3" covpe € By (TY) = 29527465 ST e ] e tr(No)
=1 ¢=23d

For p = ¢, since at scale j it holds that 27¢ < ¢ < 2014 an equivalent norm for B;p('IFd) is

00 1/p
Z ugte Z wpthy — (Z ps/d+p/2-1) |Wp> ;
Xsop

LeN £eN (=1

~

By, (1)

in particular if the original scaling function and mother wavelet are r times differentiable with
r > s, then B3, coincides with the Sobolev space H*®. This leads to a Karhunen-Loeve-type
sampling procedure for Bj‘;p(']l‘d)7 as in Example 11.5: U defined by

U= 07t 0)s o Ey, (11.4)
£eN

where Z; are sampled independently and identically from the generalized Gaussian measure on R

with Lebesgue density proportional to exp(—3|&|?), can be said to have ‘formal Lebesgue density’

proportional to exp(—%||u||’;. ), and is therefore a natural candidate for a ‘typical’ element of the
pp

Besov space B;p(Td). More generally, given any orthonormal basis {¢s | k € N} of some Hilbert
space, one can define a Banach subspace X*®P with norm

00 1/p
Z ety = (Z ¢(ps/d+p/2—1) |W|p>
Xop

LeN (=1

and define a Besov distributed random variable U by (11.4).

It remains, however, to check that (11.4) not only defines a measure, but that it assigns unit
probability mass to the Besov space from which it is desired to draw samples. It turns out that the
question of whether or not U € X*®P with probability one is closely related to having a Fernique
theorem (q.v. Theorem 2.42) for Besov measures:

Theorem 11.10. Let U be defined as in (11.4), with 1 < p < oo and s > 0. Then

U]l xt.» < 00 almost surely <= Elexp(a||U|%.,)] < oo for all o € (0, %)

d

aad t<sfp
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11.2: Wiener—Hermite Polynomial Chaos 143

Furthermore, forp > 1, s > %, and t < s — %, there is a constant r* depending only on p, d, s,
and t such that, for all a € (0, 5% ),

Elexp(a||Ullee)] < oo.

11.2 Wiener—Hermite Polynomial Chaos

The next section will cover polynomial chaos (PC) expansions in greater generality, and this
section serves as an introductory prelude. In this, the classical and notationally simplest setting,
we consider expansions of a real-valued random variable U with respect to a single standard
Gaussian random variable =, using appropriate orthogonal polynomials of =, i.e. the Hermite
polynomials. This setting was pioneered by Norbert Wiener, and so it is known as the Wiener—
Hermite polynomial chaos. The term ‘chaos’ is perhaps a bit confusing, and is not related to the
use of the term in the study of dynamical systems; its original meaning, as used by Wiener, was
something closer to what would nowadays be called a stochastic process:

“Of all the forms of chaos occurring in physics, there is only one class which has
been studied with anything approaching completeness. This is the class of types of
chaos connected with the theory of Brownian motion.” [180]

Let 2 ~ v = N(0,1) be a standard Gaussian random variable, and let He,, (§) € R[¢], for n € Ny,
be the Hermite polynomials, the orthogonal polynomials for the standard Gaussian measure v with
the normalization

/R Hey (€)Hen (€) dy (€) = nlym.

By Weierstrass’ theorem (Theorem 8.21) and the approximability of L? functions by continuous
ones, the Hermite polynomials form a complete orthogonal basis of the Hilbert space L?(R,~;R)
with the inner product

U V)12 = EUEV(E)] = /R U(EV(€) dry ().

Definition 11.11. Let U € L%(R,~v;R) be a square-integrable real-valued random variable. The
Wiener—Hermite polynomial chaos expansion of U with respect to the standard Gaussian = is the
expansion of U in the orthogonal basis {He,, } nen,, i-€.

U= Z unHep (E)

neNp
with scalar Wiener—Hermite polynomial chaos coefficients {un}nen, C R given by

_ <U, Hen>L2(7) _ 1

Up =

= o _52/2
[HenlZa ) n!m/_mU(f)Hen@)e de.

Remark 11.12. From the perspective of sampling of random variables, this means that if we wish
to draw a sample from the distribution of U and know the Wiener—Hermite coefficients {uy fneng,
it is enough to draw a sample £ from the standard normal distribution and then evaluate the series

> nen, Unten(§) at that &.

Note that, in particular, since Heg = 1,

E[U] = (Hey, U>L2('y) = Z un<Heo,Hen>L2(,‘{) = ug,

neNg
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144 11: Spectral Expansions

so the expected value of U is simply its 0" PC coefficient. Similarly, its variance is a weighted
sum of the squares of its PC coefficients:

VU] =E [|U - E[U]?]

2
Z unHe,,

neN

Z U U (Hey, Hep ) 12(4)

m,neN

=E since E[U] = ug

Z u31||HenH%2(,y) by Hermitian orthogonality
neN

_ 201
= E Uy M.

neN

Example 11.13. Let X ~ N (m,0?) be a real-valued Gaussian random variable with mean m € R
and variance o2 > 0. Let Y := eX; since logY is normally distributed, the non-negative-valued
random variable Y is said to be a log-normal random wvariable. As usual, let 2 ~ AN(0,1) be the

standard Gaussian random variable; clearly X £m 4+ o= and Y £ ¢m¢?Z. The Wiener-Hermite
expansion of Y as } ;- yxHer(Z) has coefficients

e = <em+057 Hek(5)>

[[Her (5)[12
e 1 2
_ - o§ —£7/2
v A e’“Hey(§)e d¢
em o?/2
= o/ /Hek (E—U)Q/ng
kK or
em+172/2

=~ [ Hep(w+ e /2 qup.
k! 3/277\/R k( U)

The remaining Gaussian integral can be evaluated directly using the Cameron—Martin formula
(Lemma 2.35), or else using the formula

He,(z+y) = Z( ) 2" FHey (y),
=0

which follows from the derivative property He), = nHe,_1, with 2 = ¢ and y = w: this formula
yields that
m+02/2 em+02/20.k

since the orthogonality relation (Hem, Hen) L2(y) = MOmy With n = 0 implies that every Hermite
polynomial other than Hey has mean 0 under standard Gaussian measure. That is,

2 O‘IC —_
Y =emto /2y —7Hex(2). (11.5)
keNog

The Wiener-Hermite expansion (11.5) reveals that E[Y] = ¢™+7°/2 and

m (7'2 Uk 2 m (7'2 (72
Vi1 = et S (G ) el = (o 1),

keN
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11.3: Generalized Polynomial Chaos Expansions 145

Truncation of Wiener—Hermite Expansions. Of course, in practice, the series expansion U =
> nen, Unten(E) must be truncated after finitely many terms, and so it is natural to ask about
the quality of the approximation

K
UrUS =) u,He,(E).
n=0

Since the Hermite polynomials form a complete orthogonal basis for L%(R,~;R), the standard
results about orthogonal approximations in Hilbert spaces apply. In particular, by Corollary 3.22,
the truncation error U — UX is orthogonal to the space from which U% was chosen, i.e.

span{Heg, Hey, ..., Hex },

and tends to zero in mean square.

Lemma 11.14. The truncation error U — UX is orthogonal to the subspace
span{Hep, Hey, ..., Hex}

of L?(R,dv;R). Furthermore, limg o, UX = U in L*(R,v;R).

Proof. Let V := EZ:O vmHe,, be any element of the subspace of L?(R,~;R) spanned by the
Hermite polynomials of degree at most K. Then

() 5m))

Z UV (Hey,, Hey,)

n>K
me{0,....,K}

0.

({U—-U% V)12

Hence, by Pythagoras’ theorem,
||U||%2(7) = HUK||%2(7) + U - UKH%%W

and hence |U — UK 12,y = 0 as K — oc. O

11.3 Generalized Polynomial Chaos Expansions

The ideas of polynomial chaos can be generalized well beyond the setting in which the elementary
random variable = used to generate the orthogonal decomposition is a standard Gaussian random
variable, or even a vector = = (E4,...,E4) of mutually orthogonal Gaussian random variables.
Such expansions are referred to as generalized polynomial chaos (gPC) expansions.

Let = = (Z1,...,24) be an R%valued random variable with independent (and hence I2-
orthogonal) components, called the stochastic germ. Let the measurable rectangle ©® = 0 x
.-+ x ©4 C R? be the support (i.e. range) of Z. Denote by p = 11 ® - - - ® g the distribution of =
on O. The objective is to express any function (random variable, random vector, or even random
field) U € L2(©, 1) in terms of elementary p-orthogonal functions of the stochastic germ =.

As usual, let R[¢q,...,&,] denote the ring of all polynomials in &;,...,&; with real coeffi-
cients, and let R[{1,...,&4]<p denote those polynomials of total degree at most p € Ny. Let
'y € R, ..., &a]<p be a collection of polynomials that are mutually orthogonal, orthogonal to
R[&1,- -, &al<p—1, and span R[{q, ..., &4]=p, and let f‘p := spanI',. This yields the orthogonal
decomposition

L*(0,1;R) = @ .

p€ENp
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146 11: Spectral Expansions

It is important to note that there is a lack of uniqueness in these basis polynomials whenever d > 2:
each choice of ordering of multi-indices o € N¢ can yield a different orthogonal basis of L?(0, u)
when the Gram—Schmidt procedure is applied to the monomials £<.

Note that (as usual, assuming separability) the L? space over the product probability space
(0,.%, 1) is isomorphic to the Hilbert space tensor product of the L? spaces over the marginal
probability spaces:

d
L*(O1 X -+ X Og, 1 @ -+ ® pig; R) = Q) L*(Os, i R);
i=1

hence, as in Theorem 8.26, an orthogonal system of multivariate polynomials for L?(©, u;R)
can be found by taking products of univariate orthogonal polynomials for the marginal spaces
L2(0;, 1i;R). A generalized polynomial chaos (gPC) expansion of a random variable or stochastic
process U is simply the expansion of U with respect to such a complete orthogonal polynomial
basis of L?(O, ).

Example 11.15. Let = = (21, Z3) be such that =1 and =5 are independent (and hence orthogonal)
and such that Z; is a standard Gaussian random variable and Z, is uniformly distributed on
[-1,1]. Hence, the univariate orthogonal polynomials for =; are the Hermite polynomials He,
and the univariate orthogonal polynomials for = are the Legendre polynomials Le,. Thus, by
Theorem 8.26, a system of orthogonal polynomials for = up to total degree 3 is

Lo = {1},

I'y = {Hei(&1), Lei(§2)}
={&, &}

I'y = {Hez(&1), Het (&1)Le1 (§2), Lea(€2) }
={& - 1,644,336 - 1)},

I's = {He3(&1), Hez(§1)Les (§2), Het (§1)Le2(&2), Les(&2)
={€) — 36,66 — &, 3308 — &), 5(56 — 3&)}

Remark 11.16. To simplify the notation in what follows, the following conventions will be observed:
1. To simplify expectations, inner products and norms, (- ), or simply (-) will denote integration
(i.e. expectation) with respect to the probability measure p, so that the L?(u) inner product

is simply (X,Y)r2(,) = (XY),.

2. Rather than have the orthogonal basis polynomials be indexed by multi-indices o € Ng, or
have two scalar indices, one for the degree p and one within each set I'y, it is convenient to
order the basis polynomials using a single scalar index k € Ny. It is common in practice to
take Uy = 1 and to have the polynomial degree be (weakly) increasing with respect to the
new index k. So, to continue Example 11.15, one could use the graded lexicographic ordering
on a € NZ so that ¥y(¢) =1 and

\Ijl(g) = 517 ql?(f) = 527 \113(5) = 5% - 1a
Uy (§) = &iéo, U5(€) = 5(3¢5 — 1), Wg(€) = & — 3¢,
U7(8) = 616 — &, Us(§) = 5(361&5 — &), Wo(€) = 5(585 — 3&2).

3. By abuse of notation, ¥, will stand for both a polynomial function (which is a deterministic
function from R? to R) and for the real-valued random variable that is the composition of
that polynomial with the stochastic germ = (which is a function from an abstract probability
space to R).

Truncation of gPC Expansions. Suppose that a gPC expansion of the form U = ZkeNO up Wy is
truncated, i.e. we consider

K
UK = Zuklllk.
k=0
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11.3: Generalized Polynomial Chaos Expansions 147

It is an easy exercise to show that the truncation error U — U¥ is orthogonal to span{ U, ..., U }.
It is also worth considering how many terms there are in such a truncated gPC expansion. Suppose
that the stochastic germ = has dimension d (i.e. has d independent components), and we work
only with polynomials of total degree at most p. The total number of coefficients in the truncated
expansion UX is
(d+p)!

d'p!
That is, the total number of gPC coefficients that must be calculated grows combinatorially as a
function of the number of input random variables and the degree of polynomial approximation.
Such rapid growth limits the usefulness of gPC expansions for practical applications where d and
p are much greater than the order of 10 or so.

K+1=

Remark 11.17. It is possible to adapt the notion of a gPC expansion to the situation of dependent
random variables, but there are some complications. In summary, suppose that Z = (Z1,...,Z4),
taking values in © = ©1 X --- X G4, has joint law p, which is not necessarily a product measure.
Nevertheless, let u; denote the marginal law of Z;, i.e.

Nl(Ez) = ,U,(@l X e X ("‘)7;_1 X Ez X ("‘)7;+1 X X ("‘)d)

To simplify matter further, assume that g (resp. p;) has Lebesgue density p (resp. p;). Now let
}f) (&) € R[&], p € Ny, be univariate orthogonal polynomials for ;. The chaos function associated
to a multi-index o € N¢ is defined to be

p1(&1) - - - pa(&a)
p(&)

It can be shown that the family {¥, | @ € N@} is a complete orthonormal basis for L?(0, u; R),
so we have the usual series expansion U = Za us¥,. Note, however, that with the exception of
VU, = 1, the functions ¥, are not polynomials. Nevertheless, we still have the usual properties
that truncation error is orthogonal the the approximation subspace, and

Eu U] = uo, VU] =Y ul(¥2),.
a#0

U, (6) = oW (&) ... 0\ (Ea).

Expansions of Random Variables. Consider a real-valued random variable U, which we expand
in terms of a stochastic germ = as

URE) = > wTi(3),

keNg

where the basis functions ¥j are orthogonal with respect to the law of Z, and with the usual
convention that Uy = 1. A first, easy, observation is that

E[U] = (ToU) = Z up(WoWy) = uo,
keNo

Oth

so the expected value of U is simply its gPC coefficient. Similarly, its variance is a weighted

sum of the squares of its gPC coefficients:

E[U-EUIP] =E || ) wls

keNy

> wgue( )

k,LeN

> ui(TR).

keN
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148 11: Spectral Expansions

Similar remarks apply to any truncation UX = Zszl ur Wy, of the gPC expansion of U. In view of
the expression for the variance, the gPC coefficients can be used as sensitivity indices. That is, a
natural measure of how strongly U depends upon Uy(E) is

ui (V%)
2[21 uz (¥7)
Expansions of Random Vectors. Similarly, if Uy, ..., U, are (not necessarily independent) real-
valued random variables, then the R™-valued random variable U = [Uy,...,U,]" with the U; as

its components can be given a (possibly truncated) expansion

U) = Y w¥i(9),

keNg

with vector-valued gPC coefficients uy, = [uq g, - . ., u7L7k]T € R”™ for each k € Ny. As before,

keNg

and the covariance matrix C' € R™*" of U is given by

C =Y wul(¥})
keN

. . 2
i.e. its components are Cyj = > ) o wi ks i (Vy)-

Expansions of Stochastic Processes. Consider now a stochastic process U, i.e. a function U: © x
Q — R. Suppose that U is square integrable in the sense that, for each z € Q, U(-,z) € L?(0, p)
is a real-valued random variable, and, for each § € ©, U(0, -) € L?(Q,dz) is a scalar field on the
domain 2. Recall that

L*(0,1;R) ® L*(Q,dx; R) = L*(© x Q, u® da; R) = L? (@, w; L (9, dx)),

so U can be equivalently viewed as a linear combination of products of R-valued random variables
with deterministic scalar fields, or as a function on © x Q, or as a field-valued random variable. As
usual, take {¥}, | k € Np} to be an orthogonal polynomial basis of L(0, u; R), ordered (weakly) by
total degree, with ¥y = 1. A gPC expansion of the random field U is an L2-convergent expansion

of the form
Ux,&) = > uk(z)W(€).

keNg

The functions ug: 2 — R are called the stochastic modes of the process U. The stochastic mode
ug: 0 = R is the mean field of U:
E[U(x)] = uo(x).

The variance of the field at z € Q is

VIU(@)] =) ui (¥7),

keN

whereas, for two points z,y € €,

ElU(2)U(y)] = <Z ur(2)Uk(§) Y W(y)‘l’e(f)>

keNg £eNg
= > un(@)ux(y)(¥7)
keNp
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and so the covariance function of U is given by

Cu(z,y) =Y ur(@)ur(y)(LF).

keN

The previous remarks about gPC expansions of vector-valued random variables are a special case
of these remarks, namely = {1,...,n}. At least when dim {2 is low, it is very common to see
the behaviour of a stochastic field U (or its truncation U¥) summarized by plots of the mean
field and the variance field, as well as a few ‘typical’ sample realizations. The visualization of high-
dimensional data is a subject unto itself, with many ingenious uses of shading, colour, transparency,
videos, and user interaction tools.

Changes of gPC Basis. It is possible to change between representations of a stochastic quantity
U with respect to gPC bases {U, | k € No} and {®; | k € Ny} generated by measures p and v
respectively. Obviously, for such changes of basis to work in both directions, ¢ and v must at least
have the same support. Suppose that

U= Z upVy = Z v P

keNg keNg

Then, taking the L?(v)-inner product of this equation with ®,,

U®e)y = Y ur(Ur®e)y = ve(T7),,

keNy

provided that ¥, ®, € L2(v) for all k € Ny, i.e.

vy = Z Uk(\I’k‘I’HV_

2
keNp <\Ill ) v

Similarly, taking the L?(p)-inner product of this equation with W, yields that, provided that
@, U, € L2(p) for all k € No,

v (PrWy)
up = Z —

keNo (Ui)u

11.4 Wavelet Expansions

Recall from the earlier discussion of Gibbs’ phenomenon in Chapter 8 that expansions of non-
smooth functions in terms of smooth basis functions such as polynomials, while guaranteed to be
convergent in the L? sense, can have poor pointwise convergence properties. However, to remedy
such problems, one can consider spectral expansions in term of orthogonal bases of functions
in L2(0, u;R) that are no longer polynomials: a classic example of such a construction is the
use of wavelets, which were developed to resolve the same problem in harmonic analysis and its
applications. This section considers, by way of example, orthogonal decomposition of random
variables using Haar wavelets, the so-called Wiener-Haar expansion.

Definition 11.18. The Haar scaling function is ¢(x) := 1jg1)(x). For j € Ngpand k € {0,...,27 -1},
let ¢j 1 (x) :=27/2¢(27x — k) and
Vj = span{¢;o,...,9j2 1}
The Haar function (or Haar mother wavelet) 1: [0,1] — R is defined by
1, ifo<z<i,

0, otherwise.
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150 11: Spectral Expansions

The Haar wavelet family is the collection of scaled and shifted versions v 1, of the mother wavelet
1 defined by ‘ ‘ ‘
W p(x) == 29/2p(2x — k) for j € Ny and k € {0,...,27 —1}.

The spaces V; form an increasing family of subspaces of L%([0,1],dx;R), with the index j
representing the level of ‘detail’ permissible in a function f € V;: more concretely, V; is the set of
functions on [0, 1] that are constant on each half-open interval [277k,277(k+1)). A straightforward
calculation from the above definition yields the following:

Lemma 11.19. For all j,j' € No, k € {0,...,27 —1} and k' € {0,...,27" —1},

1
/’L/J]'Jg(l‘)d‘r:(), and
0

1
/ ’Lﬁjk(l’)iﬁj/,k/(m) dz = (5jj/5kk/.
0

Hence, {1}U{j 1 | j € No,k € {0,1,...,27—1}} is a complete orthonormal basis of L*([0,1], dz; R).
If Wj denotes the orthogonal complement of V; in Vji1, then

Wj = span{tjo,...,¥j2_1}, and
L*([0,1],dz;R) = @ W

Jj€No

Consider a stochastic germ = ~ p € M;(R) with cumulative distribution function Fz: R —
[0, 1]. For sunphmty, suppose that Fz is continuous and strictly increasing, so that Fz is differen-

tiable (with FL = H = p=) almost everywhere, and also invertible. We wish to write a random

variable U € L2 (R, u; R), in particular one that may be a non-smooth function of Z, as

271

©) =uo+ D> > ujkthr(F=(€))

j€ENg k=0
27 -1

=up+ Z Z uj Wik (§)

jENg k=0

such an expansion will be called a Wiener—Haar expansion of U. See Figure 11.2 for an illustration
comparing the cumulative distribution function of a truncated Wiener-Haar expansion to that of
a standard Gaussian, showing the ‘clumping’ of probability mass that is to be expected of Wiener—
Haar wavelet expansions but not of Wiener-Hermite polynomial chaos expansions.

Note that, by a straightforward change of variables z = Fz(§):

/W, Wy /W, Wy wo(€)p=(€) de
- / 3@y o () d

= 5]3/ 5/9]6’ 5

so the family {W; | j € No,k € {0,...,27 — 1}} forms a complete orthonormal basis for
L2(R, i1; R). Hence, the Wiener-Haar coefficients are determined by

wj i = (UW; ) = / U(&)W, () p=(€) dé

1
- /O U(Fz ' (2)¢)k(x) da
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Figure 11.2: The cumulative distribution function (blue) and binned peak-normalized probability
density function (grey) of a random variable U (10° independent samples) with truncated Wiener—
Haar expansion U = Zj:o Zi;_ol uj xWjk(2), where £ ~ N(0,1). The coefficients u,  were
sampled independently from u; x ~ 279N(0,1). The cumulative distribution function of a standard
Gaussian is shown in red for comparison. Note that the (sample) law of U is more localized than
would be possible with a polynomial expansion, and indeed has regions of zero probability mass.
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152 11: Spectral Expansions

As in the case of a gPC expansion, the usual expressions for the mean and variance of U hold:

EU] =up and VU] =) Z_:|uj,k|2.

Jj€ENy k=0

Comparison of Wavelet and gPC Expansions. Despite the formal similarities of the correspond-
ing expansions, there are differences between wavelet and gPC spectral expansions. For gPC
expansions, the globally-smooth orthogonal polynomials used as the basis elements have the prop-
erty that expansions of smooth functions / random variables enjoy a fast convergence rate, as in
Theorem 8.24; no such connection between smoothness and convergence rate is to be expected
for Wiener—Haar expansions, in which the basis functions are non-smooth. However, in cases in
which U shows a localized sharp variation or a discontinuity, a Wiener—-Haar expansion may be
more efficient than a gPC expansion, since the convergence rate of the latter would be impaired by
Gibbs-type phenomena. Another distinctive feature of the Wiener—Haar expansion concerns prod-
ucts of piecewise constant processes. For instance, for f,g € V; the product fg is again an element
of Vj; it is not true that the product of two polynomials of degree at most 7 is again a polynomial of
degree at most n. Therefore, for problems with strong dependence upon high-degree / high-detail
features, or with multiplicative structure, Wiener—-Haar expansions may be more appropriate than
gPC expansions.
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the sampling of Besov measures, as in the articles of Dashti & al. [40] and Lassas & al. [99], and
Theorem 11.10 is synthesized from results in those two papers.

Exercises

Exercise 11.1. Consider the negative Laplacian operator £ := —% acting on real-valued functions
on the interval [0, 1], with zero boundary conditions. Show that the eigenvalues i, and normalized

eigenfunctions 1, of L are

i = ()2, n(x) = V2sin(mn).
Hence show that C' := £~! has the same eigenfunctions with eigenvalues )\, = (7n)~2. Hence,
using the Karhunen—Loeéve theorem, generate figures similar to Figure 11.1 for your choice of mean
field m: [0,1] — R.
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Exercise 11.2. Do the analogue of Exercise 11.2 for the negative Laplacian operator £ := —% —

% acting on real-valued functions on the square [0, 1]2, again with zero boundary conditions.

Exercise 11.3. Show that the eigenvalues A\, and eigenfunctions e,, of the exponential covariance
function C(z,y) = exp(—|z — y|/a) on [—b, b] are given by

1+(21—121w2, lanQZ,
)\n: " .
if ne2Z+1,

2a
1+a?v2”

( sin(wnw)/ b— W, if n € 27,
en(x) =

cos(vnz)/1/b+ %, ifne2Z+1,

where w,, and v,, solve the transcendental equations

awy, + tan(wyb) =0, for n € 2Z,
1 — av, tan(v,b) =0, for n € 2Z + 1.

Hence, using the Karhunen—Loéve theorem, generate sample paths from the Gaussian measure
with covariance kernel C' and your choice of mean path.

Exercise 11.4 (Karhunen—Logve-type sampling of Besov measures). Let T¢ := R?/Z? denote the
the d-dimensional unit torus. Let {ty | £ € N} be an orthonormal basis for L?(T¢, dz;R). Let
q €[1,00) and s € (0,00), and define a new norm || - || xs.« on series u = Y, uethe by

> uee

LeN

1/q
- (Zf%gwuzlq) |
Xs:q

LeN

Show that || - || x=.« is indeed a norm and that the set of u with |||/ xs.« finite forms a Banach space.
Now, for ¢ € [1,00), s > 0, and s > 0, define a random function U by

Uw) =Y @ 80 k™4 E0(a)

LeN

where =y are sampled independently and identically from the generalized Gaussian measure on
R with Lebesgue density proportional to exp(—%\f |7). By treating the above construction as an
infinite product measure and considering the product of the densities exp(—1[¢|¢), show formally
that U has ‘Lebesgue density’ proportional to exp(—%|jul|%..q).

Generate sample realizations of U and investigate the effect of the various parameters ¢, s, and «.

It may be useful to know that samples from the probability measure % exp(—p9 2|z —m|9) dz
can be generated as m + $71/2S|Y|'/4 where S is uniformly distributed in {—1,+1} and Y is
distributed according to the Gamma distribution with parameter ¢, which has Lebesgue density
qe™ " 1jp 00) ()
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Chapter 12

Stochastic Galerkin Methods

Not to be absolutely certain is, I think, one of the
essential things in rationality.

Am I an Atheist or an Agnostic?
BERTRAND RUSSELL

The previous chapter considered spectral expansions of square-integrable random variables,
random vectors and random fields of the form

U= Z uk\I/k,

keNg

where U € L2(0, u1; V) and {¥y, | k € Ng} is an orthogonal basis for L2(0, u; R). However, beyond
the standard Hilbert space orthogonal projection relation

(UVg)
(w3)’

U =

we know very little about how to solve for the stochastic modes uj € V. For example, if U is the
solution to a stochastic version of some problem such as an ODE or PDE (e.g. with randomized
coefficients), how are the coefficients uy, related to solutions of the orginal deterministic problem?
This chapter and the next one focus on the determination of stochastic modes by two classes of
methods, the intrusive and the non-intrusive.

This chapter considers intrusive spectral methods, and in particular Galerkin methods. Galerkin
methods use the formalism of weak solutions, as expressed in terms of inner products and commonly
used in PDE theory, to form systems of governing equations for the solution’s stochastic modes,
which are generally coupled together. This stands in contrast to the non-intrusive approaches of
the next chapter, which rely on individual realizations to determine the stochastic model response
to random inputs.

Suppose that the model relationship between some input data d and the output (solution) u
can be expressed formally as

M(u;d) =0, (12.1)

an equality in some topological vector space V. A weak interpretation of this model relationship
is that, for some collection of test functions T C V',

(T M(u;d)y =0 forallTeT. (12.2)

Although it is clear that (12.1) = (12.2), the converse implication is not generally true, which
is why (12.2) is known as a ‘weak’ interpretation of (12.1). The weak formulation (12.2) is very
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156 12: Stochastic Galerkin Methods

attractive both for theory and for practical implementation: in particular, the requirement that
(12.2) should hold only for 7 in some basis of a finite-dimensional test space T lies at the foundation
of many numerical methods.

Example 12.1. A good model for this kind of set-up is an elliptic boundary value problem on, say,
a bounded, connected domain 2 C R™ with smooth boundary 0¢:

=V - (k(z)Vu(z)) = f(z) for x € Q, (12.3)
u(z) =0 for x € 0N

In this case, the input data d are typically the forcing term f: Q — R and the permeability
field x: Q — R™ ™; in some cases, the domain 2 itself might depend upon d, but this introduces
additional complications that will not be considered in this chapter. For a PDE such as this,
solutions v are typically sought in the Sobolev space H}(Q) of L? functions that have a weak
derivative that itself lies in L2, and that vanish on 9 in the sense of trace. Moreover, it is usual
to seek weak solutions, i.e. u € H}(Q) for which the inner product of (12.3) with any v € H}(Q)
is an equality of scalars. That is, integrating by parts, we seek u € H3 () such that

(ﬁVu, v’U)Lz(Q) = <f7 ’U>L2(Q) for all v € H(} (Q) (124)

On expressing this problem in a chosen basis of H}(2), the column vector u of coefficients of
w in this basis turn out to satisfy a matrix-vector equation (i.e. a system of simultaneous linear
equations) of the form au = b for some matrix a determined by the permeability field £ and a
column vector b determined by the forcing term f.

In this chapter, after reviewing basic Lax—Milgram theory and Galerkin projection for problems
like (12.3)—(12.4), we consider the situation in which the input data d are uncertain and are
described as a random variable D(£). Then the solution is also a random variable U (&) and the
model relationship becomes

M(U(£); D(€)) = 0.

Again, this equation is usually interpreted in a weak sense in a suitable space of random variables.
If D and U are expanded in some gPC basis, it is natural to ask how the gPC coefficients of U
with respect to this gPC basis and a chosen basis of the ‘deterministic space’ H}(2) are related to
one another. It will turn out that, like in the standard deterministic setting, this problem can be
written in the form of a matrix-vector equation AU = B related to, but more complicated than,
the deterministic problem au = b.

12.1 Lax—Milgram Theory and Galerkin Projection

Let H be a real Hilbert space equipped with a bilinear form a: H x H — R. Given f € H' (i.e. a
continuous linear functional f: H — R), the associated weak problem is:

find u € H such that a(u,v) = (f|v) for all v € H. (12.5)

Example 12.2. Let © C R™ be a bounded, connected domain. Let a matrix-valued function
k:  — R™™ and a scalar-valued function f: 2 — R be given, and consider the elliptic problem
(12.3). The appropriate bilinear form a(-, -) is defined by

a(u,v) := (=V - (kVu),v)2(q) = (Vu, Vv)2(0),

where the second equality follows from integration by parts when u,v are smooth functions that
vanish on 9€; such functions form a dense subset of the Sobolev space H}(f2). This short cal-
culation motivates two important developments in the treatment of the PDE (12.3). First, even
though the original formulation (12.3) seems to require the solution u to have two orders of differ-
entiability, the last line of the above calculation makes sense even if w and v have only one order
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of (weak) differentiability, and so we restrict attention to H}(f2). Second, we declare u € H} ()
to be a weak solution of (12.3) if the L2() inner product of (12.3) with any v € H(Q) holds as
an equality of real numbers, i.e. if

7/ V- (k(z)Vu(x))v(z) dx:/ f@)v(z)dx
Q Q

ie. if
a(u,v) = (f,v)r2() for all v € H)(Q).
The existence and uniqueness of solutions problems like (12.5), under appropriate conditions on
a (which of course are inherited from appropriate conditions on k), is ensured by the Lax—Milgram

theorem, which generalizes the Riesz representation theorem that any Hilbert space is isomorphic
to its dual space.

Theorem 12.3 (Lax-Milgram). Let a be a bilinear form on a Hilbert space H, i.e. a € H' @ H',
such that
1. (boundedness) there exists a constant C > 0 such that, for all u,v € H, |a(u,v)| < C||ullljv];
and
2. (coercivity) there exists a constant ¢ > 0 such that, for all v € H, |a(v,v)| > c||v||*.
Then, for all f € H', there exists a unique u € H such that, for all v € H, a(u,v) = (f]|v).
Furthermore, u satisfies the estimate ||ullzg < ¢ fll2-

Proof. For each u € H, v — a(u,v) is a bounded linear functional on H. So, by the Riesz
representation theorem (Theorem 3.11), given u € H, there is a unique w € H such that (w, -) =
a(u, -). Define Au := w. This defines a well-defined function A: H — #, the properties of which
we now check:

e A is linear. Take aq, a2 € R and uy,us € H:
(A(1ur + azusz),v) = a(@1ur + aaus,v)
= ara(u1,v) + aza(us, v)
= a3 (Auq,v) + ag(Ausg, v)
= (a1 Auy + agAug, v).
e A is a bounded (i.e. continuous) map, since, for any u € H,
[Au|l® = (Au, Au) = a(u, Au) < Clul||| Aul|,
o [ Aull < Cllull.
e A is injective, since, for any u € H,
[Aul|[lul| > [(Au, u)| = |a(u, w)| > c|lu]?,
so Au=0 = u=0.

e The range of A, R(A) C H, is closed. Consider a convergent sequence (vp,)nen in R(A) that
converges to some v € H. Choose u,, € H such that Au,, = v, for each n € N. The sequence
(At )nen is Cauchy, so

[ Aun — At [[[[ttn, = wm || = [(Atn — At i — um)|
= |a(Un — U, U, — Up,)]
> cf|tn — wm ||
So ¢|lun, — Um|| < ||vn, — Um|| = 0. So (un)nen is Cauchy and converges to some u € H. So

v, = Au,, — Au = v by the continuity (boundedness) of A4, so v € R(A), and so R(A) is
closed.
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e Finally, A is surjective. Since H is Hilbert and R(A) is closed, if R(A) # H, then there must
exist some non-zero s € H such that s L R(A). But then

clls|® < a(s, s) = (s, As) = 0,
so s = 0, a contradiction.

So, take f € H’. By the Riesz representation theorem, there is a unique w € H such that
(w,vy = (f |v) for all v € H. The equation Au = w has a unique solution u since A is invertible.
So (Au,v) = (f |v) for all v € H. But (Au,v) = a(u,v). So there is a unique u € H such that
a(u, v) = (f |v).

The proof of the estimate |lu|lz < ¢71|| ]l is left as an exercise (Exercise 12.1). O

Galerkin Projection. Now consider the problem of finding a good approximation to w in a pre-
scribed subspace Vi C H of finite dimension!'*") — as we must necessarily do when working
discretely on a computer. We could, of course, consider the optimal approximation to u in Vy,
namely the orthogonal projection of u onto Vj;. However, since u is not known a priori, and in
any case cannot be stored to arbitrary precision on a computer, this ‘optimal’ approximation is
not much use in practice.

An alternative approach to approximating u is Galerkin projection: we seek a Galerkin solution

ur = ufﬂM) € YV, an approximation to the exact solution u, such that

a(ur, o™ = (f 1oy for all ™) € V. (12.6)

Note that if the hypotheses of the Lax—Milgram theorem are satisfied on the full space H, then
they are certainly satisfied on the subspace V;s, thereby ensuring the existence and uniqueness
of solutions to the Galerkin problem. Note well, though, that existence of a unique Galerkin
solution for each M € Ny does mot imply the existence of a unique weak solution (nor even
multiple weak solutions) to the full problem; for this, one typically needs to show that the Galerkin
approximations are uniformly bounded and appeal to a Sobolev embedding theorem to extract a
convergent subsequence.

2
per

Example 12.4. 1. The Fourier basis {ex }rez of the space L
2m-periodic functions on [0, 27] is defined by

([0, 27], dz; C) of complex-valued

erp(z) = Lﬂ_ exp(ikx).

V2
For Galerkin projection, one can use the (2M + 1)-dimensional subspace
Vi i=span{e_p,...,e_1,€p,€1,...,€n}

of functions that are band-limited to contain frequencies at most M. In case of real-valued
functions, one can use the functions

x — cos(kx), for k € Ny,
x +— sin(kx), for k € N.
2. Fix a partition a = ¢ < 21 < -+ < zp = b of a compact interval [a,b] C R and consider

the associated tent functions defined by

0, ifr<aorz<xy,_1;
T — Tm-1 .
7 — oz if oy <z <am;
— m — 4dm—1
Om (@) =9 g

,if ey <@ < Ty
Tm+4+1 — Tm

0, ifx>borx>Tmtr-

<12‘1>Usuablly, but not always, the convention will be that dim Vj; = M; sometimes, alternative conventions will be
followed.
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12.1: Lax—Milgram Theory and Galerkin Projection 159

The function ¢,, takes the value 1 at x,, and decays linearly to 0 along the two line segments
adjacent to x,,. The (M + 1)-dimensional vector space Vys := span{¢o, ..., P} consists of
all continuous functions on [a, b] that are piecewise affine on the partition, i.e. have constant
derivative on each of the open intervals (Z,,—1,%m). The space Vi = span{¢1,...,opm-1}
consists of the continuous functions that piecewise affine on the partition and take the value
0 at a and b; hence, V) is one good choice for a finite-dimensional space to approximate the
Sobolev space H}([a, b]). More generally, one could consider tent functions associated to any
simplicial mesh in R™.

Another viewpoint on the Galerkin solution is to see ur as the projection P# of some @ € H,
where P: H — V) denotes projection (truncation), and the adjoint operator P* is the inclusion
map in the other direction. Suppose for simplicity that the operator A corresponding to the bilinear
form a, as constructed in the proof of the Lax—Milgram theorem, is a self-adjoint operator. If we
were to try to minimize the A-weighted norm of the residual, i.e.

find @ € H to minimize ||Pa — u 4,
then Corollary 4.24 says that 4 satisfies the normal equations
P*APiG = P*Au
ie. P*Au™) = p*f,

and the weak interpretation of this equation in H’ is that it should hold as an equality of scalars
whenever it is tested against any v € H = H",

ie. (v| P*Aur) = (v| P*f) for all v € H,
ie. (Pv|Aur) = (Pv| f) for all v € H,
ie. W™ | Aup) = (0D | §) for all v € V.

Writing these dual pairings as inner products in H yields that the weak form of the normal equations
is
<Aup,v(M)> = (f,v(M)) for all v € Yy,

and since (Aur,v™)) = a(ur,v™)), this is exactly the Galerkin problem (12.6) for ur. That is,
the Galerkin problem (12.6) for ur is the weak formulation of the variational problem of minimizing
the norm of the difference between the approximate solution and the true one, with the norm being
weighted by the operator corresponding to the bilinear form a.

From this variational characterization of the Galerkin solution, it follows immediately that the
error u — ur is a-orthogonal to the approximation subspace Vy;: for any choice of v() € V), C H,

a(u — ur, U(M)) = a(u, U(M)) - a(ur,v(M))

= (f[oD) — (f ™)
=0.

However, note well that ur is generally not the optimal approximation of u from the subspace
Vi with respect to the original Hilbert norm || - || on H, i.e.

Jlu = e | # inf {u = 0@O [0 € Vs

The optimal approximation of u from Vjs is the orthogonal projection of u onto Vys; if H has
an orthonormal basis {e,} and u = ZnEN u"e,, then the optimal approximation of v in Vy; =
span{er,...,en} is 224:1 u"e,, but this is not generally the same as the Galerkin solution ur.

However, the next result, Céa’s lemma, shows that ur is a quasi-optimal approximation to u (note
that the ratio C/c is always at least 1):
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Lemma 12.5 (Céa's lemma). Let a, ¢ and C be as in the statement of the Lax—Milgram theorem.
Then the weak solution u € H and the Galerkin solution ur € Vp; satisfy

Hu—uFH < %inf{”u—v(M)H oM ¢ VM}.

Proof. Exercise 12.3. O

Matrix Form. It is helpful to cast the Galerkin problem in the form of a matrix-vector equation
by expressing it in terms of a basis {¢1, ..., ¢} of Vasr. Then u = up solves the Galerkin problem
if and only if

a(t, ¢m) = (f, dm) for m e {1,...,M}.

M

me1 Um®m and insert this into the previous equation:

Now expand v in this basis as u =),

M M
a (Z um¢m:¢i> = Z uma(¢m7¢i) = <fa ¢z> fOI‘ (&S {13 . 7M}

m=1 m=1
That is, the column vector u := [u1,...,upr]’ € RM of coefficients of u in the basis {¢1, ..., ¢}
solves the matrix-vector equation
<f7 ¢1>
au=>b:= (12.7)
(fs onr)
where the matrix

a(pr,¢1) .. aldm, ¢1)

a = ERMXM

a(¢1;¢>M) a(d)M.vd)M)

is the Gram matriz of the bilinear form a, and is of course a symmetric matrix whenever a is a
symmetric bilinear form.

Remark 12.6. In practice the matrix-vector equation au = b is never solved by explicitly inverting
the Gram matrix a to obtain the coefficients u,, via u = a~'b. Even a relatively naive solution
using a Cholesky factorization of the Gram matrix and forward and backward substitution would
be cheaper and more numerically stable than an explicit inversion. Indeed, in many situations the
Gram matrix is sparse, and so solution methods that take advantage of that sparsity are used;
furthermore, for large systems, the methods used are often iterative rather than direct.

12.2 Stochastic Galerkin Projection

Stochastic Lax—Milgram Theory. The next step is to build appropriate Lax—Milgram theory and
Galerkin projection for stochastic problems, for which a good prototype is

=V (k(0,2)Vu(b,z)) = f(0,z) for z € Q,
u(z) =0 for x € 092,

with 6 being drawn from some probability space (0,.%, u). To that end, we introduce a stochastic
space S, which in the following will be L?(0, u;R). We retain also a Hilbert space V' in which the
deterministic solution u(#) is sought for each # € ©; implicitly, V is independent of the problem
data, or rather of §. Thus, the space in which the stochastic solution U is sought is the tensor
product Hilbert space H := V®S, which is isomorphic to the space L?(0, u; V) of square-integrable
V-valued random variables.
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In terms of bilinear forms, the setup is that of a bilinear-form-on-V-valued random variable A
and a V'-valued random variable F. Define a bilinear form a on H by

0(X.Y) = BAK V)= [ A0)(X(0).Y(0)) (0

and, similarly, a linear functional 5 on H by
(B1Y) :=EL[(F[Y)v].

Clearly, if « satisfies the boundedness and coercivity assumptions of the Lax—Milgram theorem on
H, then, for every F' € L2(0, 1;1’), there is a unique weak solution U € L2(0, u; V) satisfying

a(U,Y) = (B]Y) forall Y € L*(©,1; V).

A sufficient, but not necessary, condition for « to satisfy the hypotheses of the Lax—Milgram
theorem on H is for A(f) to satisfy those hypotheses uniformly in § on V:

Theorem 12.7 (Stochastic Lax—Milgram theorem). Let (©,.%, ) be a probability space, and let A
be a random variable on O, taking values in the space of bilinear forms on a Hilbert space V, and
satisfying the hypotheses of the deterministic Laz—Milgram theorem (Theorem 12.3) uniformly with
respect to 0 € ©. Define a bilinear form o and a linear functional B on L?(©, 1;V) by

a(X,Y) = E,[AX,Y)],
(B1Y) :=E[(F|Y)y].
Then, for every F' € L%(©, u; V'), there is a unique U € L2(©, u; V) such that
a(U, V)= (B|V) forallV eL*(©,uV).

Proof. Suppose that A(f) satisfies the boundedness assumption with constant C(6) and the coer-
civity assumption with constant ¢(f). By hypothesis,

C':=supC(f) and
0coe

! := inf (0
<= e
are both strictly positive and finite. Then « satisfies, for all XY € H,
a(X,Y) =E,[A(X,Y)]
<E,[CIXvIYIv]

< CEL[IXIBIELYI})
= C'lIXallY lls

1/2

and

a(X, X) = E,[A(X, X))
> B, [ X))
> || X%

Hence, by the deterministic Lax—Milgram theorem applied to the bilinear form « on the Hilbert
space H, for every F' € L2(©, 1; V'), there exists a unique U € L2?(©, 1; V) such that

a(U, V)= (3| V) for all V € L*(©, 11; V). O
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162 12: Stochastic Galerkin Methods

Remark 12.8. Note, however, that uniform boundedness and coercivity of A are not necessary for
a to be bounded and coercive. For example, the constants ¢(f) and C(f) may degenerate to 0
or oo as 6 approaches certain points of the sample space ©. Provided that these degeneracies are
integrable and yield positive and finite expected values, this will not ruin the boundedness and
coercivity of a. Indeed, there may be an arbitrarily large (but p-measure zero) set of 8 for which
there is no weak solution u(6) to the deterministic problem

A(0)(u(9),v) = (F(0)|v) for all v € V.

Stochastic Galerkin Projection. Let Vs be a finite-dimensional subspace of V, with basis {¢1, ..., dar}.
As indicated above, take the stochastic space S to be L2(©, u; K), which we assume to be equipped

with an orthogonal decomposition such as a gPC decomposition. Let S be a finite-dimensional
subspace of §, for example the span of a system of orthogonal polynomials up to degree K. The
Galerkin projection of the stochastic problem on H is to find

U=0U"" = Z UmkPm @ Ui € Vi @ Sk

such that
a(U,V)=(p|V) forall V € Vs @ Sk.

In particular, it suffices to find U that satisfies this condition for each basis element V = ¢, ® ¥,
of Vir ® Si. Recall that ¢, ® Uy is the function (0, z) — ¢, (x)U,(0).

Matrix Form. Let a € RME+D)XM(K+1) 16 the Gram matrix of the bilinear form o with respect
to the basis {¢p, @Yy |m=1,...M;k=0,..., K} of Vay ® Sk. As before, the Galerkin problem
is equivalent to the matrix-vector equation

aU = 3,

where U € RM(E+1) g the column vector comprised of the coefficients up,, and 8 € RMUK+D)
has components (8| ¢m @ Vi). An obvious question is how the Gram matrix a is related to the
RMXM _yalued random variable A that is the Gram matrix of the random bilinear form A.

Suppose that, for each fixed § € ©, the deterministic problem, discretized and written in
matrix-vector form in the basis {¢1,...,éa} of Vi, is

Here, the Galerkin solution is U(#) € Vi and U() € RM is the column vector of coefficients of
U(6) with respect to {¢1,...,dn}. Write the Galerkin solution U € Vyy @ Sk as U = Zf:o up Wy,
and further write u;, € RM for the column vector corresponding to the stochastic mode uy, € Vi in
the basis {¢1,...,¢um}, so that U = Z,ﬁ;o u, V. Galerkin projection — more specifically, testing
the equation AU = B against ¥ — reveals that

K
> (URAT )u; = (BWy) for each k € {0,..., K}.

§=0
This is equivalent to the (large!) block system

<A>0() - <A>0K Uo <B\I/()>
: . : D= : , (12.8)
<A>KO <A>KK UK <B\I’K>
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where, for 0 <i,j < K,

<A>1J = <\I/1A‘I/j> S RMXM.
Note that, in general, the stochastic modes w; of the solution U (and, indeed the coefficients wy,
of the stochastic modes in the deterministic basis {¢1,..., ¢ }) are all coupled together through

the matrix on the left-hand side of (12.8). This can be a limitation of stochastic Galerkin methods,
and will be remarked upon later.

Remark 12.9. Note well that the entries (BWy) on the right-hand side of (12.8) are not the
stochastic modes by, € RM of B, since they have not been normalized by (¥%).

Example 12.10. As a special case, suppose that the random data have no impact on the differential
operator and affect only the right-hand side B = ZkeNO b V. In this case the random bilinear
form 6 — A(0)(-, -) is identically equal to one bilinear form a(-, - ), so the random Gram matrix
A is a deterministic matrix a, and so the blocks (A);; in (12.8) are given by

(A)ij = (Va¥;) = a(¥; V) = ady; (V7).

Hence, the stochastic Galerkin system, in its matrix form (12.8), becomes the block-diagonal system

a 0 e 0 U (B\I/0>
0 a(¥?) . up || (BYy)
0 ... 0 a(¥%)| lux (BYrk)

Thus, in this case, the stochastic modes u; decouple and are given by

Thus, in this case, the any pre-existing solver for the deterministic problem au = b can simply
be re-used ‘as is’ K + 1 times with b = by, for k =0, ..., K to obtain the Galerkin solution of the
stochastic problem.

The Galerkin Multiplication Tensor. In contrast to Example 12.10, in which the differential
operator is deterministic, we can consider the case in which the random Gram matrix A has a
(truncated) gPC expansion

K
A= Z AU,
k=0

with coefficient matrices

(ATg)
)
In this case, the blocks (A)y; in (12.8) are given by

Ak _ c R}\/IX]M

(A); = (U, AT;) = ZAZ.@Z.WQ.

Hence, the Galerkin block system (12.8) is equivalent to
(Ao -+ (A)og | [uo bo
: : : Sl= (12.9)
Ao oo (M) Lorcd - Lbx

rev2l @ 2014-06-03 14:32



164 12: Stochastic Galerkin Methods

where b, = <f;;’;> € RM is the column vector of coefficients of the k*® stochastic mode by, of B in
k

the basis {¢1,...,¢n} of Var, and

K
(A); = AiMyy,
1=0

(U0, W)
(w3) -

Note that while the matrix in (12.8) is block-symmetric, since clearly (A);; = (¥, A¥;) =

?P (A)j;, the matrix in (12.9) is not block-symmetric, since the k" block row is normalized by

(U%), and in general the normalizing factors for each block row will be distinct. Nevertheless,

formulation (12.9) has some advantages: the properly-normalized stochastic modes of A, U and B

appear throughout, and the tensor M;;y, is a central object that recurs in the study of many derived
quantities of Galerkin approximations, e.g. the treatment of nonlinearities in the next section.

Mijk =

Definition 12.11. Let {¥j}ren, be a system of orthogonal polynomials for a measure p. The

associated multiplication tensor'>?) (or Galerkin tensor) is the rank-3 tensor M, (i,7, k) € N3,
defined by
(W)
My, = o223 %kD
ijk <\Ijk\pk>

By mild abuse of notation, we also write M;j;, for the finite-dimensional rank-3 tensor defined by
the same formula for 0 <i,j,k < K.

Observe that the multiplication tensor M;j;, is symmetric in the first two indices (i.e. M, =
Mj;i). Furthermore, since {U}ren, is a system of p-orthogonal polynomials, many of the entries
of M;j, are zero, leading to sparsity for the matrix problem: for example,

K
(A)go = > AxMpoo = Ao.
k=0

Note that the multiplication tensor is determined entirely by the gPC basis {Uy}ren, and the
measure g, and so while there is a significant computational cost associated to evaluating its
entries, this is a one-time cost: the multiplication tensor can be pre-computed, stored, and then
used for many different problems, i.e. many As and Bs. In a few special cases, the multiplication
tensor can be calculated in closed form: see e.g. Exercise 12.5. In other cases, it is necessary to
resort to numerical integration; note, however, that since ¥y is a polynomial, so is ¥;¥; ¥}, and
hence the multiplication tensor can be evaluated numerically but exactly by Gauss quadrature
once the orthogonal polynomials of sufficiently high degree and their zeros have been identified.

Example 12.12. Consider random variables Y, B € L?(0, u; R) and the random linear first-order
ordinary differential equation

dU(t
% =-YU(t), U(0)=B, (12.10)
for U: [0,T] x © — R. This ODE can be used as a simple model for the amount of radiation
emitted by a sample with decay constant Y, i.e. half-life % log 2; the initial level of radiation
emission at time ¢ = 0 is B. Let {¥Uy}ren, be an orthogonal basis for L?(0, u;R) with the
usual convention that ¥y = 1. Suppose that our knowledge about Y and B is encoded in the

-2} Careful readers will also note tha ik 1s covariant in the indices ¢ and j and contravariant in the index k;
(12.2) Careful read ill al te that M, i iant in the indices ¢ and j and cont iant in the index k
therefore, if this text were following standard tensor algebra notation and writing vectors as uF ¥y, then the
multiplication tensor would be denoted MJ. In terms of the dual basis {¥* | k € No} defined by (¥* | W) = &f,

M = (R |0, 0).
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25 T

2.0 -

Figure 12.1: The degree-10 Hermite PC Galerkin solution to the random ODE (12.10), with log-
normally distributed decay constant and initial condition. The mean of the solution is shown in
black, the higher-degree Hermite coefficients dashed, and the standard deviation of the solution
dotted. Note that, on these axes, only the coefficients of degree < 5 are visible; the others are all
of order 10~2 or smaller.

gPC expansions Y = >, - ykWk, B = > oy, bkVWy; the aim is to find the gPC expansion of
U(t) = > ren, wk(t)¥g. Projecting the evolution equation (12.10) onto the basis {Wy }ren, yields

<%\Pk> (YU‘I’k> for each k£ € Ny.

Inserting the gPC expansions for Y and U into this yields, for every k € Ny,

<Z aj(t)‘l’j‘l’k> =- <Z vV, Z uj(t)\Ifi‘I’k> ;

IS\ 1€Ng j€E€Ng
ie. OWF) == Y i (1)(T;0,0y),
4,jJ€ENg
ie. i(t) = = > Mijryiuy(t)
4,j€Ng

The coefficients u are a coupled system of countably many ordinary differential equations. If all
the chaos expansions are truncated at order K, then all the above summations over Ny become
summations over {0, ..., K}, yielding a coupled system of K + 1 ordinary differential equations.
In matrix-vector form, the vector u(t) € RE*! of coefficients of the degree-K Galerkin solution
Ur(t) satisfies

a(t) = ATu(t), wu(0)=b,

where the matrix A € REFDXEFD hag as its (4, k)™ entry —ZJK:O M;;ry;. See Figure 12.1
for an illustration of the evolution of the Galerkin solution to (12.10) in the Hermite basis when
logY,log B ~ N(0,1) are independent, so that, by Example 11.13, Y and B are log-normal and
have Hermite PC coefficients y, = by = v/e/k!.

Example 12.13. Consider the simple harmonic oscillator equation
U(t) = —Q*U(1). (12.11)

For simplicity, suppose that the initial conditions U(0) = 1 and U(0) = 0 are known, but that Q
is stochastic. Let {¥}}ren, be an orthogonal basis for L?(0, u; R) with the usual convention that
WUy = 1. Suppose that 2 has a gPC expansion 2 = ZkeNo wi ¥ and it is desired to find the gPC
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expansion of U, i.e. U(t) = Y ¢y, uk(t)¥%. Note that the random variable W = Q2 has a gPC
expansion W =37, o wi ¥y, with

WE = E Mijkwiwj .
%,j€No

Projecting the evolution equation (12.11) onto the basis {¥y }ren, yields
(U(t)¥,) = —(WU(t)¥;) for each k € No.

Inserting the chaos expansions for W and U into this yields, for every k € Ny,

<Z Uz(t)‘I’z‘I’lc> = - <Z w; U, Z ul(t)\I!Z\I/k> ;

1€Np j€No 1€Ng
fe. iik(t)(UF) == D wiui(t)(V;¥;Wy),
4,7€Ng
i.e. ﬂk(t)zf Z M,;jkwjui(t).
1,j€ENg

If all these gPC expansions are truncated at order K, and A € RETDX(K+1) i5 defined by

K K
Aik = E Mijkwj = E MijkMquwpwq,
j=0 J,p,q=0

then the vector u(t) of coeffcients for the degree-K Galerkin solution Ur(t) satisfies the vector
oscillator equation

i(t) = —ATu(t)

with the obvious initial conditions. See Figure 12.2 for illustrations of this Galerkin solution when
the Hermite basis is used and Q is log-normally distributed with logQ ~ A(0,02) for various
values of o > 0. Recall from Example 11.13 that the Hermite coefficients of such a log-normal €
are wy = e"z/QJk/k’!.

12.3 Nonlinearities

Nonlinearities of various types occur throughout practical problems, and their treatment is crit-
ical in the context of stochastic Galerkin methods, which require the projection of these non-
linearities onto the finite-dimensional solution spaces. For example, given the gPC expansion
U= ZkeNU up ¥y, how does one calculate the gPC coefficients of, say, U? or /U in terms of those
of U? More practically, given a truncated gPC expansion

U~ UM (€)= unWi(€)
k=0

how does one calculate order-K coefficients of U? or vU? The first example, U2, is a special case
of taking the product of two gPC expansions, and can be resolved using the multiplication tensor
M1, of the previous section.

Galerkin Multiplication. The first, simplest, kind of nonlinearity to consider is the product of
two or more random variables in terms of their gPC expansions. The natural question to ask is
how to quickly compute the gPC coefficients of a product in terms of the gPC coefficients of the
factors — particularly if expansions are truncated to finite precision. The case of a product of two
random variables is quite illustrative:
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5.0 10.0 15.0
(a) o =0, i.e. deterministic solution.

0.0 5.0 10.0 15.0 20.0

(c) o= 4.

Figure 12.2: The degree-10 Hermite PC Galerkin solution to the simple harmonic oscillator equa-
tion U(t) = —Q2U(t), with deterministic initial conditions U(0) = 1 and U(0) = 0, and a log-
normally distributed spring constant 2, with log Q ~ A(0,0?). The mean of the solution is shown
in black, the higher-degree Hermite coefficients dashed, and the standard deviation of the solution
dotted. Note that, in the case o = 11—0, the variance grows so quickly that accurate predictions of
the system’s state after just one or two cycles are essentially impossible.
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Example 12.14. Suppose that U = ZkeNO upP, and V = ZkeNO v ¥ are random variables in
L%(©, u;R). Assuming that their product W := UV is again a random variable in L?(0, u; R),

W = Z uivj\IJi\Ilj,

1,j€No

so the coefficients {wy, | k € No} are given by

(W)
we= gz = 2 Mk
1,j€ENp

It is this formula that motivates the name multiplication tensor for M;j;,. Now suppose that the
expansions for U and V are truncated at order K, so that U = Zszo upWy and V = Zszo vV,
Then their product W := UV has the expansion

K
W = Z ’U,Z"Uj\I/i\I’j.

,j=0

Note that, while W is guaranteed to be in L2, it is not necessarily in Skx. Nevertheless, the
truncated expansion W =~ nggk:o M;jrusv; ¥y is the orthogonal projection of W onto Sk, and
hence the L2-closest approximation of W in Sg. It is called the Galerkin product, or pseudo-spectral
product, of U and V', denoted U *x V or simply U % V if it is not necessary to call attention to the
order of the truncation.

The fact that multiplication of two random variables can be handled efficiently, albeit with
some truncation error, in terms of their expansions in the gPC basis and the multiplication tensor
is very useful: it adds to the list of reasons why one might wish to pre-computate and store the
multiplication tensor of a basis for use in many problems.

However, outside the situation of binary products (and hence squares), Galerkin multiplication
has undesirable features beyond simple truncation error. For example, suppose that we wish
to multiply three random variables U,V,W € L2(©,pu) in terms of their gPC expansions in a
fashion similar to the Galerkin product above. First of all, it must be acknowledged that perhaps
Z = UVW ¢ L%(©,u). Nevertheless, assuming that Z is, after all, square-integrable, a gPC
expansion of the triple product is

Z= 2mWm=> | Y Tiemujopwe| Vo,

meNy meNy | 4,k,£€Ng
or an appropriate truncation of the same, where the rank-4 tensor T}y, is defined by
(U0, 9, 9,,,)
(W3
This approach can be extended to higher-order multiplication. However, even with sparsity, com-
putation and storage of these tensors — which have (K +1)% entries when working with products of

d random variables to polynomial degree K — quickly becomes prohibitively expensive. Therefore,
it is common to approximate the triple product in Galerkin fashion by two binary products, i.e.

Tjk@m =

UVW ~ U % (V « W).

Unfortunately, this approximation incurs additional truncation errors, since each binary multipli-
cation discards the part orthogonal to Sk; the terms that are discarded depend upon the order of
approximate multiplication and truncation, and in general

Ux(VxW)£Vs(WxU)#£Wx(U=xV).

As a result, higher-order Galerkin multiplication is generally not commutative.
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Galerkin Inversion. Another common transformation that must be performed is the inversion of

a random variable: given
K
U= E uk\I/k% E u;c\I/k
k>0 k=0

we seek a random variable V. = Y, v ¥y = Zf:o v Wy such that U(9)V(0) = 1 for almost
every # € ©. The weak interpretation of this desideratum is that U * V = ¥. Since U * V has as
its k" gPC coefficient ijzo M;jruivj, we arrive at the following matrix-vector equation for the
gPC coefficients of V:

Zfio MiOOui e Zfio MiKOUi 0 1
K K
Zfio Miogu; ... Zfio Mg ru;| LUK 0

Naturally, if U(0) = 0 for some 6, then V(6) will be undefined for that 6. Furthermore, if U = 0
with ‘too large’ probability, then V may exist a.e. but fail to be in L2. Hence, it is not surprising to
learn that while (12.12) has a unique solution whenever the matrix on the left-hand is non-singular,
the system becomes highly ill-conditioned as the amount of probability mass near U = 0 increases.
Compare this with the Monte Carlo estimation of the (undefined) expected value of the reciprocal
of a Gaussian random variable in Remark 9.15.

Similar ideas can be used to produce a Galerkin division algorithm for Galerkin gPC coeflicients
of U/V in terms of the gPC coefficients of U and V respectively; see Exercise 12.8.

More General Nonlinearities. More general nonlinearities can be treated by the methods outlined
above if one knows the Taylor expansion of the nonlinearity. The standard words of warning
about compounded truncation error all apply, as do warnings about slowly-convergent power series,
which necessitate very high order approximation of random variables in order to accurately resolve
nonlinearities even at low order.
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that enables easy comparison with the stochastic collocation methods of Chapter 13.

Exercises

Exercise 12.1. Let a be a bilinear form satisfying the hypotheses of the Lax—Milgram theorem.
Given f € H*, show that the unique u such that a(u,v) = (f |v) for all v € H satisfies ||ully <
I fller-

Exercise 12.2 (Lax—Milgram with two Hilbert spaces). Let U and V be Hilbert spaces, and let
a: U xV — K be a bilinear form such that there exist constants 0 < ¢ < C' < oo such that, for all
u€eU and v € V,

cllullullvlly < la(u,v)] < Clluflullvlv.
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By following the steps in the proof of the usual Lax—Milgram theorem, show that, for all f € V’,
there exists a unique w € U such that, for all v € V, a(u,v) = (f|v), and show also that this u
satisfies the estimate ||uly < ¢ | f||vr-

Exercise 12.3 (Céa’s lemma). Let a, ¢ and C be as in the statement of the Lax—Milgram theorem.
Show that the weak solution u € H and the Galerkin solution ur € V;; satisfy

C
lu = ur] < Zinf {Ju— 0@ [0 € v}
c
Exercise 12.4. Consider a partition of the unit interval [0, 1] into N + 1 equally spaced nodes
O=xg<xr1=h<z=2h<---<zy=1,

Whereh:%>0. Forn=20,...,N, let

0, ife<0orz<x,_1;
ou(z) = (x — Tn-1)/h, %f Tno1 <& < Ty
(xn+1 - :L')/ha ifr, <z < Tn+1;
0, ife>lorz>wpy.
What space of functions is spanned by ¢, ...,¢n? For these functions ¢y, ..., ¢n, calculate the

Gram matrix for the bilinear form
1
a(u,v) := / o' () (z) dz
0
corresponding to the Laplace operator. Determine also the vector components (f,¢,) in the
Galerkin equation (12.7).
Exercise 12.5. Let v = N(0,1) be the standard Gaussian measure on R, and let {He, }nen, be

the associated orthogonal system of Hermite polynomials with (Hei) = n!. Show that

il5lk!
He;He,He) = -
(HeiHe;Hew) = oo = i = #)!
whenever 2s =i+ j+kiseven, ¢+ j >k, j+k >, and k + ¢ > j; and zero otherwise. Hence,
show that the Galerkin multiplication tensor for the Hermite polynomials is

EED e eI if2s=i+j+ke2Z,i+j>k,
M = j4+k>i, and k41> j,
0, otherwise.
Exercise 12.6. Show that the multiplication tensor M;;j is covariant in the indices ¢ and j and
contravariant in the index k. That is, if {¥y | k € Ny} and {\Ilk‘k € No} are two orthogonal bases
and A is the change-of-basis matrix in the sense that ¥; = >". A;;U;, then the corresponding
multiplication tensors M;;, and M;jj, satisfy
Mijk’ = Z AmzAnj (Ail)kpanp

m,n,p

(Thus, the multiplication tensor is a (2,1)-tensor and differential geometers would denote it by
ME.)
Exercise 12.7. Show that, for fixed K, the Galerkin product satisfies for all U,V,W € Sk and
o, B eR,
UxV =V=xU,
(@U) * (BV) = af(U x V),
U+V)«sW=UxW4+V*xW.
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Exercise 12.8. Following the model of Galerkin inversion, formulate a method for calculating
the Galerkin spectral coeflicients of a degree-K Galerkin approximation to U/V given spectral
expansions U = ZkeNn up¥y and V = ZkeNO v, Uy, that are truncated to degree K.
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Chapter 13

Non-Intrusive Methods

[W]hen people thought the Earth was flat, they
were wrong. When people thought the Earth was
spherical, they were wrong. But if you think that
thinking the Earth is spherical is just as wrong
as thinking the Earth is flat, then your view is
wronger than both of them put together.

The Relativity of Wrong
Isaac AsiMov

Chapter 12 considered a spectral approach to UQ, namely Galerkin expansion, that is mathe-
matically very attractive in that it is a natural extension of the Galerkin methods that are com-
monly used for deterministic PDEs and (up to a constant) minimizes the stochastic residual, but
has the severe disadvantage that the stochastic modes of the solution are coupled together by a
large system such as (12.9). Hence, the Galerkin formalism is not suitable for situations in which
deterministic solutions are slow and expensive to obtain, and the deterministic solution method
cannot be modified. Many so-called legacy codes are not amenable to such intrusive methods of
UQ.

In contrast, this chapter considers non-intrusive spectral methods for UQ. These are charac-
terized by the feature that the solution U(#) of the deterministic problem is a ‘black box’ that
does not need to be modified for use in the spectral method, beyond being able to be evaluated
at any desired point 6 of the probability space (0,.%, u). Indeed, sometimes, it is necessary to go
one step further than this and consider the case of legacy data, i.e. an archive of past input-output
pairs {(0,,,U(6,)) | n=1,..., N}, sampled according to a possibly unknown or sub-optimal strat-
egy, that is provided ‘as is’ and that cannot be modified or extended at all: the reasons for such
restrictions may range from financial or practical difficulties to legal and ethical concerns.

13.1 Pseudo-Spectral Methods

Consider a square-integrable stochastic process U: © — V taking values in a separable Hilbert
space V, with a spectral expansion
U= jg: ukwk

keNg

of U € L?(0,11;V) =V ® L%(O, u;R) in terms of coefficients (stochastic modes) uj, € V and an
orthogonal basis {Uy, | k € No} of L%(O, i;R). As usual, the stochastic modes are given by

(Uw) 1 )
= o [ UOw®) o)
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If the normalization constants v; := (¥F) = [ Wx[|72,,) are known ahead of time, then it remains
only to approximate the integral with respect to p of the product of U with each basis function
U,. In some cases, the normalization constants must also be approximated.

Deterministic Quadrature. If the dimension of © is low and U(f) is relatively smooth as a
function of 6, then an appealing approach to the estimation of (U¥}y) is deterministic quadrature.
For optimal polynomial accuracy, Gaussian quadrature (i.e. nodes at the roots of p-orthogonal
polynomials) may be used. In practice, nested quadrature rules such as Clenshaw—Curtis may be
preferable since one does not wish to have to discard past solutions of U upon passing to a more
accurate quadrature rule. For multi-dimensional domains of integration O, sparse quadrature rules
may be used to partially alleviate the curse of dimension.

Note that, if the basis elements ¥}, are polynomials, then the normalization constant v, := (¥%)
can be evaluated numerically but with zero quadrature error by Gaussian quadrature with at least
(k +1)/2 nodes.

Monte Carlo and Quasi-Monte Carlo Integration. If the dimension of © is high, or U(#) is a
non-smooth function of , then it is tempting to resort to Monte Carlo approximation of (UWy).
This approach is also appealing because the calculation of the stochastic modes uy can be written
as a straightforward (but often large) matrix-matrix multiplication. The problem with Monte
Carlo methods, as ever, is the slow convergence rate of ~ (number of samples)~'/2; quasi-Monte
Carlo quadrature may be used to improve the convergence rate for smoother integrands.

Connection with Linear Least Squares. Consider for a moment the Monte Carlo approach to
estimating both the stochastic modes u; and the normalization constants 5. That is, suppose
that IV independent and identically p-distributed samples 64, ...,0y are given, along with the
corresponding values U(6,,) of U € L?(0, u;R). Let

Uo(61) - Wk(6r)
: . : € RV*(K+1)

Yo(On) -+ Vk(On)

Pilpy o bl =

and let d := [U(61),...,U(0n)] be the row vector of observed data. The Monte Carlo approxima-
tion to (UWy) is

(U, = /@ U(6)W4(6) dpu(6)
1
N

Thus, the column vector @ = [d, . .., %] of approximate gPC coefficients for U satisfies
P Pa=rP"'d" (13.1)

and PT P is an approximation to diag(vo,...,7%). However, (13.1) are normal equations: @ is the
minimizer of ||[P&—d ' ||o. In other words, the approximate stochastic model U := Zszo Ur ¥y has
the property that the sum of squared residuals with respect to the data,

ST 0) ~ U6 (13.2)
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is minimal among all choices of coefficients iy, . . ., i . Therefore, even when given {6,,}_, that are
not necessarily independent and identically p-distributed, along with corresponding output values
{U(6,)}]_,, it is common to construct approximate stochastic modes and hence a pseudo-spectral
expansion U by choosing o, ... i to minimize the sum of squared residuals (13.2), i.e. according
to (13.1).

Conversely, one can engage in the design of erperiments — i.e. the selection of {6,}N_; — to
optimize some derived quantity of the matrix P; common choices include

e A-optimality, in which the trace of (PT P)~! is minimized;

e D-optimality, in which the determinant of PT P is maximized;

e E-optimality, in which the least singular value of PT P is maximized; and

o G-optimality, in which the largest diagonal term in the orthogonal projection P(PTP)~'PT ¢

RY*N is minimized.

Sources of Error. In practice, the following sources of error arise when computing pseudo-spectral
expansions of this type:

1. discretization error comes about through the approximation of V by a finite-dimensional sub-
space Vyy, i.e. the approximation the stochastic modes uy by a finite sum uy, ~ Zf\:{:l Uk Om s
where {¢,,, | m € N} is some basis for V;

2. truncation error comes about through the truncation of the spectral expansion for U after
finitely many terms, i.e. U ~ Zszo upVg;

3. quadrature error comes about through the approximate nature of the numerical integration
scheme used to find the stochastic modes.

13.2 Stochastic Collocation

Collocation methods for ordinary and partial differential equations are a form of polynomial inter-
polation. The idea is to find a low-dimensional object — usually a polynomial — that approximates
the true solution to the differential equation by means of exactly satisfying the differential equation
at a selected set of points, called collocation points or collocation nodes. An important feature of
the collocation approach is that an approximation is constructed not on a pre-defined stochastic
subspace, but instead uses interpolation, and hence both the approximation and the approxima-
tion space are implicitly prescribed by the collocation nodes. As the number of collocation nodes
increases, the space in which the solution is sought becomes correspondingly larger.

Example 13.1 (Collocation for an ODE). Consider for example the initial value problem

u(t) = f(t,u(t)), for t € [a, b]

to be solved on an interval of time [a, b]. Choose n points
a<t <ty <---<t,<b,
called collocation nodes. Now find a polynomial p(t) € R<,,[t] so that the ODE
p(tr) = f(tx, p(tx))

is satisfied for &k = 1,...,n, as is the initial condition p(a) = u,. For example, if n = 2, t; = a and
ta = b, then the coefficients cs, ¢1,co € R of the polynomial approximation

2
p(t) = 3 eult — a)t,
k=0
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which has derivative p(t) = 2¢a(t — a) + ¢1, are required to satisfy

pla) = c1 = f(a,p(a))
p(b) = 2¢2(b—a) +c1 = f(b,p(b))
pla) = co = uq

ie.
b,p(b)) — a
p(t) = i 7p(2()2 — CJ:)(a,u )(t —a)? + fla,uq)(t — a) + uq.
The above equation implicitly defines the final value p(b) of the collocation solution. This method
is also known as the trapezoidal rule for ODEs, since the same solution is obtained by rewriting

the differential equation as

u(t) = u(a) +/ f(s,u(s))ds

and approximating the integral on the right-hand side by the trapezoidal quadrature rule for
integrals.

It should be made clear at the outset that there is nothing stochastic about ‘stochastic col-
location’, just as there is nothing chaotic about ‘polynomial chaos’. The meaning of the term
‘stochastic’ in this case is that the collocation principle is being applied across the ‘stochastic
space’ (i.e. the probability space) of a stochastic process, rather than the space/time/space-time
domain. That is, for a stochastic process U with known values U(6,,) at known collocation points
01,...,0n € O, we seek an approximation U such that

U6,) =U(0,) forn=1,...,N.
There is, however, some flexibility in how to approximate U#) for 0 # 04, ...,0n.

Example 13.2. Consider for example the random PDE

Lo[U(z,0)] =0 forzeQ,0c0,
Bo[U(z,0)] =0 for x € 09, 0 € O,

where, for p-a.e. 6 in some probability space (0,.%, u), the differential operator Ly and boundary
operator By are well-defined and the PDE admits a unique solution U( -, 8): & — R. The solution
U: 2 x© — R is then a stochastic process. We now let @5 := {1,...,0p} C O be a finite set
of prescribed collocation nodes. The collocation problem is to find a collocation solution [7, an
approximation to the exact solution U, that satisfies

Lo, [ﬁ(:p, Gm)] =0 for x € Q,
By, [ﬁ(x, Gm)] =0 for z € 99,
form=1,...,M.

Interpolation Approach. An obvious first approach is to use interpolating polynomials when they
are available. This is easiest when the stochastic space © is one-dimensional, in which case the
Lagrange basis polynomials of a given nodal set are an attractive choice of interpolation basis. As
always, though, care must be taken to use nodal sets that will not lead to Runge oscillations; if
there is very little a priori information about the process U, then constructing a ‘good’ nodal set
may be a matter of trial and error.

Given values U(61),...,U(0n) of U at nodes 61,...,0x in a one-dimensional spaced ©, the
(Lagrange-form polynomial interpolation) collocation approximation U to U is given by

N
U0) =Y U0.)6(0)=> Ubn) [] gii‘);k-

n=1 n=1 1<k<N
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Example 13.3. Consider the initial value problem
U(t,0) = —°U(t,0), U(0,0) =1,

with 6 ~ N(0,1). Take the collocation nodes 61,...,0ny € R to be the N roots of the Hermite
polynomial Hey of degree N. The collocation solution U(-,#8,) at each of the collocation nodes
0, is the solution of the deterministic problem

EU(t 0,) = —e’U(t,0,), U(0,6,) =1

ie. U (t,0,) = exp(—e’»t). Away from the collocation nodes, U is defined by polynomial interpo-
lation: for each ¢, U(t,0) is a polynomial in 0 of degree at most N with prescribed values at the
collocation nodes. Writing this interpolation in terms of Lagrange basis polynomials

0 — 0y,

0, — Ok

(0501, 08) =[]
1<k<N
k#n

yields

=4

Z (t,0,)00(0

Extension of one-dimensional interpolation methods to the multi-dimensional case can be han-
dled in a theoretically straightforward manner using tensor product grids, similar to the construc-
tions used in quadrature. In tensor product constructions, both the grid of interpolation points
and the interpolation polynomials are products of the associated one-dimensional objects. Thus,
in a product space © = ©1 X --- X O4, we take nodes

9%,...,911\;1 €6,

0f,...,0% €6y
and construct a product grid of nodes

=Oh,,....00 yeO®forn=(n1,....,nqg) € {1,...,N1} x--- x {1,...,Ng}.

s
The corresponding interpolation formula, in terms of Lagrange basis polynomials, is then

(N1,...,Na)

U9) = Z U(e )Hem(ei; L)

n=(1,..

The problem with tensor product grids for interpolative collocation is the same as for tensor
product quadrature: the curse of dimension, i.e. the large number of nodes needed to adequately
resolve features of functions on high-dimensional spaces. The curse of dimension can be partially
circumvented by using interpolation through sparse grids, e.g. those of Smolyak type.

Collocation for arbitrary unstructured sets of nodes — such as those that arise when inherit-
ing an archive of ‘legacy’ data that cannot be modified or extended for whatever reason — is a
notably tricky subject, essentially because it boils down to polynomial interpolation through an
unstructured set of nodes. Even the existence of interpolating polynomials such as analogues of
the Lagrange basis polynomials is not, in general, guaranteed.

Other Approximation Strategies. There are many other strategies for the construction of col-
location solutions, especially in high dimension. Examples include splines, radial basis functions,
and kriging.
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Exercises

Exercise 13.1. Solve the stochastic oscillator equation of Example 12.13 using an interpolative
collocation method.
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