
Recommended Syllabus

This is the recommended syllabus for the module detailed below. The module should
contain all the topics listed below in some form, but be aware that there may be
additional material covered that can also be examined.

MA134 Geometry and Motion

Curves and line integrals in 2 and 3 dimensions

1. Curves and their parameterisation; distinction between the two. Different
parameterisations of the same curve related by a continuously differentiable
bijection between their domains.

2. Sketching simple curves, e. g., spiral, helix, cycloid.

3. Conic sections. Derivation of Cartesian equation of ellipse and hyperbola from
their geometric definition. Hyperbolic trigonometric functions.

4. Polar coordinates on R2. Polar form of conic sections. Other curves with
simple polar form, e. g., cardioid. Tangent to a curve in polar form.

5. Length of a parameterised curve, parameterisation of a regular curve by arc
length. Demonstration, by change of variables formula, that length does not
depend on parameterisation.

6. Unit tangent, curvature and principal normal.

7. Line integral of a function (i. e. integration with respect to arc length).

8. Vector fields, including simple sketches.

9. Tangential line integral of a vector field, circulation around a closed curve,
integration of first order differentials.

10. Directional and partial derivatives, gradient. (Given f : Rn → R and v ∈ Rn,
the directional derivative (Dvf)(x) of f at x in the direction of v is defined by

(Dvf)(x) :=
d

dt
f(x + tv)

∣∣∣∣
t=0

.

If ei := (0, . . . , 0, 1, 0, . . . , 0), where 1 is in the ith position, the partial derivative
∂f/∂xi is equal to Dei

f . If, as shall always be assumed, all partial derivatives
exist and are continuous then (Dvf)(x) = v · ∇f(x).)

11. Linear approximation. (f(x + h) ≈ f(x) + h · ∇f(x).) Special cases of chain
rule: given f : Rn → R, r : R → Rn and ϕ : R → R,

d

dt
f(r(t)) =

(
∇f(r(t))

)
· dr

dt
, (∇(ϕ ◦ f))(x) = ϕ′(f(x))∇f(x).

12. Fundamental theorem of calculus for gradient fields, conservative vector fields
and their scalar potential. Exact differentials.
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13. Flux across a curve in the plane.

Integration

1. Integration over rectangles and cubes; interpretation in case of two variables
as signed volume between graph and the xy plane.

2. Calculation of the multidimensional integral by a repeated integral (i. e. loose
statement of Fubini’s theorem); change of order of integration. Integration
over domains bounded by graphs. Lots of examples.

3. Change of variables formula. Jacobian matrix and Jacobian determinant. Lin-
ear approximation of area and volume. (Let P be a rectangle in R2 with one
vertex at (u, v) and with sides of length ∆u and ∆v. Let ∆A be the area of
Ψ(P ) where Ψ: R2 → R2 is differentiable. Then

∆A ≈ | det(DΨ)(u, v)|∆u ∆v.

Similar expression for the approximate volume of the image of a cuboid of
volume ∆u ∆v ∆w under a differentiable map Ψ: R3 → R3.) Special exam-
ples of change of variables formula: spherical and cylindrical polar coordi-
nates, examples (area/volume of ellipse, ball, solid torus etc.), evaluation of∫∞
−∞ exp(−x2) dx.

4. Average of a function. Mass, centre of mass, centroid.

Surfaces and Surface Integrals

1. Simple examples, including plane, sphere, cylinder, torus, surfaces of revolu-
tion, graph of a function of two variables.

2. Regular parameterisation of a surface.

3. Equation of tangent plane and normal to a surface.

4. Surface as level set of a function of 3 variables. Gradient of the function as
normal to level sets.

5. Area of a parameterised surface in R3, independence of area on parameterisa-
tion, examples (sphere, torus etc.), areas and volumes of revolution.

6. Integration with respect to element of area (including flux integrals) on a
surface in R3. Examples.

Critical points of a function of 2 variables

1. Taylor series for functions of one variable.

2. Extension to functions of two variables, up to and including second order
terms; examples.

3. Quadrics in two variables; diagonalisation of a 2× 2 symmetric matrix by an
orthogonal matrix.

4. Second derivative test for maxima, minima and saddles.
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Introduction to particle mechanics

1. Velocity, speed and acceleration.

2. The concept of force; Newton’s Laws and calculation of particle paths when
the force is given as a function of time; constant gravitational acceleration;
motion of projectiles.

3. Work and energy (both potential and kinetic); conservative forces and conser-
vation of total energy.

4. Angular momentum and its geometric interpretation.

5. Moment/torque of a force. Motion under central forces. Conservation of
angular momentum and its geometric interpretation.

6. Velocity and speed in polar coordinates.

7. Newton’s Law of Gravitation. Gravitational potential energy. Planetary and
satellite orbits; Kepler’s laws.
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