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Parallelism and Parareal

Parallel computing is increasingly relied upon for computationally intensive tasks
in fields ranging from molecular chemistry [1] to turbulent plasma dynamics [4].
Current techniques rely heavily on spatial parallelisation methods that often strug-
gle with serial time integration. With nuclear fusion-based plasma simulations in
mind, some exciting, alternative approaches that offer significant gains in effi-
ciency and speed up are known as time parallelisation algorithms.

Our focus, the Parareal algorithm (P), is a multigrid, multiple-shooting method
that solves a system of differential equations [3]. It utilises both coarse (G) and
fine (F ) numerical solvers successively across N time sub-intervals (see below).
The aims of this project are to:
• Adapt the current predictor-corrector update rule (1) used in parareal by us-

ing probabilistic techniques instead.

• Analyse whether this leads to increased convergence, decreased computa-
tion time and improved solution accuracy towards a fine solution.

The Parareal Algorithm

The algorithm requires N compute processors, one per time sub-interval defined
(i.e. N = 5 in Fig. 1), and solvers G and F use time steps ∆T � ∆t respectively.

1. Set a counter k = 0 and define Uk
n as the solution of the system of equations

at nth time step and kth iteration.

2. Calculate initial guess U0
n at the start of each sub-interval Tn using G serially

such that U0
n = G(Tn−1, Tn,U

0
n−1) ∀n ≤ N .

3. For k = 1 to N :

(a) Running F in parallel, propagate the solution on each sub-interval using
initial values previously calculated: F(Tn−1, Tn,U

k−1
n−1) ∀n ≤ N .

(b) Iteratively, at each time step n, calculate G(Tn−1, Tn,U
k
n−1), then predict

(and correct) the solution using the update rule (1).

Uk
n = F(Tn−1, Tn,U

k−1
n−1) + G(Tn−1, Tn,U

k
n−1)− G(Tn−1, Tn,U

k−1
n−1)

(1)

(c) If error tolerance (2) is met at all time steps, break the loop and return
Uk.

‖Uk
n −Uk−1

n ‖∞ < ε (2)
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Fig. 1: Schematic of the parareal algorithm in action. After initialisation, G calculates the initial guess, G(k = 0),

which F uses to integrate in parallel and obtain F(k = 0). Following this, G(k = 1) is calculated sequentially, then

rule (1) is used to update the solutions. The process repeats, eventually converging toward the fine solution.

The Brusselator

To test the implementation, convergence and accuracy of P , we examined the Brusselator
(3), a stiff two-dimesional ODE system that models coupled chemical reactions. Using
N = 28 sub-intervals, 140 coarse step, 7,000 fine steps and parameter values A = 1 and
B = 3 from [2] (to yield a limit cycle) we obtain the results in Fig. 2.

dx

dt
= A + x2y − (B + 1)x,

dy

dt
= Bx− x2y with (x, y)(0) = (0, 1). (3)

0 0.5 1 1.5 2 2.5 3 3.5 4
x

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

y

0 5 10 15 20 25 30
Iteration (k)

10 -15

10 -10

10 -5

10 0

Fig. 2: (a) Solutions to the Brusselator running both P , after three iterations, and F , where F and G are fourth-order Runge-Kutta

solvers. (b) Convergence of P , using error tolerance ε = 10−6 in (2), and two different coarse Runge-Kutta solvers G.

The Lorenz System

Next we investigate the Lorenz system (4) in its chaotic state (σ = 10, ρ = 28, β = 8/3) as
its trajectories diverge drastically under the smallest of perturbations. This becomes more
significant when we alter parareal’s update rule (see next section). Implementing P again,
we obtain the results in Fig. 3.

dx

dt
= σ(y − x),

dy

dt
= x(ρ− z)− y, dz

dt
= xy − βz with(x, y, z)(0) = (20, 5,−5). (4)
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Fig. 3: (Top) Solutions to the Lorenz system after the first and final (fifth) iterations using fourth-order Runge-Kutta solvers.

(Bottom) Convergence of P using different coarse solvers as before.

Probabilistic Update Rules

In order to improve the convergence rate of parareal, we propose modifying the
update rule (1) using probabilistic methods. Two new ’sampling rules’ we aim to
test, alongside others, use Gaussian samples to update the solution:

Uk
n = F(Tn−1, Tn,U

k−1
n−1) +

[
G(Tn−1, Tn,U

k
n−1)− G(Tn−1, Tn,U

k−1
n−1)

]
ξ, (5)

Uk
n = G(Tn−1, Tn,U

k
n−1) +

[
F(Tn−1, Tn,U

k−1
n−1)− G(Tn−1, Tn,U

k−1
n−1)

]
ξ. (6)

The intuition behind this is that during an update cycle, a stochastic update rule
could (on average) converge more quickly to a solution than a purely determin-
istic one. The updated solution Uk

n is set equal to the previous solution (either
from the last fine solve or the current coarse solve) plus a white noise term with
standard deviation equal to the difference in solutions (between consecutive G
or between F and G).

In our implementation we sample m numbers from N (0, 1) and select the small-
est absolute value, ξ, for the update rule. For an optimal value of m we ex-
pect that the stochastic parareal algorithm will converge after ks iterations, with
ks < kd, where kd is the number of iterations taken by the deterministic parareal.
Further analysis needs to be carried out to determine if optimal values of m, for
different sampling rules, exist and whether ensemble solutions from the stochas-
tic parareal are accurate compared to the fine solver F .

Fig. 4: Schematic of parareal generating m stochastic solutions, based upon sampling rule (5), at time step T2.

Note: A public-access repository implementing parareal in MATLAB has been
created at: https://github.com/kpentland/Parareal-MATLAB.
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