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Modern spatial parallelisation techniques are highly eﬃcient and have been applied to a variety
of large-scale applied numerical problems. Further eﬃciency gains and numerical speed-up are,
however, limited as algorithms remain constrained by the serial component of time integration.
The purpose of this report is to apply probabilistic methods to the parareal algorithm, a robust
parallel-in-time numerical integrator, in order to improve upon current convergence rates. A
modiﬁed, stochastic version of the parareal algorithm is designed, implemented and tested on
a number of compute processors in order to rapidly calculate solutions to systems of nonlinear
ordinary diﬀerential equations. It is demonstrated that, when applied to the Lorenz and Brusselator systems, the modiﬁed algorithm converges, with high probability, more rapidly than the
original under certain conditions. A large number of sampled solutions (from pre-speciﬁed sampling rules built into the algorithm); an optimally sized variance; and a much larger number of
compute cores are required for rapid convergence. Two diﬀerent sampling rules, based on normal distributions, are tested and analysed, with each performing better on a particular system,
depending on the size of its variance and the stability of the system. The modiﬁed ‘stochastic
parareal’ algorithm is also shown to preserve solution accuracy in both optimal cases.

1. Introduction
In its most basic form, parallel computing is the process by which a numerical problem is partitioned into a number
of sub-problems that can be solved simultaneously with or without prior knowledge of each other. More eﬃcient and
widespread parallelism is becoming increasingly important for high performance computing within many diﬀerent
ﬁelds of study. In applications from molecular chemistry [1], nonlinear ordinary diﬀerential equations [2, 3] and
turbulent plasma simulations [4, 5], reducing the computational burden on machine hardware is becoming ever more
necessary and apparent.
Simply increasing the number of computer cores, or central processing units (CPUs), is no longer a viable option
for reducing simulation wallclock times, as saturation points - in terms of ﬁnancial cost, physical space, power usage
and hardware cooling - are being reached [6]. The so called ‘power wall’ has levelled oﬀ increases in CPU and GPU
(graphical processing unit) clock speeds, demanding the development of more algorithmic eﬃciency gains instead.
Converting existing sequential algorithms into their equivalent parallel counterparts is challenging, however it is one
option for relieving the strain on computer hardware.
Burrage [7] classiﬁed parallelisation into three types: parallelism across the system, across the method and across
the time. Spatial decomposition methods ﬁt within parallelism across the system and have been well explored for
solving initial boundary value problems (IBVPs) sequentially in time and in parallel in space. Often this involves
solving smaller IBVPs on small sub-domains (in parallel) and then piecing these together before moving on to the next
time step sequentially. These methods are very eﬃcient for high dimensional systems however they too are reaching
scale-up limits and integration speeds often bottleneck in the time dimension. For instance, modern algorithms used
to simulate Edge Localised Modes (ELMs) in turbulent fusion plasmas can take anywhere between 100-200 days to
integrate over a time interval of one second [4].
As mentioned, assigning more computing power will not continually reduce the simulation times for these problems
owing to Amdahl’s law [8]. Serial time integration will always limit computation speeds and in many cases some
solutions, such as the ELMs mentioned previously, become infeasible to attain in good time. Whilst most applications
of parallelism involve solving partial diﬀerential equations (PDEs), ordinary diﬀerential equations (ODEs), which have
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no spatial component, cannot utilise existing parallel domain decomposition methods1 . These ODE problems, as well
as time-dependent PDEs, are what motivated the initial research and development of a less obvious but nonetheless
fascinating approach: parallel across the time methods.
Numerically speaking, time is perceived as a sequential process over which a system evolves, one (discrete) step
after the other, with the solution at each step depending on the previous step(s). Some intuitive thinking is required
in order to parallelise an ODE problem in time and hence, integrate it in a non-sequential manner. One approach,
similar to spatial parallelisation, involves partitioning the entire time interval into a sequence of smaller sub-intervals
on which the problem can be solved using existing numerical techniques in parallel. The obvious diﬃculty however,
arises when trying to prescribe the correct initial condition from which to begin the integration, as initial values for
each sub-interval depend upon the solution at the end of the last sub-interval. This approach where one ‘shoots’ for
the solution from an initial condition is usually referred to as a multiple shooting method [9].
Various methods for time parallelisation have been proposed over the last 55 years or so, beginning in 1964, when
Nievergelt [10] ﬁrst proposed partitioning time into sub-intervals and integrating an ODE in parallel, using interpolation to correct for the discontinuities created between the sub-intervals. Though relatively slow, this initial work
was paramount to the development and improvement of multiple shooting methods in time [11, 12, 13]. Multigrid
approaches were developed in 1984 by Hackbusch [14], solving equations in space-time using diﬀerent levels of ﬁne
and coarse discretisation which could then be solved in parallel [15, 16]. Waveform relaxation methods [17, 18] focus
on partitioning space and solving the equation with an initial guess to the solution over the entire time interval, reﬁning
the solution iteratively thereafter. Other alternative, but limited approaches, to iterative schemes are direct methods
[19]. More detailed reviews of these methods are discussed in both [7] and [20].
Almost 40 years after Nievergelt’s initial paper, Lions et al. developed the parareal algorithm [21], an elegantly
simple method that combines multigrid and multiple shooting techniques. Many of the methods developed before
parareal were often problem-speciﬁc, struggling with certain nonlinear equations or being too small/large-scale in
terms of parallelisation. Parareal does not suﬀer from these issues, it is relatively easy to implement and is compatible
with many existing numerical integrators [22, 23]. It has, for example, been successfully applied to a range of problems
including, but not limited to: molecular dynamics [1]; ﬁnancial American put options [2]; plasma fusion simulations
[4, 5]; and the Navier-Stokes equations [24, 25].
The iterative predictor-corrector update rule employed within parareal has been observed (see above references)
to achieve a speed-up of around 5-10 times compared to traditional time sequential integration methods. The aim of
this report is to investigate whether applying probabilistic methods to this existing update rule can achieve a faster
convergence rate for initial value problems. Convergence is measured by the number of iterations 𝑘 that the parareal
algorithm takes to converge to a continuous solution, not the simulation wallclock time. This is because wallclock
timings vary with the quality of compute cores available, how the algorithm has been coded and in what language,
whereas 𝑘 remains ﬁxed regardless. With this is mind, attaining faster simulation times, hence convergence, is crucial
in fusion plasma research. In order to simulate highly nonlinear transport, which occurs in dissipative-trapped electron
mode turbulence, signiﬁcant computational resources are required. At time intervals of scientiﬁc interest, solutions
enter fully-developed turbulent states which will inevitably vary between independent simulations in a stochastic-like
manner, hence in order to study the statistical behaviour of a large number of ensemble solutions, alternative methods
are required for their rapid numerical computation.
In order to improve upon the existing method, a modiﬁed algorithm is built using the same structure of parareal,
however instead of selecting a single deterministically updated solution at each time step, a pre-speciﬁed ‘sampling
rule’ is used to generate a distribution of solutions that are propagated forward in time (in parallel). An optimal solution
can then be selected from this ensemble, increasing the probability that the numerical solution ‘jumps’ closer to the true
solution of the equations being solved. The intuition is to exploit the statistical diﬀerences that exist between multiple
solutions at each time step, thereby increasing the convergence rate. It is the aim that the proposed algorithm will
rapidly compute previously unreachable (temporally) solutions to large-scale systems of equations so that statistical
analysis, among other research, can be carried out upon them.
The report is organised as follows. Section 2 introduces the original parareal algorithm, demonstrating its convergence and accuracy for two initial value problems: the Brusselator and Lorenz equations. Next, Section 3 details the
modiﬁed stochastic parareal algorithm and its accompanying sampling rules. In Section 4, the stochastic algorithm
1 Note that existing ‘parallel across the method’ algorithms solve ODE problems in parallel. See parallel Runge-Kutta schemes and extrapolation
techniques in the literature [7].
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is tested and statistically compared to the results found in Section 2. Finally in Section 5, conclusions are drawn and
avenues for future research are proposed.

2. The Parareal Algorithm
Much like domain decomposition methods, the main idea behind the parareal algorithm is to partition the time
domain into a set of sub-intervals upon which a group of sub-problems can be independently solved in parallel. Initial
conditions are required to begin integrating the smaller evolution problems, therefore parareal locates these sequentially, using a fast but low accuracy numerical integrator. Using these low accuracy initial states, a slow but more accurate solver is then deployed in parallel to provide a more accurate approximation to the solution in each sub-interval.
The combination of low and high accuracy solutions are then used within a predictor-corrector rule to iteratively update
and improve the accuracy of the solution across the time domain.
The following section provides a more detailed mathematical insight into the parareal algorithm in its original form,
alongside details regarding its functionality and convergence. Following this, it is applied to two systems of nonlinear
ODEs in order to demonstrate convergence and accuracy.

2.1. The Algorithm
Following previously outlined descriptions [21, 23], consider a system of 𝑚 ≥ 1 nonlinear ODEs
𝑑𝐮
= 𝐟 (𝐮(𝑡))
𝑑𝑡

on 𝑡 ∈ [𝑇0 , 𝑇𝑁 ],

with

𝐮(𝑇0 ) = 𝐮0 ,

(2.1)

where 𝐟 ∶ ℝ𝑚 → ℝ𝑚 is a multi-valued function, 𝐮 ∶ ℝ → ℝ𝑚 the time-dependent vector solution and 𝐮0 the
initial condition. Partition the time domain into 𝑁 intervals such that [𝑇0 , 𝑇𝑁 ] = [𝑇0 , 𝑇1 ] ∪ ⋯ ∪ [𝑇𝑁−1 , 𝑇𝑁 ], where
each sub-interval has ﬁxed length Δ𝑇 ∶= 𝑇𝑛 − 𝑇𝑛−1 for all 𝑛 = 1, … , 𝑁. Figure 1 displays a schematic of the time
partitioning with a spatial component that becomes relevant when considering PDE problems2 .

Figure 1: Schematic of the time interval decomposition with a spatially discretised grid for PDE problems if required.
Three levels of temporal discretisation are shown: sub-intervals (size Δ𝑇 ), coarse intervals (size 𝛿𝑇 ) and ﬁne intervals (size
𝛿𝑡).
2 Whilst parareal has been applied to various PDE problems with promising results, the spatial discretisation and integration schemes only add
to the complexity of the algorithm. Hence for the purposes of this report, only time-dependent problems need be considered.
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Following this decomposition, 𝑁 smaller sub-problems (2.2) now need to be solved.
𝑑𝐮𝑛
= 𝐟 (𝐮𝑛 (𝑡))
𝑑𝑡

on 𝑡 ∈ [𝑇𝑛 , 𝑇𝑛+1 ],

with

𝐮𝑛 (𝑇𝑛 ) = 𝐔𝑛

for 𝑛 = 0, … , 𝑁 − 1.

(2.2)

The initial conditions at the start of each sub-interval are given by 𝐔𝑛 = 𝐮𝑛 (𝑇𝑛 ), noting that 𝐮0 (𝑇0 ) = 𝐮0 = 𝐔0 is
already known. Next deﬁne a coarse integrator  that can integrate 𝐔𝑛 forward in time, from 𝑇𝑛 to 𝑇𝑛+1 , using coarse
time steps 𝛿𝑇 < Δ𝑇 . Similarly, deﬁne a ﬁne integrator  with much higher numerical accuracy than , that integrates
𝐔𝑛 with ﬁner time step 𝛿𝑡 < 𝛿𝑇 over the same interval. The idea is that, if used to integrate (2.1) over [𝑇0 , 𝑇𝑁 ] serially,
the high accuracy integrator  will take an infeasible amount of computational time. Whereas  must be chosen so
that it integrates signiﬁcantly faster than  in order for parareal to achieve speed up. The fast integrator  will always
be run serially whereas  will be run in parallel because it is assumed to be the integrator that is too computationally
heavy to run serially on [𝑇0 , 𝑇𝑁 ], hence the need for time parallelisation.
The initial values, 𝐔𝑛 , must therefore satisfy the system of equations (2.3) when subject to a (theoretical) exact
integrator 𝜙. This integrator works the same way as  and , propagating the solution forward in time from 𝐔𝑛−1 to
𝐔𝑛 .
𝐔0 = 𝐮 0

and

𝐔𝑛 = 𝜙(𝐔𝑛−1 )

for 𝑛 = 1, … , 𝑁 − 1.

(2.3)

If the system was linear it could be solved explicitly, however assuming some nonlinearity exists, the equations can
be resolved using Newton’s method, to form the iterative system
𝐔𝑘0 = 𝐮0 ,

]
[
for 𝑛 = 1, … , 𝑁 − 1
) + 𝜙′ (𝐔𝑘𝑛−1 ) 𝐔𝑘−1
− 𝐔𝑘−1
𝐔𝑘𝑛 = 𝜙(𝐔𝑘−1
𝑛−1
𝑛−1
𝑛−1

and

𝑘 ≥ 0.

(2.4)

This result however, involves calculating the Jacobian, 𝜙′ , of the exact integrator, which, if it was known, would
still be computationally expensive to calculate. Instead of trying to ﬁnd 𝜙′ explicitly, Lions et al. make a multigrid
approximation using the ﬁne and coarse solvers in place of the Jacobian. Recall that multigrid means taking two
diﬀerent levels of temporal discretisation to solve the problem (see Figure 1 again). The result is that the initial values
𝐔𝑛 are iteratively improved at successive 𝑘 using the predictor-corrector update rule given by
(
)
𝑘−1
𝐔𝑘𝑛 =  (𝐔𝑘−1
) + (𝐔𝑘𝑛−1 ) − (𝐔𝑛−1
) .
𝑛−1

(2.5)

The pseudo code for parareal (henceforth abbreviated as ), in its original form, is detailed in Algorithm 1. With the
aid of Figure 2, the ﬁrst iteration of  can be visualised converging toward the ﬁne solution. Following initialisation, 
is used serially, in Step 2, over the entire time interval to calculate an initial guess to the solution. In Step 3(i), iteration
𝑘 = 1 begins and the previously located solutions are propagated forward in time (in parallel) on each sub-interval by
 . The coarse solver is then used iteratively in Step 3(ii) to ‘predict’ the value of a solution at iteration 𝑘 = 1, after
which it is immediately ‘corrected’ by update rule (2.5). This process is carried out sequentially over all sub-intervals.
Finally in Step 3(iii), if the diﬀerence between successive iterations is smaller than a given tolerance,
‖𝐔𝑘𝑛 − 𝐔𝑘−1
𝑛 ‖∞ < 𝜖,

(2.6)

at all time steps, the solution is considered converged and the algorithm stops. Otherwise it moves to the next 𝑘.
Condition (2.6) signiﬁes that further iterations of  will not improve the solution any more than it currently has and
therefore avoids wasting computational resources.
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Algorithm 1: Parareal ()
Step 1: Set counter 𝑘 = 0 and deﬁne 𝐔𝑘𝑛 as the solution at 𝑛𝑡ℎ time step and 𝑘𝑡ℎ iteration (recall that 𝐔𝑘0 is known
∀𝑘).
Step 2: Calculate the initial guesses at the start of each sub-interval 𝑇𝑛 using  serially.
𝐔̂ 00 = 𝐔00
for 𝑛 = 1 to 𝑁 do
𝐔̂ 0𝑛 = (𝐔̂ 0𝑛−1 )
𝐔0𝑛 = 𝐔̂ 0𝑛
end for
Step 3: for 𝑘 = 1 to 𝑁 do
(i) Running  in parallel, propagate the solution on each sub-interval using previously calculated initial
values.
for 𝑛 = 1 to 𝑁 do
𝐔̃ 𝑘−1
=  (𝐔𝑘−1
)
𝑛
𝑛−1
end for
(ii) Iteratively propagate the most up to date solution using . Then predict and correct the solution.
for 𝑛 = 1 to 𝑁 do
𝐔̂ 𝑘𝑛 = (𝐔𝑘𝑛−1 )
+ 𝐔̂ 𝑘𝑛 − 𝐔̂ 𝑘−1
𝐔𝑘𝑛 = 𝐔̃ 𝑘−1
𝑛
𝑛
end for
(iii) Check for solution convergence.
𝑘
if ‖𝐔𝑘𝑛 − 𝐔𝑘−1
𝑛 ‖∞ < 𝜖 ∀𝑛 , return 𝐔 .
else, next 𝑘.
end for

Fine
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G(U0)

T0

T1

T2

T3

T4

T5

T6

Time

Figure 2: An artiﬁcial depiction of the ﬁrst iteration of the parareal algorithm. The ﬁne (true) solution is given in green;
the ﬁrst simulations of  and  in orange and blue respectively; and the second simulation of G in red. The red dots
indicate the updated solution after applying (2.5).
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It should be clear that the purpose of this algorithm is to locate the solution that would traditionally be integrated
entirely sequentially using  . This would take a computationally infeasible amount of time to simulate and therefore
parareal suggests that by deploying  in parallel, using initial values calculated by a much faster and less accurate solver
, a solution can be iteratively improved to converge toward the unknown ﬁne solution in much more computationally
feasible time.
At ﬁrst glance it is not obvious that  should converge to a solution faster than the ﬁne solver, however  requires
𝑁 processors, one for each sub-interval [𝑇𝑛 , 𝑇 𝑛 + 1], in order to solve the problem. This ensures that  can be run
in parallel over all sub-intervals simultaneously during each parareal cycle, therefore taking approximately 1∕𝑁th of
the usual time to run  over the entire time domain. This implies that, in the absence of communication time between
processors (as well as any time consuming algorithm-speciﬁc processes),  could theoretically achieve perfect parallel
speed-up if it was to converge in 𝑘 = 1 iteration. If, however,  converges only on the ﬁnal iteration, 𝑘 = 𝑁, then this
is equivalent to running  serially in all sub-intervals, and therefore over the entire time domain, yielding zero-parallel
speed-up. In light of this, wall clock timings, which can be aﬀected by the quality of processors one has, as well as
algorithm speciﬁc run times, will not be the focus of this work. Instead the overarching aim is to minimise the number
of iterations 𝑘 that  converges to a solution in. More detailed analysis on the numerical convergence of parareal, as
well as some wall clock timings for certain problem, can be found in [22, 23, 26].
One challenge in attempting to minimise the convergence rate of , is to identify an optimal coarse solver . It
must be coarse enough, much more so than  , to achieve signiﬁcant speed-up however not too coarse as to allow the
solution to lose numerical accuracy. Henceforth, a combination of single step, explicit second and fourth-order Runge
Kutta methods3 (RK2 and RK4 respectively) will be used within . Note that  and  can be chosen as the same
solver, however a much coarser time step must be chosen for  than  in order to preserve algorithmic speed-up.

2.2. An application: The Brusselator
In order to test the convergence and accuracy of , the Brusselator system (2.7), a pair of coupled nonlinear ODEs
that model an auto-catalytic chemical reaction, is chosen. With parameters 𝐴 = 1 and 𝐵 = 3, the system exhibits
oscillatory behaviour that approaches a limit cycle as 𝑡 → ∞ and will therfore demonstrate that  can deal with stiﬀ
nonlinear ODEs.
𝑑𝑥
= 𝐴 + 𝑥2 𝑦 − (𝐵 + 1)𝑥,
𝑑𝑡

𝑑𝑦
= 𝐵𝑥 − 𝑥2 𝑦,
𝑑𝑡

with

𝐱(0) = (0, 1).

(2.7)

In the following simulations of , 𝑡 ∈ [0, 12] is divided into 𝑁 = 28 sub-intervals with 280 coarse and 14,000
ﬁne time steps respectively4 . The convergence tolerance is set as 𝜖 = 10−6 and both coarse and ﬁne solvers are always
chosen to be RK4 methods, unless otherwise stated. A set of numerical results5 are plotted in Figure 3.
The solutions to (2.7), solved using  and  separately, are plotted together in Figure 3a and show excellent
agreement, with both converging to the limit cycle known to exist in the phase space. It takes  just 2 (out of 28)
iterations to converge to a suﬃcient accuracy with the coarse RK4 solver and 3 iterations with the coarse RK2 solver
(see Figure 3b). This demonstrates that using the more accurate RK4 coarse solver helps the solution converge more
quickly than the less accurate RK2 coarse solver. The accuracy of  compared to  is plotted in Figure 3c and shows
that choosing RK4 as the coarse solver also yields a much more numerically accurate solution (as the RK2 solver
cannot get as close to the ﬁne solution). The ﬁnal plot, Figure 3d, displays a more detailed version of Figure 3b where
the errors between successive iterations (2.6) are plotted at each time step (Δ𝑇 ) for successive iterations 𝑘. This again
shows  successfully converging across all time steps with each further iteration 𝑘.
These simulations demonstrate that  computes a highly accurate solution (with coarse RK4 solver) and converges
systematically after each iteration. The Brusselator is, however, a two-dimensional system with relatively stable solutions that do not diverge drastically if accuracy is not met. Next,  is run on a three-dimensional system where chaotic
solutions are possible. Solutions that are initially close together, can diverge drastically in short time intervals, hence
the accuracy of the solution found at each iteration becomes increasingly important to maintain.
3 Alternative, more numerically stable, solvers such as multi-step and implicit methods can be used however tend to be relatively slow in this
setting and introduce unnecessary complications upon implementation.
4 Note how the number of coarse and ﬁne time intervals must be multiples of 𝑁 in order for interval boundaries to align correctly.
5 Note that numerical simulations for all test problems henceforth have been run in parallel using up to a maximum of 𝑁 = 28 compute cores
on Warwick’s high performance computing facilities (speciﬁcally the HPC designated Orac).
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Figure 3: Parareal applied to the Brusselator system. (a) Two dimensional trajectories determined using both the ﬁne
solver and parareal. Note that not all points of the solution of  have been plotted for comparison purposes. (b) The
total error between successive iterations, 𝑘, of . (c) The numerical error between  and  using two diﬀerent coarse
solvers (RK2 and RK4) and RK4 ﬁne solver. (d) The same errors as (b), when using a coarse RK4 solver, plotted across
each time step for each iteration 𝑘. Convergence is met when the errors fall below the dashed line at 10−6 .

2.3. An application: The Lorenz Equations
Parareal is now applied to the Lorenz system (2.8), a set of nonlinear ODEs that demonstrate how small perturbations to initial values can cause solutions to evolve in remarkably diﬀerent ways [27]. The parameters 𝜎 = 10,
𝜌 = 28 and 𝛽 = 8∕3 are chosen in order to investigate how  performs as solutions approach a chaotic attractor.
Subjecting the system to the same initial conditions as in [23], the time interval 𝑡 ∈ [0, 10] is divided into 𝑁 = 25
sub-intervals with 2,500 coarse and 15,000 ﬁne time steps respectively. This system was chosen because it evolves in a
highly chaotic manner where small numerical errors at a given time step can propagate through the solution, resulting
in vastly diﬀerent ﬁnal states.
𝑑𝑥
= 𝜎(𝑦 − 𝑥),
𝑑𝑡

𝑑𝑦
= 𝜌𝑥 − 𝑥𝑧 − 𝑦,
𝑑𝑡

𝑑𝑧
= 𝑥𝑦 − 𝛽𝑧
𝑑𝑡

with

𝐱(0) = (20, 5, −5).

(2.8)

Figure 4 demonstrates how  solves the system. Starting from the initial guess, the solution after the ﬁrst parareal
iteration, 𝑘 = 1, is compared to ﬁne solution in Figure 4a. It is observed that, close to the initial condition and after
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a short time interval, the solution matches the ‘true’ solution, given by  , very well. As time increases however, the
parareal solution begins to deviate from  as the initial conditions calculated at the start of each sub-interval are not
yet accurate enough. As the solution diverges, this error increases with increasing time due to the chaotic nature of
the system. Nevertheless,  continues to improve the solution at these later (unconverged) time intervals with further
iterations up to 𝑘 = 2, upon which it stops. Figure 4b shows the converged solution found by  matches the ﬁne solver
almost perfectly.

(b) Solutions of  vs  at 𝑘 = 2

(a) Solutions of  vs  at 𝑘 = 1.
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4
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Iteration(k)

6
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(c) Total error between successive iterations.
Figure 4: (a) Solution from  after 𝑘 = 1 iterations (pink circles) vs the solution obtained using  . (b) The same as (a)
but after 𝑘 = 2. (c) The error between successive iterations, 𝑘, of  for the two diﬀerent coarse solvers. Note the x-axis
range has been adjusted, for the algorithm stops when convergence criteria are met.

For test purposes again, the RK4 coarse solver is replaced with an RK2 method, which has local truncation error
(𝛿𝑇 3 ), in order to see if convergence is improved. In Figure 4c observe that by choosing RK2 as the coarse solver,
the convergence rate increases drastically from 𝑘 = 2 to 𝑘 = 6. This occurs because the initial guesses calculated by 
are now much less accurate, which is known to be incredibly detrimental in a chaotic system, hence it takes more time
for  to attain the required accuracy. Both methods do however demonstrate rapid convergence at a near-exponential
rate, as shown in Figure 4c.
This analysis demonstrates that  can converge quickly and accurately for highly nonlinear systems where errors
on sub-interval boundaries need to be very small. This becomes very important when probabilistic methods are used
within  as multiple sampled solutions are taken at these sub-interval boundaries that will generate very diﬀerent
solution trajectories when propagated by one of the numerical solvers. Therefore if solutions can converge for such
a chaotic system, they should therefore perform well for other more stable nonlinear systems. Next, the modiﬁed
stochastic parareal algorithm is explained in detail.
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3. The Stochastic Parareal Algorithm
At ﬁrst, the idea of replacing a deterministic numerical integrator with one that relies on generating solutions
from a given probability distribution seems rather counter-intuitive. The aim is to improve the convergence rate of 
by incorporating the statistical diﬀerences between solutions generated by  and  at each sub-interval. Therefore,
instead of calculating a single solution at each sub-interval using update rule (2.5), the stochastic parareal algorithm
(𝑠 ) samples multiple solutions from a speciﬁed probability distribution. This distribution will be based on known
coarse and ﬁne solutions at the time. Following this, 𝑠 can then piece together a continuous solution across the
intervals, from an ensemble of trajectories, thereby increasing the likelihood of locating the ‘true’ continuous solution.
Think of this as a multiple shooting method with multiple ‘shots’ being taken at each time sub-interval instead of just
one. If this method can be demonstrated, with high probability, to converge in fewer iterations than the deterministic
parareal, it can be assured that speed-up has been achieved.

3.1. The Algorithm
The new method largely follows the original structure of . Solutions are propagated forward in time, alternating
between the coarse and ﬁne solvers, however the way in which the solutions are used to update the ﬁnal solution at the
end of each iteration has changed. Algorithm 2 contains detailed pseudocode of 𝑠 . At iteration 𝑘 = 0,  is used as
before to determine an initial guess for the solution and  immediately follows, propagating these guesses forward in
parallel. Previously,  would be used again to predict the updated solution before correction with rule (2.5), however
this method is no longer used. In order to sample solutions at 𝑘 = 1, another run of  is required using initial values
from the most accurate current solution (at this iteration, the solutions from  ).
Following this, enough information is now known to begin sampling solutions. In order to get close to the ‘true’
solution at time step 𝑛, sample 𝑚 = 1, … , 𝑀 solutions, named 𝐔̄ 1𝑛 , from a particular probability distribution, say
𝑚
(3.1), in parallel. The distributions being used are referred to henceforth as sampling rules and are discussed in Section
3.2. For each sampled solution, propagate it using the ﬁne solver, still in parallel, to obtain 𝑀 candidate trajectories,
 (𝐔̄ 1𝑛 ) for 𝑚 = 1, … , 𝑀 (see Figure 5). The chosen trajectory is the one that minimises the error between its starting
𝑚
condition and the most accurate solution from the endpoint of a trajectory in the previous sub-interval. This process of
selection is carried out sequentially (see Step 4(iii) in Algorithm 2) and in doing so, continuity of the solution across
sub-intervals is assured. See Figure 6 for a depiction of how the continuous solution is pieced together from the sets
of candidate trajectories in each sub-interval (note that sampling is only carried out for unconverged time intervals).
Given that the ﬁrst interval [𝑇0 , 𝑇1 ] is converged during 𝑘 = 0, there is no need to sample at the boundary 𝑇1 during
iteration 𝑘 = 1, hence only 𝑁 − 1 intervals are initially unconverged at the start of 𝑘 = 1. Therefore  can be run
immediately from the converged solution at 𝑇1 . It follows that the maximum number of samples generated by 𝑠 is
𝑀(𝑁 − 2), occurring at the ﬁrst iteration 𝑘 = 1.
This ensures that within 𝑠 , only unconverged sub-intervals are improved at any particular 𝑘, with the entire process stopping once all 𝑁 sub-intervals are converged. This diﬀers slightly from  where the solution is improved
across all sub-intervals regardless of whether some had converged or not, recall Figure 3d demonstrating this property. This improved functionality enables the algorithm to consider multiple steps converged, up to time 𝑇𝐼 say, in a
single iteration, before moving on to the unconverged intervals beyond time 𝑇𝐼 in the following iteration. This saves
computational resources and will be demonstrated more clearly in Section 4.1.
It should be noted that the sampling and subsequent propagation of all candidate trajectories, at any iteration 𝑘,
are carried out in parallel to ensure rapid computation of the ﬁne solver. Therefore in order to preserve and achieve
speed-up, 𝑠 requires at least 𝑀(𝑁 − 2) processors when solving, signiﬁcantly more than  requires. It is assumed
however that a large enough number of compute cores are available to solve these sorts of problems. The choice of
both  and  remain an important factor in the level of speed-up one wishes to attain. The less accurate a solver  is,
the more iterations 𝑠 will require in order to achieve the level of accuracy speciﬁed by 𝜖.
Due to the stochastic nature of 𝑠 , each simulation of the algorithm will converge in a diﬀerent number of iterations
𝑘𝑠 ∈ {1, … , 𝑁}. This makes analytical convergence analysis diﬃcult and therefore statistical methods are employed
to determine the rate of convergence. Such methods include running multiple simulations of 𝑠 on the same problem
(with a ﬁxed number of samples 𝑀) in order to determine a convergence distribution for 𝑘𝑠 . This will demonstrate,
with some probability, whether 𝑠 performs better or worse than the ﬁxed convergence rate 𝑘𝑑 of .
The number of sampled solutions taken at each step also needs to be optimised. If 𝑀 is chosen too small, sampling
will be ineﬀective and solutions are unlikely to ‘jump’ close to the true solution. On the other hand, a saturation point
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Figure 5: An artiﬁcial depiction of the ﬁrst iteration of 𝑠 . The initial guess by  and subsequent  runs at 𝑘 = 0 are given
in orange and dashed blue respectively. At 𝑘 = 1,  is run again using these  values, see solid red trajectories. Next, 𝑀
solutions are sampled around the ﬁne solution using (3.1) at time step 𝑇2 and then propagated forward, see purple dashed
trajectories. Note that no samples are taken at 𝑇1 as the preceding trajectory is fully converged.

T0

T1
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T3

T4

T5
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Time

Figure 6: An artiﬁcial depiction of the sampled trajectories (𝑀 = 5 in this case) generated by 𝑠 at each unconverged
sub-interval (𝑇2 and beyond) at iteration 𝑘 = 1. Samples are taken near the red dots (i.e. the mean of the sampling rule
(3.1)) and a continuous solution is determined serially by minimising the diﬀerence between trajectories on the boundaries
at increasing time steps.

will inevitably be reached for large 𝑀, beyond which sampled solutions are so close together they go to waste. By
analysing the distributions of 𝑘𝑠 for increasing 𝑀, an optimal number (or range) for 𝑀 and therefore the number of
processors required can be determined.
After locating an optimal range for 𝑀, an ensemble of stochastic solutions, generated by multiple independent runs
of 𝑠 , can be used to test accuracy against the ﬁne solution. This becomes very important when simulating solutions
from chaotic systems such as the Lorenz equations. The stochastic nature of 𝑠 will generate slightly diﬀerent solution
trajectories in phase space with each independent run, hence by observing the spread of the solutions at diﬀerent time
slices across the domain, the accuracy and statistical distribution of the ensemble trajectories can be understood more
clearly.

3.2. Sampling Rules
The main reason for using sampling rules to generate solutions is to exploit the statistical diﬀerences that are
inherently generated by the coarse and ﬁne solvers for numerical gain. Therefore the known solutions (at iteration 𝑘)
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identiﬁed by  and  provide good starting positions from which to begin sampling. There are many distributions that
could be chosen for sampling, however the normal distribution is naturally suited to sampling solutions near to the
mean as long as a suitable standard deviation can be chosen. It a good choice for an initial sampling rule, however for
problems that exhibit rapidly growing or decaying solutions, a more skewed or heavy-tailed distribution may be more
appropriate. Depending on whether the solutions at  or  are more accurate at iteration 𝑘, either of the following
rules may be more suitable for a particular problem than the other.
The sampling rules are given below at a generic time step 𝑛 and iteration 𝑘. Recall notation from Algorithm 2
where 𝐔̂ and 𝐔̃ refer to solutions calculated by the coarse and ﬁne solvers respectively.
Rule 1:
Rule 2:

[
( 𝑘
) ]
̂ − 𝐔̂ 𝑘−1 2
∼  𝐔̃ 𝑘−1
,
𝐔
𝑛
𝑛
𝑛
𝑀
1
[
)2 ]
( 𝑘−1
]
[ 𝑘
𝑘
𝑘
− 𝐔̂ 𝑘−1
𝐔̄ , … , 𝐔̄
∼  𝐔̂ , 𝐔̃

[

𝐔̄ 𝑘𝑛 , … , 𝐔̄ 𝑘𝑛
𝑛1

𝑛𝑀

]

𝑛

𝑛

𝑛

(3.1)
(3.2)

Solutions generated by sampling rule (3.1) are centred around a mean of the most accurate ﬁne solution available
at 𝑘 − 1, with a standard deviation of the absolute diﬀerence of the two coarse solutions at 𝑘 and 𝑘 − 1. This works well
for stable problems that require a relatively small standard deviation, with samples clustered close to the mean value.
Sampling rule (3.2) instead generates solutions close to the most accurate coarse solution available at iteration
𝑘. Whilst this may seem counter-intuitive, the standard deviation associated with this rule is much larger, set as the
absolute diﬀerence between the ﬁne and coarse solutions at 𝑘 − 1, enabling the algorithm a chance to select an optimal
solution as close to or as far from  as it needs to be to ensure continuity. This may be more suitable for unstable
systems of equations that vary rapidly on short timescales. Both rules will however require an increasingly larger 𝑀
in order for solutions far from the mean to be well sampled (if required).
Depending on the nature of the problem being solved, alternative probability distributions may be suitable candidates for sampling rules, however for the purposes of this report, rules (3.1) and (3.2) are general enough to analyse
the performance of 𝑠 on the Brusselator and Lorenz test problems.
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Algorithm 2: Stochastic Parareal (𝑠 )
Step 1: Set counters 𝑘 = 0, 𝐼 = 0 and deﬁne 𝐔𝑘𝑛 as solution at 𝑛𝑡ℎ time step and 𝑘𝑡ℎ iteration (recall that 𝐔𝑘0 is
known for all 𝑘).
Step 2: Calculate the initial guesses at the start of each sub-interval 𝑇𝑛 using  serially.
𝐔̂ 00 = 𝐔00
for 𝑛 = 1 to 𝑁 do
𝐔̂ 0𝑛 = (𝐔̂ 0𝑛−1 )
end for
Step 3: Running  in parallel, propagate the solution on each sub-interval using previously calculated initial
values.
for 𝑛 = 1 to 𝑁 do
𝐔̃ 0𝑛 =  (𝐔̂ 0𝑛−1 )
𝐔0𝑛 = 𝐔̃ 0𝑛
end for
𝐼 = 1 (as solution up to 𝑇𝐼 is now converged)
Step 4: for 𝑘 = 1 to 𝑁 do
(i) (Coarse solve - serial)
for 𝑛 = 𝐼 + 1 to 𝑁 do
)
𝐔̂ 𝑘𝑛 = 𝐺(𝐔𝑘−1
𝑛−1
end for
(ii) (Fine step - parallel)
for 𝑛 = 𝐼 + 1 to 𝑁 do
) (as 𝐔𝑘−1
has converged)
if 𝑛 = 𝐼 + 1, 𝐔𝑘𝑛 =  (𝐔𝑘−1
𝑛−1
𝑛−1
else, generate 𝑀 solution samples from one of the sampling rules (see Section 3.2). Propagate
each one to obtain 𝑀 trajectories  (𝐔̄ 𝑘𝑛 ).
𝑚
end for
(iii) (Find continuous solution)
for 𝑛 = 𝐼 + 2 to 𝑁 do
𝑚̄ = argmin ‖𝐔̄ 𝑘𝑛 −  (𝐔𝑘𝑛−1 )‖∞
𝐔𝑘𝑛
end for

𝑚

= 𝐔̄ 𝑘𝑛

𝑚

𝑚̄

(iv) (Error check)
𝐼 = 𝐼 + 1 (as solution up to 𝑇𝐼 is now converged)
for 𝑗 = 𝐼 + 1 to 𝑁 do
if ‖𝐔𝑘𝑗 − 𝐔𝑘−1
𝑗 ‖∞ < 𝜖,
𝐼 =𝐼 +1
save 𝐔𝑘𝑗 ∀𝑘
else, break
end for
if 𝐼 = 𝑁, return 𝐔𝑘 (all intervals converged up to 𝑇𝑁 )
else, next 𝑘
end for
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4. Analysis of Stochastic Parareal
In the following sections, results are obtained by applying 𝑠 to the previously described test problems outlined
in Sections 2.2 and 2.3. Although 𝑠 requires at least 𝑀(𝑁 − 2) processors to achieve wall clock speed-up against
the ﬁne solver, the number of processors has no eﬀect on the convergence rate or the solution accuracy. Hence the
following simulations are still run on 28 compute cores. To ensure consistency between comparisons of  and 𝑠 ,
parameters values and initial conditions for both problems are held ﬁxed. The coarse and ﬁne solvers are also selected
both as RK4 methods, with  having a much larger time step than  . Recall that  converged in 𝑘𝑑 = 2 iterations
in both the Brusselator and Lorenz systems, making this the target for 𝑠 to beat. Also recall that a new parameter
𝑀 has been introduced which will be analysed using both of the selected sampling rules independently. For ease of
discussion, equations (3.1) and (3.2) will henceforth be referred to as rule 1 and rule 2 respectively.

4.1. Performance on the Brusselator
Before analysing the results, it is helpful to observe how 𝑠 converges toward a continuous solution. Similarly
to Figure 3b, the continuity errors produced at each iteration (and each Δ𝑇 ) following a single simulation of 𝑠 are
plotted in Figure 7. Recall that for 𝑠 to consider a time interval converged, this error must be below 𝜖 = 10−6 . These
plots demonstrate (for rule 1 at least) that 𝑠 can beat the convergence rate, 𝑘𝑑 = 2, achieved by . It is not however
always guaranteed to perform better. Recall that its stochastic nature will cause the the convergence rate 𝑘𝑠 and the
ﬁnal solution itself to change with each independent simulation. Therefore it becomes necessary to investigate the
distribution of 𝑘𝑠 produced by multiple realisations of 𝑃𝑠 with varying 𝑀.
With this in mind, using rule 2, 𝑠 converges only until the ﬁrst 16 time intervals in the ﬁrst cycle, such that
subsequent iterations are required for full convergence. Notice that peak error occurs at a time (approximately) close
to where the ODE solution becomes stiﬀ. Additional time intervals 𝑁 could potentially reduce this error spike. Two
more subsequent iterations show rule 2 reaching the required tolerance in 𝑘𝑠 = 3 iterations for this single run of 𝑠 .
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Figure 7: Continuity errors of the Brusselator solution, during a single run of 𝑠 , at sub-interval boundaries. Successive
iterations of 𝑠 are plotted using (a) rule 1 and (b) rule 2 with 𝑀 = 70 samples in both. The algorithm converges once
all errors are below 𝜖 = 10−6 .

Having demonstrated convergence, the algorithm’s stochastic nature must now be investigated. Box plot distributions of the convergence rate 𝑘𝑠 , for 100 independent simulations of 𝑠 , are plotted for increasing sample number in
Figure 8. The plots demonstrate the eﬀect that increasing 𝑀 has, not only on the median value of 𝑘𝑠 , but also on the
range and interquartile ranges (IQRs). For both rules, a much larger 𝑀 increases the probability of sampling from the
tails of the normal distributions, hence increasing the probability that 𝑠 hits a continuous solution. The decreasing
medians with increasing 𝑀 demonstrate this eﬀect. Whilst rule 2 exhibits much more consistent convergence, with
smaller IQRs, the minima show that it is unable to reach 𝑘𝑠 = 1 and therefore cannot beat . Rule 1 on the other hand
much more consistently beats , with with median values and ranges encompassing 𝑘𝑠 = 1 for any 𝑀, much more so
for larger values however.
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Figure 8: Box plot distributions of the number of iterations 𝑘𝑠 obtained by running 𝑠 independently 100 times with (a)
rule 1 and (b) rule 2. The number of samples 𝑀 are increased in increments of 10. Whiskers indicate minimum and
maximum values, blue boxes give the interquartile ranges and solid red lines indicate the median number of iterations.

In particular the fraction of simulations of 𝑠 that converge at the same rate, or faster, than  is a useful metric. For
high numbers of independent simulations, these fractions can be thought of as the probability that 𝑠 beats or equals
the convergence rate of . As can be seen in Figure 9, the probabilities increase almost monotonically with increasing
𝑀 for both sampling rules. Rule 1 outperforms rule 2 at every value of 𝑀, tending to probability 1 as M increases to
𝑀 = 370.
Rule 1 outperforms rule 2 because it has a much smaller variance, suited to stable systems like the Brusselator
where solutions initially close together do not diverge from one another after short evolution periods. With much
higher variance, rule 2 has a much larger space from which to sample solutions, hence requiring many more samples
to achieve a higher probability of beating or equalling . This shows that rule 1 requires fewer samples (and therefore
processors) than rule 2 in order to perform as well as .
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Figure 9: The discrete probabilities that 𝑠 beats, or equals, the convergence rate of  as the sample number 𝑀 is
increased. Probabilities for rules 1 and 2 are given in blue and red respectively.

The set of solutions produced by 250 independent simulations of 𝑠 (using rule 1 with 𝑀 = 100) are now analysed.
Plotting all 250 independent realisations of the Brusselator trajectories in phase space is not very informative as the
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standard deviation between the trajectories at any time point is always below 10−5 . Therefore to measure accuracy, the
average (mean) trajectory is identiﬁed and compared to the ‘true’ solution given by the ﬁne solver. The error between
these trajectories as well as the error between the trajectory found using  and the ﬁne solution are plotted in Figure 10.
Notice how the two plots match incredibly well, with the errors bounded above by approximately 10−4 . To improve
accuracy further, one would need to increase the number of coarse time steps within 𝑠 , however this will come at the
cost of a higher wall clock time upon simulation.
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Figure 10: (Top panel) The error between the average stochastically generated trajectory from 𝑠 and the ﬁne solution
of the Brusselator. (Bottom panel) The same, except the trajectory is generated deterministically by .

4.2. Performance on the Lorenz system
Similarly to Section 4.1, 𝑠 is demonstrated to perform at least as well, if not better than , requiring at best, 𝑘𝑠 = 1
iteration to converge. The box plot distributions for 𝑘𝑠 in Figure 11a however, show that using rule 1, some simulations
of 𝑠 often take the full 𝑘 = 24 iterations to converge to a solution. These simulations of 𝑠 are as slow as running
 serially and clearly are not a viable solution to the problem. Such a large range demonstrates that the variance of
rule 1 is clearly too small to sample eﬀectively in this chaotic system. This decreases the probability that a continuous
solution will be located, unless 𝑀 is increased drastically. Even for 𝑀 = 200, the full range 𝑘𝑠 ∈ {1, … , 24} still
exists.
Rule 2 on the other hand (see Figure 11b) performs much better, converging within a much smaller range of
iterations for all tested values of 𝑀. This exempliﬁes the idea that a higher variance for a more chaotic system increases
the probability that a solution is found. The chaotic nature of the Lorenz system inherently demands a larger variance
as trajectories diverge drastically from one another over short intervals.
Following this, the fraction of simulations that perform as well or better than  are displayed in Figure 12. As
expected, rule 2 is clearly the obvious choice for solving this system rapidly, with the probability approaching almost
certainty as sample numbers reach approximately 𝑀 = 400. Whilst the probability does plateau at around 0.9 after
𝑀 = 270 samples, the range given by the corresponding box plots show that additional iterations are kept to a minimum. Much like the Brusselator, increasing 𝑀 further can increase the probability to almost certainty if the required
processors are available. Using rule 2, remarkable agreement between the average trajectory, out of 250 independent
simulations, of 𝑠 and the ﬁne solution is demonstrated once again in Figure 13. The 𝑥, 𝑦 and 𝑧 errors correspond very
well to the ones deterministically generated by  as well.
To observe the stochastic nature of the 𝑠 trajectories more clearly, all 250 solutions generated are plotted in phase
space in Figure 14a. The standard deviation is known to be minimal, on scales of 10−4 to 10−10 , hence trajectories
overlap and do not clearly deviate from one another in this plot. However if magniﬁed at speciﬁc times, ‘clouds’ of
scattered discrete points of each of the 250 trajectories can be viewed in 3D space (see Figures 14b-14d). Whilst
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individual trajectories from 𝑃𝑠 do indeed deviate on tiny scales, they preserve accuracy when compared to the solution
from deterministic parareal (see blue points in the previous Figures). What this demonstrates is that 𝑠 has the ability
to rapidly compute large numbers of trajectories for highly nonlinear and chaotic systems whilst preserving solution
accuracy.
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Figure 11: Box plot distributions of the number of iterations 𝑘𝑠 obtained by running 𝑠 independently 100 times with
(a) rule 1 and (b) rule 2 on the Lorenz system. The number of samples 𝑀 are increased in increments of 10. Whiskers
indicate minimum and maximum values, blue boxes give the interquartile ranges and solid red lines indicate the median
number of iterations.
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Figure 12: The discrete probabilities that 𝑠 beats, or equals, the convergence rate of  as the sample number 𝑀 is
increased. Probabilities for rules 1 and 2 are given in blue and red respectively.
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Figure 13: (Top panel) The error between the average stochastically generated trajectory from 𝑠 and the ﬁne solution
of the Lorenz system. (Bottom panel) The same, except the trajectory is generated deterministically by .

5. Conclusions
It has been demonstrated that the stochastic parareal algorithm 𝑠 has the potential, under speciﬁc conditions, to
outperform its deterministic counterpart  with a varying degree of probability. This probability is based on a number
of factors, namely the number of time intervals 𝑁, the number of samples taken at each sub-interval 𝑀, the type of
problem being solved and the type of sampling rule in use.
In the case of both the Brusselator and Lorenz systems, it was shown that 𝑠 could converge in just a single iteration
𝑘𝑠 = 1. As mentioned in Section 2, this indicates that, in the absence of algorithm-speciﬁc ineﬃciencies, the stochastic
parareal algorithm has the potential to oﬀer perfect parallel speed-up (when compared to the ﬁne solver  ). It must be
noted that for much larger problems in the literature,  does not usually converge so quickly and hence by testing on
such small systems of ODEs, beating  was to be challenging. The fact that it could however be beaten in such few
iterations shows that the prospects this new method provide for larger-scale applications are nonetheless promising.
More interestingly was that for a large enough number of samples, the probability to converge in less than or equal
the same number of iterations as deterministic  approached almost certainty. The stochastic trajectories were also
shown clustering in clouds around the solution found using , showing that accuracy of the stochastic solutions was
preserved.
It can be concluded that the performance of 𝑠 was highly dependent upon the chosen sampling rule, which itself
needed to be chosen dependent on the type of problem being solved. The preliminary analysis suggests that more
unstable and chaotic systems like the Lorenz equations, require a larger variance to converge quickly toward a solution
whereas those that are more stable, like the Brusselator, required a smaller variance. Both sampling rules 1 and 2
however required a large number of generated samples 𝑀 to ensure that 𝑠 converged sooner or at the same time as .
Clearly there is an optimal balance that needs to be struck between the variance of the sampling rule and the number
of samples taken, depending on the problem in question. It must also be recalled that in order to beat the wall clock
times of , the number of processors required to solve a particular problem using 𝑠 must increase to 𝑀(𝑁 − 2). Thus
this may be a constraining factor if the number of available compute cores is limited.
There are many diﬀerent avenues for further work in testing and applying the stochastic parareal algorithm. One
obvious area to explore is to identify and test the performance of 𝑠 using an assortment of diﬀerent sampling rules on
diﬀerent types of diﬀerential problems with various mathematical properties. Investigating the impact on convergence
and accuracy of probability distributions with heavier tails or some form of skew would provide a clearer picture of how
𝑠 can converge optimally. A sampling rule consisting of the original predictor-corrector rule plus some variable white
noise would be valuable in determining a speciﬁc variance for which the algorithm converges optimally. Alternatively,
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(a)

(c) 𝑡 = 6.8

(b) 𝑡 = 1.6

(d) 𝑡 = 10

Figure 14: (a) All 250 stochastic trajectories of the Lorenz system in phase space generated by 𝑠 (with rule 2) and the
single trajectory generated by . Magniﬁcations of these trajectories are plotted as scattered discrete points at times (b)
𝑡 = 1.6, (c) 𝑡 = 6.8 and (d) 𝑡 = 10. Purple dots are from 𝑠 whilst the single blue point is from .

one could investigate incorporating Bayesian methods into the sampling rule.
On the algorithmic level, assuming a suﬃciently large computing memory, one could also look to store all previously calculated trajectories at each iteration 𝑘, thus having many more trajectories from which to construct a continuous solution from at each successive iteration, potentially oﬀering faster convergence. Whilst  and  were both
ﬁxed as fourth-order Runge Kutta methods, there is also potential for other combinations of solvers to be used in 𝑠 to
exploit speed up. The ﬁnal avenue to explore would be to apply 𝑠 to much larger time-dependent evolution problems
and determine whether the algorithm can still beat . The importance of developing and investigating time-parallel
methods for high performance computing cannot be understated and remains an active and exciting area of research.
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