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2.1 Birth-death process

(Xt : t ≥ 0) CTMC with state space S = N0 and jump rates

x
αx−→ x+ 1 ∀x ∈ S , x

βx−→ x− 1 ∀x ≥ 1 .

(a)

Generator of the process (infinite matrix):

G =


−α0 α0 0 · · · · · · · · ·
β1 −α1 − β1 α1 0 · · · · · ·
0 β2 −α2 − β2 α2 0 · · ·
... . . . . . . . . . . . . . . .

 ,

or

g(x, y) =
{
α0δ1,y − α0δ0,y x = 0
αxδx+1,y + βxδx−1,y − (αx + βx)δx,y x ≥ 1

.

The master equation of the process is obtained plugging the previous expressions into the general
equation

d

dt
πt(x) =

∑
y 6=x

πt(y)g(y, x)− πt(x)
∑
y 6=x

g(x, y) .

For x = 0 we have

d

dt
πt(0) =

∑
y 6=0

βy δy−1,0 πt(y)−
∑
y 6=0

α0 δ1,y πt(0) = β1 πt(1)− α0 πt(0) .

For all x ≥ 1 we have

d

dt
πt(x) =

∑
y 6=x

πt(y)
[
αyδy+1,x + βyδy−1,x

]
−
∑
y 6=x

πt(x)
[
αxδx+1,y + βxδx−1,y

]
=

= αx−1 πt(x− 1) + βx+1 πt(x+ 1)− (αx+1 + βx−1) πt(x) .

The process is irreducible if and only if

αx > 0 ∀x ∈ S and βx > 0 ∀x ≥ 1 .
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To find the (unique) stationary distribution for the process, we can use the detailed balance equa-
tions:

π(x) g(x, y) = π(y) g(y, x) .
This yields

αx π(x) = βx+1 π(x+ 1) ⇒ π(x+ 1) = αx
βx+1

π(x) ∀x ∈ S ,

and therefore

π(x) = αx−1 αx−2 . . . α0
βx βx−1 . . . β1

π(0) =
x−1∏
i=0

αi
βi+1

π(0) ∀x ≥ 1 .

(b)

If we suppose αx = α ∀x ≥ 0 and βx = β ∀x > 0, we have a M/M/1 queue.

In this case, the stationary distribution can only be normalized if α < β, in fact:
∞∑
x=0

π(x) = 1 ⇒
∞∑
x=0

(α
β

)x
π(0) = 1 ,

and the geometric series converges if α/β < 1, in which case

π(0) = 1− α

β
and π(x) =

(α
β

)x (
1− α

β

)
∀x > 0 .

2.2 Contact process

CP (ηt : t ≥ 0) on the complete graph Λ = {1, . . . , L} with infection rates q(i, j) = λ ∀i 6= j , state
space S = {0, 1}L and transition rates

c(η, ηi) = η(i) + λ (1− η(i))
∑
j 6=i

η(j) , where ηi(k) =
{

1− η(k) , k = i

η(k) , k 6= i
.

(a)

Let Nt =
∑
i∈Λ ηt(i) ∈ {0, . . . , L} be the number of infected individuals at time t.

(Nt : t ≥ 0) is a CTMC with state space S′ = {0, . . . , L} and transition rates

g(n,m) = (L− n) λ n δn,m−1 + n δn,m+1 0 ≤ n,m ≤ L .

The master equation for the process is

d

dt
πt(x) =

∑
y 6=x

πt(y)g(y, x)−
∑
y 6=x

πt(x)g(x, y) =

=


πt(1) , x = 0
λ (Lx− L− x2 − 1) πt(x− 1) + (x+ 1) πt(x+ 1)− [λLx− λx2 + x] πt(x) , 1 < x < L

λ (L− 1) πt(L− 1)− L πt(L) , x = L

.

(b)

The process is not irreducible, as Nt = 0 is an absorbing state: pt(0, y) = δ0,y ∀y ∈ S′ and ∀t ∈ N0.

The only stationary distribution for the process is πt = (1, 0, . . . , 0) .
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(c)

Mean-field assumption: E(Nk
t ) = E(Nt)k ∀k ≥ 1.

If we define ρ(t) := E(Nt)/L, we have

d

dt
ρ(t) = d

dt

E(Nt)
L

= 1
L

d

dt

L∑
x=0

xπt(x) = 1
L

L∑
x=0

x
dπt(x)
dt

,

therefore we can derive the mean-field rate equation for ρ(t) from the master equation:

d

dt
ρ(t) = 1

L

[ L∑
x=1

λx(Lx−L−x2−1)πt(x−1)+
L−1∑
x=0

x(x+1)πt(x+1)−
L−1∑
x=0

λx2(L−x)πt(x)−
L∑
x=1

x2πt(x)
]

=

= 1
L

[L−1∑
y=0

λ(Ly2+Ly−y3−y2)πt(y)+
L∑
z=1

z(z−1)πt(z)−
L∑
x=0

Lλx2πt(x)+
L∑
x=0

λx3πt(x)−L2ρ2(t)
]

=

= λL2ρ2(t) + λLρ(t)− λL2ρ3(t)− λLρ2(t) +Lρ2(t)− ρ(t)− λL2ρ2(t) + λL2ρ3(t)−Lρ2(t) =

= λLρ(t)− λLρ2(t)− ρ(t) = −ρ(t) + L λ (1− ρ(t)) ρ(t) =: f(ρ(t)) .

(d)

We can compute the stationary points via f(ρ∗) = 0.

f(ρ∗) = −Lλρ∗2 + (Lλ− 1)ρ∗ = 0 ⇒ ρ∗1 = 0 , ρ∗2 = 1− 1
Lλ

.

The stability of the stationary points depend on the value of λ:

• If λ < 1/L (Fig. 1(a)), then ρ∗2 > 0. In this case ρ∗1 = 0 is an unstable stationary point and
ρ∗2 is stable.

• If λ > 1/L (Fig. 1(b)), then ρ∗2 < 0, but the function ρ(t) only takes value in [0, 1], therefore
there is only one stationary point ρ∗1 = 0 and this is stable.

• If λ = 1/L, then ρ∗1 = ρ∗2 = 0, stable.
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Figure 1: Examples: f(ρ) against ρ for two vaues of λ. The plots above are only presented to
illustrate the point, and these precise values of λ have no particular meaning.
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2.3 Simulation of CP

CP on the one-dimensional lattice ΛL = {1, . . . , L}, with rates q(i, j) = q(j, i) = λδj,i+1 (nearest
neighbours only) and periodic boundary conditions.

(a)

Running the C code provided (slightly modified), the process was simulated for L = 256 up to time
T = 10 L = 2560, for different values of λ. Fig.2 shows the evolution in time of the number of
infected individuals Nt =

∑
x∈ΛL

ηt(x) in a double-logarithmic plot, averaging over 100 realizations.
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Figure 2: Nt against time for different values of λ.

The CP has one absorbing state η(i) = 0 for all i ∈ ΛL, which can be reached from every initial
configuration in a finite lattice, therefore the infection will eventually get extinct with probability 1.
However, the expected value of the extinction time t∗ can exhibit completely different behaviours:

E(t∗) ∝ logL for λ < λc and E(t∗) ∝ eCL for λ > λc ,

where λc is the critical infection rate.

In our simulation, the trend is clearly logarithmic for λ ≤ 1.6, whereas it is clearly exponential for
λ ≥ 1.8. This suggests that the window of interest for the critical infection rate is 1.6 ≤ λc ≤ 1.8.

(b)

To find an estimate of the critical value λc, the following procedure was repeated (automatically) for
different lattice sizes (L = 128, 256, 512, 1024), always averaging over 1000 realizations and starting
with the interval obtained in (a):

(1) Run the code incrementing λ from λmin up to λmax, with increments of λstep.

(2) For each obtained dataset, fit a straight line through the data and calculate the coefficient of
determination R2 as a measure of the goodness-of-fit.

(3) Let λ∗ be the value corresponding to the maximum R2.
Set λmin = λ∗ − λstep and λmax = λ∗ + λstep.

(4) Reduce λstep and repeat the process until the desired level of precision is reached.
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Figure 3: Nt vs. time for different values of λ near λc. Lattice size L = 128.

Time/5

10
0

10
1

10
2

10
3

N
u

m
b

e
r 

N
t 

o
f 

in
fe

c
te

d
 i

n
d

iv
id

u
a

ls

10
0

10
1

10
2

Contact Process on 1D lattice (L = 256)

λ =1.6

λ =1.64

λ =1.68

λ =1.72

λ =1.76

λ =1.8

(a)
Time/5

10
0

10
1

10
2

10
3

N
u

m
b

e
r 

N
t 

o
f 

in
fe

c
te

d
 i

n
d

iv
id

u
a

ls

10
0

10
1

10
2

Contact Process on 1D lattice (L = 256)

λ =1.6

λ =1.61

λ =1.62

λ =1.63

λ =1.64

λ =1.65

λ =1.66

λ =1.67

λ =1.68

(b)
Time/5

10
0

10
1

10
2

10
3

N
u

m
b

e
r 

N
t 

o
f 

in
fe

c
te

d
 i

n
d

iv
id

u
a

ls

50

60

70

80

90

100

110

120

130

140

150

Contact Process on 1D lattice (L = 256)

λ =1.65

λ =1.652

λ =1.654

λ =1.656

λ =1.658

λ =1.66

λ =1.662

λ =1.664

λ =1.666

λ =1.668

λ =1.67

(c)

Figure 4: Nt vs. time for different values of λ near λc. Lattice size L = 256.

Time/5

10
0

10
1

10
2

10
3

N
u

m
b

e
r 

N
t 

o
f 

in
fe

c
te

d
 i

n
d

iv
id

u
a

ls

10
-1

10
0

10
1

10
2

Contact Process on 1D lattice (L = 512)

λ =1.6

λ =1.64

λ =1.68

λ =1.72

λ =1.76

λ =1.8

(a)
Time/10

10
0

10
1

10
2

N
u

m
b

e
r 

N
t 

o
f 

in
fe

c
te

d
 i
n

d
iv

id
u

a
ls

10
0

10
1

10
2

Contact Process on 1D lattice (L = 512)

λ =1.6

λ =1.61

λ =1.62

λ =1.63

λ =1.64

λ =1.65

λ =1.66

λ =1.67

λ =1.68

(b)
Time/10

10
0

10
1

10
2

N
u

m
b

e
r 

N
t 

o
f 

in
fe

c
te

d
 i

n
d

iv
id

u
a

ls

60

80

100

120

140

160

180

200

Contact Process on 1D lattice (L = 512)

λ =1.64

λ =1.642

λ =1.644

λ =1.646

λ =1.648

λ =1.65

λ =1.652

λ =1.654

λ =1.656

λ =1.658

λ =1.66

(c)

Figure 5: Nt vs. time for different values of λ near λc. Lattice size L = 512.

5



Time/10

10
0

10
1

10
2

10
3

N
u

m
b

e
r 

N
t 

o
f 

in
fe

c
te

d
 i
n

d
iv

id
u

a
ls

10
-1

10
0

10
1

10
2

10
3

Contact Process on 1D lattice (L = 1024)

λ =1.6

λ =1.64

λ =1.68

λ =1.72

λ =1.76

λ =1.8

(a)
Time/10

10
0

10
1

10
2

10
3

N
u

m
b

e
r 

N
t 

o
f 

in
fe

c
te

d
 i
n

d
iv

id
u

a
ls

10
-2

10
-1

10
0

10
1

10
2

Contact Process on 1D lattice (L = 1024)

λ =1.6

λ =1.61

λ =1.62

λ =1.63

λ =1.64

λ =1.65

λ =1.66

λ =1.67

λ =1.68

(b)
Time/10

10
0

10
1

10
2

10
3

N
u

m
b

e
r 

N
t 

o
f 

in
fe

c
te

d
 i
n

d
iv

id
u

a
ls

100

150

200

250

300

350

400

Contact Process on 1D lattice (L = 1024)

λ =1.64

λ =1.642

λ =1.644

λ =1.646

λ =1.648

λ =1.65

λ =1.652

λ =1.654

λ =1.656

λ =1.658

λ =1.66

(c)

Figure 6: Nt vs. time for different values of λ near λc. Lattice size L = 1024.

The critical infection rates computed using the above-mentioned procedure and taking the average
of λmin and λmax are listed in table 1. Each value was attributed an ”experimental” error equal
to the smallest λstep used in the simulation. Fig.7 shows the plot of λc as a function of the inverse
of the system size 1/L. A straight line was fitted through the experimental data, in order to
extrapolate the critical infection rate for an infinite 1D lattice.

System size λc

128 1.656± 0.002
256 1.652± 0.002
512 1.652± 0.002
1024 1.648± 0.002

Table 1: Numerically calculated infection rates.

The extrapolated value for the threshold rate
for the contact process on an infinite one-
dimensional lattice is

λc(∞) = 1.648± 0.006
1/L ×10

-3

0 1 2 3 4 5 6 7 8

λ
c

1.646

1.648

1.65

1.652

1.654

1.656

1.658
Data

Fit

Fitted model:

y = 1.648 + 0.997 x

Figure 7: Critical rate λc vs 1/L.

(c)

On a general connected, undirected graph, simulating the contact process with random sequential
update may lead to oversampling and waste of computational time, since the sampling rate for the
system would be determined by the vertices with highest degree.

Therefore, unless all vertices of the graph have very similar degree, the contact process on a graph
should be simulated using the Gillespie algorithm.

Let G = (V,E) be a graph with adjacency matrix A. The rates of the contact process on G are

c(η, ηi) = η(i) + (1− η(i))
∑
j 6=i

ai,j q(j, i) η(j) .

To simulate the process, set t = 0, η = η0 and repeat:

(1) Compute the sampling rate R(η) =
∑
i∈V c(η, ηi),
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(2) update the time counter t+ = exp(R(η)),

(3) pick a vertex i with probability pi(η) = c(η, ηi)/R(η),

(4) flip vertex i .

2.4 Dorogovtsev-Mendes-Samukin model

(a)

The model was simulated for a graph of size N = 1000 with three different values of k0 = 0, 2, 4.
Fig.8-10 show the (cumulative) degree distribution in a double logarithmic plot for a single realiza-
tion (a) and for 100 realizations (b).

The power-law exponent can not be measured with a good accuracy in graphs of this size. Fitting a
power-law through the data produces poor results, unless one considers only a relatively small (and
conveniently chosen) subset of the data, which is not a very scientific modus operandi. Therefore, no
fit is presented here, and each dataset is simply plotted together with a power-law with theoretically
prediced exponent −γ = −(2 + k0/m).
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(b) 100 realizations.

Figure 8: Degree distribution in DMS model, double-logarithmic, k0 = 0.
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Figure 9: Degree distribution in DMS model, double-logarithmic, k0 = 2.
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Figure 10: Degree distribution in DMS model, double-logarithmic, k0 = 4.

The plots clearly show that graphs of much greater size are necessary to properly measure the
power-law exponent of the degree distribution. Fig.11 shows the degree distribution for a DMS
graph of size N = 105. Here a power-law was fitted through the data (red line). The computed
value for the exponent is near to the predicted value of 2 (but not yet consistent).
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Figure 11: Degree distribution in DMS model, double-logarithmic, size N = 105.

(b)

Fig.9 (a), (b), (c) show the expected value knn(k) of the conditional degree distribution q(k | k′)
for each case k0 = 0, 2, 4. This represents the average degree of the nearest neighbours of all the
vertices of a given degree k. All plotted values are averages over 100 realizations.

The graphs are typically uncorrelated.
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Figure 12: knn(k) vs degree k in DMS model, size N = 1000, averages over 100 realizations.

(c)

Fig.10 (a), (b), (c) show the spectra of the adjacency matrices for each case k0 = 0, 2, 4 using all
realizations with ksdensity.

None of the spectra approach the Wigner semi-circle, because the adjacency matrices of DMS
random graph are not Wigner matrices.

(a) k0 = 0 (b) k0 = 2 (c) k0 = 4

Figure 13: Spectral density ρ(λ) of adjacency matrices and comparison with Wigner semi-circle.
Size N = 1000, 100 realizations.

2.5 Erdős-Rénji random graphs

20 realizations of GN,p graphs were simulated, with p = pN = z/N , z = 0.1, 0.2, . . . , 3.0 for N = 100
and N = 1000.

(a)

The expected size of the largest two components against z is plotted in Fig.14 for N = 100 (a) and
N = 1000 (b).

For z < 1, both the first and second largest components of our graph are relatively small (O(logN)).
As z increases, can clearly see a ”phase transition” happening when z crosses the threshold z = 1:
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Figure 14: Component size vs z = N p for N = 100 (a) and N = 1000 (b)

the largest connected component rapidly expands and becomes of size O(N), whereas the second
largest component remains of order O(logN).

(b)

In Fig.15(a), the expected local clustering coefficient E[〈Ci〉] (averaged over 20 realizations) is
plotted against z for N = 100.

As expected, it increases as z = Np increases. To see this trend more clearly, a second simulation
was performed, with a wider range for z and 100 realizations (Fig.15(b)).
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(a) 20 realizations, z = 0.1, 0.2, . . . , 3.0.
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(b) 100 realizations, z = 0.2, 0.4, . . . , 10.0.

Figure 15: Expected local clustering coefficient vs z. Graph size N = 100.

(c)

Fig.16 (a), (b), (c) show the spectra of the adjacency matrices for three cases z = 0.5, 1, 1.5, using
100 realizations with ksdensity.
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(a) z = 0.5 (b) z = 1.0 (c) z = 1.5

Figure 16: Spectral density ρ(λ) of adjacency matrices and comparison with Wigner semi-circle.
Size N = 1000, 100 realizations.

The spectra seem to approach the Wigner semi-circle as z increases. An additional simulation with
a higher value of z = 10 was performed in order to check the validity of Wigner semi-circle law
(Fig.17).

The bunch of eigenvalues outside Wigner semi-circle in Fig.17 are Perron-Frobenius eigenvalues of
the 100 simulated graphs, and they are of order z = pN as predicted.

Figure 17: Wigner semi-circle law for ER graph, N = 1000, z = 10, 100 realizations.
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