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Networks and Random Processes

Hand-out 1
Linear Algebra

Consider a square matrix A € R™*" with elements a,;. The determinant of the matrix is given by

det(A) = Z Ham(z‘) ;

TES, i=1
where the first sum is over all permutations of the indices 1,...,n. A has n complex eigenvalues
Aiy -« Ap € C which are the roots of the characteristic polynomial

n

Xa(A) = det(A— X1d) =[N = V),
=1

which is a polynomial of degree n. If )\; is an eigenvalue, so is the complex conjugate \;, since x 4
has real coefficients. Furthermore

det A = ﬁ)\’ and TI“(A) = En:aii = En:)\z s
i=1 i=1

i=1
where the trace Tr is defined as the sum of the diagonal elements of A.

|v) € C™ is right (column) eigenvector with eigenvalue A € C and (u| left (row) eigenvector if
Alv) = Aoy, (u|d = Xu].

If all eigenvalues are distinct, the matrix has a complete basis of eigenvectors, which can be chosen
to be orthogonal and normalized, i.e.

(uilv) = dij -
Matrices for which this is not the case exhibit higher multiplicity of eigenvalues, e.g. with character-
istic polynomial (1 — \)2. In the following we assume that all eigenvalues are distinct.

o If A = AT is symmetric, then all eigenvalues )\; € R are real and the eigenvectors have real
entries and "are equal’, in the sense that (u;|7 = |v;) and form an orthonormal basis of R™.

e If all eigenvalues are distinct, the matrix |v;) (u;| € R projects a vector (z| onto the eigenspace
of the corresponding eigenvalue \;

(x|vi)(ui| = a;(u;| with coefficient a; = (z|v;) .
A itself can be decomposed as a linear combination of such projectors, A =>"" | \;|v;) (u;]
For projections we have |v;) (u;| |vj) (u;| = 0i;|vi) (us| so also powers of A,
n
Ak = Z)\f]vzﬂuzl forallk > 1.
i=1
¢ Gershgorin theorem. Every eigenvalue of A lies in at least one Gershgorin disc

D(aiiuRi)g(Cvi:]-?"wna where R’L:Z|a1]|
J#i
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