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Sheet counts 60/100 homework marks, [x] mdicates weight of the question.
Please put solutions in my pigeon hole or give them to me by Friday, 28.10.2016, 2pm.

2.1 Kingman’s coalescent [11]
Consider a system of L well mixed, coalescing particles  Each of the S pairs of particles

coulesces independently with rate 1 This can be interpreted as generating an ancestral tree of
L individuals i a population model, tracing back to a single common ancestor.
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(2) Let N, be the number of particles at time ¢ with Ng = L Give the transition rates of the
process (N . £ > 0) on the state space {1,.. ., L}, write down the generator (L f)(n) for
n€ {1, ., L} and the master equation.
Is the process ergodic? Does 1t have absorbing states? Give all stationary distributions.
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(b) Show that the mean time to absorption 1s given by E(T) = 2(1 — ] 1\~ <ol oy ~ $ n o . -
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(¢) Write the generator of the rescaled process N /L and Taylor expand up to second order. ! ol Y u -
Show that the slowed down, rescaled process X = w,ﬁ\h — X, converges to the ok . T B y
process (X; -t > 0) with generator 2 Vo 3 V -\ h Ild | g
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Convince yourself that this process 1s "determmistic’, te. X; = E(X,) for all ¢ > 0, and -W E t 4= J 53
compute X, expli . How is your result compatible with the result from (b)?
(d) Generate sample paths of the process X7 for L = 10, 100, 1000 and compare to the so- T OB
- : - e R
m Xy from (¢) in a single plot. . ﬁ;l L‘.
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2.2 Geometric Brownian motion [11] - = N
Let (X, ¢ > 0) be a Brownian motion with constant drift on R with generator W r ,.J ATy m)..».... 4
(LH(w) = p f'lx) + W% ). peRe?>0, r." YU «1 o .ﬂ? , M ,ﬁ. A § TR
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condition Xg = 0. Geometric Brownian motion 1s defined as Se——————— v B
(Y, t>0) with Y, =e" Q w r r
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(a) Show that (Y} i ¢t > 0)1s ad

{b) Use the evolution equation of expectation values of test functions f R — R

ston process on [0, oo} and compute 1ts generator.
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(a) Give the state space of the Markov chain (X, : ¢ > 0). Is it rreducible?

What are the stationary distributions? MA /K.{J/ ..._ KJ F.r.t vc*. /
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(b) WMMM‘ s%:: zh._H.,/H\ 1. be the number of mdividuals of a given type k € {1,. L} at !.'l-lluh\ll.l‘fl.\ hﬁ__{ v 1| v W ﬁ Awb ? J _ — v l...IM ’7 :/.: A
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and to deduce how the ubsorp time scales with the system size L ﬁ} M
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(d)

Consider the rescaled process M}~ = WZ:B on the state space

m(t)?.




