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Networks and Random Processes

Hand-out 3
Poisson processes

Poisson random variables.

Let X ~ Poi()\) be a Poisson random variable with intensity A > 0, i.e.
P[X = k] = A e

k!
We have E[X] = A, Var[X] = X and the characteristic function of X is
4 Nk
(I)X (t) — E[eti] — eztkﬁ[
— k!
Therefore, if X; ~ Poi();), 7 =1,...,n are independent Poisson, then the sum is also Poisson,

forall k € Ny .

e =exp (A" —1)) .

n
S=> Xi~Poi(h +...4An).
i=1
For a € [0, 1], an -thinning o o X of an integer random variable X € Ny is defined as
X
aoX =Y 7 with Z; ~Be(a)€ {0,1} iidBernoulli.
k=1
For Poisson variables we have X ~ Poi(\), a € [0,1] = «aoX ~ Poi(a)).
This follows directly from computing the characteristic function
X i\
Doox (t) = E(eztzkzl Zr) = Z
n=0
where we have used @ (t) = 1 — a + ae® =1+ a(e? —1).

SLEB(A) = By (1)) = exp (Aa(e ~ 1))

Poisson processes.

A Poisson process N = (N, : t > 0) ~ PP(\) with rate A\ > 0 is a Markov chain with independent
stationary increments, and N; ~ Poi(At) for all ¢ > 0. The holding times are independent Exp(\)
variables with mean 1/\. The above properties for Poisson random variables imply the following:

e Adding Poisson processes.
Let N ~ PP();) be independent Poisson processes, and define their sum M = (M; : t > 0)
via My := N} + ...+ Nj* forall t > 0. Then M ~ PP(\; + ...+ ),) is a Poisson process.

e Let 7q,...,7, be independent Exp();) exponential random variables, corresponding to the
holding times of Poisson processes N*. Then

min{7y,..., 7} ~ Ezp(A1 + ...+ \n) ,
corresponding to the holding time of the process N' + ... 4+ N" .

e Thinning.
An a-thinning « o N of a Poisson process N ~ PP(\) is defined via (w0 N); = a0 N, for all
t > 0, i.e. independently keep jumps with probability o and erase the others.
Then a o N ~ PP(a\) is again a Poisson process.
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