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1. Probability

o probability space @ (e.g. {H, T}, {paths of a stoch. process})
o events A C (2 (measurable) subsets (e.g. odd numbers on a die)
F C P(Q) is the set of all events (subset of the powerset)

Definition 1.1

A probability distribution P on (€2, F) is a function PP : 7 — [0, 1] which is
(i) normalized,ie. P[}]=0 and P[Q] =1
(ii) additive,ie. P[U;A;] =Y, PlA],
where A1, As, ... is a collection of disjoint events, i.e. A; N A; = () for all i,j.
The triple (€2, 7, P) is called a probability space.

o Fordiscrete : F =P(Q) and PA]=3 _, Pl
e.g. [Pleven number on a die] = P[2] + P[4] + P[6] = 1/2
e For continuous Q (e.g. [0,1]): F C P(Q)
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1. Independence and conditional probability

o Two events A, B C ) are called independent if P[A N B] = P[A]P[B] .

Example. rolling a die repeatedly
e If P[B] > 0 then the conditional probability of A given B is

P[A|B] :=P[A N B]/P[B] .
If A and B are independent, then P[A|B] = P[A].

Lemma 1.1 (Law of total probability)

Let By, ..., B, be a partition of ) such that P[B;] > 0 for all i. Then

PlA] = S BANB] = > BB (B

Note thatalso  P[A|C] = > P[A|C N B;| P[B}|C] .

1. Random variables

Definition 1.2

A random variable X is a (measurable) function X :  — R.

The distribution function of the random variable is

Fx) =PX <x] =P[{w: X(w) <x}] .

X is called discrete, if it only takes values in a countable subset {x;, x, ...} of R, and

its distribution is characterized by the probability mass function
7o) =PX=x, k=1,2,....
X is called continuous, if its distribution function is

F(x):/j fy)dy forallxeR,

where f : R — [0, c0) is the probability density function (PDF) of X.
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1. Random variables

@ In general, f = F’ is given by the derivative (exists for cont. rv’s).

For discrete rv’s, F is a step function with "PDF’
f) =F'(x) = mx)dx - x) .
k
o The expected value of X is given by
D X (@) Plw] = 37 xem (x)
E[X] =
Jo X(w)dP(w) = [ xf(x)dx

o The variance is given by var[X] = E[X?] — E[X]?

e Two random variables X, ¥ are independent if the events {X < x} and {¥Y < y}

are independent for all x,y € R. This implies for joint distributions

FOuy) =) fr(y) or mlo,x) =7 () 7 (x)
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where fx(x) = [ f(x,y)dy and 7*(x;) =, m(x,x;) are the marginals.

Example. (successive) coin tosses with Q = {H, T} and X(H) = —1, X(T) = 1
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1. Simple random walk
Definition 1.3

Let X1, X, ... € {—1, 1} be a sequence of independent, identically distributed
random variables (iidrv’s) with

p=PX;=1] and ¢=PX;,=-1]=1-p.

The sequence Yy, Y1, ... defined as Yo=0 and Y, = ZZZI X
is called the simple random walk (SRW) on Z.

o for a single increment X; we have
EXd=p—qg=2p—1, valXi=p+q—(p—q)*=4p(1-p)

o E[Y,] = E| S0 X = Y ElXd = n(2p— 1)
(expectation is a linear operation)

e varly,] = Var[ZZ:1 Xk} = >, var[Xy] = 4np(1 —p)
(for a sum of independent rv’s the variance is additive)
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1. LLN and CLT
Theorem 1.2 (Weak law of large numbers (LLN))

Let X;,Xa, ... € R be a sequence of iidrv’s with ;1 := E[X;] < oo and E[|X;|] < cc.
Then

1 1 &
fYn:;ZXk—),u asn — oo

n
k=1

in distribution (i.e. the distr. fct. of ¥, converges to 1}, )(x) for x # 1) .

Theorem 1.3 (Central limit theorem (CLT))

Let X1, X, ... € R be a sequence of iidrv’s with 1 := E[X;] < oo and
o2 := var[X;] < oo. Then

Y, —np

T :\}ﬁkz:l(Xk—u)—)f asn — oo

in distr., where & ~ N(0, 0?) is a Gaussian with PDF  f(x) = ﬁe’xz/(%z) .

Expansion. asn — oo, Y, = nu+ /no +o(y/n), &~ N(0,1)
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1. Discrete-time Markov processes
Definition 1.4

A discrete-time stochastic process with state space S is a sequence
Yo,Y1,...= (Y, : n € Ny) of random variables taking values in S.

The process is called Markov, if forallA C S, n € Ny and s¢, ...,s, € S
P(Yy41 €AY, =sn,.... Yo =350) = P(Yoq1 €A|Y, =s,) .
A Markov process (MP) is called homogeneous if forallA C S,n € Npands € S
P(Y,+1 € AlY, =5) =P(Y) € AlYy =) .

If S is discrete, the MP is called a Markov chain (MC).

The generic probability space (2 is the path space
Q=D(Np,S) =8 =5x85x...
which is uncountable even when S is finite. For a given w € (2 the function

n — Y,(w) is called a sample path.
Up to finite time N and with finite S, Qy = SN is finite.
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1. Discrete-time Markov processes

Examples.
@ For the simple random walk we have state space S = Z and Yy = 0. Up to time
N, P is a distribution on the finite path space 2y with

N
P(w) = H (P 01,5, ()~ Y (w) T q(sfl,Yn(w)fYn,l(w))

n=1

:p# of up-steps q# of down-steps (= (12" forp=q=1/2).

There are only 2V paths in {2y with non-zero probability.

@ For the generalized random walk with Yy = 0 and increments Y, y; — Y, € R, we
have S = R and €2y = R" with an uncountable number of possible paths.

@ A sequence Yy, Y,... € Sofiidrv’s is also a Markov process with state space S.

@ LetS={l,...,52} be adeck of cards, and Y1, .., ¥s, be the cards drawn at
random without replacement. Is this a Markov process?
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1. Discrete-time Markov chains

Proposition 1.4

Let (X, : n € Ny) by a homogeneous DTMC with state space S. Then the transition
function

pn(x,y) :=P[X, = y|Xo = x| = P[Xjyn = y|Xx =x] forallk >0
is well defined and fulfills the Chapman Kolmogorov equations

pn+k(x7y) = an(x,Z)pk(Z,y) for all k,l’l > Oa X,y € S.
z€S

Proof. We use the law of total probability, the Markov property and homogeneity
PXypi = y[Xo =x] =D PXux = y|Xi = 2, Xo = 2| P[X; = 2[Xp = x]

Z€S

= PXuix = yIXe = 2] P[X; = 2|Xp = x]
z€S

=) PX, = y[Xo = ] P[X, = z|Xp = x]
ZES
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1. Markov chains

@ In matrix form with P, = (p,, (x,y):x,y € S) the Chapman Kolmogorov
equations read

P,y = P, P, andinparticular P, | =P, P;.
With Py = I, the obvious solution to this recursion is
P, =P" where we write P; =P = (p(x, y):ix,y€ S) .

o The transition matrix P and the initial condition X, € S completely determine a
homogeneous DTMC, since for all kK > 1 and all events Ay, ..., Ay C S

P[X] €A, ..., Xy EAk] = Z ZP(XO;s])p(S]7S2)"'p(sk—];sk) .
s1EA] Sk EAR

e Fixed X can be replaced by an initial distribution 7 (x) := P[Xy = x] .

The distribution at time 7 is then

ma(x) = Z Z e Z mo)p(y, s1) - p(sp—1,x) or m, =moP".

yeES 51€8 Sp—1ES
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1. Transition matrices
The transition matrix P is stochastic, i.e.

p(x,y) €[0,1] and > p(x,y)=1.

Example 1 (Random walk with boundaries)
Let (X, : n € Ng)beaSRWon S = {1,...,L} with p(x,y) = pdy x+1 + qdyx—1.
The boundary conditions are

e periodicif p(L,1)=p, p(l,L)=gq,

e absorbingif p(L,L)=1, p(l,1)=1,

o closedif p(l,1)=g¢q, p(L,L)=p,

o reflectingif p(1,2)=1, p(L,L—1)=1.
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1. Stationary distributions

Definition 1.5

Let (X, : n € Ny) be a homogeneous DTMC with state space S. The distribution
m(x), x € Sis called stationary if forall y € S

Zw(x)p(x,y) =x(y) or wP=m.
X€ES

7 is called reversible if it fulfills the detailed balance conditions

m(x)p(x,y) = 7(y)p(y,x) forallx,y € S§.

o reversibility implies stationarity, since
D m@py) =Y m0)p(y,x) = () -
xeSs xeSs

@ Stationary distributions are left eigenvectors with eigenvalue 1 .
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1. Distribution at time n

Consider a DTMC on a finite state space with |S| = L, and let A, ..., \, € C be the
eigenvalues of the transition matrix P with corresponding

left (row) eigenvectors (i;| and right (column) eigenvectors |v;)

in bra-ket notation. Assuming that all eigenvalues are distinct we have

L L
A=) N and A" ="\ vi) (ui]
i=1 i=1
since eigenvectors can be chosen orthonormal  (u;|v;) = ¢; ;.

Since m, = woP" we get

<7Tn| = <7TO|V]>AIH<M1| + ...+ <7T()|VL>)\LH<ML| .

o The Gershgorin theorem implies that |\;| < 1 and the dependence on the initial
condition 7r( decays exponentially in directions where | ;| < 1.

@ )\, = 1 corresponds to the stationary distribution and |v;) = (1,...,1)".

@ Other eigenvalues with |\;| = 1 and )\; # 1 correspond to persistent oscillations.
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1. Lazy Markov chains

Definition 1.6

Let (X, : n € Ny) be a DTMC with transition matrix p(x, y). The DTMC with
transition matrix

pe(xuy):65x,y+(1_6>p(x7y)ﬂ €€ (0,1)

is called a lazy version of the original chain.

o Since all diagonal elements are bounded below by € > 0, the Gershgorin
theorem now implies for the eigenvalues of P¢

Such a matrix P€ is called aperiodic, and there are no persistent oscillations.

o The stationary distribution is unique if and only if the eigenvalue A = 1 has
multiplicity 1, which is independent of lazyness and is discussed later.
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1. Absorbing states
Definition 1.7

A state s € S is called absorbing for a DTMC with transition matrix p(x,y), if

p(s,y) =0, forallyesS.

RW with absorbing BC.
Let 7, be the absorption probability for Xo = k € S = {1,...,L},

hy = Plabsorption| Xy = k] = P[X,, € {1, L} for some n > 0|Xyp = k] .
Conditioning on the first jump and using Markov, we have the recursion
he = phisr + gy fork=2,...,L—1; h=h=1.
Ansatz for solution /; = X\, e C:
A=pN+q = MN=1, M=gq/p
General solution of 2nd order linear recursion
b = a)s +bXS =a+blg/p)t, abeR.

Determine coefficients from boundary condition = /I =1
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