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Abstract

Two novel dynamic programming approaches for the knapsack problem with queuing

delay under uncertainty are presented. The problem is a variant of well-known knap-

sack problem and appears in real-life applications such as telecommunication, logistics, and

supply-chain management. The objective of the problem is to maximize the sum of the total

profits of selected items and negative penalty of queuing delays. The queuing delay incurs

from the M/M/1 queuing model and discourages use of the knapsack capacity close to the

limit. We develop two dynamic programming approaches for the problem and compare their

performances on the well-known benchmark instances.

1. Introduction

The Knapsack problem (KP) concerns which items should be selected subject to the given

capacity while the total profit of selected items is maximized. In this paper we address a

variant of the KP in which the weights of items are uncertain and there is a penalty incurring

from the use of capacity. Hereafter, we denote the problem RKPQD which stands for robust

Knapsack problem with queuing delay. The RKPQD can be stated as

max

{
px− t

z

b− z
: z ≤ b, ãx ≤ z, ∀ã ∈ U ,x ∈ {0, 1}m, z ≥ 0

}
, (1)

where p ∈ Rm, b, and t are the profit vector, capacity, and unit penalty of queuing delay,

respectively. Decision variable x determines which items must be selected: item i should be in

the knapsack if xi = 1, or it is not otherwise. The term in the objective function z
b−z represents

the average delay time of M/M/1 queue. Notice that the weights of items ã are uncertain:

weights of items ã can be anything defined in set U . We want the optimal solution will be

feasible for the every possible weight realization characterized by U , which is why the problem

is called the robust knapsack problem. The problem is a nonlinear mixed integer programming

problem with (infinitely) many constraints.



The RKPQD often appears in telecommunication [1, 6], manufacturing [3], and subproblems

if some decomposition method is used [6]. The RKPQD is NP-hard because it has a special

case of Knapsack problem which is NP-hard. Since the objective function of the RKPQD is

concave, the linear relaxation of the problem is a convex problem. This implies that some

enumerative method like the branch-and-bound using the convex relaxation can be used to

solve the problem [4], though the existence of many constraints makes solving of it problematic.

When the weights are certain, i.e., |U| = 1, the problem becomes a deterministic knapsack

problem with queuing delay (DKPQD). Some algorithms were developed for solving DKPQD,

e.g., a dynamic programming [5], linearized formulation [5], and piecewise approximation for the

more general convex objective function [7]. On the other hand, the knapsack problem with the

uncertain item weights is often referred to as stochastic knapsack problem or robust knapsack

problem [9].

2. Algorithms

It is easy to see that the following is equivalent to problem (1).

max

{
px− t

maxã∈U{ãx}
b−maxã∈U{ãx}

: max
ã∈U

{ãx} ≤ b,x ∈ {0, 1}m
}
. (2)

The computability of maxã∈U{ãx} depends on the definition of U . In this study, we adopt the

well-known Γ-robustness approach [2]:

U :=

ã ∈ Rm : ãi = âi + diγi,−1 ≤ γi ≤ 1, ∀i = 1, . . . ,m,
∑

i=1,...,m

γi = Γ

 . (3)

The above definition means that the uncertain weight values have their nominal values âi and

can vary by di, while at most Γ items can be simultaneously at their most deviation from the

nominal ones. By adjusting Γ, one can control the degree of uncertainty of weights, e.g., it

becomes equivalent to the deterministic problem if Γ = 0. The larger Γ yields the more robust

solutions because they must be feasible against much larger set of realizations of weight values.

Without loss of generality, we assume that di ≥ dj if i ≤ j.

2.1. Decomposed Dynamic Programming Approach

Let S denote the set of feasible solutions of (1). Then, the following holds.

Theorem 1 ([10])

S =
∪

l=Γ,Γ+1,...,m−1,m+1

Sl,

where Sl =

x ∈ {0, 1}m :
∑

i=1,...,m

ǎixi ≤ b− Γdl

 , ǎi =

{
âi + (di − dl), if i ≤ l,

âi, otherwise.

Note that Sl is a set of feasible solutions of ordinary knapsack problem. Let Zl = maxx∈Sl
{px−

t ǎx
b−ǎx}. Then, the following is obvious.

Corollary 1 Problem (1) can be solved by solving Zl for all l = Γ,Γ+ 1, . . . ,m− 1,m+ 1 and

the optimal value Z is given as Z = maxl=Γ,Γ+1,...,m−1,m+1{Zl}.



m Γ t
WC ASC UN

Time (DDP) Time (SDP) Time (DDP) Time (SDP) Time (DDP) Time (SDP)

100 10 25 1.6990 0.3144 1.6395 0.3179 1.7445 0,3241
20 25 1.4592 1.3401 1.4108 1.4164 1.4166 1.3238
30 25 1.2397 2.2221 1.2181 2.3146 1.2116 2.1759

500 50 25 251.3795 62.6644 299.1328 64.4156 298.1263 64.5001
100 25 213.8788 139.2446 239.6709 181.9479 239.5664 182.6625
150 25 181.1958 225.5028 202.3004 253.1924 202.2395 253.8731

Table 1: Comparison of computational times of the proposed approach with those of two alter-
native methods for solving RKPQD.

One nice property of this approach is solving of Zl can be parallelized. Each Zl can be

solved by the dynamic programming algorithm proposed by [5].

2.2. Single Dynamic Programming Approach

The dynamic programming approach presented in this section is based on the algorithm de-

veloped by [11] for the robust knapsack problem. We extend the algorithm to deal with the

objective function with the queuing delay. Let z(c, s, i) denote the optimal value for the feasible

solutions with capacity c when only items 1, . . . , i are considered and exactly s of them are

selected. Moreover, let z(c, i) denote the optimal value of feasible solutions with capacity c

when only items 1, . . . , i are considered and exactly Γ weights are at their maximum values.

Then, we can show that the following recursion relations hold.

z(c, s, i) = max

{
z(c, s, i− 1), z(c− âi − di, s− 1, i− 1) + pi − t

âi + di
(b− c)2 + (âi + di)(b− c)

b

}
,

∀c = 0, . . . , b, s = 1, . . . ,Γ, i = 1, . . . ,m,

z(c, i) = max

{
z(c, i− 1), z(c− âi, i− 1) + pi − t

âi
(b− c)2 + âi(b− c)

b

}
∀c = 0, . . . , b, i = 1, . . . ,m,

Theorem 2 The optimal solution of RKPQD is given as

Z = max

{
max

c=0,...,b
{z(c,m)} , max

c=0,...,b,s=1,...,Γ−1
{z(c, s,m)}

}
.

3. Computational Experiments

We conducted computational experiments with the well-known benchmark instances proposed in

[12]. All experiments were done on a MacPro machine with 3.5GHz 6-Core Intel Xeon E5 CPU.

The proposed algorithms were implemented by Python with numba (http://numba.pydata.org/).

Test problems consist of three types depending on how the profit and weight are related:

weakly correlated (WC), almost strongly correlated (ASC), and uncorrelated (UN) type in-

stances. Table 1 shows the averages of computational times in seconds for each type that has

100 instances. Γ varies from 10% to 30% of sizes of problems, m. The unit penalty of queu-

ing delay t is 25. There are two algorithms to compare: Decomposed Dynamic Programming

(DDP) and Single Dynamic Programming (SDP) approaches.

The results clearly show that (1) when Γ is relatively small, SDP is faster than DDP, (2) as



Γ is getting large, DDP becomes faster than SDP. This behavior can be understood from the

fact that the computational complexities of DDP and SDP are O((n− Γ+ 1)mb) and O(Γmb),

respectively.
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