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A B S T R A C T

Respiratory infections pose a serious risk to public health, which comes with a considerable
economic cost. This makes them a significant focus for epidemiological and health economic
research.
In traditional models of infectious diseases, the symptom severity of an infected individual does
not impact the symptom severity of those infected by them. However, there is evidence in the
literature that an individual’s disease severity may pass on to those they infect, creating a mapping
between the symptom severity of the infector and infectee.
This report establishes the importance of a symptom severity mapping on epidemiological and
health economic outcomes. Here I demonstrate that a symptom severity mapping led to a larger
proportion of cases being severe compared to the scenario with no such mapping. Furthermore,
a partial symptom severity mapping led to a reduction in total infections when compared to the
expected final size, even when 𝑅0 was fixed. When modelling an intervention with a symptom-
blocking effect, I found that the inclusion of a symptom severity mapping led to the intervention
preventing more infections and hospitalisations, making it more cost-effective. Additionally, the
strength of the symptom severity mapping determined the optimal intervention uptake when the
efficacy of the intervention was high.
These results demonstrate the importance of a symptom severity mapping, suggesting a need for
further research into the transmission mechanisms of respiratory pathogens to determine if and
how symptoms pass on with infection. This report also motivates further research to continue to
establish the importance of a symptom severity mapping on questions relevant to public health
policy.

1. Introduction
Respiratory pathogens are those that cause infections in the respiratory tract. These pathogens mainly cause mild

disease with symptoms focused in the upper respiratory tract. However, such pathogens have the potential to infect
lower into the respiratory tract, causing severe symptoms. Lower respiratory tract infections account for more than 2.4
million deaths worldwide each year (Lozano et al., 2012) and are a leading cause of global mortality, especially amongst
children and the elderly (Wardlaw et al., 2006). These pathogens tend to be highly transmissible, with their tendency to
mild disease often helping them spread through a population undetected (Forum of International Respiratory Societies,
2021).

For example, in 2019, SARS-CoV-2, the causative agent of COVID-19 disease, became a respiratory pathogen of
international concern. Its highly transmissible nature led to its spread across the globe and subsequent declaration
as a pandemic in 2020 (UK Health Security Agency, 2022). SARS-CoV-2 also carries a high risk of causing severe
COVID-19 disease amongst the elderly and those with underlying medical issues, resulting in an estimated 5.5 million
global deaths by the end of 2021 (World Health Organisation, 2022a). Here the World Health Organisation (2022b)
define a COVID-19 death as one caused by a “clinically compatible illness, in a probable or confirmed COVID-19 case,
unless there is a clear alternative cause of death”. In addition, COVID-19 massively impacted the global economy, with
the global cost in 2020 and 2021 estimated to be 14% of 2019 GDP (González López-Valcárcel and Vallejo-Torres,
2020). This was partially due to the high cost of interventions. As of September 2021, the UK had spent £17.9bn on
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the test and trace programme, £13.8bn on the procurement of personal protective equipment and £1.8bn on vaccine
and antibody supply (Appleby, 2022).

Many respiratory diseases have pandemic potential, including other coronaviruses, such as SARS (National Health
Service, 2019), and pandemic strains of influenza which have historically had devastating effects. For example, the
1918/19 Spanish flu pandemic is thought to have resulted in 50 million deaths worldwide (Centers for Disease Control
and Prevention, 2019), and the 2009 H1N1 pandemic caused 200,000 deaths in its first year of circulation (Dawood
et al., 2012). Additionally, seasonal influenza causes annual epidemics which, prior to the COVID-19 pandemic, were
estimated to result in symptomatic infection of 8% of the US population each year on average (Tokars et al., 2018)
and around 290,000 to 650,000 deaths globally (World Health Organisation, 2018). These epidemics affect people of
all ages, but the elderly and those with co-morbidities tend to face the most severe disease and highest mortality rates
(Cromer et al., 2014).

Respiratory diseases pose a serious risk to public health, which comes with a considerable economic cost. This
makes them a significant focus for epidemiological research and motivates the use of optimal intervention strategies.
Research into the cost-effectiveness of an intervention has to consider not only the cost of the intervention but
also the epidemiological outcomes. The threat of respiratory diseases also motivates research into their transmission
mechanisms, including the relationship between viral load and severity of illness and the routes of transmission through
which they spread.

In models of infectious diseases, the symptom severity of an infected individual does not usually impact the
symptom severity of those infected by them. However, the literature suggests that an individual’s disease severity
may pass on to those they infect. This means that infection by an individual with severe disease would be more likely
to be severe than if the infecting individual had mild disease. Therefore a mapping between the symptom severity of
the infector and infectee is formed.

There are two pathways through which symptom severity is hypothesised to be passed on with infection. The
first pathway is through a dose-response relationship. Severe disease is correlated with higher viral shedding (Couch
et al., 1971; Chu et al., 2004; Al-Abdely et al., 2019) meaning those infected will receive a larger infectious dose
which in turn leads to more severe disease (Aaby and Coovadia, 1985; Jones and Su, 2015). The second pathway
is through differential transmission routes. It is hypothesised that severe disease is primarily transmitted through
aerosol transmission (transmission involving particles smaller than 5𝜇𝑚 which are sufficiently small and light to
travel on air flows) as opposed to close contact transmission (transmission involving direct or indirect contact with an
infected individual or transmission via large droplets) (Killingley and Nguyen-Van-Tam, 2013). Infection via aerosol
transmission is then in turn likely to cause more severe disease (Tellier, 2009; Gani and Leach, 2004; Tellier, 2022).
I explored the evidence supporting the existence of the pathways and included a summary of the literature for plague,
influenza and COVID-19 in Supplementary Information S1.

A potential symptom severity mapping has not been explored in depth within mathematical modelling studies of
respiratory diseases, but studies have considered the factors that might contribute to this effect.

First, it has become common for models to include asymptomatic infections with reduced or no transmission,
motivated by asymptomatic transmission being thought to contribute significantly to the spread of SARS-CoV-2
(Moghadas et al., 2020). Asymptomatic infections are generally assumed to occur with a fixed probability, independent
of other infected individuals (Mathews et al., 2007). However, Harris et al. (2022) investigated the impact of
asymptomatic transmission of SARS-CoV-2 on the resulting disease severity. The authors considered the effect
of disease status (i.e. asymptomatic or symptomatic disease) on transmission outcomes. They found that when
infectious periods of asymptomatic and symptomatic infections were equal, the correlation between disease status
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and transmission outcomes did not affect the outbreak dynamics. Yet, if the infectious period differed, this correlation
exaggerated the effect of the difference. Beyond these results, the exploration of a symptom severity mapping was
limited.

Second, Paulo et al. (2010) hypothesised that disease severity of influenza was dependent on infectious dose,
motivated by the increase in case-fatality ratio (CFR) in army camps compared to civilian communities during the
1918 influenza pandemic. Such a dose-response relationship was applied to a susceptible-exposed-infectious-recovered
(SEIR) transmission model and was found to result in the observed difference in CFR. Within this model, the infectious
dose depended on the number of infected individuals but not their disease severity.

Finally, many mathematical modelling studies have considered multi-route transmission models - particularly for
influenza (Atkinson and Wein, 2008; Smieszek et al., 2019). These studies aimed to establish the relative importance
of different transmission routes and subsequently the effectiveness of interventions targeting specific routes. However,
these studies did not consider the impact of transmission routes on symptom severity or vice versa. These mechanisms
have started to be investigated regarding SARS-CoV-2, which is thought to spread through both aerosol and close contact
transmission (Tellier, 2022; Andersson, 2021). Wu et al. (2020)’s pre-print evaluated the impact of transmission routes
on COVID-19 disease severity, arguing that interventions targeting aerosol transmission should be prioritised to limit
the spread of severe disease.

Whilst the studies mentioned have begun to at least partially investigate a potential symptom severity mapping,
none have considered the impact of symptom severity mappings on health economic outcomes. Previous health
economic studies have focused on the cost-effectiveness of vaccination scenarios, especially within the context of
seasonal influenza (Hill et al., 2020; Thorrington et al., 2019). Many health economic modelling studies of COVID-19
have similarly focused on vaccine rollout (Kohli et al., 2021). However, some have focused on symptom-dependent
interventions, such as comparing the effectiveness of symptomatic vs asymptomatic testing (Neilan et al., 2021) and
considering quarantining measures that predominantly target symptomatic individuals (Zala et al., 2020).

This report added to the research by using a compartmental ODE model to analytically and computationally explore
the effect of a symptom severity mapping on epidemiological outcomes in addition to exploring the sensitivity of the
system to infectious period and transmissibility of severe disease. I also investigated the effect of a symptom severity
mapping on health economic outcomes by exploring the cost-effectiveness of an intervention with a symptom-reducing
effect.

I found that the dependence of symptoms on the infector’s symptom severity substantially affects the value of 𝑅0

through an analytical exploration of the model. When exploring the model computationally for fixed values of 𝑅0, the
dependence on infector severity led to large changes in the proportion of cases that are severe and the total number of
infections. When introducing an intervention with a symptom-reducing effect, the dependence on symptom severity
notably impacted the cost-effectiveness and optimal uptake of the intervention. These findings suggest that research
into a symptom severity mapping is imperative to finding the optimal intervention strategy for a specific respiratory
disease.

2. Methods
To investigate the spread of a respiratory pathogen throughout the UK, I used a compartmental ODE model based

on the standard SEIR framework. Initially, the model was developed to apply to any number of symptom severity levels
(Section 2.1). However, to enable gathering broad insights, the model used in most of the analysis had two symptom
severity levels (Section 2.2).
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(a) (b) (c)

Figure 1: The proportion of cases with each symptom severity level resulting from infections by individuals with symptom
severity 𝐬. I present three cases dependent on the value of 𝛼: (a) 𝛼 = 0; (b) 𝛼 ∈ [0, 1]; (c) 𝛼 = 1. Here 𝜈(𝑠) is the baseline
probability of having symptom severity 𝑠 and 𝛼(𝑠) is the dependence on the infector’s symptom severity when the infector
has symptom severity 𝑠.

Within this section, I have presented the ODE model used throughout the analysis which accounts for a symptom
severity mapping. After this is described for 𝑛 symptom severity levels, I described the model and parameters used
for two symptom severity levels: mild and severe. Next, I described the intervention used and the updated ODE model
before explaining how the health economic outputs relating to the intervention were calculated and the parameters
during that analysis.

2.1. SEIR model for 𝑛 symptom severity levels
I began by considering a generalised version of the model with 𝑛 symptom severity levels. All classes except for

the susceptible class were separated into 𝑛 compartments representing different symptom severity levels 𝑠 ∈ ̂ . 𝐸(𝑠)
contains individuals exposed to the disease who will develop disease with symptom severity 𝑠. 𝐼(𝑠) contains individuals
who have become infectious and are now exhibiting symptom severity 𝑠. I assumed there was no movement between
the severity classes, meaning an individual’s severity would be constant across their infectious period.

Description of the transmission dynamics
The transmission rates, 𝛽(𝑠), and recovery rates, 𝛾(𝑠), depended on the disease severity. The incubation period,

and thus the rate of becoming infectious, 𝜖, was constant across all severity levels. I assumed that transmission was
frequency-dependent - meaning that the force of infection increases with the proportion of the population infected
but not the overall population size - as this is a typical assumption used when modelling human respiratory diseases.
Additionally, I assumed there is no waning immunity after recovery and no demography (natural births and deaths)
since the outbreaks were assumed to occur over a short time frame where the impacts of these processes would be
negligible.

Description of the symptom severity mapping
To include a symptom severity mapping into the model, I defined the parameter 𝛼(𝑠) to be the dependence on the

symptom severity of the infector when the infector has symptom severity 𝑠. When 𝛼(𝑠) = 0, there is no dependence on
the infector’s symptom severity and the symptom severity of the infected individual depends entirely on 𝜈 (Fig. 1(a)).
𝜈(𝑠) is the baseline probability of having symptom severity level 𝑠. For 𝛼(𝑠) ∈ [0, 1], there is a partial dependence on
the infector’s symptom severity and a partial dependence on 𝜈(𝑠) (Fig. 1(b)). When 𝛼(𝑠) = 1, the symptom severity of
an infected individual is wholly dependent on that of their infector, meaning that symptom severity is always passed
on with infection (Fig. 1(c)).
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The equations below show the model at the edge cases.

If 𝛼(𝑠) = 0 for all 𝑠 ∈ :

𝑑𝑆
𝑑𝑡

= −
∑

𝑠∈̂

𝜆(𝑠)𝑆

𝑑𝐸(𝑠)
𝑑𝑡

= 𝜈(𝑠)
∑

𝑟∈̂

𝜆(𝑟)𝑆 − 𝜖𝐸(𝑠)

𝑑𝐼(𝑠)
𝑑𝑡

= 𝜖𝐸(𝑠) − 𝛾(𝑠)𝐼(𝑠)

𝑑𝑅(𝑠)
𝑑𝑡

= 𝛾(𝑠)𝐼(𝑠)

If 𝛼(𝑠) = 1 for all 𝑠 ∈ :

𝑑𝑆
𝑑𝑡

= −
∑

𝑠∈̂

𝜆(𝑠)𝑆

𝑑𝐸(𝑠)
𝑑𝑡

= 𝜆(𝑠)𝑆 − 𝜖𝐸(𝑠)

𝑑𝐼(𝑠)
𝑑𝑡

= 𝜖𝐸(𝑠) − 𝛾(𝑠)𝐼(𝑠)

𝑑𝑅(𝑠)
𝑑𝑡

= 𝛾(𝑠)𝐼(𝑠)

These equations are then generalised to all values of 𝛼 in Eq. (1). The proportion of the 𝑆 class moving into 𝐸(𝑠)
is given by

(

1 −
(

1 − 𝛼(𝑠)
)(

1 − 𝜈(𝑠)
)

)

𝜆(𝑠) +
∑

𝑟∈̂∕{𝑠}

(

1 − 𝛼(𝑟)
)

𝜈(𝑠)𝜆(𝑟)

Here the first term contains those who are the same severity as their infector and the second contains those who are
infected by individuals with a different symptom severity level. The latter can be considered as developing symptom
severity 𝑠 randomly due to the background probability of having any severity level.

𝑑𝑆
𝑑𝑡

= −
∑

𝑠∈̂

𝜆(𝑠)𝑆

𝑑𝐸(𝑠)
𝑑𝑡

=
⎛

⎜

⎜

⎝

(

1 −
(

1 − 𝛼(𝑠)
)(

1 − 𝜈(𝑠)
)

)

𝜆(𝑠) +
∑

𝑟∈̂∕{𝑠}

(

1 − 𝛼(𝑟)
)

𝜈(𝑠)𝜆(𝑟)
⎞

⎟

⎟

⎠

𝑆 − 𝜖𝐸(𝑠)

𝑑𝐼(𝑠)
𝑑𝑡

= 𝜖𝐸(𝑠) − 𝛾(𝑠)𝐼(𝑠)

𝑑𝑅(𝑠)
𝑑𝑡

= 𝛾(𝑠)𝐼(𝑠)

(1)

where 𝜆(𝑠) is the force of infection from those with symptom severity 𝑠, given by:

𝜆(𝑠) =
𝛽(𝑠)𝐼(𝑠)

𝑁

Calculating 𝑅0

The basic reproductive number, 𝑅0, is commonly used in epidemiology to indicate a disease’s potential to spread
through a population. It is defined as the average number of secondary cases generated by an average infectious
individual in a fully susceptible population. 𝑅0 can then be written as

𝑅0 = (average number of infections generated per unit time) × (average infectious period)

I calculated the value of 𝑅0 using the next-generation matrix (NGM) approach. This method was developed by
Diekmann et al. (1990) to calculate the value of 𝑅0 in heterogeneous populations where compartments are split into a
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finer structure (e.g. into age classes). The next generation matrix is defined to be

𝐊 =

⎛

⎜

⎜

⎜

⎝

𝑘11 ⋯ 𝑘1𝑛
⋮ ⋮

𝑘𝑛1 ⋯ 𝑘𝑛𝑛

⎞

⎟

⎟

⎟

⎠

where 𝑘𝑖𝑗 is the average number of type-i cases generated by a type-j case in a fully susceptible population. I applied
this to the ODE model by considering a vector containing the number of people in each infectious class, which then
multiplies by 𝐊 at each time step. This vector grows at a rate given by the dominant eigenvalue of 𝐊 - the eigenvalue
with the largest absolute value. Therefore, 𝑅0 is this dominant eigenvalue. Using this method, I analytically explored
the impact of a symptom severity mapping on the value of 𝑅0 (Section 3.1).

2.2. SEIR model for two symptom severity levels
To aid parameterisation of the model, and in keeping with the granularity of data presently available, I simplified

the system to have two symptom severity levels. Whilst this model applies to a range of respiratory diseases, I used
influenza throughout the analysis to demonstrate the usefulness of the framework.

Description of the two symptom severity levels
No formal scheme exists for distinguishing between different severity levels of influenza infection. Some papers

refer to “mild” or “severe” cases whilst others refer to “asymptomatic” or “symptomatic” cases. In this report, I use the
terms “mild” and “severe” to distinguish disease severity. Severe disease is generally associated with the development
of a cough and fever (Mathews et al., 2007; Little et al., 1979; Cowling et al., 2013). I have associated severe disease with
the development of a cough since it is amenable to being measured and thus recorded in the majority of experimental
studies.

Description of the transmission dynamics
The model for two symptom severity levels was governed by the following system of equations:

𝑑𝑆
𝑑𝑡

= −
𝛽𝑀𝑆𝐼𝑀

𝑁
−

𝛽𝑆𝑆𝐼𝑆
𝑁

𝑑𝐸𝑀
𝑑𝑡

= (1 − (1 − 𝛼𝑀 )𝜈)
𝛽𝑀𝑆𝐼𝑀

𝑁
+ (1 − 𝛼𝑆 )(1 − 𝜈)

𝛽𝑆𝑆𝐼𝑆
𝑁

− 𝜖𝐸𝑀

𝑑𝐸𝑆
𝑑𝑡

= (1 − 𝛼𝑀 )𝜈
𝛽𝑀𝑆𝐼𝑀

𝑁
+ (1 − (1 − 𝛼𝑆 )(1 − 𝜈))

𝛽𝑆𝑆𝐼𝑆
𝑁

− 𝜖𝐸𝑆

𝑑𝐼𝑀
𝑑𝑡

= 𝜖𝐸𝑀 − 𝛾𝑀𝐼𝑀
𝑑𝐼𝑆
𝑑𝑡

= 𝜖𝐸𝑆 − 𝛾𝑆𝐼𝑆
𝑑𝑅𝑀
𝑑𝑡

= 𝛾𝑀𝐼𝑀
𝑑𝑅𝑆
𝑑𝑡

= 𝛾𝑆𝐼𝑆

(2)

Here the notation 𝐸𝑀 and 𝐸𝑆 denote those who have been exposed to the disease and will go on to develop mild
or severe disease respectively, 𝐼𝑀 and 𝐼𝑆 denotes those who are infectious are and exhibiting mild or severe disease,
and 𝑅𝑀 and 𝑅𝑆 contain individuals who have recovered from mild or severe disease.
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Table 1
Description of parameters used in the SEIR model based on data for influenza.

Parameter Description Value Source

𝛽𝑀 Mild transmission rate 𝛽
𝛽𝑆 Severe transmission rate 2𝛽
𝜈 Probability of symptoms being severe 0.2 Carrat et al. (2008)
𝜖 Rate of becoming infectious 0.5 Carrat et al. (2008); Cowling et al. (2013)
𝛾𝑀 Mild recovery rate 1∕5 Carrat et al. (2008); Cao et al. (2009)
𝛾𝑆 Severe recovery rate 1∕7 Carrat et al. (2008); Cao et al. (2009)

The parameters for this model (Table 1) are based on data for influenza. In this model, 𝜈𝑆 = 𝜈 and 𝜈𝑀 = 1− 𝜈 and
severe disease were assumed to be twice as transmissible as mild disease.

The value of 𝛽 was chosen to fix a value of 𝑅0. This was done by deriving an equation for 𝑅0, using the NGM
approach (see Section 3.2). Note that 𝑅0 was fixed without also fixing 𝑟 as this varies for different values of 𝛾𝑆 . I chose
the fixed values of 𝑅0 to reflect a range of disease scenarios. 𝑅0 = 1.1 describes a disease that will spread through
a population slowly and requires minimal interventions to die out. 𝑅0 = 2.0 represents a seasonal epidemic such as
seasonal influenza. 𝑅0 = 3.0 represents a highly transmissible pathogen with pandemic potential, such as SARS-CoV-2
or pandemic influenza.

Using these equations, I explored the model analytically by investigating the effect of 𝛼𝑀 and 𝛼𝑆 on the value
of 𝑅0 (see Section 3.1). I then explored the model’s sensitivity to 𝛼 = 𝛼𝑀 = 𝛼𝑆 . I investigated how 𝛼 affected the
proportion of cases that were severe, the proportion of the population infected at the outbreak’s peak and the final size
of the outbreak (see Section 3.3). The final size was compared to that expected from an SEIR model no heterogeneity
in symptom severity (see Supplementary Information S2).

2.3. Modelling a symptom-blocking intervention
To investigate the impact of a symptom severity mapping on the effectiveness of an intervention, I considered an

intervention with a symptom-reducing effect.

Description of the intervention
I assumed the intervention was one used during the infectious period to reduce the presentation of symptoms, so

it did not have a susceptibility-reducing effect. Those with access to the intervention were assumed to have the same
probability of having a certain symptom severity level, but if they have severe disease, they had a set probability (given
by the efficacy, 𝜂) of the intervention reducing their onwards transmission to that of mild infections. This meant that
their transmission rate was reduced to the mild transmission rate, and they were assumed to have mild disease when
considering the symptom severity of those they infect. However, their infectious period remained the length of the
severe infectious period as the intervention only affects their onwards transmission. I assumed the intervention was
leaky, meaning it was not 100% effective.

At the start of each simulation, it was assumed that a set proportion of the population (given by the uptake, 𝑢)
would be given access to the intervention. They would then use the intervention if they were infected. I assumed no
additional individuals were given access to the intervention throughout the simulation.
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Description of the model equations
Since those using the intervention and those not using the intervention are equally likely to move into a particular

symptom severity class and have the same parameters, the equations governing the system for both groups are the
same. Thus the intervention only changed the force of infection terms which became

𝜆𝑀 =
𝛽𝑀 (𝐼𝑀 + 𝜂𝑢𝐼𝑆 )

𝑁

𝜆𝑆 =
𝛽𝑆 (1 − 𝜂𝑢)𝐼𝑆

𝑁
Therefore, the model only depends on the value of 𝜂𝑢. It was possible to simplify the equations to use a single parameter
equal to 𝜂𝑢. However, as I aimed to explore the per unit cost at which the intervention became cost-effective, it was
important that I could distinguish between the uptake and the efficacy of the intervention.

The intervention was then run for a range of values of 𝛼 and 𝜈 (both between 0 and 1 with an increment of 0.02),
for each of which 𝛽 was chosen to fix 𝑅0 = 3.0 in the no intervention case. Then, within each of these scenarios,
I explored the model’s sensitivity to the intervention’s uptake and efficacy. This analysis consisted of an exploration
of the intervention’s impact on the total number of infections, the number of severe infections and the number of
hospitalisations (see Section 3.4). The number of hospitalised cases is calculated from the total number of infections at
the end of the simulation. It is assumed that 1% of severe cases result in hospitalisation and mild cases never result in
hospitalisation. Those with severe disease using the intervention are considered to present with mild symptoms with
probability 𝜂. Those cases are also assumed to never result in hospitalisation.

In addition to this intervention, I constructed an ODE model for an intervention that has a susceptibility-reducing
effect and reduces the presentation of symptoms (see Supplementary Material S3). The analysis of this model is a
direction for further study.

2.4. Health economic modelling
Often there are many potential intervention strategies that can be used to limit the spread of the disease. Since

governing bodies have a limited budget to spend on public health, the cost of the intervention is an important factor to
consider alongside the resulting epidemiological outcomes. Thus, measures for both the benefit to public health and
the costs associated with the intervention and treatment, are required.

Quality-adjusted life years (QALYs) are a measure of disease burden that consider both the quality and quantity of
years lived. One QALY is equivalent to one year in perfect health. The QALY score ranges depending on the severity
of the disease, with 0 being equivalent to death and 1 being perfect health. The willingness to pay (WTP) threshold
per QALY is the amount a governing body is willing to pay to gain one QALY.

Calculating QALY losses
The QALY losses for each disease severity are shown in Table 2. I assumed that mild disease had sufficiently

minimal symptoms to cause no QALY losses. The QALY losses per death depend primarily on the number of healthy
years lost and therefore the age of the individual. My model was not stratified by age class, so to estimate the average
QALY losses per death, I used data from an outbreak in Spain during the 2009 H1N1 pandemic Hollmann et al. (2013)
and divided the total QALY loss from deaths by the number of deaths.

The number of hospitalised cases was as described in the previous section, giving that

Total hospitalisations = 0.01
(

(1 − 𝜂𝑢)𝑅𝑆 (∞)
)
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Table 2
Description of parameters used in the health economic modelling.

Description Value Source

Hospitalisation rate of severe disease 0.01 Hill et al. (2020)
Death rate of severe disease 0.001 Hill et al. (2020)

QALY loss from a mild case 0 QALYs Hill et al. (2020)
QALY loss from a severe, non-hospitalised case 0.008 QALYs Hill et al. (2020)
QALY loss from a non-fatal hospitalised case 0.018 QALYs Hill et al. (2020)
QALY loss from a fatal hospitalised case 37.5 QALYs Hollmann et al. (2013)

Total cost of a non-fatal hospitalised case £1,300 Hill et al. (2020)
Total cost of a fatal hospitalised case £2,600 Hill et al. (2020)
Willingness to pay threshold per QALY £20,000 Hill et al. (2020)

where 𝑅𝑆 (∞) is the number of individuals in the 𝑅𝑆 class at the end of the simulation or, equivalently, the total number
of severe infections.

The number of cases resulting in deaths was calculated similarly to the hospitalisations, with 0.1% of severe cases
resulting in death. These deaths were assumed to be a subset of hospitalisations, meaning that all deaths resulted from
a hospitalised case. The total number of deaths was given by

Total deaths = 0.001
(

(1 − 𝜂𝑢)𝑅𝑆 (∞)
)

Usually, discounting is used in health economic modelling. This is where a lower value is assigned to costs and
health outcomes that occur in the future (Smith et al., 2001). In all scenarios, the outbreak lasts less than a year, so no
discounting was required for QALY losses occurring in later years.

The number of severe cases, hospitalisations and deaths are then compared to those from the no intervention
scenario to give the prevented number of severe cases, hospitalisations and deaths. From this, I calculated the QALYs
gained by the intervention.

Calculating the cost of the intervention
In addition to QALYs lost, hospitalised cases have an associated cost as described in Table 2. An effective

intervention reduces the number of hospitalisations, preventing the related costs. The prevented costs are taken away
from the overall cost of the intervention:

Overall cost = (intervention cost per unit) × (uptake) ×𝑁 − (hospital costs prevented)

Calculating the threshold intervention cost
The intervention was deemed to be cost-effective if the overall cost was less than or equal to the willingness to pay

(the product of the Threshold WTP per QALY and QALYs gained). Equivalently,

(Per unit intervention cost) ≤
(WTP threshold) × (QALY loss prevented) + (hospital costs prevented)

uptake ×𝑁

From this I calculated the threshold per unit intervention cost for an intervention scenario.
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For set values of 𝛼 (0, 0.2, 0.5, 0.8, 1), 𝜈 (0.2, 0.5, 0.8) and 𝜂 (25%, 50%, 70%, 90%), I then found the optimal
intervention uptake by maximising the threshold per unit intervention cost. When this was maximised, the intervention
was most cost-effective.

2.5. Simulation overview
Using the models described in the previous sections, I simulated an outbreak within a population the size of the UK

(𝑁 = 67 million). All the scenarios begin with one infectious individual in each of the symptom severity classes (𝐼𝑀
and 𝐼𝑆 ) and the remainder of the population were initially susceptible (in the 𝑆 class). The simulations were run until
there was less than one individual in all the infected classes (𝐸𝑀 , 𝐸𝑆 , 𝐼𝑀 and 𝐼𝑆 ). These simulations were performed
using Matlab R2022a.

3. Results
Initially, I explored the value of 𝑅0 analytically to investigate how it changed with the dependence on the infector’s

symptom severity, 𝛼.

3.1. Calculating 𝑅0 for the 𝑛-level symptom severity model
Let ̂ = {𝑠1,… , 𝑠𝑛} be the set of symptom severity levels. Applying the NGM method to the set of ODEs for 𝑛

symptom severity levels (Eq. (1)), the average number of type-𝑖 cases generated in a fully susceptible population by a
type-𝑖 case, 𝑘𝑖𝑖, is:

𝑘𝑖𝑖 =
(

1 −
(

1 − 𝛼(𝑠𝑖)
)(

1 − 𝜈(𝑠𝑖)
)

)𝛽(𝑠𝑖)
𝛾(𝑠𝑖)

and by a type-𝑗 case, 𝑘𝑖𝑗 , is

𝑘𝑖𝑗 =
(

1 − 𝛼(𝑠𝑗)
)

𝜈(𝑠𝑖)
𝛽(𝑠𝑗)
𝛾(𝑠𝑗)

.
When 𝛼(𝑠𝑖) = 0 for all 𝑖 ∈ {1,… , 𝑛}, 𝐊 becomes the product of two vectors

𝐊 =
(

𝛽(𝑠1)
𝛾(𝑠1)

,⋯ ,
𝛽(𝑠𝑛)
𝛾(𝑠𝑛)

)𝑇 (

𝜈(𝑠1),⋯ , 𝜈(𝑠𝑛)
)

Any matrix in ℝ𝑛×𝑛 of the form 𝐴 = 𝑢𝑇 𝑣 has 𝑛 − 1 zero eigenvalues and an eigenvalue 𝜆 = Trace(𝑢𝑇 𝑣) (Dattorro,
2006). So the dominant eigenvalue is

𝑅0 =
∑

𝑖
𝑘𝑖𝑖

=
∑

𝑖
𝜈(𝑠𝑖)

𝛽(𝑠𝑖)
𝛾(𝑠𝑖)

When 𝛼(𝑠𝑖) = 1 for all 𝑖 ∈ {1,… , 𝑛}, 𝐊 becomes

𝐊 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝛽(𝑠1)
𝛾(𝑠1)

0 ⋯ 0

0 𝛽(𝑠2)
𝛾(𝑠2)

⋯ 0

⋮ ⋮ ⋱ ⋮

0 0 ⋯ 𝛽(𝑠𝑛)
𝛾(𝑠𝑛)

⎞

⎟

⎟

⎟

⎟

⎟

⎠
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As 𝐊 is a diagonal matrix, its eigenvalues are its diagonal entries so the dominant eigenvalue is

𝑅0 = max
𝑖

(

𝛽(𝑠𝑖)
𝛾(𝑠𝑖)

)

When extending this to explore 𝑅0 for general values of 𝛼, I found that the possible analytical insight was limited
for the 𝑛-level model. In order to further explore the system, I used the two severity ODE model described in Section
2.2.

3.2. Calculating 𝑅0 for the two-level symptom severity model
I then considered two symptom severity levels, mild and severe. In this case,

𝐊 =

(

𝑘𝑀𝑀 𝑘𝑀𝑆

𝑘𝑆𝑀 𝑘𝑆𝑆

)

=
⎛

⎜

⎜

⎝

𝛽𝑀
𝛾𝑀

(1 − (1 − 𝛼𝑀 )𝜈) 𝛽𝑆
𝛾𝑆
(1 − 𝛼𝑆 )(1 − 𝜈)

𝛽𝑀
𝛾𝑀

(1 − 𝛼𝑀 )𝜈 𝛽𝑆
𝛾𝑆
(1 − (1 − 𝛼𝑆 )(1 − 𝜈))

⎞

⎟

⎟

⎠

Calculating 𝑅0 when 𝛼𝐌 = 𝛼𝐒
Initially, I set 𝛼𝑆 = 𝛼𝑀 = 𝛼, to explore the system at the extreme values of 𝛼. As in the 𝑛 dimension case, if 𝛼 = 0,

meaning symptoms are independent of their infector’s, then

𝑅0 = 𝜈
𝛽𝑆
𝛾𝑆

+ (1 − 𝜈)
𝛽𝑀
𝛾𝑀

In effect, the value of 𝑅0 was the average of the 𝑅0 values for the mild and severe groups.
If 𝛼 = 1, meaning that symptoms always pass on with infections, then

𝑅0 = max
(

𝛽𝑆
𝛾𝑆

,
𝛽𝑀
𝛾𝑀

)

So 𝑅0 is entirely governed by the symptom severity which creates the most secondary infections.

Figure 2: Investigating the value of 𝑅0 whilst varying the dependence on the infector’s symptom severity and the ratio
of the transmission rates. Here 𝛽𝑀 = 0.2 and 𝛽𝑆 was varied to give the required ratio. Severe and mild disease have an
equal probability of occurring (𝜈 = 0.5) and equal infectious periods 𝛾𝑆 = 𝛾𝑀 = 1∕5. 𝑅0 was calculated using Eq. (5) (see
Supplementary Information S4) and the grey plane corresponds to 𝑅0 = 1.
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I then explored the effect of changing the ratio of the transmission rates, 𝛽𝑆∕𝛽𝑀 , on 𝑅0 by fixing 𝛽𝑀 and varying
𝛽𝑆 . Assuming that severe and mild disease have an equal probability of occurring (𝜈 = 0.5) and equal infectious
periods 𝛾𝑆 = 𝛾𝑀 = 𝛾 , I found that the value of 𝛼 affected the qualitative relationship between 𝛽𝑆∕𝛽𝑀 and 𝑅0 (Fig. 2).
When 𝛼 = 0, 𝑅0 increased linearly with 𝛽𝑆

𝛽𝑀
with 𝑅0 = 1

2𝛾 (𝛽𝑀 + 𝛽𝑆 ). When 𝛼 = 1, 𝑅0 = 1
𝛾 max(𝛽𝑀 , 𝛽𝑆 ). So, when

𝛽𝑆∕𝛽𝑀 > 1, 𝑅0 increased linearly and when 𝛽𝑆∕𝛽𝑀 < 1 𝑅0 remained constant at 𝛽𝑀
𝛾 .

Calculating 𝑅0 when 𝛼𝐌 ≠ 𝛼𝐒
Next, considering when 𝛼𝑆 and 𝛼𝑀 had distinct values (Fig. 3), I found that when 𝛼𝑆 = 1 or 𝛼𝑀 = 1, one of

the off-diagonal elements of 𝐊 would be equal to zero and therefore the eigenvalues were again given by the diagonal
elements. So

𝑅0 = max
(

𝛽𝑀
𝛾𝑀

(

1 − (1 − 𝛼𝑀 )𝜈
)

,
𝛽𝑆
𝛾𝑆

(

1 − (1 − 𝛼𝑆 )(1 − 𝜈)
)

)

If 𝛼𝑆 = 1 this becomes

𝑅0 = max
(

𝛽𝑀
𝛾𝑀

(

1 − (1 − 𝛼𝑀 )𝜈
)

,
𝛽𝑆
𝛾𝑆

)

and if 𝛼𝑀 = 1 this becomes

𝑅0 = max
(

𝛽𝑀
𝛾𝑀

,
𝛽𝑆
𝛾𝑆

(

1 − (1 − 𝛼𝑆 )(1 − 𝜈)
)

)

In this scenario, severe disease was assumed to be more transmissible and has a longer infectious period than mild
disease, meaning that 𝛽𝑆

𝛾𝑆
> 𝛽𝑀

𝛾𝑀
. This led to 𝛼𝑆 having a larger impact on 𝑅0 than 𝛼𝑀 . 𝑅0 attained a maximum when

𝛼𝑆 = 1 and a minimum when 𝛼𝑀 = 1 and 𝛼𝑆 ∈ [0, 0.2] for this set of parameters (Fig. 3).
When 𝛼𝑆 = 1, 𝑅0 remained constant with 𝑅0 =

𝛽𝑆
𝛾𝑆

as 𝛼𝑀 varies, since 𝛽𝑆
𝛾𝑆

> 𝛽𝑀
𝛾𝑀

(1 − 𝜈). On the other hand, when

𝛼𝑀 = 1, 𝑅0 =
𝛽𝑆
𝛾𝑆
(1 − (1 − 𝛼𝑆 )(1 − 𝜈)) until the value of 𝛼𝑆 which satisfied 𝛽𝑆

𝛾𝑆
(1 − (1 − 𝛼𝑆 )(1 − 𝜈)) = 𝛽𝑀

𝛾𝑀
. For lower

values of 𝛼𝑆 the value of 𝑅0 switched to become 𝛽𝑀
𝛾𝑀

.

Figure 3: Investigating the value of 𝑅0 whilst varying the dependence on infector’s symptom severity when they have
mild or severe disease (𝛼𝑀 and 𝛼𝑆 respectively). Here the parameters are as given in Table 1 (𝜈 = 0.2, 𝛾𝑀 = 1∕5 and
𝛾𝑆 = 1∕7) and the transmission rates are set to be 𝛽𝑀 = 0.1 and 𝛽𝑆 = 0.2. 𝑅0 is calculated using Eq. (5) (see Supplementary
Information S4) and the grey plane is where 𝑅0 = 1.
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Varying parameters for fixed values of 𝑅0

Since the eigenvalues of 𝐊 can be computed, it is possible to derive an equation for 𝑅0 that can be solved for a
given parameter set (see Supporting Information S4).

If 𝛽𝑀 = 𝛽, 𝛽𝑆 = 𝑟𝛽, 𝑅0 is fixed and 𝛼𝑀 = 𝛼𝑆 = 𝛼, then the derived equation for 𝑅0 (Eq. (4) in Supporting
Information S4) simplifies to

𝑟(1 − 𝛼)
𝛾𝑀𝛾𝑆

𝛽2 − 𝑅0

(

(1 − 𝛼𝜈)
𝛾𝑀

+
𝑟(1 − 𝛼(1 − 𝜈))

𝛾𝑆

)

𝛽 − 𝑅2
0 = 0 (3)

Using this equation, I investigated varying 𝛼 whilst keeping 𝑅0 and 𝑟 fixed by choosing a suitable value of 𝛽 or
similarly investigate the effect of changing 𝑟 for a fixed value of 𝑅0 and 𝛼.

3.3. Sensitivity analysis
To expand on the results from the previous section, I explored the two symptom severity model computationally.

Having established that 𝛼 had a substantial effect on the value of 𝑅0, I fixed 𝑅0 for each set of runs in this analysis. This
allowed me to explore the impact of varying 𝛼 on other epidemiological outputs. I fixed the value of 𝑅0 by choosing
an appropriate value of 𝛽 for each value of 𝛼, using Eq. (3).

Unless stated otherwise, the parameters used in this section are as given in Table 1. I assumed throughout that
𝛼𝑀 = 𝛼𝑆 = 𝛼 and initially assumed 𝛽𝑆

𝛽𝑀
= 2, where 𝛽𝑀 = 𝛽 and 𝛽𝑆 = 2𝛽. Note that, at points during this analysis, 𝛾𝑆

and 𝛽𝑆∕𝛽𝑀 were varied alongside 𝛼.

Epidemiological outputs are highly sensitive to 𝛼
I began by investigating the effect of the dependence on the infector’s symptom severity, 𝛼, on the proportion of

the population infected across the whole simulation (Fig. 4(a)) and at the peak of the outbreak (Fig. 4(b)). I did so for
three values of 𝑅0: 1.1, 2.0 and 3.0.

I found that for all three values of 𝑅0, the effect of 𝛼 was consistent, although the total number of cases and
peak number of cases were higher for larger values of 𝑅0 as expected. The total proportion of the population infected
was similar across values of 𝛼, but the proportion of those cases that were severe varied dramatically. When 𝛼 = 1,
(symptoms always pass on with infection) almost all cases were severe, despite the simulation initially starting with
both a mild and severe case. The dominance of severe disease was due to it being more transmissible and having a
longer infectious period. I went on to explore how much more transmissible severe disease needs to be to dominate
infections when 𝛼 = 1 (Fig. S3). For 𝑅0 = 1.1, 99% of infections were severe when 𝛽𝑆 = 1.03𝛽𝑀 . For higher values
of 𝑅0, a larger value of 𝛽𝑆 was required for severe disease to completely dominate. For example, when 𝛽𝑆 = 1.1𝛽𝑀 ,
94% and 88% of cases were severe for 𝑅0 = 2.0 and 3.0 respectively.

When considering the proportion of the population infected at the peak of the outbreak (Fig. 4(b)), I found that
the proportion of cases that were severe followed a similar trend to the proportion infected (Fig. 4(a)). However, the
proportion of the population infected at the outbreak’s peak was higher for values of 𝛼 > 0.5, especially for larger
values of 𝑅0.

Although the total proportion of the population infected seemed roughly equal across 𝛼, the total proportion infected
did in fact vary (Fig. 5, top row). Across all three values of 𝑅0, the total proportion infected reached a minimum close
to 𝛼 = 0.5 with the number of infections at that point decreasing from the expected final size by 0.22%, 0.79% and
0.54% for 𝑅0 = 1.1, 2.0 and 3.0 respectively. In a population the size of the UK (67 million people), this is equivalent
to a reduction of 147,000, 529,000 and 362,000 infections.
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(a) (b)

Figure 4: Investigating the total and peak proportion of the population infected for three values of 𝑅0 whilst varying the
dependence on the infector’s symptom severity, 𝛼 I present (a) the proportion of the population infected across the entire
simulation and (b) the proportion of the population infected at the peak of the outbreak. The intensity of the shading
denotes the symptom severity level with the darker colour showing severe infections and the lighter colour showing mild
infections. The parameters are as given in Table 1 ( 𝜈 = 0.2, 𝛾𝑀 = 1∕5, 𝛾𝑆 = 1∕7 and 𝛽𝑆∕𝛽𝑀 = 2).

From the results shown in Fig. 5 I expected the peak proportion infected to reduce to a minimum near 𝛼 = 0.5,
as the number of infections has decreased. Interestingly, there was a much larger increase than expected in the peak
proportion infected when 𝛼 = 1 due to the prevalence of severe cases and their increased infectious durations (Fig. 5,
bottom row).

These results are supported by the temporal plots (Fig. S4) which showed that the peak in infections was noticeably
larger for 𝛼 = 1. This plot also showed how the relative contribution from mild disease decreases with 𝛼.

Changing the severe infectious duration led to the total infections varying with 𝛼
To isolate the effect of severe and mild disease having different infectious durations, I set their transmission rates

to be equal (𝛽𝑆∕𝛽𝑀 = 1) and then varied 𝛾𝑆 whilst keeping 𝛾𝑀 = 1∕5 (Fig. 6). When 𝛾𝑆 = 𝛾𝑀 = 1∕5, changing
the dependence on the infector’s symptom severity, 𝛼, has no effect on the total proportion of the population infected,
which remains equal to the expected value. When 𝛾𝑆 was decreased (meaning the infectious duration was increased),
the total proportion infected decreases to a minimum for some value of 𝛼 but was equal to the expected value at 𝛼 = 0
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Figure 5: Investigating the total and peak proportion of the population infected over the entire simulation for three
values of 𝑅0 whilst varying the dependence on the infector’s symptom severity, 𝛼. The first row shows the total proportion
of the population infected in both severity classes varies compared to the calculated theoretical value for that value of 𝑅0
which is shown by the dashed grey line. The second row shows the proportion of the population infected at the outbreak’s
peak across both severity classes. Note that the y scale varies across these plots since the change due to 𝛼 was relatively
small compared to the change due to 𝑅0.

or 1. The value of 𝛼 at which this minimum was attained and the percentage reduction in cases from the expected value
varied with 𝑅0 and 𝛾𝑆 .

I found that smaller values of 𝛾𝑆 (longer infectious period) led to the minimum occurring at lower values of 𝛼
(Fig. 6). This relationship can be seen for all three values of 𝑅0. When 𝑅0 = 2.0 or 3.0, 𝛾𝑆 also strongly affects the
percentage reduction from the expected value at the minimum point, with smaller values of 𝛾𝑆 leading to a larger
percentage reduction of up to 2.5% (1,675,000 infections) and 1.8% (1,206,000 infections) for the two values of 𝑅0.
Contrastingly, when 𝑅0 = 1.1, I found that 𝛾𝑆 had a minimal impact on the percentage reduction of people infected at
the minimum which remained close to 0.7% (469,000 infections) for all values.

Inspecting the proportion of cases that are severe, I observed that it increased with 𝛼 (Fig. 6, bottom row). I also
found that the point at which there were equal numbers of mild and severe cases roughly lined up with the value of 𝛼
for which the total proportion of the population infected attains its minimum.

Changing the transmission rate ratio has a limited effect on the total infections
To isolate the effect of severe disease being more transmissible than mild disease, I set the infectious periods to be

equal (𝛾𝑆 = 𝛾𝑀 = 1∕5) and varied 𝛽𝑆∕𝛽𝑀 whilst keeping the value of 𝑅0 fixed (Fig. 7).
I found that, in general, the impact of changing 𝛽𝑆∕𝛽𝑀 was minimal when compared to the impact of changing 𝛾𝑆 .

The only noticeable change in the total proportion of the population infected was when 𝛽𝑆∕𝛽𝑀 = 1.1 and 𝛼 was close
to one. However, even at this point, the percentage reduction from the expected value was less than 0.4%.
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Figure 6: Investigating how the total proportion of the population infected changes as the infectious period for severe
disease increases for three values of 𝑅0 whilst varying the dependence on the infector’s symptom severity. The first row
shows the total proportion of the population infected across both symptom severity classes, with the right axis showing
the percentage change from the calculated theoretical value. The second row shows the total proportion infected across
both symptom severity classes with the dotted line showing mild infections and the solid line showing severe infections.
Here 𝛽𝑆∕𝛽𝑀 was assumed to be 1, 𝜈 = 0.2 and 𝛾𝑀 = 1∕5. For each value of 𝛾𝑆 and 𝛼, the value of 𝛽 required to give the
fixed value of 𝑅0 was recalculated. The intensity of the shading denotes the severe recovery rate, 𝛾𝑆 , with darker colours
referring to smaller values of 𝛾𝑆 (and therefore a longer infectious period). Note that the y-axis scale varies across these
plots.

Figure 7: Investigating how the total proportion of the population infected changes as the ratio of transmission rates
increases for three values of 𝑅0 whilst varying the dependence on the infector’s symptom severity. The first row shows the
total proportion of the population infected across both symptom severity classes, with the right axis showing the percentage
change from the calculated theoretical final outbreak size. The second row shows the total proportion infected across both
symptom severity classes, with the dotted line showing mild infections and the solid line showing severe infections. Here
𝜈 = 0.2 and 𝛾𝑀 = 𝛾𝑆 = 1∕5. For each value of 𝛽𝑆∕𝛽𝑀 and 𝛼, the value of 𝛽 required to give the fixed value of 𝑅0 required
was recalculated. The intensity of the shading denotes the severe recovery rate, 𝛾𝑆 , with darker colours referring to smaller
values of 𝛾𝑆 (and therefore a longer infectious period). Note that the y-axis scale varies across these plots.
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Figure 8: Investigating how the proportion of the population infected changes as 𝛽𝑆∕𝛽𝑀 and 𝛾𝑆 increase simultaneously
whilst varying 𝛼. The intensity of the shading denotes the severe recovery rate 𝛾𝑆 . Note that the y-axis scale varies across
these plots.

I went on to explore the impact of changing 𝛾𝑆 and 𝛽𝑆∕𝛽𝑀 simultaneously (Fig. 8). I found that increasing 𝛽𝑆∕𝛽𝑀
when 𝛾𝑆 > 𝛾𝑀 led to the minimum proportion of the population infected occurring at a lower value of 𝛼 with a
decreased percentage reduction from the expected final size.

Overall, I found that the difference in infectious periods for mild and severe disease was responsible for reducing the
total proportion of the population infected for certain values of 𝛼. I hypothesised that this occurs because the increase
in 𝛾𝑆 leads to a larger proportion of the cases being severe. One would then expect this to be amplified by the partial
symptom severity mapping. However, the increase in severe cases mostly occurs near the end of the outbreak when
the majority of mild cases have recovered but severe cases have not. This means that the increase in severe cases was
not amplified, as by that point relatively few individuals are being infected. So the proportion of cases that are severe,
and therefore the value of 𝑅0, was overestimated for that parameter set (see Supporting Information S5 for a further
explanation).

3.4. Exploring the effect of a symptom blocking intervention
Having so far explored the symptom severity model to gain an understanding of its transmission dynamics,

I next investigated the effect of an intervention with a symptom-reducing effect. I explored how the dependence
on the infector’s symptom severity, 𝛼, impacted epidemiological outputs (total infections, severe infections and
hospitalisations) and the cost-effectiveness of the intervention. The following plots show the epidemiological outputs
as the number of infections or hospitalisations prevented (compared to the no intervention scenario) as a proportion of
the total population size.
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Figure 9: Investigating the number of infections prevented by the intervention as a proportion of the total population.
For each uptake and efficacy and values of 𝜈 and 𝛼, the total number of infections at the end of the simulation are
subtracted from the total number of infections in the no intervention scenario for those values of 𝜈 and 𝛼 to give the
number of infections prevented. This value was then divided by the total population size. The darker shading corresponds
to a larger reduction in the proportion of the population infected.

Note that the model only depends on 𝜂𝑢 where 𝜂 is the efficacy and 𝑢 is the uptake. This means that all the
epidemiological outputs (Fig. 9, Fig. 10 and Fig. 11) are diagonally symmetrical; for example, the scenarios with
efficacy of 70% and uptake of 50% are equivalent to the scenarios with efficacy of 50% and uptake of 70%.

Higher values of 𝛼 led to the intervention preventing more infections
The effect of the uptake and efficacy on the number of infections prevented for different values of 𝛼 and 𝜈 was shown

in Fig. 9. When the uptake or efficacy was low (equal to 25%), the intervention prevented relatively few infections and
the number of infections prevented was similar across different values of 𝜈 and 𝛼. When the uptake and efficacy were
increased, 𝛼 strongly impacted the number of infections prevented, with the intervention being much more effective
for values of 𝛼 close to 1. Therefore, increasing the uptake of the intervention had a much larger impact for values of
𝛼 close to 1 than it did for values of 𝛼 approaching 0. In general, 𝜈 had a minimal impact on the number of infections
prevented by the intervention, except for when the uptake and efficacy were both at 90% where the intervention became
more effective at preventing infections when 𝜈 was closer to 1.
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Figure 10: Investigating the number of severe infections prevented by the intervention as a proportion of the total
population. For each uptake and efficacy and values of 𝜈 and 𝛼, the total number of severe infections at the end of the
simulation are subtracted from the total number of severe infections in the no intervention scenario for those values of 𝜈
and 𝛼 to give the number of severe infections prevented. This value was then divided by the total population size. The
darker shading corresponds to a larger reduction in the proportion of the population infected with severe disease.

Higher values of 𝛼 and 𝜈 led to the intervention preventing more severe infections
As with the total number of infections prevented (Fig. 9), the intervention’s effectiveness at preventing severe

infections depended strongly on 𝛼 with more severe infections being prevented for 𝛼 close to one (Fig. 10. When 𝛼
was close to 1, increasing the uptake had a much larger impact on the number of severe cases prevented. When 𝛼 was
close to 0, increasing the uptake had a more limited effect.

In contrast, 𝜈 did have a larger effect on the number of severe cases prevented than it did on the total cases prevented.
For high uptake or efficacy (70% or 90%), 𝜈 was as important as 𝛼 when determining the number of severe cases
prevented. This increase in the number of severe cases prevented was primarily due to there being a larger number of
severe cases for these values of 𝛼 and 𝜈. When considering the percentage of severe cases prevented (Fig. S6), there was
minimal dependence on both 𝛼 and 𝜈. Instead, the proportion of severe cases prevented was almost entirely dependent
on the uptake and efficacy of the intervention.
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Figure 11: Investigating the number of hospitalisations prevented by the intervention as a proportion of the total
population. For each uptake and efficacy and values of 𝜈 and 𝛼, the total number of hospitalisations at the end of the
simulation are subtracted from the total number of hospitalisations in the no intervention scenario for those values of 𝜈
and 𝛼 to give the number of hospitalisations prevented. This value was then divided by the total population size. The
darker shading corresponds to a larger reduction in the proportion of the population hospitalised.

Higher values of 𝛼 and 𝜈 led to the intervention preventing more hospitalisations
When considering the number of hospitalisation prevented by the intervention (Fig. 11), 𝛼 and 𝜈 had a large impact

on the number of hospitalisations prevented. When 𝛼 or 𝜈 were close to 1 leading, there was a much greater reduction in
hospitalisations. Unlike when considering the proportion of severe cases prevented (Fig. S6), 𝛼 still had a large impact
on the proportion of hospitalisations prevented when either uptake or efficacy was greater than 50% (Fig. S7). An
exception was when uptake and efficacy were both 90%, where almost all hospitalisations were prevented regardless
of the value of 𝛼.

Overall, the effectiveness of the intervention with a set uptake and efficacy was dependent on 𝛼 and also 𝜈, especially
for 𝛼 close to 0. When 𝛼 or 𝜈 were close to 1, increasing the uptake substantially impacted the effectiveness, especially
when the efficacy was high. However, for other values of 𝛼 and 𝜈, increasing the uptake had a minimal effect. Since the
epidemiological outputs depended only on the value of 𝜂𝑢, where 𝜂 was the efficacy and 𝑢 was the uptake, increasing
the efficacy for fixed uptake values gave the same relationship as described above.
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Figure 12: Investigating the threshold per unit intervention cost below which the intervention was cost-effective. The
threshold per unit intervention cost was defined to be the per unit intervention cost at which the total cost of the
intervention was equal to the willingness-to-pay per QALY gained multiplied by the number of QALYs gained. The darker
shading corresponds to a larger threshold intervention cost.

Higher values of 𝛼 and 𝜈 lead to a larger threshold intervention cost
The previous analysis showed that the intervention was more effective at preventing infections and hospitalisations

when 𝛼 or 𝜈 were close to one. This meant that, across all efficacy and uptake levels, the threshold per unit intervention
cost was higher when 𝛼 or 𝜈 were closer to one (Fig. 12).

The efficacy multiplied by the uptake controls the dynamics so an intervention with efficacy 𝜂 and uptake of 100%
was equivalent to an intervention with efficacy 2𝜂 and uptake 50% (or more generally efficacy 𝑝𝜂 and uptake 100

𝑝 %).
Since these interventions are equivalent, one would be willing to pay the same overall cost and therefore would be
willing to pay 𝑝 times as much per unit of an intervention that was 𝑝 times more effective. This relationship was
reflected by the increase in the threshold per unit intervention cost as the efficacy increases (Fig. 12).

When the efficacy was relatively low (25% or 50%, first and second row in Fig. 12), the threshold per unit
intervention cost remained relatively constant as the uptake was increased. However, when the efficacy was higher
(70% or 90%, third and fourth row in Fig. 12), the threshold intervention cost was larger for lower uptake levels (25%
or 50%) than it was for higher uptake levels (70% or 90%), especially when 𝛼 was close to 1.
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The optimal intervention uptake is highly sensitive to 𝛼 when the efficacy is above 50%
Next, I explored the optimal intervention uptake for fixed values of 𝛼 (0.0, 0.2, 0.5, 0.8, 1.0), 𝜈 (0.2, 0.5, 0.8) and

the efficacy of the intervention (25%, 50%, 70%, 90%). This was motivated by the intervention uptake being a factor
that public health policy can impact.

When looking at how the threshold intervention cost varies with the uptake (Fig. 13), the value of 𝛼 greatly affected
the qualitative relationship.

When 𝛼 = 0.2 (Fig. 13, top row), the threshold intervention cost increased with the uptake and the size of the
increase depended on the efficacy and the value of 𝜈. In general, the threshold intervention cost was low, reaching a
maximum of £308 for this value of 𝛼.

When 𝛼 = 0.5 (Fig. 13, middle row), the relationship between the uptake and the threshold intervention cost
was similar to when 𝛼 = 0 and the efficacy was low (25% or 50%). However, when the efficacy was high (70% or
90%), the threshold intervention cost decreased after a certain uptake level. This effect was especially noticeable when
𝜈 = 0.2. When the efficacy was 90%, the threshold intervention cost reached a maximum of £379 at 30% uptake before
decreasing to £290 at 100% uptake. In fact, the threshold intervention cost was lower at 100% uptake than at 1% uptake

Figure 13: Investigating how the threshold per unit intervention cost varies with the uptake for different efficacies and
values of 𝛼 and 𝜈.
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(£290 vs £363). When the efficacy was 70%, I found a similar pattern with the threshold intervention cost increasing
from £282 at 1% uptake to £295 at 39% uptake and then decreasing back to £256 at 100% uptake. Additionally, when
the efficacy was 90%, the threshold intervention cost decreased from £433 at 73% uptake to £417 at 100% uptake when
𝜈 = 0.5 and the threshold intervention cost stopped increasing when the uptake was close to 100% uptake for 𝜈 = 0.8.

When 𝛼 = 0.8 (Fig. 13, bottom row), the value of 𝜈 had a minimal impact on the threshold intervention cost. When
the efficacy was low (25% or 50%), the threshold intervention cost increased with the uptake. When the efficacy was
70% and 𝜈 = 0.2, the threshold intervention cost peaked at £680 at 68% uptake before decreasing to £598 at 100%
uptake. Similarly, when the efficacy was 90%, the threshold intervention cost peaked at £875 at 53% uptake before
decreasing to £634 at 100% uptake.

In summary, the efficacy at which the 100% uptake was no longer optimal, and the optimal uptake for these larger
efficacies, depended on the value of 𝛼 and 𝜈.

4. Discussion
Respiratory infections are a major focus in epidemiological and public health research. The COVID-19 pandemic

has highlighted the importance of asymptomatic transmission with those exhibiting milder symptoms being included
in many epidemiological models (Moghadas et al., 2020; Mathews et al., 2007). Despite this, there is still uncertainty
around the transmission mechanisms of respiratory diseases and the relative contributions of different disease severities
(Hall et al., 1979; Killingley and Nguyen-Van-Tam, 2013; Tellier, 2022)

Understanding the transmission mechanisms underpinning a symptom severity mapping for respiratory infections
would allow governing bodies to use more effective intervention strategies that have the potential to save more lives
and prevent spending more on less effective strategies.

I developed a generalisable framework that could capture multiple symptom severity levels which I used to explore
the effect of a symptom severity mapping on epidemiological and health economic outcomes.

In the analytical exploration of 𝑅0, I showed that the dependence on the infector’s symptom severity (denoted by
𝛼) substantially impacted the value of 𝑅0. This suggests that changing 𝛼 would appreciably affect epidemiological
outcomes and should be considered both when simulating from a given set of parameters and when estimating
parameters from empirical data. Additionally, the dependence on the infector’s symptom severity when the infector
had severe disease (𝛼𝑆 ) had a more considerable impact on 𝑅0 than the dependence when the infector had mild disease
(𝛼𝑀 ). Although further work is required to establish the relative importance of 𝛼𝑆 and 𝛼𝑀 , my initial results suggest
that research focusing on the onwards transmission of severe disease (for example, by focusing on transmission via
aerosols) should be prioritised.

In the computational exploration the model’s sensitivity to 𝛼, I found that the proportion of cases that were severe
increased with 𝛼. This supports the findings of Paulo et al. (2010), who determined that the inclusion of a dose-
response relationship led to an increased incidence of severe disease and a high mortality rate. In addition, when 𝛼 was
close to one (the dependence on the infector’s symptom severity was high) the majority of cases were severe. When
𝛼 = 1, severe disease dominated the outbreak even when it was only slightly more transmissible. The dominance
of severe disease could motivate the use of quarantining measures for those with severe disease early on during an
outbreak. Although, such measures may be less effective if started once the outbreak is widespread unless the uptake
is sufficiently high. Further research into quarantining measures with strategies focused on either severe disease or all
infected individuals is required to establish its effectiveness for different strengths of symptom severity mappings.

In addition, I found that if severe disease had a longer infectious duration than mild disease, the total number of
infections depended on the value of 𝛼 even when 𝑅0 was fixed across simulations. When there was partial dependence
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on the infector’s symptom severity, the total number of infections was lower than the theoretical final size. This suggests
that 𝛼 is an essential factor to consider when estimating the total number of infections from the value of 𝑅0 or vice
versa. Also, since the total number of infections depends on the difference in the severe and mild infectious periods,
research into understanding their respective infectious periods is crucial to consider. The importance of infectious
periods found in this report aligns with the results of Harris et al. (2022), who found that a symptom severity mapping
exaggerated the effect of asymptomatic infections having a longer infectious period.

Across these computational results, 𝑅0 had a minimal impact on the qualitative results suggesting that the general
findings apply to a number of respiratory infections with a range of 𝑅0 values.

Thirdly, I found that the cost-effectiveness of an intervention with a symptom-blocking effect was highly dependent
on 𝛼. The intervention was most effective at preventing infections and hospitalisations when either the dependence
on the infector’s symptom severity, 𝛼, or the underlying probability of severe disease, 𝜈, was high. This meant the
intervention being most effective corresponded to when the proportion of cases that were severe was high. Therefore,
even if a symptom severity mapping is not included, the use of separate symptom severity classes is vital to predicting
the effectiveness of an intervention. Similarly, I found that the intervention was most cost-effective when 𝛼 or 𝜈 were
high. When investigating how the threshold intervention cost varied with the uptake for a fixed intervention efficacy
and fixed values of 𝛼 and 𝜈, I found that the optimal uptake varied substantially with 𝛼. For 𝛼 close to zero, 100%
uptake was optimal. However, for larger 𝛼 and high efficacies, the optimal uptake was less than 100%. This suggests
that the optimal intervention strategy is potentially dependent on the value of 𝛼 and that not including a symptom
severity mapping during intervention analysis could lead to the use of a less cost-effective intervention strategy.

There are of course limitations to the work done in this report. I aimed to apply these results to general respiratory
infections but have used data for influenza specifically to parameterise the model. As such, some of the underlying
assumptions, such as severe disease having a longer infectious period than mild disease, may not apply to other
respiratory infections of interest. In addition, the model used does not include any spatial heterogeneity. This could be
vital in establishing the effectiveness of interventions and patterns that could allow a symptom severity mapping to be
predicted from data; one such example would be an increase in clusters of severe disease. There is also uncertainty
in the parameters used for the health economic modelling. Firstly, the analysis was only performed for 𝑅0 = 3.0.
Exploring a value of 𝑅0 closer to one might lead to more variable results due to an increase in the likelihood of the
intervention preventing the outbreak by reducing the effective reproductive ratio below one. The QALY loss values
for the different disease severity levels also have much uncertainty, partly due to the lack of a formal scheme to define
“severe” and “mild” disease. One assumption that could notably impact the intervention’s cost-effectiveness is that
mild disease leads to no QALY losses. This could lead to an underestimate of the effectiveness of an intervention
that prevents a large number of mild cases. In addition, the WTP per QALY was assumed to be £20,000, but often
analysis is performed using a WTP per QALY of £30,000. Using this value instead would lead to a higher threshold
per unit intervention cost and potential intervention strategies being deemed cost-effective when they would not have
been when the WTP per QALY was £20,000.

Whilst this report establishes the importance of a symptom severity mapping, further work is still required to fully
determine its effect on epidemiological outcomes and the cost-effectiveness of interventions. One key inclusion would
be separate age classes with different underlying probabilities of having severe disease. Intervention strategies that
initially target specific age groups are widespread, leading to a focus on determining the optimal priority ordering
as seen for vaccine strategies during the COVID-19 pandemic (Moore et al., 2021a,b). This research motivates the
use of age classes when exploring intervention strategies since changing the priority order can have dramatic effects
on public health outcomes. Age classes would also be important to include when determining the likelihood of a
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symptom severity mapping from a data set, as age groups have different probabilities of severe disease and individuals
have a higher likelihood of interacting with those of a similar age. Additional symptom severity classes could also
be included, such as asymptomatic infections. The model could also be extended to account for symptom severity
changing throughout the infection. Other intervention strategies, such as the quarantining measures mentioned earlier,
would also be important to explore. One key extension to the work done in this report would be the exploration of a
symptom severity mapping with both a symptom blocking and infection blocking effect.

There are still significant gaps in our understanding of the transmission of respiratory pathogens. More experimental
data is required to understand the transmission routes, how symptoms develop after infection, and how and if symptom
severity passes on with infection. This report motivates further research to continue enhancing our understanding of
the importance of a symptom severity mapping on questions relevant to public health policy.
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Supplementary Information
S1. Background: The biological evidence for a symptom severity mapping

To motivate the development of a mathematical model with mechanisms that can capture the propagation of
symptom severity (described in Section 2), I initially expand on the contemporary biological knowledge for the
existence of a symptom severity mapping. This will consist of an exploration of the mechanisms of the transmission of
respiratory pathogens and the pathways through which a symptom severity mapping could exist, and then a summary
of the evidence available for three respiratory diseases: Plague, influenza and COVID-19.

Pathways for the propagation of symptom severity
While limited observational data is available to quantify a symptom severity mapping for respiratory diseases,

emerging evidence supports pathways through which it could occur. These two pathways, which will be discussed in
detail in the following subsections, are through a dose-response relationship and differential transmission routes.

Dose-response relationship
The dose-response relationship is the relationship between an individual’s infectious dose and their subsequent

disease severity and transmissibility. There is strong evidence across the literature that viral shedding, measured by
the number of viral particles detected, is positively correlated with symptom severity in the case of influenza (Couch
et al., 1971; Bjornson et al., 1991; Hall et al., 1979), SARS (Chu et al., 2004) and MERS (Al-Abdely et al., 2019). This
correlation means that individuals with more severe disease are likely to infect others with a higher infectious dose
than if they had milder disease. Suppose a dose-response relationship exists for a particular respiratory pathogen. In
that case, we expect this higher infectious dose to lead to more severe disease in those infected, resulting in a symptom
severity mapping.

The existence of a dose-response relationship seems to vary across respiratory infections. In some cases, there
seems to be strong evidence in favour of its existence as seen with measles (Aaby and Coovadia, 1985) and certain
respiratory bacteria (Jones and Su, 2015). However, for others, there is limited evidence and the existence of a dose-
response relationship is still up for debate.

Differential transmission routes
The other motivating factor for a symptom severity mapping involves the transmission route. There are three

predominant routes of transmission for most respiratory pathogens: contact (either direct or indirect), large droplet
and aerosol transmission (Killingley and Nguyen-Van-Tam, 2013). Contact transmission is where viral particles are
“picked up” on hands either through direct contact with an infected individual or from contact with a contaminated
surface. These particles are then transferred to the respiratory tract via contact with the face and deposit in the upper
respiratory tract (URT). Large droplet transmission involves particles larger than 10𝜇m, which are generally released
through coughs and sneezes. These particles can travel up to a metre through the air and deposit in the URT. Due to
the similarity of transmission properties of these two routes (i.e. both act over short distances and deposit in the URT),
they are often considered together as close contact transmission (CCT). Aerosol transmission involves particles smaller
than 5𝜇m, which are generally released through coughs and normal breathing. They are sufficiently light to travel on
air flows and potentially allow for longer distance transmission. These particles can be inhaled and primarily deposit
in the lower respiratory tract (LRT), although they may also deposit in the URT (Tellier, 2009).

Since severe disease is often indicated by the development of a cough, we expect that its subsequent transmission
will be to some extent driven by aerosol transmission, as opposed to predominately being driven by CCT. There is
strong evidence across respiratory infections that infection via aerosol transmission causes more severe disease than
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that caused by CCT. This is thought to be because aerosol transmission leads to particles mainly depositing in the LRT
(Tellier, 2009), which is likely to result in reactivity of the airway and cause a cough, leading to severe disease.

Whilst the impact of the transmission route on symptom severity in the infectee is well established, the relative
importance of the different transmission routes is debated (Hall et al., 1979) and the impact of the symptom severity
of the infector on the transmission route is unclear. We assume mild disease spreads predominantly through CCT and
severe disease spreads through aerosol transmission and CCT, though further research is required. It may be that either
CCT or aerosol transmission is dominant in both cases, leading to symptom severity having a limited impact on the
transmission route and, therefore, the subsequent symptom severity of those infected.

Evidence for specific diseases
Whether or not a symptom severity mapping exists, and the extent to which it exists, is likely to vary between

respiratory diseases; this is exemplified by the three diseases considered in detail here (plague, influenza, COVID-19).

Plague
One respiratory disease with clear evidence of a symptom severity mapping is plague, caused by the bacterium

Yersinia pestis. Plague predominantly comes in one of two forms: bubonic and pneumonic (Dean et al., 2018). Bubonic
plague is typically transmitted between humans by ectoparasites such as fleas or lice (Drancourt et al., 2006) and can
develop into pneumonic plague if the bacteria enter and infect the lungs (Gani and Leach, 2004). Pneumonic plague is
a more severe form of plague (Centers for Disease Control and Prevention, 2021) with a mortality rate close to 100%
when left untreated (World Health Organization, 2022). Individuals with pneumonic plague can then infect others via
aerosol transmission (Gani and Leach, 2004). Individuals infected via this route are infected with pneumonic plague,
unlike transmission through all other routes which result in bubonic plague. The existence of a symptom severity
mapping for plague suggests the potential for a symptom severity mapping for other respiratory diseases, especially if
the aerosol route of transmission is involved.

Influenza
It is currently unclear whether such a symptom severity mapping exists for influenza as there is still widespread

debate over its transmission mechanisms.
There is limited evidence for influenza that a dose-response relationship exists. Some studies found that a higher

inoculant dose leads to more severe symptoms (Han et al., 2019) whereas others found that severe disease had no
association with the dose given (Watson et al., 2015). One review even found that across 55 experimental studies there
was no correlation between the inoculant dose and the prevalence of cough and a negative correlation between the dose
and the prevalence of fever (Carrat et al., 2008).

A symptom severity mapping through differential transmission routes does seem to have more substantial support.
There is evidence that intranasal inoculation causes a significantly smaller proportion of cases to be severe (Carrat
et al., 2008) when compared to natural infections (Cao et al., 2009; Moser et al., 1979; Little et al., 1979). Intranasal
inoculation leads to infection mainly in the URT, similar to infection from CCT. Intranasal inoculation leading to a
smaller proportion of severe cases could be explained by natural infection being driven by aerosol transmission which
leads to more severe disease. This hypothesis is supported by animal model studies of influenza using ferrets which
found a clear relationship between the transmission route and the resulting disease (Herlocher et al., 2001; Bodewes
et al., 2011) with intranasal inoculation generally leading to mild disease with infection predominately in the URT and
aerosol inoculation causing infection in the LRT leading to more severe disease.
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However, the relative importance of the different transmission routes is debated (Hall et al., 1979). Whilst some
argue that droplets drive influenza transmission (Aledort et al., 2007; Weinstein et al., 2003; Brankston et al., 2007)
others argue that droplet transmission would be a rare event (Atkinson and Wein, 2008; Killingley and Nguyen-Van-
Tam, 2013). Similarly, there is uncertainty about the importance of the aerosol transmission route (Smieszek et al.,
2019). Many argue that aerosol transmission is unlikely due to a lack of evidence of long-range transmission (Awofeso
et al., 2001; Apisarnthanarak and Mundy, 2010; Moser et al., 1979). Yet, others argue that is contributes majorly to
the spread of influenza Cowling et al. (2013) and some suggest aerosol transmission dominates in certain scenarios
(Atkinson and Wein, 2008; Stilianakis and Drossinos, 2010; Killingley and Nguyen-Van-Tam, 2013).

COVID-19
Whilst a symptom severity mapping for COVID-19 is not confirmed, emerging evidence supports its existence.
The impact of viral load on disease severity of COVID-19 in humans is debated (Van Damme et al., 2021; Trunfio

et al., 2021). However, evidence for a dose-response relationship is emerging in animal-model studies. These studies
found that higher initial viral inoculum was associated with increased viral shedding and more severe disease (Imai
et al., 2020; Ryan et al., 2021).

The debate over the relative importance of different transmission routes has been reignited in the context of COVID-
19. Some believe that transmission of SARS-CoV-2 is mainly through respiratory droplets and contact with infected
surfaces rather than through aerosols (Karimzadeh et al., 2021), mainly due to a lack of evidence for long-distance
transmission (Ong et al., 2020). However, there is strong support for the importance of the aerosol transmission route
(Tellier, 2022; Lelieveld et al., 2020; Tang et al., 2020; Morawska and Cao, 2020), leading many to believe that it is
the primary transmission route.

Additionally, there is evidence that aerosol transmission leads to more severe disease (Tellier, 2022) suggesting the
possibility of a symptom severity mapping through differential transmission routes for COVID-19.

S2: Calculating the final size of the epidemic
With the addition of multiple infectious classes, calculating the final size becomes much more complicated. Instead,

we can consider a simplified SEIR model with no symptom severity classes (??) from which we can predict the final
size of the outbreak given a value of 𝑅0.

𝑑𝑆
𝑑𝑡

= −
𝛽𝑆𝐼
𝑁

𝑑𝐸
𝑑𝑡

=
𝛽𝑆𝐼
𝑁

− 𝜖𝐸

𝑑𝐼
𝑑𝑡

= 𝜖𝐸 − 𝛾𝐼

𝑑𝑅
𝑑𝑡

= 𝛾𝐼

We want to calculate the final size of the epidemic, which is given by 𝑅(∞). Since there is no demography or
waning immunity to replenish the susceptible class, 𝐼 → 0, 𝐸 → 0 and 𝑅 → 𝑅∞ as 𝑡 → ∞. Thus 𝑆 → 𝑁 − 𝑅∞. To
find 𝑅∞ we have to find 𝑅 in terms of 𝑆 which can be done by dividing 𝑑𝑆

𝑑𝑡 by 𝑑𝑅
𝑑𝑡 :

𝑑𝑆
𝑑𝑅

= −
𝛽
𝛾
𝑆
𝑁

= −𝑅0
𝑆
𝑁
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We can solve this to get:
𝑆(𝑡) = 𝑆(0)𝑒−

𝑅0
𝑁

(

𝑅(𝑡)−𝑅(0)
)

So taking 𝑡 → ∞,
𝑆∞ = 𝑁 − 𝑅∞ = 𝑆(0)𝑒−

𝑅0𝑅∞
𝑁

i.e.
𝑅∞ = 𝑁 − 𝑆(0)𝑒−

𝑅0𝑅∞
𝑁

Solving this equation is equivalent to finding the fixed point of 𝑓 (𝑥) = 𝑁 − 𝑆(0)𝑒−
𝑅0𝑥
𝑁 , i.e. a point such that

𝑓 (𝑥) = 𝑥. This can be done through fixed point iteration which is where 𝑥𝑛+1 = 𝑓 (𝑥𝑛). This fixed point then gives a
value of 𝑅∞ for a set value of 𝑅0.

S3. Infection-blocking intervention model
In this section I have described a model that includes an intervention with an infection-blocking effect, in addition

to reducing the likelihood of having severe disease. Those who are protected have mild disease with probability 𝜂 if
they would have otherwise had severe disease and are not infected with probability 𝜂 if they would have had mild
disease (Fig. S1).

(a)

(b)

Figure S1: The proportion of cases with each symptom severity level resulting from infections by individuals with
symptom severity 𝐬. I present two scenarios: (a) no intervention is used and (b) the infection-blocking intervention is used.
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The equations below govern the model which includes the intervention. Here the 𝑝 notation (as in 𝑆𝑝) indicates
that the individuals in that class are protected by the intervention.

𝑑𝑆
𝑑𝑡

= −(𝜆𝑀 + 𝜆𝑆 )𝑆

𝑑𝐸𝑀
𝑑𝑡

= (1 − 𝛼𝑀𝜈)𝜆𝑀𝑆 + 𝛼𝑆 (1 − 𝜈)𝜆𝑆𝑆

− 𝜖𝐸𝑀

𝑑𝐸𝑆
𝑑𝑡

= 𝛼𝑀𝜈𝜆𝑀𝑆 + (1 − 𝛼𝑆 (1 − 𝜈))𝜆𝑆𝑆

− 𝜖𝐸𝑆

𝑑𝐼𝑀
𝑑𝑡

= 𝜖𝐸𝑀 − 𝛾𝑀𝐼𝑀
𝑑𝐼𝑆
𝑑𝑡

= 𝜖𝐸𝑆 − 𝛾𝑆𝐼𝑆
𝑑𝑅𝑀
𝑑𝑡

= 𝛾𝑀𝐼𝑀
𝑑𝑅𝑆
𝑑𝑡

= 𝛾𝑆𝐼𝑆

𝑑𝑆𝑝

𝑑𝑡
= −(1 − 𝜂(1 − 𝛼𝑀𝜈))𝜆𝑀𝑆𝑝

− (1 − 𝜂𝛼𝑆 (1 − 𝜈))𝜆𝑆𝑆𝑝

𝑑𝐸𝑝
𝑀

𝑑𝑡
= 𝜂(𝛼𝑀𝜈𝜆𝑀 + (1 − 𝛼𝑆 (1 − 𝜈))𝜆𝑆 )𝑆𝑝

+ (1 − 𝜂)((1 − 𝛼𝑀𝜈)𝜆𝑀 + 𝛼𝑆 (1 − 𝜈)𝜆𝑆 )𝑆𝑝

− 𝜖𝐸𝑝
𝑀

𝑑𝐸𝑝
𝑆

𝑑𝑡
= (1 − 𝜂)(𝛼𝑀𝜈𝜆𝑀 + (1 − 𝛼𝑆 (1 − 𝜈))𝜆𝑆 )𝑆𝑝

− 𝜖𝐸𝑝
𝑀

𝑑𝐼𝑝𝑀
𝑑𝑡

= 𝜖𝐸𝑝
𝑀 − 𝛾𝑀𝐼𝑝𝑀

𝑑𝐼𝑝𝑆
𝑑𝑡

= 𝜖𝐸𝑝
𝑆 − 𝛾𝑆𝐼

𝑝
𝑆

𝑑𝑅𝑝
𝑀

𝑑𝑡
= 𝛾𝑀𝐼𝑝𝑀

𝑑𝑅𝑝
𝑆

𝑑𝑡
= 𝛾𝑆𝐼

𝑝
𝑆

𝜆𝑀 =
𝛽𝑀 (𝐼𝑀 + 𝐼𝑝𝑀 )

𝑁

𝜆𝑆 =
𝛽𝑆 (𝐼𝑆 + 𝐼𝑝𝑆 )

𝑁

S4. Deriving an equation for 𝑅0
In the two symptom severity case I was able to write down an equation for 𝑅0 since it is an eigenvalue of 𝐊 and

thus solves

0 = 𝜆2 − (𝑘𝑀𝑀 + 𝑘𝑆𝑆 )𝜆 + (𝑘𝑀𝑀𝑘𝑆𝑆 − 𝑘𝑀𝑆𝑘𝑆𝑀 )

= 𝜆2 −
(

𝛽𝑀
𝛾𝑀

(1 − (1 − 𝛼𝑀 )𝜈) +
𝛽𝑆
𝛾𝑆

(1 − (1 − 𝛼𝑆 )(1 − 𝜈))
)

𝜆 +
𝛽𝑀𝛽𝑆
𝛾𝑀𝛾𝑆

(1 − (1 − 𝛼𝑀 )𝜈 − (1 − 𝛼𝑆 )(1 − 𝜈))

= 𝜆2 −
(

𝛽𝑀
𝛾𝑀

(1 − (1 − 𝛼𝑀 )𝜈) +
𝛽𝑆
𝛾𝑆

(1 − (1 − 𝛼𝑆 )(1 − 𝜈))
)

𝜆 +
𝛽𝑀𝛽𝑆
𝛾𝑀𝛾𝑆

(𝛼𝑀𝜈 + 𝛼𝑆 (1 − 𝜈))

(4)

i.e

2𝜆± =
(

𝛽𝑀
𝛾𝑀

(1 − (1 − 𝛼𝑀 )𝜈) +
𝛽𝑆
𝛾𝑆

(1 − (1 − 𝛼𝑆 )(1 − 𝜈))
)

±

√

(

𝛽𝑀
𝛾𝑀

(1 − (1 − 𝛼𝑀 )𝜈) +
𝛽𝑆
𝛾𝑆

(1 − (1 − 𝛼𝑆 )(1 − 𝜈))
)2

− 4
𝛽𝑀𝛽𝑆
𝛾𝑀𝛾𝑆

(𝛼𝑀𝜈 + 𝛼𝑆 (1 − 𝜈))
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𝑅0 is the dominant eigenvalue of 𝐊, i.e. the eigenvalue with the largest absolute value. Since 𝛽, 𝛾 > 0 and
𝛼, 𝜈 ∈ [0, 1],

(

𝛽𝑀
𝛾𝑀

(1 − (1 − 𝛼𝑀 )𝜈) + 𝛽𝑆
𝛾𝑆
(1 − (1 − 𝛼𝑆 )(1 − 𝜈))

)

> 0, so 𝑅0 = 𝜆+ i.e.

2𝑅0 =
(

𝛽𝑀
𝛾𝑀

(1 − (1 − 𝛼𝑀 )𝜈) +
𝛽𝑆
𝛾𝑆

(1 − (1 − 𝛼𝑆 )(1 − 𝜈))
)

+

√

(

𝛽𝑀
𝛾𝑀

(1 − (1 − 𝛼𝑀 )𝜈) +
𝛽𝑆
𝛾𝑆

(1 − (1 − 𝛼𝑆 )(1 − 𝜈))
)2

− 4
𝛽𝑀𝛽𝑆
𝛾𝑀𝛾𝑆

(𝛼𝑀𝜈 + 𝛼𝑆 (1 − 𝜈))

(5)

S5. Explanation of 𝛼 causing a reduction in total infections
When the infectious period of severe disease, 𝑇𝑆 = 1

𝛾𝑆
is longer than that of mild disease, 𝑇𝑀 , the proportion

of cases that are severe increases. When a higher proportion of cases are severe, we expect that a symptom severity
mapping would amplify this effect. So, when 𝑇𝑆 > 𝑇𝑀 , the proportion of cases that are severe, and therefore the value
of 𝑅0, is expected to substantially increase for 𝛼 > 0 compared to when 𝛼 = 0. So to maintain the fixed value of 𝑅0,
𝛽 has to be reduced more for 𝛼 > 0.

However, in reality, the increase in severe cases is mostly seen in the long-term dynamics near the end of the
outbreak (Fig. S2, top row). The proportion of cases that are severe at the start of the outbreak increases relatively
minimally with 𝑇𝑆 when 𝛼 is close to 0. This means that the increase in 𝛼 has less of an amplifying affect than
expected since by the time the proportion of severe cases increases significantly, relatively few individuals are being
infected. So the overall proportion of cases that are severe has increased by less than expected when 𝛼 > 0, meaning
that 𝛽 has been set to be lower than required. As 𝛼 increases further towards 1, the effect of 𝑇𝑆 > 𝑇𝑀 reduces since
now the majority of cases are severe even at the start of the outbreak.

Figure S2: Investigating how the proportion of cases that are severe changes over time. In these plots, the proportion
of cases that are severe refers to the proportion of currently infectious individuals that are severe. The first row is when
𝛽𝑆 = 𝛽𝑀 and 𝛾𝑆 ≥ 𝛾𝑀 = 1∕5. The second row is when 𝛽𝑆 ≥ 𝛽𝑀 and 𝛾𝑆 = 𝛾𝑀 . All other parameters are as in Table 1 and 𝑅0
is set to 3.0. The shading of the lines corresponds to the value of 𝛼 with darker lines corresponding to a stronger symptom
severity mapping.
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When the transmission rate was instead increased, I found that the proportion of cases that were severe increased as
well (Fig. S2, bottom row). However, this increase occurred from the start of the outbreak meaning that when 𝛼 > 0 the
effect was amplified. Hence, there is no substantial reduction in the number of infections when the severe transmission
rate is increased.

S6. Additional figures
This section contains additional figures which are referenced throughout the results (Section 3).

Figure S3: Exploring the effect of increasing the severe transmission rate when 𝛼 = 𝟏. Recall that 𝛼 = 1 corresponds to
symptom severity always passing on with infection. In this scenario, mild and severe disease have equal infectious durations
and the baseline probability of severe disease is 𝜈 = 0.5.
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Figure S4: Temporal plots of the outbreak across three values of 𝑅0 and three values of 𝛼. The parameters used are
as described in Table 1. The line style and shading denotes the severity of the infected class. The dotted line shows the
proportion of the population in the mild infectious class, the solid line shows the proportion of the population in the severe
infectious class and the dashed line shows the total proportion of the population infectious.
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Figure S5: Investigating the percentage of infections prevented by the intervention. For each uptake and efficacy and
values of 𝜈 and 𝛼, the total number of infections at the end of the simulation are subtracted from the total number of
infections in the no intervention scenario for those values of 𝜈 and 𝛼 to give the number of infections prevented. The darker
shading corresponds to a larger percentage of infections being prevented.
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Figure S6: Investigating the percentage of severe infections prevented by the intervention. For each uptake and efficacy
and values of 𝜈 and 𝛼, the total number of severe infections at the end of the simulation are subtracted from the total
number of severe infections in the no intervention scenario for those values of 𝜈 and 𝛼 to give the number of severe
infections prevented. The darker shading corresponds to a larger percentage of severe infections being prevented.
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Figure S7: Investigating the percentage of hospitalisations prevented by the intervention. For each uptake and efficacy
and values of 𝜈 and 𝛼, the total number of hospitalisations at the end of the simulation are subtracted from the total
number of hospitalisations in the no intervention scenario for those values of 𝜈 and 𝛼 to give the number of hospitalisations
prevented. The darker shading corresponds to a larger percentage of hospitalisation being prevented.
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