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What do you 
think of this 
painting? 

0 1

“Rectangles?” “Artistic genius”

Orange, Red, Yellow Mark Rothko, 1961

Me My Dad
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Bounded 
Confidence

Orange, Red, Yellow Mark Rothko, 1961

10

Me My Dad
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10

Bounded 
Confidence

Orange, Red, Yellow Mark Rothko, 1961

Individual 𝑖’s opinion: 𝑥𝑖

Confidence radius: 𝑅

Confidence set: 

𝐼 𝑖, 𝑥 = { 𝑗 ∶ 𝑥𝑖 − 𝑥𝑗 < 𝑅}

10

𝑥1 𝑥2

𝑅 𝑅
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Individual 𝑖’s opinion: 𝑥𝑖

Confidence radius: 𝑅

Confidence set: 

𝐼 𝑖, 𝑥 = { 𝑗 ∶ 𝑥𝑖 − 𝑥𝑗 < 𝑅}

Opinion dynamics:

𝑑𝑥𝑖
𝑑𝑡

=
1

𝑁


𝑗∈ 𝐼(𝑖, 𝑥)

(𝑥𝑗−𝑥𝑖) , 𝑡 ∈ [0, 𝑇]

Hegselmann 
Krause Model

Example Hegselmann-Krause model dynamics. 
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Opinion dynamics:

𝑑𝑥𝑖
𝑑𝑡

=
1

𝑁


𝑗∈ 𝐼(𝑖, 𝑥)

(𝑥𝑗−𝑥𝑖) , 𝑡 ∈ [0, 𝑇]

Order parameter 

(how many opinion clusters form):

Example Hegselmann-Krause model dynamics. 

Hegselmann 
Krause Model
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1. Individuals interact across a 

social network. 

2. Individuals have opinions on 

multiple topics.

3. Individuals’ opinions are affected 

by noise.

Example Hegselmann-Krause model dynamics. 

Extensions to 
the HK model 
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Opinion dynamics on a network:

𝑑𝑥𝑖
𝑑𝑡

=
1

𝑘𝑖


𝑗∈ 𝐼(𝑖, 𝑥)

𝑤𝑖𝑗(𝑥𝑗 − 𝑥𝑖) ,

𝑘𝑖 =

𝑗∈𝑉

𝑤𝑖𝑗

Opinion dynamics:

𝑑𝑥𝑖
𝑑𝑡

=
1

𝑁


𝑗∈ 𝐼(𝑖, 𝑥)

(𝑥𝑗−𝑥𝑖) , 𝑡 ∈ [0, 𝑇]

Social Network 
Model

Example weighted Erdős-Rényi random network with 
nodes coloured by opinion. 
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𝑅 = 0.2 𝑅 = 0.15 𝑅 = 0.1

Social Network 
Model

Example network model dynamics. 
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𝑅 = 0.2

𝑅 = 0.15

𝑅 = 0.1

Social Network 
model

Order parameter heatmap for various values of 𝑅 and 
network mean degree. 
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Including 
multiple topics

Opinion dynamics:

𝑑𝑥𝑖
𝑑𝑡

=
1

𝑁


𝑗∈ 𝐼(𝑖, 𝑥)

(𝑥𝑗−𝑥𝑖) , 𝑡 ∈ [0, 𝑇]
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Can define the confidence set using 

the Euclidean norm: 

𝐼 𝑖, 𝑥 = { 𝑗 ∶ 𝑥𝑖 − 𝑥𝑗 < 𝑅}

0 1

1

𝑅



𝑅 = 0.05 𝑅 = 0.15 𝑅 = 0.30

Including 
multiple topics



Including multiple topics

Example two-dimensional dynamics with the Euclidean norm. 



Noisy opinion 
model

Opinion dynamics:

𝑑𝑥𝑖
𝑑𝑡

=
1

𝑁


𝑗∈ 𝐼(𝑖, 𝑥)

(𝑥𝑗−𝑥𝑖) , 𝑡 ∈ [0, 𝑇]

Noisy opinion dynamics:

𝑑𝑥𝑖 =
1

𝑁


𝑗∈ 𝐼(𝑖, 𝑥)

(𝑥𝑗−𝑥𝑖) 𝑑𝑡 + 𝜎 𝑑𝛽𝑡
(𝑖)

drift term
diffusion term

14
Example of noisy Hegselmann-Krause model dynamics. 



Noisy opinion 
model
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Centre of mass of a cluster:

𝑐 =
1

𝑀


𝑚

𝑥𝑚

𝑑𝑐 =
1

𝑀

1

𝑁


𝑚



𝑗

(𝑥𝑗 − 𝑥𝑚) 𝑑𝑡 +
𝜎

𝑀


𝑚

𝑑𝛽𝑡
(𝑚)

Long-term noisy Hegselmann-Krause model dynamics. 

See Noisy Hegselmann-Krause Systems: Phase 
Transition and the 2r-Conjecture by Wang et al.



𝑅 = 0.05 𝑅 = 0.15 𝑅 = 0.26

Including multiple topics & noisy 
opinions
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