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Abstract

The entropy production of a Brownian particle in a non-isothermal and non-stationary heat bath is studied
within the context of stochastic thermodynamics. The full phase space dynamics are considered, with a varia-
tional approach being employed to obtain an approximate solution in the limit of large damping to the Kramers
equation which governs the probability density function of the system. This allows for the calculation of simple
expressions for the average rate of entropy production, as well as the average rate of the three constituent
components related to the housekeeping and the excess heat. This is then compared with an equivalent de-
scription of the system using stochastic differential equations, for which an average as well as a distribution of
the entropy production can be obtained by the simulation of many stochastic particle trajectories. Using this
method also allows us to check whether the relevant entropy related fluctuation relations hold for this system.
The particular case of a sinusoidally varying quadratic temperature profile is looked at in detail, and although
there is reasonable agreement between the averages obtained through both approaches there are also clearly

some problems which are not resolved and still need to be investigated more closely.
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Chapter 1

Introduction

The huge success of equilibrium thermodynamics lies in its ability to provide a description of systems with an
enormous number of degrees of freedom in terms of just a few simple state variables. At the heart of this de-
scription is entropy, a quantity which the second law of thermodynamics famously states can only ever increase
and is used to explain the apparent irreversibility of all non-idealized macroscopic processes. The second law of
thermodynamics has a vast collection of empirical evidence backing it up as well as being in agreement with our
everyday experience of the one way nature of most processes, but is in many ways difficult to fully understand
and as such still attracts a lot of discussion today. In particular, how can there be a physical quantity which
only ever increases given that the underlying microscopic laws are entirely time reversible, a problem known
as Loschmidt’s paradox[l]. The simple answer is that there cannot be, and so the modern interpretation of
entropy has been to view it as a measure of information or of our uncertainty in the microscopic details of the
system, but even with this interpretation there are questions to address. One potential problem is Liouville’s
theorem which proves for Hamiltonian systems that the flow in phase space is incompressible, making entropy
as defined by Gibbs a constant of motion [2]. However Liouville’s theorem only applies to systems which are
evolving deterministically according to Hamilton’s equations of motion and the fact is that trying to model every
component of a complicated system deterministically is a fool’s game, and cannot be done in practice. Indeed if
this were not the case then there would never have been the need for the subject of thermodynamics in the first
place! If we accept that our description must necessarily contain some form of coarse-graining, where generally
we will separate the total system into a system of interest and its environment and provide only roughly specified
interactions between them then it is clear that our uncertainty about the system’s details will naturally increase.
Loschmidt’s paradox is avoided by realizing that given an initial configuration this would be the case regardless
of which direction in time we evolved the system, with the apparent irreversibility of the process arising only
as a consequence of the disparity in the effect of the coupling on the system and the environment because of
their relative sizes. This report is concerned with entropy specifically as it is defined in the emerging subject of
stochastic thermodynamics, which provides a framework for describing small systems that are interacting with
an environment, and where generally fluctuations play a dominant role. Here entropy is constructed manifestly
as a measure of irreversibility and defined on the level of individual stochastic trajectories in such a way that
it remains consistent with the standard thermodynamic definition[3]. As well as having potential applications
in a number of different fields[4], the framework allows us to look closely at the nature of the second law of

thermodynamics and the physical origins of irreversibility.

The prototypical system of study in stochastic thermodynamics has been a Brownian particle in a heat bath



which is then driven away from equilibrium in some way. Despite being a simple system it allows for the
application of all of the key principles in stochastic thermodynamics and as such a number of variants in the
type of driving applied to this system have been studied [3, 5, 6]. Additionally under certain circumstances the
use of time-dependent laser traps has allowed for quantitative experimental probing of some of the fluctuation
relations (introduced in section 2.6), as individual particle trajectories for this kind of system can be traced[6].
The objective of this project was to look at the case of a Brownian particle in a non-isothermal heat bath
with a temperature profile which varies both spatially and temporally and to calculate the entropy produced in
such a process both analytically and by simulating many particle trajectories. In addition to this the entropy
production can be split into three different components[13], each of which has a particular thermodynamic
interpretation and so we wanted to calculate each of these and look at their distributions, as well as checking

that they and the total entropy obey the relevant fluctuation relations.



Chapter 2

Stochastic Thermodynamics

This chapter first gives a brief introduction to some techniques which can be used to model the dynamics
of a stochastic system before going on to introduce stochastic thermodynamics and the definition of entropy.
The main idea behind stochastic thermodynamics is to model the interaction of a system and its environment
with additional stochastic terms in the system’s equations of motion, and then to extend various classical
thermodynamic quantities such as heat, work done and entropy so that they can be meaningfully defined
for individual stochastic trajectories. In the final section some of the entropy related fluctuation theorems
are introduced, which under certain conditions make exact thermodynamic statements about non-equilibrium

systems[9].

2.1 Stochastic Master Equations and the Fokker-Planck Equation

We start by considering a simple stochastic system which can occupy a set of finite states {x;} at discrete times
labelled by t¢,, where n is an integer. Demanding that the system is Markovian, so that the probability of being
in the state x,, at time ¢,,11 depends only upon the state of the system at time ¢, (i.e. that it has no memory
of its previous history), a master equation governing the evolution of the probability distribution can then be
written[7]:

P(Tm,tng1) = Zp(xm,tn+1|xm/,tn)p(xm1,tn) (2.1)

m/
This is then be generalized to systems which can occupy a continuous range of states x by using a probability
density p(x,t) and introducing a transition probability density T'(Az|z,t) which is the probability density of

making a transition of Az in a time 7 given a value of x and t. This gives
plz,t+7) = /p(x — Az, t)T(Azx|x — Az, t)dAz (2.2)

a result known as the Chapman-Kolmogorov equation[8]. Assuming that p(x,t) and T(Ax|z,t) are both con-

tinuous functions of the variable x we can take a Taylor expansion of the integrand of equation 2.2 so that:

8”(p(a:, t)T(Az|x,t))

o (2.3)

= 1
p(z — Az, t)T(Azx|x — Az, t) = p(x, )T (Ax|z, t) E n—
n=1



Then using the fact that normalization requires [T(Az|z,¢)dAz = 1 and defining the Kramers-Moyal coeffi-
cients M, (z,t) = 1 [ dAz(Az)"T(Az|z,t) we arrive at the Kramers-Moyal equation

Pt +7) Z )" Mn(g;i)p(w,t)) (2.4)

Taking the limit 7 — 0 all terms in this expansion above n = 2 can be dropped[10] so that

Op(rt) 90y Ople, 1) | 10°(Ma(, Dol 1)
ot or 2 0x?

(2.5)

This is known as the Fokker-Planck equation, and governs the evolution of the probability density function for

a system evolving under continuous Markovian stochastic dynamics.

2.2 Stochastic Calculus

A similar and closely related approach to studying the dynamics of stochastic systems is to describe them with
a set of differential equations where deterministic evolution is supplemented with stochastic noise. Consider a
system described by a set of variables x = {z;(¢)}, each of which is governed by a stochastic differential equation

of the form
dr; = Ai(x,t) dt + B(x,t) dW; (2.6)

where dW; is a stochastic white noise term representing a Wiener process[7], and which has the properties
(dW;) = 0 and (dW?) = dt'/?. We assume there is no correlation between these noise processes for the different
variables, and can rewrite dW; = w(t)dt'/? where w(t) is a number drawn from a normal distribution with zero
mean and unit variance. It will be demonstrated in the next section that this description of a stochastic system

is equivalent to the use of a generalized Fokker-Planck equation.

If we have a function which depends upon these stochastic variables, we must be careful when considering
how this function will change with time. For simplicity consider the case of a continuous function of just one
stochastic variable = and time, f(x,t). A small change in f is given by a Taylor expansion

Of 5 1 *f

-2 J 2
S0t o0+ 555 (0) + . (2.7)

o~ of

In the case of non-stochastic variables for small enough changes this could be truncated after the second term,
however because dz has a term that goes as 6¢'/2 it is actually necessary to include the third term as well, even
to first order. There are various other subtelties involved in performing calculus with stochastic variables, such
as requiring 4t to be short in terms of the variation in x and f(x,t) but long with respect to fluctuations in the

stochastic noise, but these will not be explored here. When they are accounted for the result is It6’s Lemma[11]

of 5, , 0 s Blat? 01

of = ot Oz 2 0x?

7 5t (2.8)

This can then be generalized to functions of more stochastic variables f(x,t) such that:

d 0 B; 02
—af&wrzi:(aiéxﬁ() f6t> (2.9)

2 Ox?



As a final point worth noting it should be realized that this is just one way of performing calculus with stochastic

variables, and other equivalent interpretations are possible but will not be referred to in this report[11].

2.3 Stochastic Differential Equations and Relationship with Gener-
alized Fokker-Planck Equations

Systems which have their variables described by stochastic differential equations of the form in equation 2.6
clearly can also be described by a probability density function p(x,t). If we consider an arbritrary continuous
function f(x) with no explicit time dependence, we can construct the average of its time derivative in two ways
(remembering that (dW;) = 0)

<df§<)> B <Z (giAi(th) + BQS””?Z» = ;/P(th) (g;:Ai(X,t) + Bg(;,@gi];) dx  (2.10)

%

()= [ oo 225 .

Integrating the first of these by parts and assuming that p(x,t) and all its derivative go to zero at infinity we
find that Op(x,t 10*(B?(x,t ¢ O(Ai(x,t t
[ 1002t [ o0 3 (LB ) ) ) o2

t 2 z? ox;
However as f(x) is arbitrary it follows

2 Ox? ox;

Ip(x,1) 1(BF (x,t) p(x,t))  O(Ai(x,t) p(x,t))
o= Z - : (2.13)
giving us a partial differential equation governing the evolution of the probability density function. From this

we see that we can identify the A term in equation 2.6 with the first Kramers-Moyal coefficient in equation 2.5
M; and the second Kramers-Moyal coefficient M, with v/B.

2.4 Entropy In Stochastic Thermodynamics

Stochastic thermodynamics is really an extension of ” Stochastic Energetics” introduced by Sekimoto[12] whereby
the quantities of heat and work are meaningfully defined for individual stochastic trajectories and a first-law
like energy balance holds. Stochastic thermodynamics takes this a step further by also defining entropy on the
level of individual trajectories. To proceed we imagine a system whose evolution is governed by a protocol A(t)
(for an example an external force) and we define a particular trajectory of the system as X = {x(t) | 0 <t < 7}
and P[X] as the probability density for that particular trajectory under the forward protocol. To then construct
a quantity which acts as a measure of irreversibility we have to think about what it means for a process to be
reversed. For a deterministic system if time is ran forward and the system (and environment) follow a particular
path, an application of the time-reversal operator T to all of the system and environmental coordinates (so that
positions are unchanged, but velocities are reversed, i.e. v — —v) and running the protocol in reverse would
lead to the system following exactly the reverse trajectory. So we can ask for a given stochastic trajectory X
if we were to apply a time-reversal to all the coordinates of only the system and run the protocol in reverse

what is the probability of observing the reverse trajectory, where the reversed trajectory of X is defined as



X = {TX(T —t)]0<t< ’7'}. We can then also define a probability density of seeing any given trajectory
under the time reversed protocol A(t) = A\(7 —t) as P?[X]. With these definitions in place we then construct the

most clear measure of irreversibility for any particular stochastic trajectory and define it as the (dimensionless)

AS[X] = In (;’g&) (2.14)

entropy production[1]

Note that with this definition it is perfectly allowable for the entropy to take on negative values, however it will
be demonstrated in section that 2.6 that this quantity is always greater than or equal to zero on average. If we
consider systems which are described by stochastic differential equations of the form in equation 2.6, we make
the definitions

Al (x,1) = %(Ai(x, t) + e Ai(Tx, 1))
ATV (x, 1) = %(Ai(x, t) — e, Ai(Tx, 1)) (2.15)
Di(x,t) = B?(x,t)

where €; = £1 depending on whether the coordinate is even or odd when the time reversal operator is applied,
i.e. Tw; = e;z;. It can then be shown with the use of short time propagators that the small increment in entropy

defined in this way along any stochastic trajectory is given by[13]

Az:r ArevAir aAW 8147-"6”
dASi: = —d (In(p(x))) + Z(Dz.dxi _ ZD. Tt + axl_ dt — a;- dt
LoD, (A7 —A})oD; , 9*D; 1 (9D’
~ D; O i Dy O = ox? i+ D; (&ci ) di ) (2.16)

This is actually a completely robust definition for the entropy of any stochastic system, however we are interested

particularly in thermodynamic systems when there is a well defined environmental temperature.

2.5 Splitting the Entropy into Three Components

It has recently been proposed that the entropy production described in the previous section can be naturally
separated into three components[13], each of which is also defined in terms of conditional path probability
densities. As such they are also well defined for any system which is described by a set of stochastic differential
equations, however they take on particular thermodynamic interpretations when there is an environmental
temperature. Before proceeding we define for any particular stochastic path X = {x(t) | 0 < ¢ < 7} two further
paths, X% = {x(t—t) | 0<t <7} and X7 = {Tx(t) [0<t< T}. We then also introduce the probability
density of any given path X under the adjoint dynamics as P*?[X], where the adjoint dynamics are defined with
respect to the forward protocol and are such that if at any time the protocol was frozen and the system allowed to
relax, then the stationary state reached under the adjoint dynamics would have the opposite probability current
to the stationary state reached under the forward protocol. With these definitions in place three different

components AS7, ASy and AS3 are defined as follows
AS; = InP[X] — InP R xR (2.17)

ASy = InP[X] — InP [ XT] (2.18)



ASy = P (XT] + InP FXF) — nPIX] — InPR(X] (2.19)

It then follows trivially that AS;,; = AST + ASs + AS5.

In a situation when an environmental temperature is well defined these somewhat obscurely defined quanti-
ties can be mapped on to thermodynamic quantities related to the housekeeping and excess heat[14]. In such a

situation the change in entropy along a given trajectory can be written as

As =i (BEO0) 4 [N 00) (2:20)

such that it is the sum of the change in system entropy and the change in medium entropy. We can then divide
the heat transfer to the environment into two components known as the housekeeping heat and the excess heat.
The housekeeping heat is defined as the heat required to maintain a non-equilibrium steady state and the excess
is the remainder so that AQ = AQnr + AQe. We then associate AS; with the excess heat so that

AQep = (AS) — ASyy kT oy (2.21)

Although the equivalency of these two quantities is not necessarily obvious, it is clear that the excess heat is
related to the relaxation of the system towards a stationary state and that in a stationary state it would equal
zero. This is also true of AS; as defined in equation 2.18 given the definition of X and the adjoint dynamics so
that it will only take on non-zero values in the presence of relaxation. We then separate the housekeeping heat
into the generalized housekeeping heat and the transient housekeeping heat so that AQnir = AQrk,¢ + AQpk,T
and associate AS; and AS3 with each of these quantities so that

ACQhk,G = ASQkTVe’rw (222)

AthT = ASSkTenv (223)

AS, arises as a result of the absence of detailed balance, and so contributes whenever a system is not in
equilibrium, however AS3 can be shown to only be non-zero when there are system coordinates which are odd
with respect to the application of the time-reversal operator. With the three components defined like this it is
then possible to show (and will be discussed in the next section) that AS;,:, ASy and ASs are always more than

or equal to zero on average, however this is not the case for ASs which can take on negative average values.

2.6 Fluctuation Relations

The fluctuation relations are a number of mathematical relationships which can be derived within the context of
stochastic thermodynamics (and also using other formalisms as well)[15] where under certain conditions exact
thermodynamic statements can be made about systems arbritrarily far from equilibrium, something which tra-
ditionally has been very difficult to achieve. The focus of this section will only be on the two main fluctuation
relations explicitly relating to entropy production, however a number of other interesting and closely related

results have also been derived [16, 17, 1].

The first important relation is the integral fluctuation relation for the total entropy production, which allows
us to demonstrate that entropy defined in this way is consistent with the second law of thermodynamics. If we

consider the entropy production over a given time interval and consider the average of the quantity exp (—%)



over all possible trajectories we find that

<emp (‘Aks“>> = /dX PIX] Zﬁg] = /dX PRX] =1 (2.24)

as dX and dX are defined on the same space. Then using a version of Jensen’s inequality[18]
(expA) > exp(A) (2.25)

it follows that that (AS;.:) > 0; a statistical statement of the second law. By the same argument it follows that
any quantity which is of the form In(P[X]) — in(P*[X*]) will also satisfy an integral fluctuation theorem, where
X* is some path for which the transformation X — X* has a Jacobian equal to one and P* is a path probability
density for a given choice of dynamics[13]. As defined in equations 2.18 and 2.19 AS; and AS; clearly satisfy
these requirements and as such also obey an integral fluctuation theorem. However as there is no way to write

AS5 in this form it does not satisfy the integral fluctuation theorem and can in fact take negative average values.

The second relevant fluctuation relation is known as the detailed fluctuation theorem[l] and gives a much
stronger condition on the distribution of entropy production, but only holds true under the correct conditions
rather than for all times. The necessary conditions are that the entropy production is taken over a time interval
0 <t < 7 where the system probability density function is the same at the beginning and at the end, and that
the protocol is time symmetric such that A(t) = A(7 — t). When these conditions are met (for example with a
non-equilbirium steady state, or over a certain interval for an oscillatory non-equilibrium state) the following

relationship holds

P(ASior) _ exp (AStot> (2.26)

P(—ASiot) k
relating the probability of seeing a particular value of entropy production to the probability of seeing the negative

of that value.



Chapter 3

Brownian Particle in a Non-Isothermal
Heat Bath

In this chapter the particular system which is the main focus of this report is introduced; a Brownian particle
in a heat bath with a spatially and temporally varying temperature profile. In the first section we will look at
the basic equations which govern the dynamics of this system and derive some simple results which will be of
use later on. In the second section we derive a general expression for the average rate of entropy production for
this system, before going on to calculate an approximate probability density function in section 3.3 and then
obtaining an expression for the average rate of entropy production and all of the individual components using

the approximately obtained PDF.

3.1 Basic Description of System

Building on earlier work which looked at the case where the temperature profile only varies spatially[13], we
consider a Brownian particle in a heat bath which has a temperature profile given by T,.(z,t) and is held in
place with a confining force F'(x). The dynamics of this system are governed by the Langevin equation which

gives the evolution of the particle’s velocity[10]

F(x)

m

dv = —yvudt + dt + aw (3.1)

2kT,(z,t)y
m

along with its position which is simply described by dx = wvdt. It is worth noting that in most studies of
a Brownian particle in a heat bath which is driven in some way from equilibrium the overdamped Langevin
equation is employed, where the velocity distribution is taken to relax instantaneously so that only the position

coordinate is accounted for and which evolves according to[5]

F(z 2kT,
de = Ldt + | ——dW (3.2)

my my
In the case of a stationary spatially varying temperature profile this leads to zero entropy production for all
trajectories[13] and so to provide a more satisfactory description of entropy production in this system we have to

use a description in full phase space. From equation 2.16 it follows that the incremental dimensionless entropy

10



change along a given stochastic trajectory is given by

mvd n vF
kT4 T RT,

dASir = —d (Inp(x,t)) — dt — ~dt (3.3)

We then note that using the rules of It6 calculus that d (%) = muodv + kT,~dt, and also that vdt = dx so

that this can be re-written as

1 mu? F(x)
dASyr = —d (1 t)) — d| — d 3.4
or = = inp(x,0) = e (5 ) + G (3.4)
Written in this form it is more clearly demonstrated that the change in medium entropy is equivalent to a
heat transfer between the system and environment, i.e. dASpeq = dkATQ. The Fokker-Planck equation which
corresponds to the full phase description, known as the Kramers equation[10], is then

KT, (z,t)y 8°p(x,v,t)

Ip(z,v,t) Op(z,v,t) 9 [(F(x)
—_— =" — — — t)| — 3.5
ot Ox ov m ) plav.t) m ov? (3:5)
which can be re-written in another useful form as
op(x,v,t) op(xz,v,t) F Op(x,v,t) oJir
fll = _ v 3.6
ot v Ox + m v v (36)
where we define Ji" = —yvp(x,v,t) — %W. This can be thought of in a way as a special case of the

Boltzmann equation[19].

We now define certain quantities and derive some equations which will be useful when we come to model
the probability density function of the system and calculate the average entropy production. As a starting point
we define p = [ p(z,v,t) dv, pv = [p(z,v,t) v dv and generalize so that pv” = [ p(z,v,t) v™ dv. We then

integrate equation 3.6 over v:

0 0 F [ 0p aJir
&/pdv—i—a/pvdv—i—g/%dv—— 50 dv (3.7)

which assuming p and % go to zero at the boundaries gives a continuity equation

9 a(pv)

a5ty =0 (3.8)

Multiplying equation 3.6 by v and again integrating over v then gives

o() 2
T (81:)

3

p=—0p (3.9)

Defining a system temperature T (itself also a function of position and time) in the most natural way so that

KT —
—= v2 — p? (3.10)

then allows us to re-write equation 3.9 as

ov

d(pT) _0v  F
P ot

k _
= on + PUgs = P =PV (3.11)

11



We note that in the case of a stationary temperature profile the continuity equation requires that v = 0 and so

this reduces to

(pT) _

kax

(3.12)

which is compatible with p %emp ( O“L kFT((m )) dz’ ) the solution to the Fokker-Planck equation corresponding

to the stationary overdamped Langevin equation (provided that T is taken as T;.).

We then proceed by employing a model where p(x,v,t) = f(1 + ¢), where f is defined as

1/2 _ 2
f:p(szTr) emp( méZTrv) ) (3:.13)

and we shall look to approximate ¢ in section 3.3, so really this amounts to an expansion around the Maxwell

local equilibrium function[19]. Defined in this way and using the definitions for p and v it is then straightforward
to show that

/dqus =0 (3.14)

and

/dvvfgzﬁ =0 (3.15)

which will be made use of in the next section where an expression for the average rate of entropy production
will be obtained.

3.2 General Expression for Average Entropy Production Rate

The average total rate of (dimensionless) entropy production in a system obeying a set of stochastic differential

equations can be obtained by averaging over equation 2.16 and is given by[13]

d<ASﬁ”t = /dx A (3.16)
t)
where J{" is defined as
} . O(D;(x,t)p(x,t
Ji"(x,t) = A (x, t)p(x, ) — ( (Xax)? (1)) (3.17)
For the system being considered this reduces to
d(ASior) / m N2
——— = [ dxd Jr 3.18
dt vy ) (3.18)
where JI" has already been introduced in the previous section as Ji" = —yvp — kz;:A’ gfj This can be re-written
as
i KLy of  kT.y O(fé
J) = —ywf—yvfo— = (/9) (3.19)
m  Ov m  Ov
which using % = —51- (v —0) [ reduces to
; _ kT 00
Jy = —yup — — 3.20
= = f o (3.20)

12



With this result we can look to obtain an expression for the spatial density of the rate of entropy production

by carrying out the integration of equation 3.18 over velocity only

=2
m ir\2 _ mypu 0¢ kTw ¢
/dvar’Vp (JIr)" = /dv VT, +2/dvv’yf —l—/ ( > (3.21)

Now using equations 3.14 and 3.15 and re-writing f % = a(gf) — c;S% this can be simplified so that the spatial

density of the rate of entropy production is given by

_9 2
m N2 TYpU 1 kT, ,(0¢
d )= dv—— — .22
/ kT (727) kT, +/ T+¢ m f(av (3.22)

We will use this expression in section 3.4 to calculate an approximate expression for the average rate of entropy

production for this system once we have found an appropriate approximation for ¢.

3.3 Calculation of an Approximate PDF

Using the model for the probability density function of p = f(1 + ¢) where f was defined in section 3.1 we

proceed by making a power series expansion of the second term in %

fo= f(%dn + %@ +..) (3.23)

as f has no explicit dependence on 7. We then gather all terms in the Kramers equation of order zero in % SO
that we are really looking for a solution in the vicinity of the overdamped limit, which should lead to something

similar to linear irreversible thermodynamics (we also assume that o o ) Doing this we are left with

ot v or v m v ov

1
of o af koo (.9 (*¢1)
f f+< 7) of _kTIiy 9 i (3.24)
m
where we have made use of eq 3.20. Rather than trying to solve this partial differential equation directly we
instead employ a variational approach whereby we maximize a functional which approximately corresponds to
the rate of entropy production. From now on we shall define ¢ = %qﬁl and we then note that the previous

equation is of the form

Z=1L¢ (3.25)

where L is a linear operator. Defining the bilinear expression
(A,B) = /dv AB (3.26)

we then construct a functional J [q@] which is to be extremized over trial solutions ¢~> satisfying the necessary

constraints
J[¢] = (¢, L) —2(0, 2) (3.27)
The first term can be written as
(6, 1L.¢) = / dv ¢kTTrZV (f gf) (3.28)

13



which upon integrating by parts gives

m

(6, L) = —/dva”f (gi) (3.29)

assuming that ¢ does not increase exponentially or faster at the boundaries. We then note that with L defined
in this way it is easy to demonstrate that for two functions of this kind «a(v) and B(v) that

(La, B) = (o, LB) (3.30)

It can then be shown that extremizing J [¢Z] will give the optimal solution ¢ by defining QNS = ¢ + 1 so that

Jo+n = (d+n L(¢+n) —2(¢+n,2)
=(¢,ﬁ¢)4f(¢,Ln)+(j7,ﬁ¢) (n, Ln) = 2(¢, 2) —2(n, 2) (3.31)
= JI¢] + (Lo, m) + (. L$) + (n, Ln) — 2(n, Z)
= J[¢] + (n, Ln)

Now looking at equation 3.29 it is clear that(n,fﬂ;) is negative which this means that the optimal solution of

¢ = ¢ is found by maximizing the functional J[¢]. We note that the functional J[@] for the optimal solution is

Tig)=~(.Lo) = [0 0 (‘3(’5) (3.32)

equal to

which comparing with equation 3.22 can be seen to be the rate of entropy production to first order in % in

the approximation that © = 0. So the maximization of this functional is something like the application of a

maximum entropy production principle[19].

We now examine the second term in the functional and write

/dv¢ /dv¢v+/dv¢(—7>af (3.33)

Looking at the first term here and using the earlier definition of f as well as assuming that the earlier results
Jdv f¢=0and [dvvfp=0hold for each term in the power series expansion of ¢ performed in equation 3.23

we can write

/d ¢ﬁ7 o ¢<8pf ! 6‘Tr+f(m(v@)6@+m(vﬁ)28ﬂ)>

ot p 2T, ot KT, ot 2kI? ot
- (3.34)
*/d f m(v — )% 9T,
-/ T2 Ot
Similarly for the second term
- of - (Opf f OT: m(v —v) 0v m(v —v)? 9T,
/ Qv ovg, = / dv ¢v (a o, 0e I\ TR or T 22 oa 5.35)

~ mu 31} (v— 0)2 oT,
- / ool G an T 2kT2 ax>
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and clearly the third term is equal to zero. This means that we are maximizing the functional

N\ 2
o kT~ ¢ m 0T, ~ 9 ~ mv 0o m(v— )% 9T,
J[(i)}——/dv - f(o%) ~ AT o /dv of(v—1) —Q/dv ¢fv(kTT8x+2k‘T,? 837) (3.36)

subject to the conditions that [dv ¢f =0 and [dv ¢fv =0. We then define

— ) Ov — 52 - -
00 = =S (5) - G ast = o = 2o (G T MU T s+ dadfo

kT2 Ot kT, Oz 2kT?2  Ox
- (3.37)
where ¢ = % and A\; and A are Lagrange multipliers. To get the optimal ¢ we use the Euler-Lagrange
equation[20]
d ( Oh Oh
dw\og') ~ 99

which gives

2 m(v —v) 0 m(v —v)? 0T,
flo=—v) =20f ( W, 0 | 2kI? o

ATy O <f3<5> __m T,

o \Fae | = i >+>\1f+>\2vf (3.39)

We can then re-write the left hand side as

2

C2kTy 0 % _ 2Ky [ —m(v—D) (‘3;]3
m  Ov v | m kT, ov

f+ f82¢> (3.40)

and reverting to the notation ¢ = ¢ we try a trial solution of ¢ = ¢g + a(v — ) + b(v — ©)% + ¢(v — ©)3. For

notational convenience define z = v — ¥ so that substitution into equation 3.39/3.40 gives

2kT,~y mz 9 m 0T, , [ mz 0v mz2 0T, B
— — 2b 2 2b+6 = — -2 — 4 — A1+ A
m ( (@ 20z 2e2T) + 204 cz) iz o s TG e Y apmm g ) T TR
(3.41)
Comparing coefficients of z then gives us four equations:
4k T,
AL+ Ao = ———p (3.42)
2um Ov 2kT .~y m
T TR (—akTr + 60) (3.43)
m (1 9T, ov v 0T,
- — — 4+ = =4 44
KT, (Tr ot TCor T T 8x> 7 (8:44)
m 0T,
_ = 4
FTZ 9n 6yc (3.45)
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We can immediately read off from the last two that b = — T 5 (T% agzr + 2% + T% 8T"> and ¢ = — 67’,;}3 687;".

To get the other coefficients we first have to impose

0=/dv¢f

= /dz (o + az +bz? +c2®) f (3.46)

:/dz (¢o + b2°) f

such that that ¢ + bk# = 0. We then impose the second constraint

0= /dv ofv
= /dz (z 4+ 0)(po + az + b2* + c2®) f (3.47)
= /dz 2(az + ) f
such that a = f‘scf;—TT Bringing this all together leaves us with
5 _ 1 i@TT+2@+38TT
0_47 T, Ot ox T, Ox
1 IT,
“= 2T, Ox
" 4
. m 19T, 2@+38Tr (348)
4kT,~ \T, Ot or T, Ox
. m oT.
 6ykTZ2 Ox

We now just need expressions for p and v and our approximate PDF is complete. We start off by noting that

we can now evaluate pv?

1/2 _
p = [avme =p [0 (5o ) " e (—m(%;>) V(14 G0 +alv — ) b — 1) + (o —0)) (3.49)

so that T 4E2 72
02 = m’“ (14 ¢o + 20a + b0?) + (b +200) + o2(1 + ¢o) (3.50)

2

We now have v2 in terms of known quantities and 7, so that equations 3.8 and 3.9 reduce to two differential
equations for two unknowns p and v. We will investigate obtaining numerical solutions to these equations

exactly in section 4.3, but for the rest of the analytic work we will employ a stationary approximation where

oo e ([ FE0) o

where actually once the temperature profile is defined we will employ a time average to make p time-independent,

v =0 and

which we shall call ps;. This approximation should be reasonable for large v and for temperature profiles which

do not vary too quickly in time. Justification for using T;. rather than T for the stationary approximation comes
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from noting that equation 3.50 implies that

22
T

3K2T,
3 (b +200) + D0 (3.52)

KT kT,
- = (14 ¢o + 20a + b0°) +
m m

which in the case of a stationary temperature profile when ¢y = 0, b = 0 and ¥ = 0 reduces to T' = T}, and in

the non-stationary case to first order in % becomes

3ET?
(T - T) = ¢oTr + —b (3.53)
using the expressions just found for ¢y and b this then gives
—10T,
T-T)~— 3.54
T-T)~ 55 (3:54)

so that for large enough gamma and slow variations in the environmental temperature the difference is small.

The final expression for the approximate probability density function is then given by

2

m \'? —mu
— 2 3
p(x,v,t) = pst (27rk: r) exp ( SET, ) (14 ¢o + av + bv* + cv?) (3.55)

3.4 Approximate Rate of Entropy Production

In this section we will use the probability density function obtained in the previous section to obtain approximate
expressions for the average rate of total entropy production as well as the rate of production for each of the
three components introduced in section 2.5. We start from equation 3.22 and take the expression to first order

in % only so that

A 2
UASiot) ‘?”0 = /dxdv @f (8"5)

d m v
KT, 1z —mz?2
= /dxdz mfyp (27:ZTT> exp <— 2:; ) (a® 4 4b%2% + 9c22* + 6acz?) (3.56)
kT, kT \? kT,
- /dx—”p <1802 () + 402 )
m m m
In the approximation that p ~ ps; and ¥ = 0 so that b = 4];77"7,?% this then gives

d(ASor) k aT.\> m [0T.\°
U _ [ e b (22
dt T, "* ox 2kT,. \ Ot

In the case where the temperature profile is stationary this matches the case studied by Stolovitsky[21]. We also

(3.57)

see in the limit v — oo this goes to zero, in agreement with what is obtained from the overdamped Langevin
equation. Although it may seem unintuitive that a larger value of «v and hence a stronger coupling between the
system and environment should decrease the rate of entropy production, this can be understood by realizing
that with large ~ there is a much lower spatial transport of heat despite larger transfers of heat to and from the

environment. We can then use expressions derived by Ford and Spinney[13] for the average rate of production
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of the three separate components. For this system they are given by

d(ASy) mp (Jir Jiret?
= [ dxd S 3.58
dt / A\ T e (3.58)

st/ 2
d(ASs) / drde P <J (TX)> (3.59)

dt KTy \ pst(Tx)
d(ASs) _ / dwdo P (| 22t) (3.60)
di ot \ pse(Tx)

where pg; is defined as the probability distribution the system would settle down to if the driving were frozen and

1/2
the system allowed to relax, so that with the model being used this gives ps: = pst (ﬁ) exrp (_2217?2) (1+

av + cv?®). Jirst is defined in the same way as J" but with p replaced by ps. Again in the approximation that

7 =0 and p = py using equation 3.20 we can write JI" = %f%, so that
d(ASy) / KT~ 1 O¢s 1 06\*
= [ dad 1 - — 3.61
dt vdv fA+0) = =\ T o a0 140w (3.61)
where ¢g; is defined as (1 + av + cv®). Taking this expression to first order in % leaves
d{ASy) m \"? —mv?\ KT,y 9
= [ dzdv pst | —— —2b 3.62
dt / wdv psi\ 5o |\ opg ) T (C20Y) (3.62)
which can be integrated over v to obtain
d(AS;) T \> 1
= [d 3.63
dt / TP\ ot ) 1 (3.63)

This is equal to the second term in the expression for the total rate of entropy production given in equation
3.57, and as expected for AS; only has a non-zero average when the temperature profile is changing, and hence

when the system is relaxing. Equation 3.59 then becomes

d<3£92> _ /dxdv fa+9¢)

(3.64)

kT~ a + 3cv? 2
1—av—cvd
as clearly Jimst(x,t) = Jirst(Tx,t). Again to first order in = this then gives

d(AS))
dt

kKT,
= /dmdv f 7 (a+36v2)2
m
kT, o2kT,\ 27 . [2KT,.\?
— /dm ot <a2 + 3ac( ) + =—c? () > (3.65)
m m 4 m

3 / b ko (0T.\°
N Pst 2m~T, \ Ox

which corresponds to the first term in equation 3.57. This means that to first order in % there is no contribution

to the total average entropy production from AS3, which can be shown explicitly by noting that in (%) ~
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2av + 2cv® so that equation 3.60 becomes

d(AS 0 d(pv v3
<dt 3) = /dmdv 8—?(2@1} +2c0®) = /dx <2a(;tv) —1—20('()6)1;)) (3.66)
We’ve been using the approximation o = 0 and when we evaluate pv3 all terms will be of order % such that the
second term in equation 3.66 is of order 712, so that to first order MAdifS) =0.
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Chapter 4

Sinusoidally Varying Quadratic

Temperature Profile

In this section a specific temperature profile is chosen so that T;.(z,t) = Tp (1 + ”g,if}:?) with kr(t) = k7 (0) +
Bsin(wt) and studied in detail, comparing the analytically predicted average entropy production to the average
production over a large number of simulated stochastic trajectories. This is then also done for each of the
three components of entropy production individually as well as looking at their distributions and attempting to
demonstrate their adherence to the relevant fluctuation relations. Although a temperature profile of this form
would be physically difficult to impose on a system, for the purposes of a theoretical study it is useful for its

simplicity and for the fact that it allows an analytic solution for ps; to be obtained. The confining force is taken

to be a simple harmonic force F(z) = —kx

m
|-
= c
o S
Q =
o ‘@

o
& &
-

¥ —
Position Time

Figure 4.1: The temperature profile of the heat bath being studied. The first image shows the temperature as
a function of position at two different times, whilst the second shows a density plot of the profile as a function
of position at time with the hotter regions (red) compared to the cooler regions (blue).

The first step was to choose an appropriate selection of parameters. Whilst not an obviously important step
other than to make sure that the v being used is large enough so that the approximations made can be justified,
with hindsight a lot of time could have been saved with a more thorough investigation earlier on in the project
of how the choice of parameters can affect the results obtained from simulating the stochastic trajectories of
the particle. In particular experience has found that when the dimensionless entropy production is very small
(lower than about 10~* for a couple of temperature cycles) that a very large number of timesteps are required

to obtain a stochastic average which does not change when you use an even larger number of timesteps (for a
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given time interval), as well as to obtain an average which is not too noisy. The values used for the majority of
this project were chosen, largely for simplicity, to be k = 1,m =1,Ty = 1,k = 1,k7(0) = 0.5, B = 0.2 (or zero
when the stationary profile is looked at), w = 8 and with + being probed to find the appropriate value given
the approximations used. Unless otherwise specified it should be assumed that these were the parameters being

used.

4.1 Stationary Temperature Profile

We initially looked at the stationary quadratic profile (i.e. B = 0) to investigate how v affects the agreement
between the analytic and stochastically obtained rates of entropy production. We start by using equation 3.51

to obtain an expression for pg;.

1 x et
pat S ear / da’ e OEE (4.1)
a0 b ()
which when evaluated and properly normalized gives
_ [ kT (0) vz F(]' + KTK(O)) + HT(O) $2 - "'TFU(U) (4 2)
st = 2wk 0.5+ ﬁ(o)) 2kTo .

This then gives us everything which is required to calculate the average rate of entropy production analytically
with equation 3.57 and over many trajectories using equation 3.4. Figure 4.2 shows the results of these calcula-
tions over a range of v (the code used to simulate the trajectories is included as an appendix) and it can be seen
that the agreement improves as 7 is increased. Despite this, it still seems to require us to go to much higher ~
than would be expected (when compared with a similar approach in previous work where a different stationary
profile was studied)[13] before the rates are in good agreement. This could well be the result of a problem
which was only picked up much later on in the study, where for the stochastic calculations the initial positions
and velocities were sampled from a Gaussian corresponding to isothermal Brownian motion (at Tp) and it was
assumed that they would quickly settle down into the correct distribution. Whilst this assumption appears to
be fine for the velocity, it seems to be the case that it takes a much longer time than in the trajectories we have
studied for the position distribution to change, especially when ~ is large. This will be discussed in more detail
in the next section. Figure 4.3 shows the total entropy production for v = 60 over a time interval of 0 — %’T,
which corresponds to three complete temperature cycles in the non-stationary case, when w = 8. Although
there is still a slight deviation from the analytic result it was decided that this would be a sufficiently large

value of v to begin the study of the non-stationary temperature profile with.
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Figure 4.2: The rate of entropy production in the case of a stationary quadratic temperature profile as a function

of . Stochastic average found over a time interval of ¢ = %’T using 20000 timesteps for each trajectory.
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Figure 4.3: The total entropy production for the stationary profile in the case that v = 60 over a time interval
of %’T (which will correspond to three cycles in the non-stationary case).
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4.2 Non-Stationary Temperature Profile

In this section the full temperature profile defined at the beginning of the chapter is implemented, however the
approximation for pg; given in equation 4.2 is kept, where now T,.(x) should be interpreted as the time average
of the reservoir temperature. This is because given that the approximation v = 0 is being employed it seems
appropriate in light of equation 3.8 to use a time-independent p, but potential improvements to this model
are discussed in section 4.3. Figure 4.4 shows a comparison of the analytically predicted entropy production
obtained by integrating equation 3.57 over position and time with the average obtained by simualting 15 million
particle trajectories. Again the initial x and v coordinates were chosen from a gaussian corresponding to a
Brownian particle in equilibrium at Ty, and so the spike which is seen at the beginning of the average stochastic
trajectory should be interpreted as the system settling down, however as mentioned in the previous section this
will be a source of error as the position distribution takes a lot longer than the timescales studied here to relax
properly. Despite this there is reasonably good agreement between the two curves, and it would appear that
the PDF model being used is sufficient to capture at least all of the qualitative behaviour of the total entropy
production. Figure 4.5 shows the contributions to the total entropy production from the system and medium
entropy separately, averaged over the simulated particle trajectories. It is interesting to see that the system and
medium components individually over a cycle are about an order of magnitude larger than the total entropy
production, which suggests that the spatial transport of heat is low in comparison to the actual heat exchanges
between the system and environment (as expected for large ). With hindsight it also looks like there may be a
slight difference between the curves in the first cycle and the second cycle which again would suggest the system
is still slowly relaxing, although it is not completely clear from this image and we would need to look at more
temperature cycles to say for sure. Figure 4.6 then shows the distribution of total entropy production over the
time interval %’r — %’r, demonstrating that negative entropy values along a stochastic trajectory are not at all
rare when studying small systems. It is also interesting to note how much larger quite typical values of AS;y;

can be when compared with the average.

It is of interest as well as being a good probe of how well the numerics of the system are working to look
and see if the relevant fluctuation theorems are satisfied. For this system the integral fluctuation theorem
should be satisfied for all times, and the detailed fluctuation theorem should hold over particular time intervals.
The time intervals over which it should hold must be multiples of %’r so that once the system is in a non
equilibrium oscillatory state the probability density function is the same at the beginning and the end of the
interval, and the driving protocol (the temperature of the heat bath in this case) must be symmetric about the
midpoint. Results are shown in figure 4.7 (a) over the time interval ¢t = g—g — 121771', and despite the significant
noise the overall trend seems reasonable except around the origin where there is a strange deviation. It is not
really possible to attribute this to noise, especially given that it occurs in the region where the values of entropy
production are most common and so it is a strong indication that something is not quite working as it should

be.

Figure 4.7 (b) is a test of the integral fluctuation theorem over different lengths of time. Although the deviation
from the expected result (exp(—ASi,t)) = 1 is small, the fact that it appears to increase when the time interval
over which AS,,; is sampled from is longer again indicates that there are some minor problems with the method
being used. In particular it would seem to suggest that the probability density function being used is not an
accurate enough representation of the underlying stochastic dynamics, which would either mean the model being

used for the PDF is inadequate in some way or again that the system has not had sufficient time to settle down
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Figure 4.4: A comparison of the analytically predicted entropy production and the average entropy production
over 15 million simulated trajectories. Each trajectory is composed of 20000 timesteps, representing an interval
of ST (3 temperature cycles).
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Figure 4.6: Distribution of the total entropy production over the time interval ¢ = %” — 5 obtained from 15

million particle trajectories.

into the distribution predicted by the PDF.

The next thing which was tried was to calculate the average of the three components of the entropy pro-
duction over many particle trajectories as well as looking at their distributions. Analytically the averages can
be calculated from the equations in section 3.4, and the increments along any stochastic trajectory are given
by[13]:

op op KTy 9B

dAS; = —d(In(p)) — %da: - %dv i (4.3)
. . .92 . .
—VKT vm 0B(Tx) 06(Tx) kT~ | 08(Tx) 06(Tx) Kk, 0B(Tx)
dASy = ——dt— —-d dx— d dt— dt—(— — dt
52 kT, kT, vt ar o(—v) vE m | O(—v) R (=yo+ m) d(—v)
(4.4)
Ay
A8,y — in | PetlPs(TX) (4.5)
Pst (X )pst(1'x)
where 3(x) = —In(pst(x)) and the x’ means evaluation at the end of the incremental timestep as opposed to

the beginning. These quantities were then all calculated over particle trajectories of the same length as before

and with the same number of timesteps, with the results being shown in figures 4.8, 4.9 and 4.10.

The most interesting of these is probably AS; shown figure 4.8, where it can be seen that although the overall
gradient is similar there is quite a significant difference between the analytically predicted average and the
average over particle trajectories, especially in the first half of each temperature cycle when the system is being

heated. As well as some potential problems already mentioned, it could also be the case that the value of
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simulation of 15 million particle trajectories and collecting the data into 400 bins for values of AS between
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Figure 4.8: Comparison of the average of AS; predicted analytically and calculated from the simulation of 15
million particle trajectories. Trajectories are over a time interval of three temperature cycles and composed of
20000 timesteps each. Initial x and v coordinates are chosen from a Boltzmann distribution at Tj.
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Figure 4.9: Comparison of the average of ASs predicted analytically and calculated from the simulation of 15
million particle trajectories. Trajectories are over a time interval of three temperature cycles and composed of
20000 timesteps each. Initial x and v coordinates are chosen from a Boltzmann distribution at Tp.
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Figure 4.10: Comparison of the average of AS3 predicted analytically (using the full expression in equation 3.60
rather than just to first order in 1) and as calculated from the simulation of 15 million particle trajectories.
Trajectories are over a time interval of three temperature cycles and composed of 20000 timesteps each. Initial
x and v coordinates are chosen from a Boltzmann distribution at Tj.
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Figure 4.11: Comparison of the average of ASy,; calculated as in figure 4.4 and by adding the average of AS;
and AS5 over 15 million particle trajectories between ¢t = %” — %’T

the parameter B being used it too large, so that the rate of change in the temperature profile is too large
to justify the use of the approximation v = 0. There also appear to be regions of slightly negative produc-
tion, which is in violation of the integral fluctuation theorem; another problem which needs to be explained.
The agreement between the two plots shown in figure 4.9 for ASs is qualitatively a lot better than with AS;.
As S5 is associated with the imposition of a non-equilibrium constraint and S; with the relaxation towards
a stationary state, the inclusion of v # 0 into the model would not affect AS5 which perhaps would support
the idea that the qualitative difference in the analytic and stochastic AS; is a result of the approximation v = 0.
Although we showed that to first order in % that (AS3) = 0 it is still possible to calculate an analytic av-
erage by using the full expression in equation 3.60 as well as calculating an average over the particle trajectories
and this is shown in figure 4.10. It is worth pointing out that really with the approximations employed any
calculation involving quantities of order % or higher cannot really be trusted to be reliable, however the qual-
itative agreement between the two is reasonable and we see that as expected AS5 is not always positive on
average. The average calculated over particle trajectories is very noisy, but this is not necessarily surprising
when it is realized that the distribution of AS3 covers a range of values many orders of magnitude larger than

the average and as such it is a very small signal being picked out.

Figure 4.11 shows the average total entropy averaged from the particle trajectories shown in fig. 4.4 compared
to the sum of the average of AS; and AS;. Although they are almost the same, the fact that they differ at
all is strange and difficult to explain as ultimately they should be the average of the same quantities (albeit
expressed in different ways, and ignoring AS3 which is entirely negligible). Whether this is due to an error in

the code being used or something else has not yet been determined.

The distributions for each of the components is shown in figure 4.12 and compared to the distribution of

the total entropy. Clearly AS3 has a much narrower peak than the other components, but they all take on
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Figure 4.12: Distributions of AS;y:, AS7, ASy and AS3 from ¢t = %’r — b7

a wide range of values when compared to their averages. It is strange to see that the peak of ASs is shifted
slightly to the left of the origin, so that despite there being a positive average in total the most probable value
is actually negative; very much an unexpected result. Figure 4.13 shows a comparison of the distribution of
position values at different times over one temperature cycle compared to the model of ps being used, and
figure 4.14 shows the same for the velocity, compared to f pdx at different times. It can be seen that there is a
slight variation in the velocity distribution over the temperature cycle which is well predicted by the probability
distribution function being employed (in figure 4.14 the circles represent [ p da where the corresponding line
is the distribution obtained from binning velocity values along the particle trajectories), but there is no de-
tectable variation in the position distribution. This does provide evidence that a stationary p should be a good
approximation, however the position distribution does not actually match up with ps; very well. The reason
for this is as alluded to earlier that the initial position values were sampled from a normal distribution and
there has not been enough time to relax into the correct distribution, which can be demonstrated by running
the stochastic equations of motion for a much longer period of time and seeing that eventually the position
distribution does change. This is shown in figure 4.15 for a time of At = 50, at which point pg; is then a very
good approximation of the distribution. Unfortunately as this was only spotted late on in the project the effect
this has on all of the previous results has not yet been fully investigated, but it does not fully account for the
deviation in ASy,; away from what is predicted analytically. This is demonstrated in figure 4.16 which shows a
comparison of the previous total entropy production from figure 4.4 compared with the average total entropy
production when the initial positions for the particle trajectories are sampled from the corrected distribution

2

shown in figure 4.13, over the time interval ¢ = <& — %’T.

it’s debatable as to whether the agreement with the analytically predicted curve is improved or not. On one

There is a distinct difference between the two and

hand the total entropy produced over one temperature cycle is a lot closer to what is expected, however during

the actual cycle the curves seem to deviate more. This becomes even stranger when looking at what happens
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Figure 4.13: Distribution of positions over one temperature cycle from ¢ = — %’r compared with the

stationary approximation being used for [ p dv &~ pg. Positions are sampled from 15 million trajectories

4am
w

to AS;7 which is shown in figure 4.17. Now despite the end point of each cycle again agreeing reasonably well
with the analytic value, during the cycle the curves are very different and the problem of negative production
over certain time intervals seems to be even worse. Clearly there is another problem here which needs further
investigation. Figure 4.18 shows a comparison with ASs and we see that there is negligible when the initial
position distribution is corrected. It would be interesting to see how these new results affect the adherence of
ASiot to both the integral fluctuation theorem and detailed fluctuation theorem, as perhaps this would give a
better idea as to whether these latest results are actually better or worse than before. Something else which
was not done was to check whether AS; and AS; obey the integral fluctuation theorem, but looking at figure
4.17 this seems unlikely for the latest results with AS;. It may also be the case that AS; and ASy are supposed
to obey the detailed fluctuation theorem over the same interval as ASy,;, which would have been interesting to
check.
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Figure 4.17: Demonstration of how using the corrected initial position distribution changes the average produc-
tion of AS; obtained from the simulation of particle trajectories. Plot shows entropy production only over the

interval ¢ = 2& — S (two temperature cycles)
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4.3 Improving the model for p

Although figures 4.13 and 4.15 suggest that a stationary approximation for p should be reasonable, it is never-
theless still a limitation of the model being employed. One way to go about improving it is to use equations 3.8
and 3.9, which along with the evaluation of v2 found in equation 3.50 give two differential equations if terms of
p and 0. Solving these equations has been attempted in Mathematica, however it is not entirely obvious what
the appropriate boundary conditions to impose are. The conditions which have been tried are p(z,0) = pg,
o(x,0) = 0 and then assuming that p and ¥ go to zero at the boundary, and the result it shown in figure 4.17.
Clearly the condition that v — 0 at the boundaries is not correct and has been ignored by Mathematica. The
results seems physcially reasonable; @ is an odd function of position and varies periodically, as well as increasing
in magnitude for larger x where the variation in temperature is also largest. There are only very slight variations
in p from pg which can be seen more clearly in figure 4.18 where p is plotted for particular values of x. The
variation in time would be expected to be periodic, and we see this is almost the case however the values are
falling slightly after each period. This is not a result of the system settling down as it appears to occur for all
values of x, and so there is a clear problem with this solution in that probability seems to be leaking away. It is
also the case that trying to solve the equations over a longer period of time or over too wide a range of position
values causes the solution of break down, which is another reason to doubt its reliability. Nevertheless it is of
interest to see whether using this model has any effect on the entropy production. Figure 4.19 (a) shows the
difference between the average total entropy production calculated over many particle trajectories between this
and the p = pg, = 0 model (note this was done using the uncorrected initial position distribution), and (b)
shows the analytic difference (for this new model the average is calculated numerically directly from equation
3.16). In both cases the difference is very small, which if the solutions found for p and o found can in anyway
be trusted would suggest that the p = ps, v = 0 approximation is good enough for the parameters being used,
meaning that the problems with previous results are still without explanation. Something which could be inter-
esting would be to try and calculate an approximate p and ¥ in a slightly different way and compare with the

method used here. Perhaps a reasonable approximation for p would be given by p ~ ﬁexp ( fOI dx’ ﬁﬁlt) )

with T'(z,t) = T (x,t) — %‘95;““ as in equation 3.54. ¥ could then be calculated from the continuity equation

(equation 3.8), although again there may be a problem with what boundary conditions to impose. If we could

assume pv — 0 as |z| — oo then we can write

p(z, t)v(z,t) = /f %d:ﬁ/ (4.6)

however it is not necessarily obvious whether this would be a valid thing to do. Unfortunately there has not

been enough time to investigate this more carefully.
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Chapter 5

Conclusion

Overall the aims of the project have been achieved to a limited degree. There seem to be promising signs
that the method being employed is close to working properly and analytic and numerically simulated averages
for the total entropy and its three components have been calculated and are reasonably close to agreement.
However certainly there are problems which still need to be addressed, as something is not quite working as it
should be. Potential problems have been discussed and include some of the approximations used in solving the
Kramers equation as well as perhaps needing to think about using parameters corresponding to a slower change
in the heat bath temperature profile. However as the latest results were obtained too recently for them to be

thoroughly investigated, it seems likely there may be another unaccounted for source of error as well.
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Appendix A

Code to Simulate Particle Trajectories

This is the C+4 code used for the simulation of particle trajectories.

Note that AS; is calculated using

Stratonovich rules[11], rather than Ito calculus introduced in chapter 2. This was done as the expression is a

little simpler using these rules, although in retrospect this slight simplification is not really worth it for how

much more unpleasant it makes the code to read by having to define a number of additional variables. Also in

retrospect another obvious simplification would have been to define a function for pg; rather than defining so

many variations as separate arrays. In its current form it is designed to run on the UCL legion cluster.

#define

#include
#include
#include
#include
#include
#include
#include

_USE_MATH_DEFINES

<iostream>
<math.h>
<time.h>
<cstdlib>
<random>
<fstream>
<sstream>

using namespace std;

int main

int jobno = atoi(argv[l]); // take job number from legion, so that the random seed is different

eac

srand (

int k
int N

// def

double
double
double
double
double
double
double
double
double
double
double
double

(int argc, char xargv[]) {

h run.

time (NULL)+jobno); // seed RNG

= 1000000; // number of trajectories

20000; // number of timesteps per trajectory
ine important constants

w = 8.0; // angular frequency

T 6+*M_PI/w; // period of trajectory (3 cycles)
dt = T/(N-1); // time increment

sqdt = sqrt(dt); // square root of dt

kappa = 1; // force constant of confining potential

m= 1; // particle mass

gamma = 60.0; // damping coefficient

boltzmannk = 1.0; //using units of k=1

TO = 1.0; // temp at origin (at t=0)

B = 0.2; // coefficient for t—dependence of reservoir temp

A= 0.5; // coefficient for spatial dependence of reservoir temp

dx = 0.00001; /* used for evaluating derivatives. Small enough for expressions to
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evaluation of full expression in Mathematica to at least 5 s.f.x/

//initialize RNG for normal distribution

default_random_engine generator;

generator .seed (time (NULL)+jobno) ;

normal_distribution <double> distribution (0.0,1.0); //distribution has mean 0, stddev 1

//declare array variables:

double *xav_traj, *av_traj_sys , *xav_traj.med, *xav_traj_-dsl , xav_traj_-ds2, xav_traj_-ds3 , =dSsys,
*dSmed, *dS1, *dS2, *dS3, *Straj, *xStrajl, xStraj2, *Straj3, *Smedtraj, *Ssystraj,
*STOT, xS1TOT, *=S2TOT, *S3TOT, x*x, *v, *xstr_x, *str_v, *xdW, xtemp, sdtempx, *xstr_temp ,
sstr_.dtempx ,*dtempt, *str_tempplus, *xstr-tempminus, *str-dtempxplus, *str_.dtempxminus,
*tempplus, *tempminus, xdtempxplus, *xdtempxminus, xpdf, xpstat, =xstr_pstatpx,
*str_pstatmx , *str_pstatpv , xstr_pstatmv, *xpstatep, *pstatpx, *pstatmx, *pstatpv, =xpstatmv;

av_traj = new double[N]; // av. stot at each timestep
av_-traj_-sys = new double[N]; // av. s_sys at each timestep
av_traj_med = new double[N]; //av. s_med at each timestep
av_traj-dsl = new double[N]; // 7 s_1 '’

av_traj_ds2 = new double[N]; // *7 s_.2 7’

av_traj-ds3 = new double[N]; // '’ s.3 '’

//variables for storing the final value of entropy for each trajectory.
STOT = new double [k];

S1TOT = new double [k];
S2TOT = new double [k];
S3TOT = new double [k]

3

for (int y=0; y<N; y++) {
av_traj[y]=0.0;
av_traj_sys[y]=0.

av_traj_med [y]=0.

av_traj-dsl [y]=0.

av_traj_-ds2 [y]=0.

S O © o o

av_traj-ds3 [y]=0.

//start iteration of k trajectories
for (int i=0; i < k; i++) {

//generate random noise for each timestep of the trajectory
dW = new double [N];

for (int r=0; r < N; r++) {
dW[r] = distribution (generator) * sqdt;

}

/*Note on variables which begin with str_....

Used to evaluate Delta S_-1 as the expression using Stratonovich calculus is simpler (
alternative to Ito calculus,

see reference X), but the expressions must be evaluated at the midpoint of each incremental
timestep. In hindsight

this wasn’t necessary. x/

//declare variables to be used for each trajectory.
v = new double[N]; // velocity along trajectory

x = new double[N]; //position along trajectory

str-v = new double[N]; // velocity at the midpoint of each timestep i.e. 0.5(v[j+1]4+v[j])
str-.x = new double[N]; // position at midpoint of each timestep

temp = new double[N]; // temperature at point on trajectory.

tempplus = new double [N]; //evaluated at x[j]4+dx (to evaluate derivatives)
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tempminus = new double[N]; // evaluated at x[j]—dx

str_.temp = new double[N]; // temp with position evaluated at midpoint of timestep.

str_tempplus = new double[N]; /*temp evaluated at slightly larger x value. Used for
derivative of pstatx/

str_tempminus = new double[N]; // temp at slightly lower x value

dtempx = new double[N]; // derivative of temp wrt x at each point on trajectory
dtempxplus = new double [N];

dtempxminus = new double [N];

str.dtempx = new double[N]; // as above evaluated at midpoint.

str_.dtempxplus = new double[N]; //deriv of temp wrt x evaluated at slightly larger x
str.dtempxminus = new double[N]; // eval. slightly lower x.

dtempt = new double[N]; // derivative of temp wrt t at each point on trajector

pdf = new double[N]; // prob. density function at each point on trajectory.

pstat = new double[N]; // distribution which would relax to if driving were suddenly frozen
pstatpx = new double[N]; // eval at x+dx

pstatmx = new double[N]; // eval at x—dx

pstatpv = new double[N]; // eval at v+dx

pstatmv = new double[N]; // eval at v—dx

pstatep = new double[N]; //pstat evaluated at —v

str_pstatpx = new double[N]; // pstat evaluated at 0.5(x[j]+x[]j+1])+dx
str_pstatmx = new double [N]; // at 0.5(x[j]+x[j+1])—dx

str_pstatpv = new double[N]; // at 0.5(v[j]+v[j+1])+dx

str_pstatmv = new double [N]; // at 0.5(v[j]+v[j+1])—dx

Straj = new double[N]; // cumulative total entropy production along trajectory
Ssystraj = new double[N]; // cumulative system entropy
Smedtraj = new double[N]; // cumulative medium entropy

Strajl = new double[N]; // cumulative S1

Straj2 = new double[N]; // cumulative S2

Straj3= new double[N]; // cumulative S3

dSsys = new double[N]; // incremental increase at timestep
dSmed = new double [N];

dS1 = new double [N];

dS2 = new double [N];

dS3 = new double [N];

// sample initial values from a boltzmann distribution at TO
x[0] = distribution (generator) = sqrt(boltzmannk*T0/kappa) ;

v[0] = distribution (generator) * sqrt(boltzmannk=TO0/m) ;

temp [0] = TOx(14+Ax(x[0]*x[0]/(2*boltzmannk=T0))) ;

//this is all which is required to calculate next x and v values.

// Initialize these to zero.
Straj[0]=0.0;
Ssystraj[0]=0.0;
Smedtraj[0]=0.0;
Strajl[0]=0.0;
Straj2[0] = 0.0;
Straj3 [0] = 0.0;
dSsys [0]=0.
dSmed [0]=0.
dS1[0]=0.0;
0
0

3

)

s

ds2[0] = 0.0;
0

ds3[o] =

// begin main simulation of the kth trajectory
for (int j=0; j<(N=-1); j++) {
x[j+1] = x[§] + v[j]=ds;
v[j+1] = v[j] —(gammasv[j]xdt) — ((kappasx[j])/m)*dt +
sqrt ((2* boltzmannk+*temp [ j | *xgamma) /m) «dW|[ j | ;
strox [J+1] = 0.5%(x[jl+x[i+11);
strov [j+1] = 0.55(v[§]+v[i+1]);

//define to simplify pstat expressions.

double skapT0 = A4Bxsin (wxdtx*j);
double skapT02 = A + Bxsin (wx(j+1)xdt);
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temp[j+1] = TO*(1+(A+(Bxsin (w*(j+1)*xdt)))*(x[j+1]*x[j+1]/(2xboltzmannk*T0)));
tempplus [j+1] = TO*(1+(A+Bxsin (wx(j+1)*dt))) *((x[j+1]+dx) *(x[j+1]+dx) /(2*boltzmannk*T0))) ;
tempminus [ j+1] = TOx(1+(A+(Bxsin (wx(j+1)xdt))) *x((x[j+1]—dx)*(x[j+1]—dx) /(2*boltzmannk*T0))) ;
str_temp [j+1] = TOx(1+(A+(Bxsin (wejxdt)))(str-x [j+1]*str_x [j+1]/(2+ boltzmannksT0)) ) ;
str_tempplus[j+1] = TOx(1+(A+B*sin (wxjxdt))) *((str_x[j+1]+dx)*(str_x[j+1]+dx)

/(2% boltzmannk*T0)) ) ;
strotempminus [j+1] = TOx(1+(A+Bxsin (wxjxdt))) *((strox[j+1]—dx)*(str_x[j+1]—dx)

/(2% boltzmannk=T0)) ) ;

dtempx[j+1] = (A+Bs*sin (wxdt*(j+1)))*(x[j+1]/(boltzmannk));
dtempxplus[j+1] = (A+Bxsin (wxdt*(j+1))) *((x[j+1]+dx)/(boltzmannk)) ;
dtempxminus [ j+1] = (A4+Bsxsin (wxdt*(j+1))) *((x[j+1]—dx) /(boltzmannk));
strodtempx [ j+1] = (A+Bxsin (wxdt=*j))*(str_x[j+1]/(boltzmannk));
strodtempxplus[j+1] = (A+Bssin (wxdt*j))*((str_x [j+1]4+dx) /(boltzmannk)) ;
strodtempxminus [ j+1] = (A4+Bxsin (wxdt*j))*((str_x[j+1]—dx)/(boltzmannk)) ;

dtempt [j+1] = (x[j+1]*x[j+1]/(2+*boltzmannk) ) *(wxBxcos (wxdt*(j+1)));

//Note constant factors left out as only concerned with log(pdf[j+1]/pdf[j]) .
pdf[j+1] = sart ((1/temp[j+1]))*+exp(—(msv[j+1]+v[j+1]) /(2+ boltamannk«temp [ j +1]))
*pow ((1+ (Axx[j+1]*x[j+1])/(2xboltzmannk*T0) ) ,(—1*(kappa/A)—1))
#(1+(1/ (4+gammaxtemp [ +11) ) +dtempt [ +1] + (1/(2+gammartemp[j+1]))
xdtempx [ j+1]*xv[j+1] — (m/(4*xboltzmannks+gammaxtemp [j+1]+xtemp[j+1]))
sdtempt [ j+1]*v[j+1]*v[j+1]—(m/(6*gammaxboltzmannk*temp[j+1]*xtemp[j+1]))
e PSP e e ) e ) |

pstat [j+1] = sqrt (skapT02/(2+M_PIxboltzmannk*T0) ) *(tgamma(1l+ (kappa/skapT02))/
tgamma (0.54 (kappa/skapT02) ) )*pow(temp[j+1],—1—(kappa/skapT02))
xsqrt (m/(2«M_PIxboltzmannk*temp[j+1]))*exp(—(m*v[j+1]*v[j+1])
/(2% boltzmannk*temp [j+1])) *(1+(1/(2xgammaxtemp[j—+1]))*v[j+1]xdtempx[j+1] —
(m/ (6*gammaxboltzmannk*temp [ j+1]xtemp [j+1]))*v[j+1]*v[j+1]*v[j+1]*xdtempx[]j+1]);

pstatep [j+1] = sqrt (skapT02/(2*M_PIxboltzmannkxT0) ) *(tgamma (14 (kappa/skapT02))/
tgamma (0.5+ (kappa/skapT02)))*pow (temp[j+1],—1—(kappa/skapT02))
*sqrt (m/(2xM_PIxboltzmannkstemp [j+1]))*exp(—(m*v[j+1]xv[j+1])
/(2*boltzmannk*temp [j+1]))*(1—(1/(2*xgammaxtemp[j+1]))*v[j+1]*xdtempx[j+1] +
(m/ (6+gammaxboltzmannk*temp [ j+1]xtemp [j+1]))*v[j+1]*xv[j+1]*v[j+1]*xdtempx[j+1]);

str_pstatpv [j+1] = sqrt (skapT0/(2xM_PIxboltzmannk*T0) ) *(tgamma(1l+ (kappa/skapT0))/
tgamma (0.5+ (kappa/skapT0) ) )*pow(str_temp [j+1],—1—(kappa/skapT0))
xsqrt (m/(2xM_PIxboltzmannks*str_temp [j+1]))*exp(—(m*(str_v [j+1]+dx)
#(str_v [j+1]4+dx)) /(2*boltzmannk*str_temp [j+1]))*(1+
(1/(2*gammaxstr_temp [j+1]))*(str_v [j+1]+dx)*str_dtempx[j+1] —
(m/(6*gammaxboltzmannk*str_temp [ j+1]*str_temp [j+1]))*(str_v [j+1]+dx)=*
(str_v [j+1]4+dx) *(str_v [j+1]+dx)*str_dtempx [j+1]);

pstatpv[j+1] = sqrt (skapT02/(2*M_PIxboltzmannk=T0) ) *(tgamma(1l+ (kappa/skapT02))/
tgamma (0.5+ (kappa/skapT02) ) )*pow (temp[j+1],—1—(kappa/skapT02))
xsqrt (m/(2+xM_PIxboltzmannkxtemp [j+1]))*exp(—(mx((—1*v[j+1])+dx)
#((—1xv[j+1])+dx))/(2xboltzmannk*temp[j+1])) *(1+(1/(2*xgammaxtemp|[j+1]))
#((—1xv[j+1])+dx)*dtempx[j+1]— (m/(6*gammaxboltzmannks*temp [j+1]*temp[j+1]))
#((—1xv[j+1])+dx)*((—1*kv[j+1])+dx)*((—1xv[j+1])+dx)*dtempx[j+1]);

str_pstatmv [j+1] = sqrt (skapT0/(2xM_PIxboltzmannk*TO0) ) % (tgamma(1l+(kappa/skapT0))/
tgamma (0.5+ (kappa/skapT0) ) )*pow(str_temp [j+1],—1—(kappa/skapT0))
xsqrt (m/(2+«M_PIxboltzmannk*str_temp [j+1]))*exp(—(m*(str_v [j+1]—dx)
x(str_v [j+1]—dx)) /(2*boltzmannkxstr_temp [j+1]))*(1+
(1/(2*gammaxstr_temp [j+1]))*(str-v [j+1]—dx)x*str_dtempx[j+1] —
(m/ (6+gammas*boltzmannk*str_temp [j+1]xstr_temp [j+1]))*(str_v [j+1]—dx)
#(strov [j+1]—dx)*(str-v [ j+1]—dx)*str-dtempx [j+1]);
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pstatmv [j+1] = sqrt (skapT02/(2xM_PIxboltzmannk*TO0) ) % (tgamma(l+ (kappa/skapT02))/
tgamma (0.5+ (kappa/skapT02)) )*pow (temp[j+1],—1—(kappa/skapT02))x
sqrt (m/(2*M_PIxboltzmannks*temp [j+1]))*exp (—(m*((—1*v[j+1])—dx)*
((—1%v[j+1])—dx))/(2xboltzmannk*temp[j+1])) *(14+(1/(2+*gammaxtemp[j+1]))
#((—1xv[j+1])—dx)*dtempx[j+1]— (m/(6*gammaskboltzmannks*temp [j+1]*temp[j+1]))
#((—1xv[j+1])—dx)*((—1*kv[j+1])—dx)*((—1xv[j+1])—dx)*dtempx[j+1]);

str_pstatpx [j+1] = sqrt (skapT0/(2«*M_PIxboltzmannk=T0) ) *(tgamma(1l+(kappa/skapT0))/
tgamma (0.5+ (kappa/skapT0)) ) *pow (str_tempplus[j+1],—1—(kappa/skapT0))
*sqrt (m/(2xM_PIxboltzmannk+str_tempplus [j+1]))*exp(—(mtstr_v [j+1]*str_v [j+1])
/(2*xboltzmannkxstr_tempplus [j+1]))*(14+(1/(2+*gamma*str_tempplus[j+1]))
#str_v[j+1]xstr_dtempxplus[j+1] — (m/(6*gammaxboltzmannk*str_-tempplus[j+1]
xstr_tempplus [j+1]))*str_v [j+1]*str_v [j+1]*str_v [j+1]xstr_dtempxplus [j+1]);

pstatpx[j+1] = sqrt (skapT02/(2*M_PIxboltzmannk=T0) ) *(tgamma(1l+ (kappa/skapT02))/
tgamma (0.5+ (kappa/skapT02)) ) *pow (tempplus[j+1],—1—(kappa/skapT02))
xsqrt (m/(2+xM_PIsxboltzmannk*tempplus [j+1]))*exp(—(m*v[j+1]*v[j+1])/
(2% boltzmannkxtempplus [j+1]))*(1—(1/(2+*gammaxtempplus [j+1]))*v[j+1]
xdtempxplus[j+1] + (m/(6+xgammaxboltzmannkstempplus[j+1]*xtempplus[j+1]))
*v[j+1]xv[j+1]*v[j+1]*xdtempxplus[j+1]);

str_pstatmx [j+1] = sqrt (skapT0/(2xM_PIxboltzmannk*TO0) ) % (tgamma(l+(kappa/skapT0))/
tgamma (0.5+ (kappa/skapT0)) ) *pow (str_-tempminus [j+1],—1—(kappa/skapT0))
xsqrt (m/(2+*M_PIxboltzmannkxstr_tempminus[j+1]))*exp(—(mxstr_v [j+1]*
str_v [j+1])/(2+«boltzmannkxstr_tempminus [j+1]))*(1+(1/(2*gammax
str_tempminus [j+1]))*str_v [j+1]*str_.dtempxminus[j+1] —
(m/(6+xgammaxboltzmannk+str_tempminus [j+1]xstr_tempminus[j+1]))
kstr_v[j+1]kstr_v [j+1]*str_v [j+1]*str_dtempxminus[j+1]);

pstatmx [j+1] = sqrt (skapT02/(2xM_PIxboltzmannk*TO0) ) % (tgamma(l+(kappa/skapT02))/
tgamma (0.5+ (kappa/skapT02)) ) *pow (tempminus[j+1],—1—(kappa/skapT02))
xsqrt (m/(2xM_PIxboltzmannkstempminus[j+1]))*exp(—(m*v[j+1]*v[j+1])/
(2xboltzmannk+tempminus [j+1]))*(1—(1/(2+*gamma*tempminus[j+1]))*v[j+1]*
dtempxminus [j+1] + (m/(6*gammakboltzmannkstempminus[j+1]*xtempminus[j+1]))
*v[j+1]xv[j+1]*v[j+1]*dtempxminus[j+1]);

/#* do not calculate an increment when j=0. Saves having to define the zero value of every

array being used separately , and negligible difference.x/

if(j==0) {
dSsys [j+1]
dSmed [ j +1]
dsi[j+1] =
ds2[j+1] =
ds3[j+1] =

} else {
dSsys[j+1] = —(log (pdf[j+1]) — log(pdf[i]));

03
03

o o ol

dSmed[j+1] = (—1/(boltzmannkx*temp[j]))*(m/2)*x(v[j+1]*xv[j+1]—-v[ji]l*v[j]) —
(kappaxx[j]/(boltzmannkstemp[j]))xv[j]*dt;

dS1[j+1] = ((log(str_pstatpx[j+1])—log(str_pstatmx[j+1]))/(2*dx))*(x[j+1]—-x[j]) +
((log (str_pstatpv [ +1])=log (str_pstatmy [§+1]))/(2xdx) ) (v [5+1]=v[;]) ;

dS2[j+1] = —(v[jl*x[j]*dt/(boltzmannkx«temp[j])) —
(mxv[j]*(v[j+1]—=v[j]))/(boltzmannk*temp[j]) —
(x[j+1]=x[j]) *((log (pstatpx[j])—log (pstatmx[j]))/(2*dx)) —
(v[j+1]=v[j]) =((log(pstatpv[j])—log(pstatmv[j]))/(2*dx))
+(boltzmannk*temp [ j | *xgammaxdt /m) xpow (((log (pstatpv[j])—log(pstatmv[j]))/(2xdx))
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299

301

303

305

307

309

313

319

333

339

349

359

361

+v[j]*dtx((log(pstatpx[j])—log (pstatmx[j]))/(2xdx)) —

dt * (gammaxv [j]—(x[j]/m)) = ((log (pstatpv [j])—log (pstatmv[j]))/(2*dx));

dS3[j+1] = log((pstat[j]/pstat[j+1])*(pstatep[j+1]/pstatep[j]));

}

//cumulative of each

entropy component along trajectory .

Ssystraj[j+1] = Ssystraj[j]+dSsys[]j+1];
Smedtraj[j+1] = Smedtraj[j]+dSmed[j+1];
Straj[j+1] = Straj[j]+ dSmed[j+1] + dSsys[j+1];

Strajl[j+1] =
Straj2 [j+1] =
Straj3[j+1] =

Strajl
Straj2
Straj3

/#* add cumulative value at each timestep to the average values

Divide by total no.

multiple runs

of this

[j] + dS1[j+1] + dSsys[j+1];
[j] + ds2[j+1];
[j] + dS3[j+1];

trajectories later when data

code on the Legion cluster

av_traj[j+1] += Straj[j+1];

av_traj_sys[]j+1] +=
av_traj_med[j+1] +=
av_traj_-dsl[j+1] 4=
av_traj_ds2[j+1] 4=
av_traj-ds3[j+1] 4=

} //end of j
//save values of stot
STOT[i] =
SITOT[i] =
S2TOT| i ]
S3TOT[i] =

Strajl [N—1]
Straj2 [N—1]
Straj3 [N—1]

//clear
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete [] Ssystraj;
delete [] x;

delete [] v;

delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []
delete []

variables for
tempinit;
xinit ;

vinit ;
Strajl;
Straj3;

dS3;

pstatep;

dSi;
str_tempplus;
str_tempminus

pstat;
str_pstatpv;
str_pstatmv ;
str_pstatpx;
str_pstatmx;
Straj ;
Smedtraj;

temp;
dtempt ;
dtempx ;
pdf;
dSsys;
dSmed ;
str_x;
str_v;
str_.dtempx ;
tempplus;
tempminus;

loop (end of

Ssystraj[j+1];
Smedtraj[j+1];
Strajl[j+1];
Straj2 [j+1];
Straj3[j+1];

trajectory)

(from 2pi/8 —> 6pi/8 here)

Straj [N—1] — Straj [N—13334];

— Strajl[N—13334];
— Straj2[N—13334];
— Straj3 [N—13334];
Does lead to

next trajectory .

3

str_dtempxplus;
str_.dtempxminus;
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363

365

367

369

379

381

389

391

393

395

397

399

411

119

delete [] dtempxplus;
delete [] dtempxminus;
delete [] str_temp;
delete [] dS2;

delete [] Straj2;
delete [] pstatpv;
delete [] pstatmv;
delete [] pstatpx;
delete [] pstatmx;

} //end of simulation

//output data

double randno=rand () %100000+999;

ostringstream osl;
ostringstream os2;
ostringstream o0s3;
ostringstream os4;
ostringstream os5;
ostringstream o0s6;
ostringstream os7;
ostringstream o0s8;
ostringstream o0s9;
ostringstream o0sl10;

osl << "stottraj” << randno << 7.txt”;

082 << 7ssystraj” << randno <<
083 << ”smedmedtraj” << randno
0s4 << "sltraj” << randno << 7.
0s5 << "s2traj” << randno << 7.
0s6 << ”"s3traj” << randno << 7.
0s7 << 7"stothist” << randno <<
088 << ”7slhist” << randno << 7.
089 << ”s2hist” << randno << 7

0810 << 7”s3hist” << randno <<

string strl = osl.str();
string str2 = os2.str();
string str3 = os3.str();
string str4d = os4.str ()
string str5 = os5.str ()
string str6 = os6.str();
string str7 = os7.str ()
string str8 = o0s8.str ()
string str9 = o0s9.str ();

string strl0 = o0s10.str();

ofstream outone(strl);
ofstream outtwo(str2);
ofstream outthree(str3);
ofstream outfour (str4);
ofstream outfive (str5);
ofstream outsix (str6);
ofstream outseven(str7);
ofstream outeight (str8);
ofstream outnine(str9);
ofstream outten(strl0);
outone. precision (10) ;
outtwo. precision (10);
outthree.precision (10);
outfour. precision (10) ;
outfive.precision (10);
outsix.precision (10);
outseven.precision (10);
outeight . precision (10);
outnine. precision (10);

outten. precision (10);

for(int 1=0; 1 < N; 144)

7 otxt?

<< 7 txt”g
txt”;
3=t ™ g
txt”;

P tisRE” g
txt”;

o =™ g
P g
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139

outone << av_traj[l] << 7
outtwo << av_traj_sys[l] << 7
outthree << av_traj-med[1l] <<

” .

)

outfour << av_traj_dsl[l] << 7

outfive << av_traj_ds2[1] <<
outsix << av_traj_-ds3[l] << ”

for (int h=0; h<k; h++) {

outseven << STOT[h] << 7 7;

outeight << SITOT[h] << 7

outnine << S2TOT[h] <<
outten << S3TOT[h] <<

return 0;

9

)

)

9

9

»

)

» .

3

)

» .

s

)

)
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