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We develop stochastic optimal control methods for spread financial models defined
by the Ornstein-Uhlenbeck (OU) processes. To this end, we study the Hamilton
- Jacobi - Bellman (HJB) equation using the Feynman - Kac (FK) probability
representation. We show an existence and uniqueness theorem for the classical
solution of the HJB equation, a quasi-linear partial derivative equation of parabolic
type. Then we show a special verification theorem and, as a consequence, construct
optimal consumption/investment strategies for power utility functions. Moreover,
using fixed point tools we study the numeric approximation for the HJB solution
and we establish the convergence rate which, as it turns out in this case, is super
geometric, i.e., more rapid than any geometric one. Finally, we illustrate numerically
the behavior of the obtained strategies.
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1. Introduction

1.1. Motivations

This paper studies the optimal investment and consumption problem for spread models during a fixed

time interval [0,7]. In this case, we do not define the individual dynamics of the asset itself but the

difference (spread) between assets so that the underlying idea is to take long/short positions to get profit

from deviations in the asset valuations. This approach has been proposed for nearly three decades in Wall
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Street by Nunzio Tartaglia’s quantitative group at Morgan Stanley investment bank and financial services
company. The spreads are used also to study precious metals markets, oil markets, electricity and gas
markets, etc. (see, for example, [19,8,4] and the references therein). However, although the idea of pairs
trading is widely used, academic researches are still small [7]. The spread (or pairs trading) strategy aims
to gain profits from misprizing of two assets. This means to go long for one asset and go short on the other
depending on the deviation from their long-term mean. By doing this consistently, the investor will gain
profit from the opportunities generated by the divergence. To use the spread technique, assets must be jointly
co-integrated, which means that the difference in their prices must be described by a stationary process,
usually, an autoregressive process in discrete time, which corresponds to a stable Ornstein-Uhlenbeck (OU)
process in continuous time (see, for example, in [1] for the details). This model is a particular case of the
affine processes widely used in risky asset modeling [6,11]. It should be noted here that, there exist other
spread models based on the Brownian bridge process (see, for example, [16]) but with additional conditions
on the markets.

1.2. Main contribution

In this paper, we develop finance portfolio optimization methods for power utility functions for the OU
spread markets. Firstly such problems were considered separately only for pure optimal investment or only
for a special optimal consumption (see, for example in [3,9]). Unfortunately, in these papers, the authors
find strategies that only maximize the main part in Hamilton-Jacobi-Bellman (HJB) equation. Usually,
these strategies are optimal, but this should be proven in each case. In addition, which is most important
for financial applications, it is necessary to find conditions under which these strategies will be optimal. The
HJB maximization is not sufficient, this is just a necessary condition, but to construct optimal strategies
one needs to maximize the objective functions not only the HJB equation. This means that the question of
constructing optimal strategies for spread markets has not been studied even for pure optimal investment
problems without consumption. In this paper, we study optimal investment and consumption problems in
the classical mathematical economics setting and, probably for the first time, on the basis of the stochastic
programming approach we give the solution for these problems in the complete form through the verification
theorem method. The challenge here is that we could not use the HJB analysis method from [3,9] which
was due to the additional strongly nonlinear term corresponding to the consumption. Moreover, it turns
out that contrary to the Black—Scholes market, the HJB equation for the spread model has an additional
variable corresponding to the risky asset. It should be noted, that the same situation is observed in the
stochastic volatility case when the HJB equation contains additional variables corresponding to the volatility
random generator. It should be noted that in stochastic volatility markets the HJB solution is bounded with
respect to the additional variables and can be studied directly using the variable separation technique (see
for example, [21,2,13]). For spread models the HJB solution is unbounded, moreover, it has an explosive
exponential form and, unfortunately, cannot be studied by the methods previously developed for financial
markets. In order to find optimal financial strategies in this paper, we develop special analytical methods
to find conditions for market models which provide the uniform integrability property for the HJB solution
calculated on the optimal wealth process (see, Condition D) in Section 3). It should be noted that this is the
main condition to construct optimal strategies using verification theorem methods. In this paper, we study
the HJB equation through the corresponding Feynman — Kac (FK) mapping and we show that the HJB
solution coincides with the fixed point of this mapping in a special metric space in which this mapping is
contracted. Using this property, we study the convergence rate of numerical methods for calculating optimal
strategies.
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1.8. Main tools

First note, that even in the pure investment problem, (see, for example, in [3]) the HJB solution is
extremely explosive, i.e. it goes to infinity in a squared exponential power rate (= ebsg) as the spread
variable (s — oo) for some b > 0. This means that if we replace the variable s with a gaussian random
variable, we can obtain a nonintegrable random variable which can block the construction of the optimal
strategies. It should be noted here, that there exist some special cases of the financial markets for the pairs
trading where the HJB solution has not explosive form (see, for example, in [15,17,20]) and for this case,
one can use the verification theorem methods developed for the Black — Scholes models. In this paper, we
study the explosive HJB solution and we find conditions under which we provide the portfolio optimization
solution for the power utility functions. In this case, the optimal strategies depend on the solution of a
nonlinear partial derivative equation of parabolic type. We study this equation through the Feynman—Kac
(FK) representation. It should be noted that for the first time this method was proposed in [5] for the
optimal investment and consumption problem for the stochastic volatility markets with jumps. It turns out
that the HJB solution coincides with the fixed point of the corresponding FK mapping. Later in [2] and [13]
this approach was used for the Black-Scholes models with random coefficients and, moreover, it was found
the convergence rate of the approximations for the fixed point which is super - geometric. This property
is very important for practical implementations. Unfortunately, we can’t use these results here since we
can’t represent directly HJB solution through the FK mapping. For spread models, the HJB solution has an
exponential form of a solution of some quasi-linear equation of parabolic type which can be found through
a corresponding probability representation, i.e. FK mapping, which is completely different from the FK
mappings used early for optimization problems. For spread models, this mapping is much more complicated
and, in particular, it depends nonlinearly on the partial derivatives of functions. Therefore, one needs to
develop new special analytic tools to study FK mapping. To this end, we introduce a special metric space in
which it is contracted. Taking this into account, we show the fixed point theorem for this mapping and we
show that the FK fixed point coincides with the classical solution for the HJB equation in our case. Then
we find an explicit upper bound for the approximation accuracy of the constructed iterative sequences and
we get the convergence rate for both the value function and the optimal financial strategies. It turns out
that in this case, as in [2,13], the convergence rate is super geometric, i.e. more rapid than any geometric
one. The discovered “super geometric rate effect” significantly increases the speed of information processing
and decision-making for practical problems of portfolio optimization in spread markets.

1.4. Organization of the paper

The rest of the paper is organized as follows. In Section 2 we introduce the Ornstein— Uhlenbeck financial
market. The HJB equation and the optimal strategies are defined in Section 3. In Section 4 we describe
the probability method for the analysis of the HJB equation. We state the main results of the paper in
Section 5. Thereafter in Section 6, we study the properties of the FK mapping. In Section 7 we study the
properties of the fixed point function. The stochastic optimal control method is given in Section 8. The
Cauchy problem is stated in Section 9. The proofs of the main results are given in Section 10 and numeric
simulations are presented in Section 11. Finally, in Section 12 we summarize our work. The auxiliary technic
results are given in Appendix A.

2. Ornstein—Uhlenbeck model

Let (Q, Fr, (F;)o<i<7: P) be a standard filtered probability space with (F,)<;<r adapted Wiener pro-

cesses (W;)g<;<p- Our financial market consists of one bond (riskless asset) (5,)y<;<7 with the interest rate
r>0
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dS, =rS,dt, S,=1,
and risky spread asset (S;)o<;<r defined by the stable Ornstein - Uhlenbeck process
dS, = —kS,dt + odW,, (2.1)

where the initial value S is some fixed non random constant, x > 0 is the market mean-reverting parameter
from R and o > 0 is the market volatility. We assume that the interest rate 0 < r < k. Let now a, and «,
be the numbers of the bonds and the risky assets at the moment 0 < ¢ < T respectively. In this case the
wealth process, (X,;)o<;<7 is defined as

X, =a,S, + .S, .

We assume also that the consumption rate is given by a non-negative function (Ct>0§t§T' Using the self
financing principle with the consumption from [12] we get

dX, = a,dS, + a,dS, — c,dt.

Replacing here the differentials dS, and dS, by its definition in (2.1), we obtain the following stochastic
differential equation for the wealth process

dX, = (rX, — k1, S, — ¢;)dt + a,odW, , (2.2)
where k; = Kk + . Now we need to define all possible admissible strategies.

Definition 2.1. The financial strategy u = (u,);<,<7 with u, = (o, ,¢,) is called admissible on the time

v

interval [t, T if it is (F, ,);<, < Drogressively measurable stochastic process, where F, , = o{W, — W, t <
s < w}, such that

T T
/ ozi dv < 00, / c,dv < o0 a.s. (2.3)

t t

and the equation (2.2) has a unique strong nonnegative solution. We denote by A, the set of such admissible
financial strategies.

For any u € A, we introduce the objective function on the interval [¢,T] as

T
J(x,s,t;u) := E(/ cldv+ XX, =z, S, = s), (2.4)
t

where 0 < v < 1 and 8 > 0 are some fixed constants. Our goal is to maximize this objective function on
the interval [0, 71, i.e.

sup J(x,s,0;u), (2.5)
ucA

where A = A;. To do this we use the dynamic programming method, according to which we need to study
for any 0 <t < T the value function

J*(z,s,t) = sup J(z,s,t;u). (2.6)
ucA,
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Remark 2.2. Note, that the problem (2.4) is optimal investment and consumption problem in classical setting
for power utility functions (see, for example, [12] and the references therein). The coefficient 0 < § < oo
explains the investor preference between consumption and pure investment problem.

3. Hamilton—Jacobi-Bellman equation

In this section we introduce the Hamilton—Jacobi-Bellman (HJB) equation for the problem (2.6). Denot-
ing by ¢, = (X;,S,), we can rewrite equations (2.1) and (2.2) as,

d¢;, = a(G;, u,)dt + b(¢;, u,)dW, (3.1)

where u, = (o4, c,),

a(C,u) = ( " “éjsc), b(¢,u) = ( ‘i") and  u = (a,c).

According to the dynamic programming method (see, for example, in [12, page 130]), for any 0 < ¢ < T
and any two times differentiable R, x R — R function z we set the Hamilton operator as

H((,t,02,0%2) == sup (a'((,tu)@z + %tr (bb'(¢,t,w)0%2) + c”) , (3.2)

u€RxXR

where the prime / denotes the transposition,

0z = %= and 9%y = ( Paw Fws )
Zs Zsw Zss

To construct optimal strategies for the problem (2.6), firstly one needs to study the HIB equation which

is given by

2,(¢,t) + H(¢,t,02,0%2) = 0, tel0,T],
(3.3)

2(¢,T) = pa”, (eR, xR.

Note that, in this case the Hamilton function H = +o0 if z,,, > 0 or 2z, <0, and for z,, < 0 and z, > 0,
1
H((,t,02,0%2) = d' (¢, t,uy)0z + §tr (b (¢, t,ug)0%2) + ¢,

where the optimal value u, = (o, ¢y) is defined as

7=
oy = M%% _ Zsw ang ¢y = (Z—I> . (3.4)

2
0% Za Zrx

Using this in (3.3), we can represent the HJB equation as

(02205 — Ky82,)% o2z, 2\ 7T
Dy R B R Sl ()" =0,

z +

2(¢,T) = pa7, (eR, xR.
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Using the separation variables method we will find a solution of this equation in the following exponential
form

2
2(z,s,t) = Bz exp {%g(t) +Y (s, t)} ) (3.6)
Here g is the solution of the ordinary differential equation

9(t) = 27,9(t) + 119*(t) +95 =0,  g(T) =0, (3.7)

where the coefficients «; are defined as

2 2
g Tk TRy
v = y Yo = + Kk and 3= .
1oy P 1y (1= 9)a?

One check directly that if 0 < r < k, then the solution of (3.7) is represented as

2 —
192(191 192) > 0, (3.8)

£ =19, — 1y —
9t) = 0 =0, Dy — 0 + (9 + Vy)e22n(T=1) =

where ¥, = 7,/v, and ¥y = /9% — v3/7;. Moreover, the function Y = Y(s,t) in (3.6) is a solution of the
non linear equation of parabolic type

1
Yils,) + 30%Vas(s,8) + 59, (Y, (5,1) + F(5,8,Y,7,) =0,

(3.9)
Y(s,T)=0,
where g, (t) = v,9(t) — 75 and F' is the non negative function defined as
o2g(t 2 L
Flstyn) = 700 1oy s W45 Gls ), By = (- )Be (3.10)

and

Glsvtn) = e {1 (So01+) }.

To find optimal strategies for the problem (2.6) one needs to calculate the optimal control variables (3.4)
for the HJB solution (3.6), i.e. we obtain that

ay(z,s,t) = ay(s,t)x, and cy(x,s,t) =cy(s,t)x.
Here the fractional coefficients are given as

Yi(s,t) — 592@)“1/02

— and  y(s,t) = B7TG(s,1,Y(s,1)), (3.11)

ag(s,t) =

where g,(t) = 1—02g(t)/k;. If we use in the equation (2.2) the strategy (3.11), then we obtain the following
stochastic differential equation for the wealth process

dX7 = a* ()X dt + b (1) X7 dW, , (3.12)
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where
a*(t) = r — k15,0 (S, 1) — ¢o(S;,t) and  b*(t) = oag(S,,t).

Taking into account that the processes a*(t) and b*(t) are continuous, and using the Itd formula we obtain

that
—mexp{/b* YW, +/< (v)—%(b*(v))2> dv}, (3.13)

i.e. it is positive almost sure. Now, using this process, we set

uy = (a;,c;), a; =aqy(S,t)X; and c; =¢cy(S;,t)X]. (3.14)

Note that the processes (&) (S;,t))g<t<r and ¢o(Sy, t))o<i<p are the fractional investment and consump-
tion strategies respectively. To show that the strategy (3. 11)_15 optimal we will use the verification theorem
method. To this end we need to impose some additional technical condition of Dirichlet type (see, for
example, in [18]) for the optimal HJB process z; = z(X}, S,,t).

D) Forallxz >0, s € R and0<t<Tthefamzly( ) reMm,
conditional probability P (|Xt* =z,5 = s), where M, is the set of all stopping times with the values in
[t,T].

The class of these processes is called the Dirichlet Class (see, for example, in [18]). The condition D)
plays a crucial role in the proof of the verification theorem.

is uniformly integrable with respect to the

Remark 3.1. Note that, the HIB solution for a pure investment problem given in [3] is obtained from (3.6)

as

. Z(J?, S, t) 82

lim ——2—= =27 exp< —g(t) + Y(s,1) (3.15)
with Y (s,t) = (02/2) f g(u)du + yr(T — t). One can check directly that the solution for pure investment

problem can be obtained from (3.14) for p — oo as

OZ* _ _StQQ(t)X*

t 1_7 t

c,=0

and

4. Probability representation
In this paper we study the equation (3.9) on the basis of the probability representation method. To do
this, first, for any 0 <t < T and s € R, we introduce the process (Ui’t)tgugT as the solution of the following

stochastic differential equation

dppt = gy (wnStdu+ odW,,  npit=s, (4.1)
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where g¢;(u) is defined in (3.9) and (Wu)uzo is a standard Brownian motion. It is clear that n®' ~
N (s (s 1), 02 (u, ), with

plu,t) = eld 91 anq o3 (u,t) = o /uz(u, z)dz. (4.2)
t
To obtain the probability solution for (3.9) we set for any h € C**(R x [0,T])

T
L’h(s,t):/E\I'h(nZ’t,u)du, Wy (s.1) = F (5.8, h(s. 1), By (s.1)) (4.3)

and the function F' is defined in (3.10). This operator is called the Feynman—-Kac (FK) mapping (see, for
example, in [2]). Note here that the function (3.8) is decreasing, i.e. max,,<7 g(t) = g(0) and taking into
account that for 0 <r < k

P2 > g/ + (1 —7)?k2/o?,
we obtain that

2
TRY < R

0 Y — 1y < 4.4
O <=t S o =) = 4y

Therefore, the function g, (t) = v;9(t) — 75 < 71,9(0) — v, < —k < 0 and
o (u,t) > o?pP(u, t)(u—t) for u>t. (4.5)

This means that the Ornstein - Uhlenbeck process (4.1) is stable, i.e. converges weakly as u — 0o. Now,
we need to introduce some special metric space in which we will find the solution of the equation (3.9).
To do this we denote by C_lir’0 (R x [0,T]) the set of positive functions from CH*(R x [0,T7]), i.e. the set
of continuous R x [0,7] — R functions having the continuous partial derivatives in s. Now we study the
cases for which the condition D) holds true. To this end we impose the following condition.

D,) The parameters in the objective function (2.4) are such that 8 > (16T /7)1=7.

Using this condition we set

P {h e CLOR x [0,T]) :  suph(s,t) < By, sup|h,(s,t)] < Bl}, (4.6)

s,t s,t

where By = (v1/2 4+ ry + B, +7,B?/2) T and

(1 —=y)V/7

B = V®
Y 92T

Now, for some v > 1 which will be precised later, we introduce the metric

p(fv h) = nggt<T E*V(T*t) Af,h(sv t) ) (47)
selR ,0<t<

where Ay, (s,t) = [h(s,t) = f(s, 1) + |[hy(s,t) = (s, D).
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Proposition 4.1. The space (X, p) is a complete metric space.

This proposition is shown in the same way of Proposition 5.1 in [2]. Now we can provide a probability
solution for the equation (3.9).

Proposition 4.2. The equation (3.9) has at least one bounded solution in C**(R x [0,T]) which coincides
with the FK fized point h, i.e. h = L,;,. Moreover, any FK fized point h from X is a solution of the equation
(3.9).

Proposition 4.3. Assume that Condition D) holds true. Then for the wealth process (3.12) defined through
the FK fized point h from X Condition D) is also satisfied.

These propositions are shown in Appendices A.1 and A.2 respectively.

Remark 4.4. It should be noted, that we can’t apply the usual methods to show the uniqueness of the
classical solutions for the equation (3.9) since the coefficient of the partial derivative Y, is not bounded in
R (see, for example, Theorem 8.1 on the p. 495 in [14]).

5. Main results

First of all we study the strategy (3.14).

Theorem 5.1. Assume that the condition D) holds, then the equation (3.9) has the unique bounded solution
and the value function (2.6) is given by

2
U(z,s,t) = J(x,s,t,u”) = fz7 exp {%g(t) + Y(s,t)} , (5.1)
where the optimal strategy u* = (o, ct),< < is defined in (3.14).

Remark 5.2. It should be noted that Proposition 4.2 and Theorem 5.1 hold true for the more general
condition when 0 < r < x/ /¥ which provides the representation of the function g in the form (3.8). In this
paper we assume that 0 < r < k to obtain the upper bound (4.4) which plays the key role to check the
condition D). Indeed, it is not necessary to consider the case in which the interest rate r is large. We can
always to reduce this rate including the corresponding part in the consumption for the problem (2.5). In
practice the interest rate r is sufficiently small, contrary to the coefficient x which cannot be small, since
for small coefficient the model (2.1) tends to the Brownian motion which cannot be a good model for the
spread markets based on the difference of the co-integrated assets. So, the condition that 0 < r < k is very
natural for the model (2.1).

Now we have to study the FK fixed point function h. To this end we define the iterative sequence (h,,),>;
as

, n>1 (5.2)
and h is an arbitrary function from X', for example, h = 0.

Theorem 5.3. Under Condition D) the solution of the equation (3.9) coincides with the FK fized point
function from X. Moreover, the sequence (5.2) goes to this function such that for any 0 < 6 < 1/2
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lim n° | h—h, |=0, (5.3)

n—oo
where || £ |= sup,.g subpcrcq (1F(5. 0] + | (s, D).

To calculate the optimal strategies, we use the approximations (5.2) in the fractional strategies (3.11),
i.e. we set

and
Con(8,8) = BTTG(s, 1, (5,1)) .
Theorem 5.3 and the definitions of a; and ¢, in (3.14) imply the following result.

Theorem 5.4. Under Condition Dy ) for any 0 < § < 1/2,

lim n’"sup sup (|&O(s7t) — &07n(s,t)| + |Eo(s,t) — Eoyn(s,t)|) =0.
n—00 s€R 0<t<T

Now using these approximations we set

ay = ag, (S, )X, and ¢ =¢,, (S, 1) X[ . (5.4)

Here

AXP = a’ () X"+ b5 (OXPAW,,  XP =,

where
ar(t) =r— mlst&oyn(st, t) — EO,n(Sﬂ t) and b (t) = U&Oﬁn(St, t).
Finally, we can obtain the approximations for the optimal strategies (3.14).

Theorem 5.5. Under Condition Dy ) for any 0 < § < 1/2,

P — lim »n’" sup (|a?—a:‘+|c?—cﬂ) =0. (5.5)
n—oo 0<t<T

Theorems 5.1, 5.3 and 5.5 are shown in Section 10.

Remark 5.6. Note that, similarly to [2] the convergence rate for the iterative scheme is super geometric, i.e.
more rapid than any geometric ones.

Remark 5.7. Note that the condition D;) is nor restricted. Indeed, if 3 < (16T/m)'=7, ie. T >
BY (=77 /16 := T,, then one needs to divide the interval [0,7] in m parts 0 = t, < t,... < t, =T

with max; <, (t; —t;_;) < T, and to use the strategy (3.14) on each interval [t; ,t,].
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6. Properties of the FK mapping

Now we study the main properties of the mapping (4.3).
Proposition 6.1. Under Condition D) the FK mapping is X closed, i.e. Ly : X — X.

Proof. First, note that we can represent the function £, (s,t) as

T T
2
L (s,t) = % /g(u)du +ry(T —t) + %E/h§<ni’t,“)du
t
T

BB [ Gt w)da.

t

Using the inequality (4.4) and the bounds B, and B, defined in (4.6), we obtain
2
Ly(s:) <

Then by taking the derivative in s, we get

9 W1Q

T

—_— = — . s,t

Osﬁh( ; 5 83E/h nyt u)du + By E/G Ju, (', u))du.
t

From Lemma A.2 in Appendix A.5 and as 0 < G(s,t,y) < 1, we have

‘%54 n AT =) m\/ T=1

Taking into account the definition B, in (4.6) we obtain,

B, w [2T_, .2 [2T
= < Ly/EB 2= =B,
‘88£h(5’ )‘_ o T 1+ﬂ10_ T 1

So, we get that £, € X. Hence Proposition 6.1. O

Proposition 6.2. For all f € X, for alls e R and 0 <t < T,

T

%K,f(s,t) = / (/F(Z7t,f(z,u),fs(z,u)) gol(s,t,z,u)dz> du.

t R

Here the function F is defined in (3.10) and

0
©1(8,t,2,u) = %w(s,t,z,u) =v

where

e

3 2 = sulu,)
V2moq (u,t) '

@(S,t, Z,U) = o (’LL t)
1 )

and v =v(s,t,z,u) =

9(O)(T = t) + LBYT — 1) + (I =)+ B,(I' — 1) < By.

11
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The proof is given in Appendix A.3. Now we set
r, = max (1,(1—}—\/5/0) (’lel—&—ﬁﬁ)) , (6.3)
where the coefficient B, is given in (4.6).

Proposition 6.3. For any v > ri in the metric (/.7) the mapping L is contraction in X, i.e. for any h, f € X,

r*

Proof. Using the definition (4.3), we obtain that for any h and f from X,

(6.4)

T
| (himff,u) P, >)du

t

T
+61E/ <G<nZ’t7u, h(ni’t,U)) - G(ﬂi’t,uva?Z’tv“)))d“-

t

Taking into account that the function G defined in (3.10) is lipschitzian, i.e. for any y; > 0 and y, > 0

’G(Sat7y1) - G(S t y2)‘ |y1 - y2|

1-—

we obtain that

gl
L — Ll < 5

/ (P23t w) = 2003 ) ) du

T
+BﬁE/ ‘h(nj’t,u) - f(nZ’t,u)‘du. (6.5)
t

Recall that f and h belong to X, i.e. the difference for the squares of their derivatives can be estimated as
’hi(z,u) — ff(z,u)’ < 2B, |k (z,u) — f,(2z,u)|. Therefore,

|£h(s,t) — Ef(s,t)| <B, /AZ f(u) V(T —u) r(T—u) g,

where B, = v,B; + B+ and A (t) =sup g Ay, f(y,1). Using here (4.7) we get

"E’h(sat)_ﬁf(57t)|<B2 (]:/f) II(T t

Moreover, using Proposition 6.2, we obtain that

T
0 Y12
‘%ﬁh(s,t) s Ef S, t ‘//? (R2(z,u) — f2(2,u))
t R
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+ 51 (G(z,u, h(z,u)) — G(z,u, f(z, u)))gpl(s,t, z,u)dzdul .

Now note that in view of the bound (4.5), for u > ¢

/|<t )|d<1\ﬁ 1 06)
su s,tyz,u)ldz < —4)/ — . .
se]ﬁ 1 oV 7T Ju—t

R

It should be noted also that

’%(hi(z,u) - ff(z, u)) + B1(G(z,u, h(z,u)) — G(z, u, f(z,u))‘ < B2A;’h(u).

Thus, the bound (6.6) implies

‘gﬁh(st) aa st'<B/A /|gplstzu|dzdu

Using again here the definition (4.7) and the fact that /7 = f0+oo e %27 12dz, we get

T
B 0 61/(T w)
2 -2 < 22
|8s£h(s’t) asﬁf(s’t)’_ /\/ﬁ
t
B [ vt _ V2B (r—1
e*V’LL el/ —
S —2 - U(T 2 / : p(fah .
oV’ Vu t N
t

Therefore, for any v > 1 we get p(Lp,Ly) < (r,//V)p(f, h) where the coefficient r, is defined in (6.3).
Hence Proposition 6.3. O

Proposition 6.4. Assume that 3 > (16T /mw)*=7. Then for the mapping L there exists a unique fized point
h in X, i.e. L, = h. Moreover, for anyn > 1 and v > rz the approzimation sequence (5.2) satisfies the
following inequality

2BotB1) g a= T <,
- ND:

where the coefficients By, B, and r, are given in (4.6) and in (6.3) respectively.

p(h,h,) < (6.7)

Proof. Indeed, Proposition 6.3 implies p(h,,, h, 1) = p(L;, L}, ) < Ap(h,_1,h,). Therefore,

p(hn7hn+1) < /\p(‘Ch "Chn) < >‘2p(hn727hn71) <. < Anp(hm}h)

n—1

Note that from the definitions (4.6) and (4.7) we can obtain directly that for any h, and h; from X the
metric p(hg, hy) < 2(By + By). So, for m > n,
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p(hyhy) < 2(Bg + By ) (A" + X" 4 4 AT <2(B + By) YN

i=n

Therefore, in view of Proposition 4.1, there exists a unique fixed point h € X for the mapping £ which
satisfies the inequality (6.7). Hence Proposition 6.4. O

7. Properties of the FK fixed point function

In this section we study some regularity properties for the function h. First we study the smoothness
with respect to the variable s.

Proposition 7.1. If h € X is a FK fized point, i.e. h = L,,, then for any 0 <e <1,

‘hs(sl’ t) - hs(82’ t)‘
sup  sup " < 00
0<t<T s,,5,€R |81 — 85

Proof. In view of Proposition 6.2 and the definition (4.3), the partial derivative of h can be represented as

T
gh(s,t) = //\I/h(z,u) (s, t, 2z, u)dzdu,
s
t R

i.e.

T

7] 0

Selo1st) = sy 0] < [ [ 100l lor o1t = 1200 s
t R

Note that for any h from X the function ¥, (z,u) is bounded, i.e.

U* = sup sup [P, (z,u)| < co. (7.1)
heX zeR ,0<u<T

Therefore, if A =|s; — sy| > 1 then, using the bound (6.6), we get

T
10 0 .
E Eh(sht) - gh(syt)‘ S v / /|<p1(817t727u>‘dzdu
R

t

T
+W*//‘W1(52at72,u)|dzdu < 0.
t R

Let now 0 < A < 1. Then,

1
As

0

0 .
=hls1,1) - %h(sg,t)‘ < U I(A), (7.2)

where

T
1) = [ [tz Zabetanl,,,
t R
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Then for A; = A% we can rewrite it as

tl
1(A) = // lp1(s1,t,2,u) — (59,1, 2 u)|dzdu
A¢
t R

T
7t> ) - ut7 )
+// “Pl(sl Z U)A€901(52 z u)’dzdu,

t, R
where t; =t + A,. So,

ty

A) < é/ </|¢1(817t72;u)}dz+/|¢1(827t72’u)|dz>du
t R R

T
1
+E//|<,01(31,t,z,u)—gal(sz,t,z,u)’dzdu.
£, R

Taking into account again the bound (6.6), we estimate the integral I(A) as

4
Sa\/7 A—//|gol S1,t, z,u) — ¢ sg,tzu|dzdu

Then

T $o

S%\/> As///|<,028tzu‘dzdsdu

where

2
Po = ds 901(8 t Z U) \/ﬂO’S

_Vz _
2 (V — 1) and v = Lﬂ(uﬂt) .
oq(u,t)

Thus, on view of the lower bound (4.5)

2
/|<p25tzu)|dz§\/_ / —|—lezdv<m

]R

and, therefore,

T
1 /2 2 1 1 /2 2
I(A) < =42 + ZAl—s d<—\/j — A7 (|InA InT|).
w2 2o [ s L2 2 a1 pw)

tl
Hence Proposition 7.1. O

Now, we study the smoothness properties for the function h with respect to t.

15
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Proposition 7.2. Let h = L;, with h € X. Then, for all N > 1 and 0 < e < 1/2,

|h(3at2) B h’(s’tl)‘ + |h5(87t2) B h’s(s7t1)’
sup sup (t — )E < 00.
0<t,<t, <T |s|<N 2 1

Proof. Firstly, note that

T
h(s,t) = /\Il (s,t,u)du and W, (s,t,u) / U, (z (s,t,z,u) dz.
t R

Therefore, for any 0 <t, <t, <T

T ty

h(s,ty) — h(s,t;) = / (@h(s,twu)du - @h(s,tl,u)>du - /Wh(s,tl,u)du .

ty t

Let now A =t, —t; and A; = A% for some 0 < & < 1/2. Taking into account that the function ¥, (s,t,u)
is bounded, we obtain that for some 0 < ¢* < oo

Rl ) = his,t)| < e (é[(m " A15> , (7.3)

where I(A f f]R z,u)dzdu and B(z,u) = |@o(s,ty,z,u) — ©(s,ty,2,u)|. We represent this term as
I(A) = Il(A) + I2(A) where

ty+A, T
IL(A) = / /E(z,u)dzdu and I,(A / / z,u)dzdu.
t, R t, 44, R

Since [ P(2,u)dz <2, we get I;(A) < 2A,. To estimate I,(A) note, that

@(Z,U) = |30(87t2azvu) - <p(s,t17z,u)| S / |§0t(8a9721u)|d97

ty

where

(5,8, 200) = (5,1, 2,0) T
5,0, 2,U) = - p($,1,2,U) = — € )
v o’ 2V2r o} V2mo,

the dote " is the derivative with respect to ¢, 05 = s and s = Jf. Note, here that

S z—Su.  SfL VO

= 5 L=
o, o o) 20

Moreover, using the inequality (4.5) and taking into account, that i and o, are bounded, we obtain that
for some ¢* > 0 and u >t
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<c(1+s)) %6*7
o7

%@(s7t’ Z? u)

2 1 v2
<ot (1 o) D
o(u—1)
Therefore, for some ¢* > 0

/‘gtso(s,t,z,u) 4z < CUEED,
R

and we get
ty T
1
L(A)] < ¢ (1+s]) ( / du) 1
tl t2+A1
r d
<c*(1+]s])) A / u—ut <c” (1+]sh)A[InA,].
2
o+
Therefore,

hmsup — sup ‘h(87t2) B h(satl)‘
A—0 As seR 1+ |S|

Now through Proposition 6.2 we obtain that

T
PN L[ i
8Sh(s,t)— 88Eh(s,t)— QW/Uf(u,t)< U, (z,u)v e~ 2 dz | du,
t R

i.e. this derivative can be represented as

T 2
0 [ w(u,t) / e T
6‘Sh(s,t) = / o1 () ( U, (sp+oyv,u)v Word dv |du
R

T
/ (u, t)
' 01 (u» t)
T

= /ql (ta u)qQ(tv u)du )

t

<E U, (sp(u, t) + o (u,t) &, u)§> du

17

where & ~ N(0,1), qy(t,u) = EEV, (su(u,t) + oy (u,t)§,u) and qy(t,u) = p(u,t)/oy(u,t). Setting now

ds(u) = qq(ty, u)ds(ty, u) — qq (t, u)dy(ty, u), we obtain that

T ty
7] 0
shtsits) = 5ontsit) = [ay(udu— [ ayt was(eyu)du.
t2 tl

Moreover, note that the inequality (4.5) implies, that for u > ¢,
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q2 (uv t) =

Now we recall, that the function ¥, is bounded. Therefore, we get that for some ¢* > 0

T
Shls.ty) = -h(s.t)| < [ Jay(u)lda

ty

t2
c* * * *
tl
where I7(A) = ft2+A1 |as(w)|du and I3 (A) = ftZJrAl |as(u)|du. First note, that

12

to+A

IF(A) <c” / ( ! ! >du§4c*\/A_1.

\/u—t2+\/u—tl
t2

To study I;(A) we use the bound (7.5) which implies that for any u > t,

* —qy(u _ u —q(u
as)] < & (Jas () = 1) + e o) — ()] )

From the definition of q,, we can obtain that for some c* > 0 and any u > %,

ty

a1, t2) — g, ,)] < / w0 =y

ty

Therefore,

. A 1
|q3(u)’ <c <(u — t2)3/2 + = |q1(u,t2) - ql(uat1)|> .
Note that the definition (3.10) and Proposition 7.1 imply that for any 0 < e < 1
(W40, t) = Wy (51,8)| < sy = s

where ¢* is some positive constant. So,

s (1) = aty (s )] < € (1o [1) (Ipausto) = ooy )]+ [ory (1, t) = oy (s )] )

It should be noted here also that for some ¢* > 0

s(u.ty) ~s(uty)| _ . A
oy(uty) +oy(uty) = Vu—ty’

|01(Ua ty) — oy (u,ty)| =

ie,fort, <u<T
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1

"h (u,ty) — Q1(U,t1)| <c(1+[s|°)A° (1 + W)

- c*(1+ |s|)Ac® .
(U_t2)8/2

This implies directly that

T
* AE
I(A) <c*(1+]s]) / ( 0,77 Tz t2)(s+1)/2>du

ty+A

<c*(1+s|) ( = + A%(A, )<1—6>/2>

V A1
=c*(1+s)) (Al—f + A25‘52>

and, therefore, for any 0 < e < 1/2

I*(A) + Ix(A
limsup — supM < 0.
A—0 As seR 1+|S|

Hence, Proposition 7.2. O
8. Verification theorem

Now we give the verification theorem from [2]. Consider on the interval [0,T], the stochastic control
process given by the n - dimensional Itd process

d<t = a’(Cta ta ut)dt + b(ta Ctv ut)th ’ (81)

where (W,)o<i<r is a standard k - dimensional Brownian motion and the initial value ¢, is non random
and belongs to is some convex set 2= C R™. We assume that the control process u takes its values in some
convex set © C R?. Moreover, we assume that the coefficients a and b satisfy the following conditions:

A,) The functions a(-,t,-) and b(-,t,-) are continuous on R™ x ©, Vt € [0,T].
A,) For any fired nonrandom vector € © and any x € = the stochastic differential equation (8.1) for
u, = 6 has o unique strong solution in =.

Now we introduce admissible control processes for the equation (8.1) on the time interval [t,T] for any
0 <t < T. To this end we set the family F, = (F, ;);< < with F, ; = o{W, ,t < v < s}. A stochastic
control process u = (u,),<,<7 is called admissible on [t,_T]_if it is F', - progressively measurable with values
in ©, and for any z € = the equation (8.1) on the time interval [t,T] with ¢, = = has a unique strong a.s.
continuous solution ((,);<,<r belonging to = such that

T
/ (a(Cy, v, u,)] + b(C, v, u,)P)dv < 00 as..

t

We denote by A, the set of all admissible control processes on the time interval [¢,T]. Moreover, let f and
h be continuous utility ZE x [0,7] x © — [0, 00) functions. For any 0 < ¢ < T we define the cost function by
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T

J(m,t,u) =E (/f(CU,U,uv)dU + h(CT’Tv uT)Kt = x) .

t

Our goal is to solve the optimization problem

sup J(z,t,u). (8.2)
uey

In order to find the solution to (8.2) we investigate the HJB equation

Zt(Cvt)+H(<at7ZC7ZCC):Oa tG[OaT]a

2(¢,T) =h(), (eR",

(8.3)

where

H(C,tazgazgg) ‘= sup (a/(gatvu)zg + %tr[bb/(gatvu)zcc} + f(<7t7u)> .
uEO

Here, z, = z,((,t) denotes the partial derivative of z with respect to ¢, 2z, = z.((,t) the gradient vector
with respect to ¢ in R" and z.. = ZCC(C ,t) denotes the matrix of the second order partial derivatives in the
variables (. We assume the following conditions hold:

H,) There exists a R™" x[0,T] — (0,00) function z from C21(R™ x[0,T]), which satisfies the HIB equation.
H,) There exists a measurable R™ x [0,T] — © function u, = ug((,t) such that for all { € R™ and
0<t<T,

1
H(C b ze,200) = d/ (Gt ug)ze + St (b0 (¢, t,ug)zee) + £(C,tyug)
H,) There exists a unique strong solution to the Ito equation
dCt* :GJO(C:,t)dt-l-bO(C:,t)th, CS =z, t Z Oa

where ay(C,t) = a(C,t,ue(C, 1)) and by(C,t) = b(¢, t,uy(C,t)).
H,) For allz € R" and 0 <t < T the family (2(C7, 7)) ., is uniformly integrable, where M, is the set

of all stopping times with the values in [t,T].

Theorem 8.1. Assume that conditions H, )- H,) hold, then for any 0 <t < T the process (u)),< <7 is a
solution for the problem (8.2), i.e.;

sup J(z,t,u) = J(x,t,u”)
ueVy

and z(z,t) = J(x,t,u*).
9. Cauchy problem
Here we announce the existence theorem from [14] for the Cauchy problem:

Uy — Zlgz‘,jgn a;;(,t, u)uzizj +a(z,t,u,u,) =0,

9.1)
u|t:0 = u(z,0) = 1/’0(@ , xeR™.
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We assume that there exists some functions (aq, a,, ..., a,,), such that

da;(x,t,u,
ai'(xatau,p)zwa pERn (92)
J p;
Using these functions we set
" da, " da,
A(m,t,u,p) Ea(x,t,u,p) 72 81;[)17 8.’EZ .
i=1 i=1

Moreover, for any N > 1 we set
Iy ={(z,t) e R" x [0,T]: |z]| < N}.

We introduce the following conditions for ensuring the existence of at least one solution u(z,t) for the
problem (9.1).

C,) There exists € > 0 such that for all N > 1,
Yo(r) € H*T5(T'y) and max | Yo(x) |< 0.
2ER™

C,) There exists h > 0 and some R, — R, function ®, such that for all x € R", v € R and for all
0<t<T,

dr
o) +o00. (9.3)

Az, t,u,0)u > —P(Jul)|u| — b, and /
0

C,) Fort € (0,T] for arbitrary x, u, p € R™, and any & = (§1,&,,.-,&,) € R™, there exists 0 < Cy < C,
such that

Z aij($vt7u7p)§i§j >0 and C’1|§|2 < a’ij(xatauap)gigj < 02‘§|2~

1<i,j<n

C4) The functions a;(z,t,u,p) and a(z,t,u,p) are continuous, the functions (a;);<;<, are differentiable
with respect to x,u and p € R™, and for any N > 1

n aai n Gai
Zi:l (|a"b| + | o |)(1 + |p|) + Zi,j:l ‘a—wj| + |CL|

sup  sup sup
(,6)<T'y |ul<N peR™ 1+ |pf?

< 0.

C;) For all N > 1, and for all (x,t) € Ty, |u| < N and |p| < N, the functions a;, a, da;/9p,;, Oa,;/0u,
and Oa;/0x; are continuous functions satisfying a Hoélder condition in x, t, u and p with exponents e,
€/2, e and € respectively for € > 0 from the condition C,).

Theorem 9.1 (See Theorem 8.1, p. 495 of [14]). Assume that the conditions C, )-Cy) hold. Then there exists
at least one solution u(x,t) of Cauchy problem (9.1) which is bounded in R™ x [0,T] and for any N > 1
belongs to H2+e1+e/2(T ).
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10. Proofs
10.1. Proof of Theorem 5.1

To prove this theorem we use Theorem 8.1, i.e. we need to check the conditions H;) — Hj) of this theorem
for the problem (2.6). As to the first condition, note that using Proposition 4.2 one can check directly that
the solution of the equation (3.5) can be represented in the form (3.6), where the functions g and Y satisfy
the equations (3.7) and (3.9) respectively. Moreover, using the HJB solution (3.6) in (3.4) we calculate
the optimal control variables (3.11). Hence H,). Then, using these variables in the wealth process (2.2)
we obtain the optimal wealth process represented by the stochastic differential equation (3.12) which can
be resolved through the Ito formula and represented in the form (3.13). This implies H;). Note also, that
the function Y in (3.6) is bounded, therefore, the condition D) yields the condition H,). So, Theorem 8.1
implies that the strategy (3.14) is optimal and the function (3.6) coincides with the value function (2.6).
This means that a solution of the equation (3.9) can be represented through the value function which is
unique. Therefore, the equation (3.9) has the unique solution in C%!(R x [0, T]). Hence Theorem 5.1. O

10.2. Proof of Theorem 5.3

We set A, (y,t) = h(y,t) — h,(y,t). So, in view of Proposition 6.4 for any v > (r,)?

)\TL vT
1-2°

0A,, (y,t
‘+|#

swp (18, 0] +122

R,0<t<T |> < eVTP(hvhn) <2(B,+By)
yeR ,0<t<

where A = r,/\/v, B, and B, are defined in (4.6). Therefore, if we take in this upper bound v = n(r,)?
and A = 1/y/n, then for the norm defined in (5.3) we obtain that ||A, | = O(n™°") as n — oo for any
0 < ¢ < 1/2. Hence Theorem 5.3. O

10.3. Proof of Theorem 5.5

First note that, from the definition of the process X in (5.4) we deduce that

dX]' = a ()X dt + 0 () X' dW,, X ==, (10.1)
where ay (t) = r — rk;5,00 ,,(S;,t) — ¢, (S}, t) and b7 (t) = 0q ,(S;,t). Similarly to (3.13), through the Ito
formula we obtain that

X" = ¢ exp { /tb:(u)qu +/t <a;§(u) _ %(b;(u>)2> du} . (10.2)

Note now that for any N > 0 on the set {max,,«7 |S,| < N} this process coincides with the process X, (t)
defined in (10.2) by replacing the coefficients ai(zz) and b (u) with a,,(u) = a’ (uAoy), b, (u) = b (uhoy)
and o, = inf{t >0 : |S,| > N} AT. Note that the functions &, (u) and b, (u) are bounded, i.e. for some
non random Cj > 0 the upper bound sup, ., maxyc,<p (|dn(t)| +1b,,(t)|) < Cy. This implies that for
some C'py >0 - o

X,(1) < Oy exp { / b (w)awv, — / @n(u))?du} = &by,
0

0
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where in this case the stochastic exponential St(lv)) is a square integrable martingale. Therefore, in view of the

Doob inequality we obtain that sup -, B sup,_, . Ef(l;n) < oo which implies sup, -, E max,<;<r XEL (t) <

oo. Therefore, taking into account that in this case limy_, . P(oy < T) =0 we get

lim sup P( max X" > N)=0. (10.3)

N—o0 n>1 0<t<T
In view of Theorem 5.4, to show this theorem it suffices to check that for any 0 < § < 1/2

P — lim n°" max |AY] =0, (10.4)

n—00 0<t<T

where Af = X' — X;. To this end we set
TN =inf{t >0 : |th| + \Xt*| >N} Aoy .
It is clear that the property (10.3) implies

lim supP(r, y <7)=0. (10.5)

N—o0 n>1
Therefore, to show (10.4) we have to provide that for any N > 0

P — lim 2" max |A?|=0. (10.6)

n—00 0<t<7, n

Indeed, from (3.12) and (10.1) it follows that

dA} = Z,,()dt + Z, (1AW, A3 =0, (10.7)

where Z; . (t) = (a) (1) X}' — a*(t)X]) and Z,,,(t) = (b} (t) X[ — b* () X). Now we set

5t =sup sup (|ag(s,t) — a07n(s7t)| + |co(s,t) — Eoyn(s,t)’) .
s€R 0<t<T

Then on the set {t <7, y} we get that |Z, ,,(t)| 412, (t)| < Cy (6% + |A?]) for some nonrandom Cy > 0.
Moreover, the equation (10.7) implies

n(w)du + 2 max /ZQ L()dW, |

¢
max (A")2 < 2T//Z\12
0<u<tAT, N u

0
where Zn(u) = Z; n(u AT, n). Setting ¢,(t) = Emaxoc,<inr A2 (u) and taking into account that the
processes 217"(u) and Zzn(u) are bounded we obtain through the Doob inequality that

¢
0,(t) < Cnor 5Z+/Qn(u)du , 0<t<T.
0

Thus by the Gronwall - Bellman lemma (see Lemma A.l in Appendix A.4) o,(T) < Cyr elCnr or.
Theorem 5.4 implies the limit (10.6). O
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006

@M

0

Fig. 1. Fixed point h. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

11. Numerical example

In this section we calculate the strategy (3.14), (3.13) through the Python soft, using the following
parameters: ¢ = 1, v = 1/2, r = 1/20, k = 1/2, T = 1 and @w = 10. The Feynman-Kac mapping is
calculated as

Lh(s,t)://\I/h(z,t)go(s,t,z,u)dzdu, (11.1)
t R

where the function ¥, is defined in (3.10) and

_¥2
2

e z — sp(u,t)
s,t,z,u) = —— and v=v(s,t,z,u) = ——=.
ol ) V2o, (u,t) ( ) oq(u,t)

The function u defined in (4.2) can be calculated in the explicit form

27,95 _ o271 05u P
p(u, t) = e~ MV2(u=t) (e 02T — Bye”n 2u>

6271192T _ 9262711921‘/
where p = 0, /(20,0,7,), 0, = 27,0,(0, — 0,)/(9; +05) and 0, = (01 — 05) (9, + 0y).
In Fig. 1 we calculated the fixed point function h for n = 4. In Table 1 we study the convergence for the
functions (h,,),,>; calculating the approximation accuracy as

d,, =suplh,(s,t) = h,_1(s,t)].

s,t
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Table 1
The accuracy d,, at each iteration.

n 1 2 3 4

o, 0,071 0,00026 6,4-1077 1,15-107°

10

Fig. 2. Fractional investment.

We observe that 6, ~ 0,07, §, ~ 1073, 63 ~ 1077 and §, ~ 102, Therefore, one can conclude, that in this
example the “super-geometric” effect is well confirmed numerically.

Figs. 2 and 3 represent the fractional strategies (3.11). Figs. 4, 5 and 6 represent the optimal strategy
(3.14) with the initial value x = 10.

It should be emphasized that the numerical algorithm (5.4) synthesizing the optimal strategies can be
implemented very quickly, i.e. we need only four iterations to calculate the fixed point h in Fig. 1 and
to construct the strategy. Then note, that the investment strategy explicitly shows in Fig. 4 how much
spreads should be bought and sold. As one can see in Figs. 5 and 6 the consumption strategy shows in
this example, how much the investor can consume to increase its terminal capital with respect to the
initial one, in particular, in this case the terminal capital is X}, ~ 16 and the initial X; = 10. As to the
fractional strategies (3.11) presented in Figs. 2 and 3 we note that in this case the investment increases for
the negative spread values and decreases for the positive ones. As to the consumption strategy, we note

that the maximal consumption value corresponds to the small spread value for this market. This example
numerically illustrates the practical value for the obtained theoretical results.

12. Conclusion

In conclusion, emphasize that in this paper, probably for the first time, the investment and consumption

problem for the spread financial markets is studied completely, i.e. it is provided the sufficient condition D)

25
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Fig. 3. Fractional consumption.

80| Investment strategy

60

40

20

Values

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig. 4. Sample investment.

under which the optimal strategies are constructed through the verification theorem. It should be noted that
this condition is very closed to the necessary, since without the uniform integrability property, generally
it is not possible to show that the strategies constructed on the basis of the HJB solution are optimal. In
this case, we obtained the new HJB equation for this problem and we found the form for its solution in
(3.6). The main difficulty is that the unicity theorem for the parabolic equation (3.9) is shown only among
bounded functions, i.e. this equation can have a few unbounded solutions, and we cannot use methods
developed for Black-Scholes or stochastic volatility models to analyze the HJB solution. Therefore, it is
necessary to develop methods for constructing the bounded solution, which is unique and used in optimal
strategies. To this end, we develop the probability methods based on the corresponding Feynman - Kac
representation and the fixed point technique in a special metric space and, as a consequence, we establish
the convergence rate of a numerical scheme for the optimal strategies which is super geometric. As to the
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Fig. 5. Sample consumption.
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Fig. 6. Sample wealth.

practical point of view the discovered “super geometric rate effect” makes it possible to realize numerical
optimal financial control algorithms possessing to increase essentially the speed of information processing
and decision making. As a result this will significantly improve the efficiency of using the developed optimal
methods for practical investment portfolio calculations under conditions of stochastic financial uncertainty.
The economic significance of the obtained results lies in the fact that it is described the financial market
conditions under which the optimal investment and consumption strategies are obtained, and the numerical
algorithms for their practical implementation are provided. Moreover, in Remark 5.7 we explain how one
needs to use the optimal strategies in the spread markets for large time intervals.

Appendix A
A.1. Proof of Proposition 4.2

First, setting u(s,t) = Y (s,T —t), the equation (3.9) can be rewritten as

2 u? u
wy = T, = s (0w, — 55— ag(t) ~ K(s,) T =0,

2 (A.1)

u|t:0 =0,

25
where the functions g, (t) = ¢, (T — t), K(s,t) = B, e” 2091?)7 ao(t) = 02g(t)/2 + ry and g(t) = g(T —t).

Note that we can represent the equation (A.1) in the form (9.1) with n = 1, ay(s,t,u, p) = 0?p/2 and
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2
A(Satauap) = a(s,t,u,p) = Sgl(t)p - 712p - aO(t) - K(Svt) e 127 .

Taking into account that 0 < K(s,t) < 8; we obtain that for any v € R
A(SJ,’LL, O)U > _a*|u‘ and a, = 029(0)/2 +ry+ 6.

So, we obtain the condition C,) with the function ® = a, and b = 0. Taking into account that the conditions
C;)-C;) can be checked directly we obtain through Theorem 9.1 that the equation (3.9) has a bounded
solution. By using this solution and applying the It6 formula to the process (4.1) we can obtain that

Tn

2
. s , o ‘
V(o) = [ (0 ) + gulans ¥, 0) + G Yo, (5 ) du

- / Y, (5 ) AW, + Y (557

t

where 7, = inf {u >t : [n®*| > n} A T. Taking into account equation (3.9), we obtain that

Y(s,t) = /\Ify(ni’t,u) du — /Ys(r]Z’t,u) qu + Y(Tn,nj’t).
t t

As E f;n Ys(ﬁi’t, ) qu = 0, we obtain

Tn

Y(s,t) = E/\IJY(nZ’t7u) du + EY(Tmnj’t).

t

Note here that Y is bounded. So, by Dominated Convergence theorem and in view of the boundary condition
in (3.9)

lim EY (p>',7,) =E lim Y(p>',7,) =EY(n3',T) =0.

n—roo n—roo
Reminding here, that ¥y > 0, the Monotone Convergence theorem yields

Tn

T
Y(s,t) =E lim [ Uy (3" u) du= E/\IIY(nZ’t,u)du =Ly (s,t),
n—oo
t t
i.e. Y(s,t) is a fixed point for £. Moreover, let h be an another FK fixed point function from X. Consider

now the following equation

0% f5s(5,1)

9 + Sgl(t)fs(svt) + \I/h(sa t) =0, f(SvT) =0, (A2)

ft(sa t) +
where ¢, (t) = v,9(t) — v, and ¥, (s,t) is given in (4.3). Similarly to (A.1) denoting u(s,t) = f(s, T —1t), we
can rewrite the previous equation as

J2USS (s,t)

uy(s,t) — +a(s,t,u,u,) =0, wu(s,0)=0, (A.3)
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where a(s,t,u,p) = —sg1(t)p — ¥, (s,T — ). Note here, that using the bound (7.1) we get a(s,t,u,0)u =
—U,(s,T —t)u > —¥*u| and, therefore, the condition in (9.3) holds with ®(r) = ¥* and b = 0. In
view of Propositions 7.1 and 7.2, the function ¥, satisfies the Holder condition Cjy) for any 0 < ¢ < 1/2.
By using Theorem 9.1 we obtain that equation (A.3) has a bounded solution. Therefore, there exists a
bounded solution for the equation (A.2) also, and similarly to the first part of this proof we can obtain that
f =L, = h,ie. any fixed point for £ from X is a solution of the equation (3.9). Hence Proposition 4.2. O

A.2. Proof of Proposition 4.3

First of all note, that Propositions 4.3 and 6.4 imply that the equation (3.9) has an unique solution in
X which coincides with the fixed pint h of the mapping (4.3), i.e. the functions Y'(s,t) and Y,(s,t) are
bounded. Therefore, taking into account the form (3.6) and the bound (4.4) we note, that to show this
proposition it suffices to check that there exists b > 1 such that for any z >0, se Rand 0 <t < T

S2
sup E ((X:)bl P2t | X, =1x,8, = s) < 00, (A.4)
TEM,

where b; = by and b, = byk, /2.
Indeed, using the optimal wealth process (3.12) and the It6 formula we get

t

—:Cexp{/a du+/b( )qu},

0
where b*(u) = oay(S,,u) and
2~2 S
aj(u) =71 — £1.8,00(S,, u) — (S, u) — w
Taking into account that
~ Y, (s,u) — sky02g,(u
fofs,u) = L= ) =1 - g

=y

we get aj(u) = A(S,,u) and the function A can be represented as

A(s,u) = s20 2 Ag(u) + sA; (u) + Ay(s,u), (A.5)
where
K2 K s,u u) —
AO( ) _ ig_2(,y) 2(193(’7)) , Al( ) _ 1Ys( ) 1)£g,2y( ) 1)
and
o?Y2(s,u) _
Ay(s,u) =1 — 2(18_(7)2) —Co(s,u).

To calculate the conditional expectation (A.4) we have to represent the Ornstein - Uhlenbeck process
(2.1) for u > t under the condition S, = s as
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= e_”(“_t)s—i—aftm and & , = / e "u=0qw,

t

S

tu

It should be noted here that Proposition 1.1.5 from [10] implies that for any N > 0

sup EeMNer! < o0, (A.6)
TEM,

Therefore, for 7 € M,

52
E ((Xi)bl exp {bza—g}

where the exponential power for v > t is defined as

X, =2z,5 = s) = 2P EeYer (A.7)

v v S2
Uy = [ buai(wdut [ bybaiv, +b,
t t

with the coefficients aj ,(u) = A*(S, ,,u) and b} (u) = 0a,(S, ,,u). Now using the representation (A.5) we

rewrite these coefficients as

* ~ * K ~
al)t(u) = Ao(u)fzu +a,(u) and by(u) = — 1 _1792(u)£t,u + by (u),
where Et(u) is bounded and @, (u) is such that for any N > 0,
T
Eexp{ N / a,(u)|du $ < oo (A.8)

t

Therefore, we can write that 52 /o? = &2 + §t7u, where the process (gt,u)tgug:r satisfies the property
(A.6). Moreover, taking into account that

de? | = —2k€ du+du+2¢, ,dW, and &, =0,

the exponential power in the left side of the equality (A.7) can be represented as

Ut,v = Lt,v + St,v (Ag)
and
Lo = [ Ooi870) + 20,6, )W, + [ (b ) = 20, + by)du.
t t

Note here, that the upper bound (4.4) implies directly that 1 — v < g4(v) < 1. Therefore, we can rewrite
the term (A.9) as

v

Ut,v = /gl (u)ft,uqu + /gz(u)giudu + fjt,v’
t t
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where g, (u) = 2by — bk;go(u)/(1 — ) and

byrg(u)  byr2g(u)

9ol = = T T A

— 2byk.
Moreover, in view of the property (A.6), we can conclude that for any N > 0

sup EelVYir < 00,
TEM,

We fix now p > 1 which will be chosen later. Then taking into account that

T T

2
_ P _
sup E exp p/gl(u)gtdeu — ?/gf(u)ffudu <1,
TEM, f f

we obtain through the Holder inequality with ¢ = p/(p — 1), that for any 7 € M,

- 1/q

Eexp {Utﬂ_} < | E exp q/ (gz(u) + g??(u)) §t2udu + qﬁtﬂ_

t

One can check directly that
_ ) _ 2
gg(u) + 591(“’) - _tl gg(u) + t292<u) + t3 P

where

(1- Pb1)b1’f§ bk,
ty=—"—5—, ty=—— (kK —2pb and t; = 2b, (pby — k) .
1 21 — )2 2 1_7(1 pb,) 3 2 (Pby )

We chose now p > 1 such that py < 1, for example p = (1 4+ v)/(27). Then, taking b = 1/py, we obtain
1 =7b=1/pand b, = (byx,)/2 = k,/(2p) and

Kqi(Ky — 2K)

<0
2p

_ p_
9,(w) + 252 (u) =
and we come to Proposition 4.3. O

A.3. Proof of Proposition 6.2

Firstly, note that from the definition (4.3) we get that for any —1 < § < 1,

Eh(s"r(s,t;_‘ch(s’t) :/T/ (Wh(27“)(g0(s+6,t’27u6)$_¢(S,t727U)>dZ>dU7
t R

where ¢ is given in (6.2). Now from (6.2) we obtain that

s+
o,t — t 1
90(5+ s 7Z,U) 50(37 7Z,U) — g / (,01(9,t,37u)d0 = (pl(s,t’z7u) —|—D6(3’t7zj’u)7

S
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where Dy (s, t,z,u) = §1 f;-ﬂs (901(0,15, z,u) — (8, t, 2, u))d&. So, this yields

L 5,t) — L, (s,t
n(s+4, ()5 1 (8, )://\Ilh(z,u)gol(s,t,z,u)dzdu—i-Gé,

where G; = f f]R (z,u)Dg(s,t, z,u)dz du. Now we have to prove that G5 — 0 as  — 0. As the function
U, (s,t) is bounded for h € X, therefore,

T1 s+14] T
|G6|§\I/*/?| (9ud9du<\Il*/L

t s—|9| t

where U* = suph€X susz]R, 0<t<T |\I’h(z,u)\, L; (u) = maX57‘5‘§9§5+‘5| L(07u) and
L(07u) = / |@1(97t7 Z,U) - @1(85 tv Z,U)‘dz

From (4.5) and (6.2) we can obtain, that

4v2

sup Li(u) < ————.
—1<é<1 5 oy/m(u—t)

Moreover, it is clear, that for any N > 1

limsupLj(u) <2  sup / lp1(0,t, z,u)|dz .

6—0 s—1<0<s+1
|z|>N

Using the bound (4.5) we get, that forany s —1 <6 <s+1and u >t

0,t,z,u)|dz < / v
[ oz Wm Ivle”

|z|>N oy v4+0u|>N

m/'v'

[v|>N,

where Ny = (N —(|s|+1)p) /oy Thus, for any fixed s € R and 0 < ¢ < u < T we get that lims_, L%(u) = 0.
So, by the Lebesgue dominated convergence theorem, ft r L} (u)du — 0 as § — 0. Hence Proposition 6.2. O

A.4. Grownwall - Bellman lemma

Lemma A.1. Let ¢ be a non negative bounded R — R function such that for some constants C; > 0 and
Cy >0 and for any 0 <t <T

ot) < Cy + C, /Q(u)du

Then
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1) < T Al
Orél?ﬁXTQ()—Cle (A.10)

Proof. Let now K > 0 be a some constant such that sup,_,_, o(t) < K. Then by the induction method
we can show that for any n > 2

n—1 ; n
(S ()
4! n!

Passing here the limit as n — oo, we get the upper bound (A.10). Hence Lemma A.1. O.
A.5. The smoothness properties of the process (4.1)

Lemma A.2. For any bounded R x [0,T] — R function @ and for 0 <t <T

2Qr [2(T -t
<X PIZ0 g = sup sup [Q(zw)
g ™ z€R t<u<T

Proof. Setting Q(s,u) = EQ(n:"', u) we note that

PO S VRN RN I ION) A
Qlsu) = \/ﬂal(u,t)]!Q(’ Je p{ 202 (u,t) }d

Using here Lebesgue’s dominated convergence theorem we can get that

T

/sum_/

T

fi(u, t) ~2 dudu
m/@(su(u,t)—I—vol(u,t),u)ve dvdu.

R

_ _ (z—sp(u,t)?
/Q Z s,u(u ) e 210 drdy
03(u t)

Using here the bound (4.5), we obtain that

5 o) B [ i [ P

Hence Lemma A.2. O
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