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Abstract. We present results from self-consistent, one- and two-dimensional, electromag-
netic simulations of the electron whistler mode instability relevant to the near-Earth nightside
plasma sheet region during geomagnetically disturbed times. Specifically, we study the evolu-
tion of energetic, anisotropic (7, > T, ) electron distributions that are injected into the night-
side ring current region at geomagnetically disturbed times, the resulting growth of electron
whistler mode waves, and subsequent electron pitch angle diffusion via electron whistler
wave-particle interactions. Growth of whistler mode waves from an initial pitch angle anisot-
ropy (T, =4T,) is studied in the strong pitch angle diffusion regime (defined as having scat-
tering times much shorter than a typical electron bounce time in the near Earth’s dipolar field).
The quasi-linear and subsequent nonlinear evolution of waves and the corresponding migra-
tion of electrons in velocity space is followed over timescales such that ion motion may be
neglected. OQur simulations contain wave frequencies and growth rates that are a significant
fraction of the electron gyrofrequency (® ~ 0.5w,.,, ¥~ 0.1®,, being typical) and the simulta-
neous evolution of waves propagating both parallel and nonparallel to the ambient magnetic
field direction. Effects due to these are not usually accounted for in applications of quasi-lin-
ear theory to the problem of electron whistler wave-particle interactions, so that our self-con-
sistent simulations of the electron whistler instability provide an important insight into the
applicability of quasi-linear theory to the velocity space diffusion of electrons due to electron
whistler wave-particle interactions. We examine the dependence of whistler mode wave
growth rates, nonlinear wave mode saturation, and pitch angle diffusion rates on the p value
of the hot electron species which contains the resonant population, and we compare the differ-
ences between results of one- and two-dimensional simulations. In general, we have found
significantly larger average growth rates in a one-dimensional than in a two-dimensional
geometry, by up to a factor of ~2-3, with the difference between such growth rates becoming
larger as B increases. As a result, we find pitch angle diffusion rates are significantly larger
(by up to a factor of ~10) in a one-dimensional geometry, and pitch angle diffusion rates
increase as B increases. During the early wave growth period of the instability, pitch angle dif-
fusion rates D, have been found to scale to magnetic wave energy B2, approximately

D, =< B2. We also show that in the self-consistently evolved system (containing several wave
modes), the pitch angle diffusion is still consistent with a usual quasi-linear approach in which
resonant particles are taken to diffuse along surfaces of constant wave frame energy.

Introduction

Magnetospheric whistler mode wave-particle interac-
tions (WPIs) have received much attention since Dungey
[1963] suggested that the pitch angle diffusion driven by
lightning-generated whistler waves could occur for radiation
belt electrons. Kennel and Petschek [1966] proposed that the
radiation belt’s trapped particle loss cone distributions, which
are anisotropic in velocity space, may themselves generate
whistler mode waves, which then interact with the particles
via WPIs.
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Considerable work has addressed the pitch angle diffu-
sion of electrons due to whistler mode wave-particle interac-
tions. Quasi-linear theory has been applied to predict the
growth of whistler waves from and the effect of whistler
mode wave-particle interactions on anisotropic magnet-
ospheric electron distributions (having a characteristic tem-
perature perpendicular to the magnetic field (T) exceeding
that parallel to the magnetic field (7},)) [e.g., Roux and Solo-
mon, 1971]. Application of quasi-linear theory to the pitch
angle diffusion of electrons has often been restricted by the
following assumptions: (1) small wave amplitudes (i.e., in the
limit of growth rates y — 0), (2) usually with wave frequen-
cies w«®, (electron gyrofrequency w_), (3) usually
neglecting energy diffusion of electrons (pure pitch angle dif-
fusion), and (4) a wave spectrum usually containing waves
propagating parallel to the magnetic field only. Such applica-
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tion has found success in describing the pitch angle diffusion
(and precipitation rates) of electrons inside the plasmasphere,
where assumptions (1)-(3) are reasonably well satisfied [e.g.,
Lyons et al., 1972]. Although most quasi-linear applications
have retained restriction (4) above, the importance of includ-
ing a full (nonmonochromatic) wave spectrum containing
both parallel and non-parallel propagating waves has been
stressed [Lyons et al., 1972].

Outside the plasmasphere, the validity of these usual
assumptions is less clear, particularly during geomagnetically
disturbed times. During a substorm, populations of electrons
are transported from the magnetotail into the near-Earth ring
currerit region, gaining in energy and anisotropy (a character-
istic temperature perpendicular to the magnetic field exceed-
ing that parallel, T, > T,) [e.g., Ashour-Abdalla and Cowley,
1974]. Whistler mode wave growth should be enhanced at
such times, leading to a larger rate of pitch angle scattering
into the loss cone and therefore an increased auroral precipi-
tation. Kremser et al. [1986] observed an increase in electron
precipitation rate corresponding to a period of enhanced elec-
tron whistler mode wave intensity during a magnetic sub-
storm, the enhanced precipitation therefore seemingly
consistent with pitch angle diffusion due to electron whistler
waves (at. enhanced levels due to growth from anisotropic
electron distributions). Whistler mode wave energy peaks at
much higher frequencies (relative to the local electron gyrof-
requency) than inside the plasmasphere, frequencies ®~0.25-
0.5w,, being typical outside the plasmapause. The validity of
the usual assumptions such as pure pitch angle diffusion and
parallel propagating waves needs to be investigated, a quanti-
tative understanding of the degree to which a usual quasi-lin-
ear application explains the electron pitch angle diffusion in
this regime is of prime importance to the question of the dis-
turbed-time aurora, since the electron whistler instability is
believed to be an important mechanism by which energetic
electrons are precipitated to form the disturbed-time nightside
aurora.

Computer simulation represents a useful tool with which
to examine the quasi-linear diffusion and subsequent nonlin-
ear evolution of unstable distributions. Previous whistler
instability simulations have been performed in one-dimen-
sion (1-D) [e.g., Ossakow et al., 1972; Cuperman and Salu,
1973; Pritchert et al., 1991]. Usually, wave propagation in
such simulations is restricted to be parallel to the magnetic
field, and therefore resonant WPIs to the n = —1 principal
cyclotron resonance [Stix, 1962]. It is possible to study
obliquely propagating waves (nonparallel to the magnetic
field) in a 1-D simulation [e.g., Cuperman and Sternlieb,
1974; Zhang et ai., 1993]. This allows the effects of a
restricted set of resonances that include n # -1 to be inves-
tigated; for example, Zhang et al. [1993] investigated the
growth from an anisotropic electron beam of various electro-
static and electromagnetic wave modes at various propaga-
tion angles using a series of 1-D simulations. However, wave
propagation is still restricted to a single fixed direction (rela-
tive to the magnetic field) in such schemes. The periodic two-
dimensional (2-D) simulations presented here allow wave
propagation angles both parallel and oblique to the ambient
magnetic field direction to be included in the same simulation
and therefore allow all other possible resonances (n # —1)
in addition to the principal resonance. Previous two-dimen-
sional electromagnetic simulations have not dealt with the
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electron whistler instability as is the focus in this paper (e.g.
Matsumoto et al. [1984] investigated the generation of elec-
trostatic waves in the presence of an energetic electron beam
and a monochromatic electron whistler wave). We address
the quasi-linear and subsequently nonlinear generation of
whistler mode waves due to anisotropic energetic electron
distributions in an initially unperturbed background magnetic
field, the subsequent evolution of waves and the distribution
of electrons, and the differences introduced by a 2-D geome-
try. This simulation study principally concerns the electron
whistler instability in two dimensions for the first time. A
combined investigation of pitch angle diffusion rates in sepa-
rate resonant regions of velocity space and velocity space dif-
fusion surfaces is also presented to address the question of
the applicability of quasi-linear theory to the velocity space
diffusion of electrons due to whistler WPIs. A dependence of
electron pitch angle diffusion rates on the wave energy den-
sity in the simulation system is obtained, and the pitch angle
dependence of the pitch angle diffusion rate in each of three
separate resonant regions of velocity space is investigated,
both of which allow for a self-consistent investigation of
quasi-linear theory predictions with regard to the electron
velocity space diffusion.

We first describe the simulation method and our series of
simulation studies. Results from these studies are then pre-
sented and discussed.

Simulation Details

Simulation Configuration

A two-dimensional, relativistic, electromagnetic, self-
consistent particle-in-cell simulation code has been devel-
oped using the virtual particle (VP) method of Eastwood
{1991]. All three vector components of electromagrietic fields
E, B, and velocity v are retained as variables of two spatial
dimensions and time. Electrons are represented by a set of
computational particles, and here ions are represented by a
fixed, charge neutralizing background, although this need not
be so for other applications. Effectively, our implementation
of the VP scheme differs from the more traditional 2-D elec-
tromagnetic particle-in-cell codes [Birdsall and Langdon,
1985] only in the method of current assignment from parti-
cles to the grid, so that an appropriate grid cell size is Ax
equal to the Debye length A,,_. This avoids possible nonphys-
ical instabilities [Birdsall and Langdon, 1985], while still
permitting all physical waves with scale lengths of the order
or greater than a Debye length (e.g., Langmuir modes, elec-
tron whistler waves).

Our choice of doubly periodic boundary conditions effec-
tively quantizes the wave vectors k = (k,, k,) allowed in
the system, resulting in a discrete set of “wave modes™:

. = *(2nn,) /L,, where n, = 0,1,2,...,N./2, with N,
the number of grid cells in the x direction (a similar set results
for k,). We choose system lengths (L, L,) to ensure the
allowed wave modés adequately cover the region of k space
that the problem of interest demands (see Figure 1, k =
(k,, k,) = (ky, k; see Figures 2 and 3 for a typical resolution
of the linearly predicted growth region). The evolution of ini-
tially anisotropic distributions can be represented, although
the periodic boundary conditions used allow no sources or
sinks of particles. However, in our simulations the number of
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Figure 1. The simulation configuration.

computational particles lying within a typical magnetospheric
loss cone (of size o, = 5°) is found to be sufficiently small
(~0.1%) such that our results are not found to be affected by
including a typical magnetospheric loss cone sink.

The XWHAMP code, a graphically enhanced version of
the original waves in homogeneous, anisotropic, multicom-
ponent plasmas (WHAMP) code [Ronnmark, 1982], was
used to allow comparison of simulation results and linear the-
ory. XWHAMP was used to solve for the linearly predicted
complex frequency ® = ®, + iy (®, is real frequency, y is
growth rate) over a desired range of k space, given the fol-
lowing physical parameters: electron cyclotron frequency
®,,, electron plasma frequency ® ,, the parallel electron
velocity distribution temperature k,T, = 1/2mv%,, and the
perpendicular/parallel temperature ratio 7,/7, (a bi-Max-
wellian electron velocity distribution function was used, so
that T, /T, is the anisotropy of the electron distribution f{v)).
An example of XWHAMP’s results is shown in Figures 2 and
3 respectively, which show the dependence of (w,, ¥) versus
ky (at k; = 0) and contour levels of the growth rate y (k) in
wave vector k = (k,, k,) space, for the parameters of our
study 1 (to be described next). Both real and imaginary fre-
quencies in Figures 2 and 3 are normalised to the electron
gyrofrequency ®_,; this normalization will be used through-
out. Also, for the temperature ratio used (7, /T, = 4), growth
rates are a significant fraction of the real wave frequencies
(the peak y___ of y(Kk) is approximately 20% of the real

max

wave frequency at the peak in Figure 2).

Simulation Studies

A set of studies have been performed to investigate the
electron whistler mode instability. The simulation configura-
tion is sketched in Figure 1, with an initially uniform mag-
netic field B in the x direction. In each simulation, the run
time was chosen to be 107 electron gyroperiods, that is, run
time much less than an ion gyroperiod.

The set of four studies contains a single, hot (tens of keV)
resonant electron species with an initially anisotropic
(T,/T, =4) bi-Maxwellian velocity distribution f{v). The
difference between the four studies lies in the choice of elec-
tron species temperature and the value of IBg; that is, in the B
value of the resonant electron species (where
B = nkyT/ (B 2M4,) is the usual ratio of kinetic/magnetic
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pressure). Parameters are listed in Table 1. Each of the four
studies was performed in both 1-D and 2-D. The quantity A
represents the electron species anisotropy (A = T,/T, - 1),
and B, = nkgT,/ (B}/21,) is just the parallel B value of
the electron species. In all studies, the density of the simula-
tion electron species was taken to represent an electron
plasma frequency of @ = 10° rad s,

In all runs, the number of simulation particles was chosen
to ensure that the velocity distribution f{v) was represented
adequately. A temperature ratio of T',/T, = 4 is somewhat
large in magnetospheric terms. This was chosen to ensure
that whistler mode growth rates exceed nonwhistler noise
level growth rates. For the purpose of this study, this noise
consists of statistical fluctuations in computational particle
populations, electron plasma oscillations, and the bremsst-
rahlung radiation present in the system (and all of which are
enhanced in the simulation, relative to a real system, due to
using far fewer computational than there are real particles).
Nonwhistler noise was kept to a reasonable level using 144
computational particles per cell on a 128 x 128 cell grid in 2-
D runs, and 256 per cell on a 128 x 1 cell grid in 1-D runs.
Each of the studies was repeated (in both 1-D and 2-D) using
an isotropic electron f{v) of the same overall temperature.
These isotropic runs are stable to the whistler instability, and
therefore reproduce the above noise fields only and at similar
levels that are present in the relevant study. This allows us to
make an estimate of noise effects with regard to our results. A
lower number of 144 particles/cell in 2-D nevertheless results
in a larger total number of particles than in 1-D. The higher
number of 256 particles per cell in 1-D gives an improved
representation in velocity space over the entire population
(i.e., aver the whole system) than would be obtained in 1-D
with 144 particles per cell, and therefore improves (relative to
1-D 144/cell) the statistics of any quantity calculated over the
whole 1-D system (e.g., our pitch angle diffusion calcula-
tions). Such calculations can then be more readily compared
between 1-D and 2-D. System lengths (Lx,Ly) were chosen to
ensure that an acceptable minimum number of allowed (dis-
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Figure 2. Linear theory parallel dispersion (k, = 0, K,=1)
for our study 1. Dotted lines show the growth modes repre-
sented in the simulation (only parallel modes are shown).
Calculations were made using the XWHAMP code (see text).
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Figure 3. Contour levels of the linearly predicted growth
rate Y (k) /@, in the wave vector plane k for study 1. Dotted
lines show wave modes represented in the simulation. Calcu-
lations were made using the XWHAMP code (see text).

crete) wave modes fell within the linearly predicted growth
region in k space (typically >5 modes in 1-D, >10 modes in
2-D); use of the XWHAMP code allowed the resolution of
the k space growth region (y> 0) to be inferred (see Figures
2 and 3).

Results

We will first discuss in detail results from study 1 to com-
pare 1-D and 2-D results at a single B .

Evolution of Magnetic Wave Energy in the System

Initially, the magnetic wave energy in the system grows
exponentially (see Figure 4b for the magnetic wave energy
density in the simulation system), that is, according to linear
theory. The growth of wave energy is accompanied by a
decrease in both the electron species kinetic energy and the
electron species anisotropy (see Figure 4); that is the system
moves toward isotropy and hence a decreasing amount of
“free” energy available for wave growth. Eventually (by
t=5-61, (1-D) and 8-97,, (2-D)), the wave energy satu-
rates at an almost constant level, see Figure 4b. The total
energy in the system is conserved to within better than

Table 1. Physical Parameters for the Studies
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0.005% over the entire run (as expected for our boundary
conditions such that no loss of energy occurs), and by 1071,
the magnetic wave energy density has reached ~3.1% (1-D)
and ~1.9% (2-D) of the initial electron species kinetic energy
density (although in higher B studies, the 1-D saturation
wave energy is not always larger than it is in 2-D). Note that
the average growth rate is larger in a 1-D run than in a 2-D
run with the same P, value (see Figure 4b). From Figure 4b,
taking the spatially averaged magnetic wave energy density
in the system to vary as B2, ocexp(2Yr), the average
growth rate of the magnetic wave amplitude in 1-D study 1 is
estimated to be ¥,, = (0.076 £0.001) w_,, while in the 2-D
study 1 itis ¥,, = (0.054 £0.016) w,,. For linear compari-
son purposes, the XWHAMP-predicted mean of the growth
rates of all simulation wave modes lying within the linearly
predicted growth region (see Figures 2 and 3) is approxi-
mately 0.074w_, (1-D) and 0.053w®,, (2-D), so that the
growth in the magnetic wave energy density at early times is
to a good approximation the mean growth rate from linear
theory. This means there is negligible wave mode coupling
during the early time stages of the instability (in both 1-D and
2-D), and hence the difference in 1-D/2-D growth rates is
consistent with linear theory also. In a 1-D geometry, all
wave energy is constrained to one of the allowed parallel
propagating wave modes, which have relatively higher
growth rates (for the same value of k) than the nonparallel
wave modes (which suffer from Landau damping [e.g., Ken-
nel & Petschek, 1966]) that are present in a 2-D geometry,
hence the higher average 1-D growth rates and wave levels.
The anisotropy consequently falls faster in the early stages of
the 1-D run than in the 2-D run (see Figure 4c). This is due to
the higher wave levels in 1-D than in 2-D over that time
period.

Growth of Dominant Wave Mode

Looking first at the growth of wave mode energies in the
1-D study 1. Early in the run, the wave spectrum is quite tur-
bulent in that many wave modes grow in energy (see Figure
5). The convenient dimensionless K, values assigned to the
wave modes in Figure 5 are related to the unnormalized par-
allel wavenumber ky by K, = 1 + (L, lkyl / 2®). As no elec-
tron beam is present in the electron velocity distribution f(v),
growth rates of waves are expected to be symmetric parallel/
antiparallel to the background magnetic field; that is, wave
modes having the same k = [kl, but oppositely directed k,
should grow at the same rate (within noise uncertainties).
Each of the mode energies shown in Figure 5 contains both
the parallel/antiparallel energy in the two oppositely directed
wave modes having the same |kl (each has k, = 0 (dimen-
sionless Ky =1+(Lylk L 1/27) = 1), since we are considering

Paralle] Electron

Anisotropy W,
Study Temperature Bg I, nT B,
kBT//, keV A wpe
1 8.82keV 2.89 284 0.14 0.5
2 3.56 keV 2.95 100 045 0.176
3 6.91 keV 291 70 1.79 0.123
4 8.81 keV 2.89 56.9 345 0.1
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Figure 4. Variation with time of (a) kinetic energy density
(KE), (b) average magnetic wave energy density (ME), and
(c) electron species anisotropy A during 1-D and 2-D study 1.
Note that units of energy densities are J m3,

a 1-D geometry). The results show different wave modes
growing at different rates. Numerically obtained real and
imaginary (growth) wave mode frequencies for individual
wave modes agree fairly well with linear theory (XWHAMP)
predictions during the early stages of the run. For example,
the approximate growth rates (normalised to ®,,) of wave
modes K, =5, 6 are 0.1 £10% and 0.11 £20%, respectively,
while the linearly predicted growth rates for these modes are
0.11 and 0.12, respectively.

As wave energy increases and anisotropy decreases, the
general trend is for higher Ikl modes to saturate in energy and
for magnetic energy to shift toward lower Ikl modes. From a
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linear viewpoint (therefore not entirely correct when wave
amplitudes have grown significantly), there is a maximum
wave mode k,,,, allowed to grow, depending on the current
anisotropy, with k,,,, given by Ossakow et al. [1972]

nes = 2 [(Ty/T,) = 11" 0

Hence, as k,,,, decreases with decreasing anisotropy
(A=T,/T,-1), then as the simulation progresses (A
decreases in time) the range of available resonant k modes
decreases. As k,,,, falls below the initially available higher
Ikl modes, there is a shift of magnetic whistler mode wave
energy towards lower |kl modes. This can be seen from Fig-
ure 5, with magnetic energy shifting in time from mode K, =
7—6—>5-—4. Clearly, when the anisotropy decreases
markedly from its initial level, the quasi-linear wave spec-
trum will not agree exactly with the linearly predicted spec-
trum, with the maximum of the spectrum being displaced
toward a lower frequency than predicted by linear theory.
Also seen from Figure 5, eventually (by ~ 87,,) in 1-D, all
modes but one seem to have saturated, and we are left with a
single, dominant wave mode (X, = 4) in the system that prop-
agates parallel to the background magnetic field. Note that
this dominant wave mode is not the lowest wave mode
resolved by the simulation; that is, we are not observing a
system-related shift toward ever lower |kl modes until we
reach the lowest possible simulation mode. Such a final spec-
trum, dominated by a single wave mode, could favor satura-
tion of magnetic wave energy by nonlinear magnetic trapping
effects, as suggested by Ossakow et al. [1972].

Figure 6 shows the magnetic wave profile B,(x,¢) during
the early time stages of 1-D study 1. Electron whistler waves
propagating parallel to the background magnetic field (B
along &) are transverse electromagnetic waves right circu-
larly polarized about By, so that By(x,?) is one of the pair of

Energy / arbitrary units

K=7T xxXxxxx
1 K,=8 oooo0o0o0

Figure 5. Magnetic energy in resonant wave modes K,= 4-8 during the 1-D study 1. Other modes in the sys-
tem contain nonwhistler noise only and do not grow noticeably in time.
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Figure 6. Magnetic wave profile By(x,t) during the early time stages of 1-D study 1. Distance x is measured
in units of grid cells (Ax); the magnetic wave field amplitude is multiplied by 3x10°.

circularly polarized components of the magnetic whistler
wave field. Hence both the growth of magnetic wave ampli-
tude and the shift in time of wave energy toward longer
wavelengths are seen in By(x,#) of Figure 6. The resultant
wave field By(x,2) in the simulation,i& essentially (excluding
noise contributions) the sum ¥ B, e’ "~ ** of all the dis-
crete linearly predicted growth whistler wave mode waves
(each of amplitude B,,, wave vector k, frequency ®, =
w,, +iY,, initial phase ¢,) propagating both parallel and
antiparallel to By (K, = 4 to 8 in Figure 5). From such a set of
oppositely propagating waves, together with the periodic
boundary conditions employed in the simulations, one may
expect a form of standing wave to eventually develop in
By(x,t), provided a fixed phase relationship between the indi-
vidual wave modes exists (see Zhang et al. [1993] for the
case of beating between longitudinal electron plasma waves).
However, individual wave modes are expected to be ran-
domly phased, with there being no obvious phase relationship
between the different mode ¢, s. Hence early in the simula-
tion (approximately <3 -4z_,), when the wave spectrum
contains several wave modes of comparable energy (see Fig-
ure 5), the resultant wave field By(x,t) in Figure 6 does not
appear to be representative of a stationary wave. Later in the
run, as the wave spectrum becomes dominated by fewer
modes, the resultant wave field approaches the sum of pairs
of oppositely propagating waves having roughly equal ampli-
tude (within noise uncertainties) and having a clearer phase
relationship.

In 2-D runs the wave spectrum is found to be far more
turbulent, since a far greater number of growth wave modes
are present. There is no longer the restriction that k, = 0 (K,
= 1). Instead, a full set of values for the dimensionless per-
pendicular wavenumber K, now results as did for K. Early in
the run, it is found that the region of k-space that grows
appreciably agrees well with that predicted by linear theory,
with individual wave mode growth rates agreeing fairly well
with linear predictions (as in 1-D). Significant energy resides

in growing nonparallel (k, #0) wave modes (early in the
run, up to 90% as much energy resides collectively in nonpar-
allel growth wave modes as in parallel growth wave modes
collectively), though of two wave modes having the same &,
(K,) but different k, (K,), the one with lower k, (i.e., the
more parallel (less oblique)) tends to grow faster. This can be
seen from Figure 7, which shows the growth in magnetic
wave energy for linearly predicted growth wave modes
(Kx,Ky , each of the same dimensionless parallel wavenum-
ber K, = 5, and different perpendicular wavenumbers K, = 1-
6. A similar trend of magnetic wave energy shifting toward

2
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=
=
L
]
~
>
£f
()
=}
31
4 L f L L
o+ 2 3 4 5 8 7 8 8 1
/v,
Figure 7. Magnetic energy in resonant growth modes

(K,K,) having the same dimensionless parallel wavenumber
K, = 5 and different perpendicular wavenumbers K,, during
the 2-D study 1.
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lower |kl modes as time progresses is seen in 2-D as was seen
in 1-D, with the order of such shifting now being from domi-
nant wave modes having K, = 6 — 5 — 4. This is best seen
from Figure 8, which shows the growth in collective mag-
netic wave energy at each K, summed over all Ky (k,); that
is, we are plotting the sum ZBK X, Over K,, for each K. Dur-
ing the 107, run time in 2-D, we do not observe a ﬁna] spec-
trum dominated by a single, parallel propagating wave mode
in the system (as was seen in 1-D). The energy spectrum late
in the run (after ~ 971_,) is dominated collectively by those
wave modes having K, = 4 (see Figure 8). However, this
energy is shared roughly equally between the two wave
modes (KK, ) = (4,1) and (4,2) (see Figure 9 between 9 and
107,,). Results obtained by extending the 2-D run time to
20‘: (see Figure 9 after 101 ,) show that eventually (by ~
1617‘,) the 2-D wave spectrum ‘becomes dominated by a sin-
gle, large amplitude, parallel propagating wave mode having
(K,.K,) = (4,1); that is, the same eventual dominant mode of
the 1 ¥) study dominates the 2-D study but at a later time (at
approximately 81, in 1-D, 167, in 2-D). In both
geometries, however, this occurs at a time outside the period
for which we expect quasi-linear diffusion to occur, as will be
discussed next.

Pitch Angle Diffusion: Study 1

In order to investigate the pitch angle diffusion of elec-
trons due to the whistler mode waves present in the system,
we have calculated “snapshots” of the local pitch angle diffu-
sion rate in three separate regions of velocity space, at vari-
ous times during the simulations. These reglons were chosen
to be velocity space “smps” of width +10 m s°!, centred at
v,, = -7.84% 10" ms!, -5.15x 10" ms’!, and —3.69 x 10

1, Each of these stnps lies within the linearly predicted
reglon of velocity space in which we expect there tobe n = -1
electron whistler mode resonances with wave modes for
which K, =5, 6, and 7 (these modes are included in Figure 5).
In 1-D, since waves propagate parallel to the magnetic field
only, these resonances are limited to the three wave modes
K,=5, 6, and 7, all with Ky =1 (or k; = 0). In2-D, n=-1

1°||

— Total

Energy / arbitrary units

t/T

ce

Figure 8. Collective magnetic energy at each K, summed
over all K,, for linearly predicted resonant growth modes dur-
ing the 2-6 study 1.
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Figure 9. Magnetic energy in resonant growth modes

( K,) having the same dimensionless parallel wavenumber
K, = 4 and different perpendicular wavenumbers K,, during
the 2-D study 1.

resonances with wave modes of the same k;; (K,) but different
k; (K,) are predicted (by linear theory) to have virtually
1dentlcal n = -1 resonant particle parallel velocities
Vies = (©,— ) /k,, since the real frequency ®, shows
very little variation (constant within ~2%) with k, at a fixed
kyy (for the parameters relevant to our studies). Hence in our
2-D studies, our three strips are expected to contain contribu-
tions to the local pitch angle diffusion of particles from reso-
nances with a whole set of parallel and nonparallel modes
which have dimensionless parallel wavenumbers K, = §, 6,
and 7, respectively. Only regions of velocity space in which
are expected electron whistler wave n = -1 resonances were
selected because only such resonances occur in a 1-D geome-
try for which whistler waves propagate parallel/antiparallel to
the background magnetic field [e.g., Stix, 1962], and our aim
is to make 1-D/2-D comparxsons of pitch angle diffusion
rates. The strip width of +10° m s°! was chosen as narrow
enough to allow us to distinguish separate resonances with
wave modes having different K, while containing a sufficient
number of particles to produce meaningful statistics in our
calculations (typically several hundred particles lay within a
1-D strip and more than this in 2-D). Henceforth, we shall
refer to these three strips as mode 5, mode 6, and mode 7,
respectively. To calculate a snapshot of the local pitch angle
diffusion rate for a particular mode (henceforth &, = K,= 5, 6,
or 7), over a time interval (z, ¢ + T), we first select all particles
lying within the mode at time t. At time (¢ + ), we calculate
the change in pitch angle (Ao in rad) over the period t for
each particle that was in the mode at t. A normalized local
pitch angle (p.a.d.) rate D, for a mode k, is then calculated
as:

L ((Am?) 1

Do, = ——— (f_u)' 2

where the averaging (...) is performed over all the particles
in the velocity space strlp corresponding to the mode of inter-
est, and Doy, (in rad?), is normalized to the electron gyrofre-
quency fg.. Our choice of T = 20A¢ simulation time steps
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(Ar) represents a small fraction of an electron gyroperiod
(typically ©<1_,/8), and we calculate Do, for each of the
three modes, roughly 3 times per gyroperiod. Thus a series of
snapshots of Do is obtained by choosing T to be much
shorter than the time interval over which wave energy is seen
to grow (i.e., much shorter than an electron gyroperiod- see
Figures 4 and 5 for wave growth). Note that use of a standard
quasi-linear approach [Kennel and Engelmann, 1966] leads
to a diffusion rate that applies to time periods of the order of
an electron gyroperiod or more (over which the wave energy
is assumed not to grow significantly), since the equation
describing the time evolution of fv) is Larmor-phase-aver-
aged. In our studies, wave energy does not grow significantly
over the period © for which our snapshots of the p.a.d. are
calculated. Hence, although our p.a.d. rates are calculated
over much shorter time scales than would be done using a
quasi-linear approach, we shall see that certain features of the
p.a.d. are well-described using such an approach.

Calculated p.a.d. rates Dq, at various times during the
early growth period of wave energy in both the 1-D and 2-D
runs of study 1 are shown in Figure 10. Figure 11 shows
velocity space trajectories, in the simulation rest frame, of 30
of the particles lying within mode 7 at ¢ = 0, during the 1-D
study 1. From Figure 11 we see that after ¢ = 4.5t , individ-
ual particle trajectories in velocity space indicate a more pro-
nounced nonlinear behaviour. We identify the end of the
period of quasi-linear diffusion by inspection of individual
particle phase space trajectories, shown as a vertical dashed
line in Figure 11, and only present p.a.d. rates up to this time
in Figure 10. In our chosen quasi-linear regime (¢ <4.57_,),
particle trajectories are characterized by slow variations in
velocity and energy, though some particles move in v space
on a much faster timescale than the “bulk” of particles over
the same time period, thereby suggesting that resonance is
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phase dependent as well as vy, dependent. Mean velocity
changes are small, hence individual energy exchanges
(between wave and particle) are small (based on the average
kinetic energy per particle of the entire electron species, a
typical electron experiences a net loss in its kinetic energy of
~1% for the chosen time period, which accounts for the
growth of wave energy over the same period). As noted ear-
lier, the wave spectrum is turbulent during this time period,
and wave-particle interactions with such a spectrum of ran-
domly phased turbulence can be characterized as a stochastic
process described by a diffusion equation (see, for example,
[Kennel & Petschek, 1966] for a treatment of pitch angle dif-
fusion). In our simulations, the turbulent spectrum is effec-
tively represented by a collection of discrete wave modes.
However, our resolution of the turbulent spectrum (~5 modes
in 1-D, >10 in 2-D) is sufficiently large that the quasi-sto-
chastic process occurs in our chosen quasi-linear regime.
After ¢t=4.57_,, the particle dynamics become strongly
nonlinear, with much larger changes in particle velocity and
energy occurring, and our estimate of p.a.d. in localized
regions of phase space is no longer applicable. In this nonlin-
ear regime, the 1-D wave spectrum is essentially dominated
by one/two large amplitude wave modes (see Figure 5), and
the stochastic description no longer applies. Instead, some
particles near resonance may become “trapped” for some
time around resonance, seen as oscillations in parallel veloc-
ity v, at a “trapping” frequency and centered about the reso-
nant parallel velocity [e.g., Sudan and O1t, 1971].
Oscillations in v, are evident in some of the particle trajecto-
ries of Figure 1la, and may indicate that trapping effects
become important later in the run. At a given time, some of
these particles appear to be trapped, while others do not.
Although this chosen group of particles are all initialized
with the same parallel velocity v, , they have different per-
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Figure 10. Calculated pitch angle diffusion rates for (a) mode 5, (b) mode 6, and (c) mode 7 regions of
velocity space in 1-D (crosses) and 2-D (open circles) study 1.
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v, [ms™]

energy [mzs'2]

Figure 11. Individual v space trajectories of 30 particles in
the simulation rest frame, each of which lay within mode 7 at
the start of the simulation, in the 1-D study 1, (a) velocity v,
and (b) lab frame energy (v2 +v3) versus time.

pendicular velocities and positions. Hence the particles
whose trajectories are shown in Figure 11 all start out with
different initial velocities and positions and therefore differ-
ent Larmor phases with respect to the wave fields. As a result,
their subsequent phase space motion is markedly different.

Pairs of values of Do are presented in Figure 10 to show
estimates of the possible uncertainty in the calculated Dakx
due to noise wave fields, noise as discussed previously mean-
ing any nonwhistler wave mode not expected to grow from a
linear viewpoint. Estimating such uncertainties allows us to
identify the pitch angle scattering due solely to whistler mode
waves. To estimate uncertainties in Dox_due to noise in a par-
ticular study, we repeated the simulations with an initially
isotropic electron f{iv) to generate similar noise level growth
rates. The normalized p.a.d. rates due to nonwhistler noise
alone were estimated from each isotropic run, and uncertain-
ties in Duk, are represented by the range of values spanned by
the centers of the pairs of symbols in Figure 10. Inspection of
p.a.d. rates in Figure 10 then reveals the following:

1. The pitch angle diffusion rate Dakx grows in time as
the magnetic wave energy in the system grows. To a reasona-
ble approximation, we have found Do o B, where B2 is
the magnetic wave energy density in the system. For exam-
ple, over the time period £ = (2.5-4) 1_,, the p.a.d. rate D,
increases by a factor of ~1.7-2.7, while B2 grows by a factor
of ~2.2. Such a result is predicted from a quasi-linear
approach (see, for example, Kennel and Petschek [1966],
equation (3.10)).

2. The pitch angle diffusion rate due to whistler mode
waves is larger in 1-D than in 2-D for ¢> 2t _,. By 47, the
p.ad. rate in 1-D is roughly 10 times that in the 2-D study
(the wave energy density in the 1-D study is approximately
10.6 times that in the 2-D study at this time, see Figure 4b).
We have already seen how the magnetic wave energy grows
more rapidly in 1-D, hence this result is not so surprising, as
the p.a.d. rate scales to the magnetic wave energy. Before
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27,,, nonwhistler noise in Do, renders the 1-D and 2-D
results indistinguishable.

3. Nonwhistler noise effects prevent us from distinguish-
ing the whistler-produced p.a.d. rates in the three different
regions of v space. Since we have used more than 100 parti-
cles/cell in our simulations (almost 2.5 million total number
in 2-D), and with the net nonwhistler noise in the code having
been observed to scale to 1/Npceyy (Npcenn = number of parti-
cles/cell), a further reduction in this effect can not be realisti-
cally achieved with this or similar particle-in-cell
computational techniques without the use of a noise reduction
technique(s) that significantly lowers the noise level.

In addition to the p.a.d. calculations described above, we
have made an additional set of study 1 calculations in which
the p.a.d. rate Doy_is investigated as a function of pitch angle
o = atan (v,/|vy|), that is, Da (o) is investigated,
within each of the three modes &, = 5, 6, and 7. Because of
the pitch angle anisotropy of the simulation electron species,
the number of simulation particles at small pitch angles is rel-
atively small. This would lead to large statistical uncertainties
in ﬁak’ (0) atsmall a if we attempted to calculate Dak‘ (o)
using the simulation electron species. Hence we have chosen
to calculate Do (o) by using a set of 10,000 “tracer” parti-
cles per mode, each of which is moved according to the wave
fields present in the system but does not actually contribute to
the wave fields. Such particles allow us to uniformly populate
velocity space regions of interest in large enough numbers
that statistical problems can be overcome. To calculate
Do () for a particular mode k, over the time interval
(t, t+ 1), we first load the 10,000 tracer particles uniformly in
perpendicular velocity v, at the center of the mode (v, =
const.), at the time ¢. These particles are tagged, according to
their pitch angle, into one of a number of 5° bins covering the
range o = 0 to 90°. At time (¢ + T), the normalized p.a.d. rate
is calculated in each bin, as in (2) but now with the averaging
being performed over all particles lying within the bin at time
t. To complete this set of calculations, the nonwhistler noise-
produced p.a.d. in each bin was estimated in the relevant iso-
tropic noise level run, thereby allowing an estimate to be
made of the p.a.d. as a function of pitch angle in each mode
k, due solely to electron whistler WPIs,

Before looking at the results of such calculations, we shall
consider the p.a.d. process within one of our modes in some
detail and make some predictions regarding the expected var-
iation in Dak, (o) . We shall first concentrate on the p.a.d. ina
1-D geometry. Mode calculations show the average change in
a particle’s wave frame energy to be conserved within ~4%
during the period T over which our p.a.d. rates are calculated
for the 1-D study 1 (and conserved within less than this in 2-
D). Hence we consider particles to move along a diffusion
surface of constant energy in the relevant wave frame during
the period T over which p.a.d. rates are calculated. Denoting
the parallel component of the wave phase-velocity as v,
then such a surface is described by (v, —v,,)%+ v} = const,
and is a usual feature of a quasi-linear treatment [e.g., Lyons,
1974]. Figure 12 shows the geometry of a mode in phase
space. With reference to Figure 12, we may write the dis-
placement A of a resonant particle along its diffusion surface
as

A = v Ao, €.+ A8,

where (v, o) are the particle’s lab frame (rest frame)
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Figure 12. A simplistic sketch showing the diffusion of a
resonant particle along its diffusion surface. The displace-
ment of the particle along this surface is represented by A.
Dashed lines and subscripts w indicate the wave frame, sub-
scripts L indicate the lab frame (simulation rest frame).

velocity and pitch angle, (Av,, Aa,) the changes in these
quantities, and (&,, &,) are unit vectors in the direction of
increasing velocity and pitch angle, respectively. Note a
rather exaggerated displacement A has been used in Figure
12 in order that the geometrical effects of the p.a.d. process
may be seen clearly. Since all particles within the same mode
have the same parallel velocity vy = v, then we may sub-
stitute for a particle’s velocity v;, within a mode

Viires
coso.

vV, =

This is a geometrical effect due to the strip nature of a res-
onant mode in v space. We wish to solve for the variation in
Aca, with o, within a given mode. Approximately (see Fig-
ure 12)

(vAa)? = A’ - (Av)?,
where we are henceforth dropping subscripts L for conven-
ience.

Now assuming a fixed displacement A for all particle
pitch angles within the mode (reasonable, since in a 1-D
geometry all particles within the same mode are resonant
with the same wave mode) and substituting for v = v, =
Vires / COS O, then we have

(cos oc)

(Ao’ = [(A)’ - (an)']———

vl/ms

From thlS expression, the variation in the normalized
p.-a.d. rate Dak (o) (see (2)) with pitch angle, within a given
mode k,, can be predicted

N Ao
P, = (Ao)?
T

(casa)
(——) = [(A)*- ()] 5——

3
7 ©)

k,/IR e
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where the velocity v, ,z = v, is taken to be the resonant
parallel velocity for the mode (k,) of interest.

Often, the limit |v| » |v,,| (note a r = -1 resonant par-
ticle and the corresponding wave have oppositely directed
velocity components along the background magnetic field) is
taken in a quasi-linear theoretical approach [e.g., Kennel and
Petschek, 1966] In this case, we can imagine the origin of the
wave frame O’ int Figure 12 being taken close toward the ori-
gin O of the lab frame. As a result, the diffusion surfaces
approach surfaces of constant lab frame energy, the change in
lab frame velocity Av is very small compared to the displace-
ment A along the diffusion surface ( (Av) « A in (3)), and
pure pitch angle diffusion occurs. In our simulations, a ratio
Vies ” Vil ~ 1 is typical (as depicted in Figure 12). How-
ever, even with such a ratio, at low pitch angles the diffusion
surfaces will approach surfaces of constant lab frame energy,
and pure pitch angle diffusion should be a good approxima-
tion, that is, at low particle pitch angles within one of our
modes (k,) we expect

2

A A 2, 1
Dax, = ( ) (cosa)” (=) @

Vesir ce

Comparing (3) and (4), we see that Av represents a cor-
rection to the pure pitch angle diffusion approach, so as to
take into account the geometrical effect of a displacement
along a diffusion surface of constant energy in the resonant
wave frame, that does not in general coincide with a surface
of constant lab frame energy. Such a geometrical effect is
allowed for in the quasi-linear calculations of Lyons [1974],
since no assumption is made about the ratio |v,../v,,|.
Hence we use the pitch angle diffusion coefficient of Lyons
[1974] to predict the variation in the normalized p.a.d. rate
Duk (o) with pitch angle o, within a given mode k,, and
over the full pitch angle range. This was done by using
Lyons’ equation (6) for the p.a.d. coefficient Dlm applicable
to a resonance of a given order n (n = -1 for our interests),
with a resonant wave mode of perpendicular wavenumber &,
(and at a glven kp. Smce Lyons’ definition of the p.a.d. coef-
ficient is Dm ~ (vAa) 2y (2At) (At being an appropriate
scattering time), use of the relation v = v, , ¢/ cosa within a
given mode allowed the variation in our normalized p.a.d.
rate Dak (o) = ((Aa)?)/At to be predicted for each of our
modes. The result is
(sin@)?)’,

Doy, = (0, /@, - ®)

where o, is the real frequency of the relevant mode k, of
interest, and the constant of proportionality in (5) contains the
energy of the resonant wave mode.

In order to see whether the p.a.d. occurring within our
simulation can be described using the simple geometrical
approach described above, we have calculated the predicted
variation in Dak (o) within each of our three chosen reso-
nant modes, using both the pure pitch angle diffusion approx-
imation (see (4)) and the full-diffusion Lyons’ based equation
(5). To be able to predict Dak (o) using (5), the real fre-
quency @, of each mode %, was taken from the linearly pre-
dicted dispersion (o k;) for each mode (see Figure 2).

Tracer-obtained results are presented in Flgure 13 for the
p.ad. Dak (o) at t=2.57_,. Nonwhistler noise error bars
have been used rather than palrs of values and represent the
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estimated uncertainty in Dukx (o) due to nonwhistler noise,
calculated from a set of tracers within the relevant isotropic
noise level run. Note again that we are considering the 1-D
study 1. Clearly, within a particular mode, the p.a.d. rate Duk

decreases with increasing o, as we would expect based on
either (4) or (5). For each mode shown in Figure 13, two
curves have been drawn to represent the variation in
Dak, (o) as predicted by the pure pitch angle diffusion
approximation (4) and the full-diffusion Lyons’ based equa-
tion (5). The unknown “amplltude” of variations of each of
the curves ((A/vy ;z) 2y (tf..) in (4)) was chosen by trial
and error to give a reasonable-looking fit to the simulation
results (for a particular mode, the amplitude of the two curves
was taken to be the same). From Figure 13, it can be seen
that, in general (though most noticeably in mode 5, which has
the largest ratio |v,./v,,| =0.88 of the three modes), at
pitch angles less than about o < 50° — 60°, there are not sig-
nificant differences (within noise uncertainties) in the agree-
ment with the simulation-obtained results of the two separate
prediction curves based on (4) and (5). Recalling that deriva-
tion of (4) used a pure pitch angle diffusion approximation, it
can be seen (Figure 13) that for pitch angles below
0. < 50° — 60°, the pitch angle diffusion within our three res-
onant modes is well-described by a pure pitch angle diffusion
approach. The pure pitch angle diffusion approximation
becomes less accurate, within noise uncertainties, in all
modes above o> 65°. The agreement with Lyons’ predic-
tions (our (5)) is such that the predicted curves pass through
all simulation-obtained results (within noise uncertainties) in
mode 5 and all but two/one in modes 6 and 7.
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In attempting to apply these descriptions to tracer-
obtained results for the p.a.d. Dak, (o) in the 2-D study 1, we
found that an unacceptably large level of noise uncertainty
(~325%) in Dax () prevented us from distinguishing the
quality of the fit of each of the two prediction curves to simu-
lation-obtained results. A higher relative noise uncertainty in
Dai (@) is present in 2-D than in 1-D during our chosen
quasi-linear period because there is a larger level of nonwhis-
tler noise in a 2-D simulation (e.g., 2-D allows electron
plasma oscillations in more than just one fixed direction).
Also, as has already been seen, the 2-D whistler wave energy
grows more slowly than in 1-D. Hence a longer period of
time is necessary for 2-D whistler wave levels to grow suffi-
ciently over nonwhistler noise levels for this comparison, by
which time we are outside the chosen quasi-linear period of
4.57_, (the chosen quasi-linear period based on 1-D particle
dynamics). Nevertheless, 2-D p.a.d. results show the same
general trend of a decreasing p.a.d. rate Do, as the pitch
angle o 1ncreases within a mode, consistent with

Dox (o) ~ (cosa)? (see (4)).

Effect of Increasing P : Studies 2 - 4

As we increase the B, value of the electron species, we
observe larger average magnetic wave energy growth rates
(see Figures 14a and 15a), as predicted by linear theory. The
average growth rates presented in Figure 15a were calculated
from the growth of average magnetic wave energy (Figure
14a) in the same manner as described earlier for study 1
results and represent an average growth rate of magnetic
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wave amplitude in the systemn. As we increase f ;, the typical
parallel electron energy required for cyclotron resonance with
one of the growth wave modes in the system decreases (see
the magnetic energy per particle of Kennel and Petschek
[1966]); that is, the magnitude vl of the parallel electron
velocity v/ required for resonance decreases into a region of
increasing distribution function f{v).

As B, increases, magnetic wave energy saturates earlier
(see Figures 14a and 15b), as a result of the increasing growth
rates. The difference between 1-D and 2-D average growth
rates, for the same B, value, becomes larger as B, increases.
Again, the simulation-obtained rate of growth of magnetic
wave energy density at early times are close to the mean pre-
dicted by linear theory. For example, in study 2, it is found
that ¥,, = (0.172 £0.01) _,, Y,, = (0.092 +0.025) ®_,,
whilst the linearly-predicted mean of the growth rates of all
simulation modes lying within the growth region are
0.158w,, (1-D) and 0.123®,, (2-D). As B/, increases, more
cyclotron resonances (n) become possible in 2-D (our 1-D
geometry allows n = -1 resonance only) since the lv;/| required
for such resonances decreases (into a region of increasing
f(v), and so we might reasonably expect more differences
between 1-D and 2-D results. Note that the difference
between 1-D and 2-D average growth rates can be as large as
by a factor ~ 2.6. Accompanying the increased wave growth
rate (and hence wave amplitude as 3, increases) are a more
rapid decrease in the electron species anisotropy, with a lower
end-of-run anisotropy level (see Figure 14b).

Along with an increasing growth rate, the normalized
p.a.d. rates increase as B, increases (see Figure 16). This
explains the faster rate of decrease in the electron species ani-
sotropy as B, increases. During the growth period of wave
energy, the p.a.d. rate in 1-D is larger than in 2-D for the same
B, value. As B, increases, the period during which a quasi-
linear approach is expected to hold shortens, since wave
energy grows more rapidly (and therefore wave modes reach
nonlinear amplitudes/saturation sooner). In all studies, p.a.d.
rates are seen to saturate at roughly the same time as mag-
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netic wave energy saturates, as we would expect when
Dak o< B

Strength of Pitch Angle Diffusion

To infer whether a given value of ﬁukx implies strong or
weak pitch angle diffusion is occurring, we will estimate the
time taken for a magnetospheric electron to be scattered
across a realistic loss cone, given that it moves in a region
where the pitch angle diffusion rate is the Daox_obtained from
our simulations. We will then compare this time to a typical
magnetospheric loss cone electron’s escape time, which is the
time taken for a loss cone electron to be lost to the atmos-
phere in the absence of scattering (typically a 1/4 bounce
period). Taking a typical loss cone size at L ~ 6 as 3° [Parks,
1991], then the time taken for an initially 0° pitch angle elec-
tron to be scattered out of the loss cone is roughly
Tic~ (3) /Da,, , where D, = Duf,, (and is then con-
verted to units of [deg s7'D. A typical electron (tens of keV)
on L shell (L ~6) has a bounce period T, of a few seconds
[Parks, 1991]. We w1ll take a typical normalised p.a.d. rate of
Do, = 5%107° rad? for loss cone particles, taken from mode
5 calculations at ¢ = 2. 57,, in the 2-D study 1 (since the p.a.d.
rate within a mode increases with decreasing pitch angle, the
p-a.d. rate for loss cone particles in a particular mode is a fac-
tor of ~3-4 times larger than that obtained by averaging over
all its pitch angles, and hence this chosen value is somewhat
larger than the pitch angle averaged value (Figure 10) for this
time). Since the p.a.d. becomes stronger after our chosen
time, a value of Dax, = 5%107 represents a lower limit to
the p.a.d. occumng in these studies. A scattering time of
T,.=7x107 s is calculated by the method described above.
Assuming that a typical loss cone electron experienced this
p-a.d. rate for more than about Spsec, it would have been
scattered out of the loss cone well before completing a
bounce (i.e. T,.« Tp/4), hence in this sense we observe
strong pitch angle diffusion. Since the value of Duk on which
this calculation was based represents a lower limit to the
p-a.d. occurring in our simulations, it appears that, in magnet-
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Figure 15. Variation with B of (a) average growth rate y
and (b) saturation times ¢, of average magnetic wave energy
in the 1-D (crosses) and 2-D (open circles) studies.
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Figure 16. Normalized mode 6 pitch angle diffusion rates Dukx in (a) 1-D and (b) 2-D studies.

ospheric terms, strong pitch angle diffusion occurs through-
out our simulations.

Discussion

We have examined how an initially anisotropic velocity
distribution (7, >7T,) may lead to the growth of whistler
mode waves, and the subsequent pitch angle diffusion of
electrons via electron whistler mode wave-particle interac-
tions. Our key results were: (1) As wave energy grows, the
anisotropy of the resonant electron species decreases, and
wave energy shifts towards lower frequency modes (gener-
ally without reaching the lowest resolved wave mode in the
simulation). (2) Wave growth rates become larger as the B

value of the resonant electron species increases. (3) Larger
average growth rates are obtained in a 1-D geometry than in a

2-D geometry, the difference increasing as 8 increases, being
larger by up to a factor of ~ 2.6 for the studies we performed.
(4) Pitch-angle diffusion rates Dqx have been found to grow
as magnetic wave energy B, grows, approximately
Do, o< B2. (5) During the early wave growth stages of the
studies, pitch angle diffusion rates are larger in a 1-D geome-
try, by up to a factor of ~10. (6) For the chosen parameters,
strong pitch angle diffusion of electrons via WPIs occurs
throughout. (7) During the early wave growth stages of the
studies, resonant particles move on velocity space diffusion
surfaces of constant wave frame energy, with the pitch angle
diffusion for such particles being consistent with the quasi-
theory of Lyons [1974]. (8) Pitch-angle diffusion rates
increase as the [ value of the resonant species increases. (9)
Later in the run, particle trajectories suggest that non linear
trapping of resonant particles by large amplitude electron
whistler mode wave(s) may be occurring,

The effect of the shift of magnetic wave energy toward
lower frequency modes is that the final wave spectrum does

not exactly correspond to the linearly predicted wave spec-
trum. This has been previously noted in a quasi-linear theo-
retical treatment by Roux and Solomon [1971], and early one-
dimensional electron whistler-instability simulations [e.g.,
Ossakow et al., 1972]. The dependence of pitch angle diffu-
sion rates on wave energy seems reasonable from a quasi-lin-
ear viewpoint [e.g., Kennel and Petschek, 1966]. The usual
quasi-linear theory of resonant diffusion [Kennel and Engel-
mann, 1966] assumes negligible wave growth-rates/ampli-
tudes (y— 0). Often, real wave frequencies are assumed
much less than the electron cyclotron frequency (® «®_,
[e.g., Kennel and Petschek, 1966]), which allows for an
approximation of pure pitch angle diffusion. Neither of these
conditions are characteristic of the simulations presented here
(growth rates and real wave frequencies are both a significant
fraction of ®_,, see Figures 2 and 3). Nevertheless, at early
stages in the simulations, resonant particle wave frame ener-
gies and the variation of the p.a.d. rate as a function of pitch
angle within a resonant region of v space suggests that reso-
nant particles diffuse along surfaces of constant energy meas-
ured in the wave frame, with a pure pitch angle diffusion
description sufficing below pitch angles about o < 50°. It
thus appears that a quasi-linear description of the p.a.d. proc-
ess seems reasonable during the early stages of the simula-
tions, during which wave energies have not grown to large
nonlinear amplitudes. Later in the simulations, when the
wave spectrum has become dominated by a single large-
amplitude wave mode, particle trajectories indicate that non-
linear trapping of particles may be occurring. Analysis of par-
ticle trajectories and a study of trapping in the nonlinear
regime of the simulations have been performed and will be
reported in a separate paper. Such effects may play an impor-
tant role in the overall saturation of wave energy seen in the
simulation studies. We do not expect such a saturation mech-
anism to be too important in the magnetospheric problem of
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pitch angle diffusion due to whistler mode turbulence, since
wave loss from the wave-growth region becomes an impor-
tant factor in determining saturation, and our simulations
have not modeled such a loss. However, a simulation study of
trapping effects may prove to be of some use in situations
where the wave-particle interactions are coherent and nonlin-
ear (as opposed to the quasi-linear turbulent case more usu-
ally treated), which may play some role in the generation of
magnetospheric VLF triggered emissions, as reviewed by
Matsumoto [1979].

Our simulation parameters were chosen to be of interest
to the problem of whistler mode wave growth from and pitch
angle diffusion of anisotropic energetic electron distributions
that are injected into the nightside ring current region under
an enhanced cross-tail electric field during magnetically dis-
turbed times [e.g., Ashour-Abdalla & Cowley, 1974; Kremser
et al., 1986]. Our study 1 parameters are representative of the
plasmapause region on the nightside during geomagnetically
disturbed times. Note a rather large anisotropy (temperature
ratio T, /T, =4) was used to overcome non-whistler noise
levels inherent in 2-D electromagnetic particle-in-cell simula-
tions (7,/T, = 1.5 — 2 appearing to be more magnetospheri-
cally reasonable [e.g., Kremser et al., 1986]). Higher B value
studies (B from approximately 4 to 30) contain an electron
species of unrealistically large B value in magnetospheric
terms and were made to investigate the effects of increasing
P on the physics of the instability. Since the 1-D/2-D simula-
tions presented here cover a wide range of parameters (elec-
tron temperature, background magnetic field strength), they
are also of general interest to a linear and nonlinear under-
standing of the whistler mode instability and electron whistler
wave-particle interactions. In all simulations we found, for a
given initial electron distribution and background magnetic
field (given P value), the timescale for pitch angle diffusion
in a 2-D geometry to be greater than that in a 1-D geometry
(lower p.a.d. rates in 2-D), thereby indicating the need for
inclusion of both parallel and oblique propagating whistler
waves in a 2-D geometry for a proper treatment of the wave
growth and electron pitch angle diffusion associated with the
electron whistler mode instability. Our results also show that,
during the wave growth period of the instability, the quasi-
linear picture of velocity space diffusion along surfaces of
constant wave frame energy [e.g., Lyons, 1974] to be valid,
even when growth-rates are not negligible, several wave
modes (both parallel and oblique) are growing simultane-
ously (2-D wave propagation) and relatively large real wave-
frequencies exist. In addition, even when the ratio of wave-
phase velocity (v,) to resonant electron parallel-velocity
(Ve ) is not negligible (|vy/vy,| ~ 1 typical here), a pure
pitch angle diffusion description of velocity space diffusion
appears to be appropriate for pitch angles below about
o < 50°. The simplifications present in our simulations, rela-
tive to the magnetospheric problem, need to be borne in
mind. Our simulations were essentially performed in a closed
box (periodic boundary conditions) from which no particle or
wave energy loss occurs, and in which a discrete set of simu-
lation wave modes are allowed. As outlined at the beginning
of the paper, our results are not found to be affected by
including a realistic loss cone sink for particles at the bounda-
ries of the simulation box, since so few simulation particles
fall within a realistic loss cone (typically ~5° for the plasma
sheet; note our simulations are not loss cone driven, the loss
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cone sink consideration is purely to allow the robustness of
our results with respect to particle loss to be evaluated).
Effects of wave energy loss at the simulation boundaries on
the evolution of the instability are less clear and are sug-
gested as future work at the end of the discussion. Neverthe-
less, since the quasi-linear aspects of our simulation results
are taken from the early part of the simulation (first 4-57,
electron gyroperiods), during which time we do not believe a
great deal of wave loss from the simulation region would
occur (based on the linearly predicted wave phase-velocities,
the transit time of a whistler wave across our simulation box
being ~8-9 7_,), we do not feel the quasi-linear aspects of our
results would be significantly affected by a boundary wave
loss (for the parameters used in these studies).

An understanding of the magnetospheric problem out-
lined above has relevance to an understanding of the dis-
turbed time aurora. Recent interest in the pitch angle
diffusion due to electron whistler WPIs has also been in the
question of which wave modes are responsible for the elec-
tron precipitation forming the diffuse aurora. It is now gener-
ally acknowledged that the precipitation of electrons forming
the diffuse aurora is unlikely to be a result of pitch angle dif-
fusion due to electron-cyclotron harmonic wave-particle
interactions, since observed electric field strengths are too

“low to account for the observed intensities of low energy (less
than 10 keV energies) diffuse auroral electrons [e.g., Belmont
et al., 1983; Roeder and Koons, 1989]. Johnstone et al.
[1993] (hereinafter referred to as JWLH) have recently pro-
posed electron whistler wave pitch angle diffusion as a candi-
date for the precipitation mechanism of low energy electrons
(<10 keV) into the auroral loss cone. In JWLH, a “diffusive
equilibrium” model was employed to represent the continu-
ous precipitation of electrons, in which wave growth from an
unstable loss cone distribution of electrons balances wave
losses, and electron injection at large pitch angles balances
electron precipitation through the loss cone. This model
requires both a loss of wave energy and particles from the
interaction region. Our simulations were designed to investi-
gate nonequilibrium substorm-injected electron distribu-
tions, rather than a loss cone distribution, have no absorption
of waves at the boundaries, and are therefore not directly
applicable to JWLH's paper. However, we believe there to be
two results from our simulations of interest to JWLH’s pro-
posal. First, our simulations show that strong pitch angle dif-
fusion (in magnetospheric terms) of resonant electrons
having energies below 10 keV can occur via electron whistler
wave-particle interactions. The electrons resonant with mode
7 in our study 1 (see Figures 10 and 13 for the pitch angle dif-
fusion rates of mode 7 resonant electrons) have minimum res-
onant energies 1/2m,v},.. =3.9 keV, being resonant with a
whistler wave mode at a frequency o = 0.67®,,. Wave mode
7 is a linearly predicted growth mode in our study 1, and
although it is not the dominant mode in the wave spectrum, it
contains significant magnetic energy over the chosen quasi-
linear time period (see Figures 5 and 8). Significant wave
energy at such relatively high wave-frequencies (say
®> 0.5w_,) allows the pitch angle diffusion of electrons hav-
ing energies much lower than considered in the past (where
®«, was the usual assumption [e.g., Kennel and Pet-
schek, 1966]. This is heavily stressed in JWLH, in fact, it is
vital for the pitch angle diffusion of low energy electrons to
occur. Our simulations show that it is possible to cause strong
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pitch angle diffusion of low-energy (<10 keV) electrons via
such WPISs, provided there is significant wave-energy present
over the resonant frequency range, and hence a consideration
of the wave data is necessary in proposing electron whistler
WPIs as a low-energy electron precipitation mechanism.
Since the wave data were not presented in JWLH, the inter-
esting question of which wave mode is responsible for con-
tinuous auroral precipitation remains open. Second, JWLH
relied on electron velocity space diffusion along diffusion
curves of constant wave frame energy, assuming a wave spec-
trum containing parallel propagating whistler-waves only,
and (JWLH, p. 5963) questioned “whether the electrons inter-
act with whistler noise and diffuse along these curves or not”
when a full wave spectrum including obliquely propagating
waves is actually present (usually such curves are derived
only for a single wave mode at a single frequency [e.g., Ken-
nel & Engelmann, 1966]. Both our 1-D and 2-D results were
consistent with electron diffusion along the surfaces of con-
stant wave frame energy and may therefore provide an
answer to such a question.

Future simulation work regarding the electron whistler-
instability may therefore involve: (1) opening the boundaries
of the simulation region to allow both wave and particle loss,
(2) reduction of noise levels to allow simulations with more
realistic anisotropies, (3) use of typically observed magnet-
ospheric energetic electron distributions, such as contained in
the CRRES low energy plasma analyzer (LEPA) satellite data
set [Hardy et al., 1993], and (4) inclusion of a varying
amount of cold plasma and its effects on the electron whistler
instability, all of which are expected to make a simulation-
based investigation of the magnetospheric electron pitch
angle diffusion problem more realistic.
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