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Abstract
A novel statistical treatment of the full raw edge localized mode (ELM)
signal from a series of previously studied JET plasmas is tested. The
approach involves constructing probability distribution functions (PDFs) for
ELM amplitudes and time separations, and quantifying the fit between the
measured PDFs and model distributions (Gaussian, inverse exponential) and
Poisson processes. Uncertainties inherent in the discreteness of the raw signal
require the application of statistically rigorous techniques to distinguish ELM
data points from background, and to extrapolate peak amplitudes. The accuracy
of PDF construction is further constrained by the relatively small number of
ELM bursts (several hundred) in each sample. In consequence the statistical
technique is found to be difficult to apply to low frequency (typically Type I)
ELMs, so the focus is narrowed to four JET plasmas with high frequency
(typically Type III) ELMs. The results suggest that there may be several
fundamentally different kinds of Type III ELMing process at work. It is
concluded that this novel statistical treatment can be made to work, may
have wider applications to ELM data, and has immediate practical value as
an additional quantitative discriminant between classes of ELMing behaviour.

1. Introduction

The central role of edge localized modes (ELMs) in the physics of toroidal magnetic fusion
plasmas is well known. ELM physics and theory are reviewed, for example, in [1], and the
practical importance of ELMs for present-day tokamak operation and power plant design are
further emphasized in brief reviews oriented towards power and particle exhaust [2] and towards
confinement regimes [3]. ELMs are also found in association with improved confinement
regimes in the W7-AS stellarator [4]. Key ELM issues for the ITER H-mode, for example,
include both wall loading and the effect on coupling of ion cyclotron heating antennas to the
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plasma. ELM phenomenology in the joint European torus (JET), with which this paper is
primarily concerned, is well documented (see, e.g. [5, 7]).

Theoretical interpretation of ELMs has been attempted primarily through magnetohy-
drodynamic (MHD) models. For example, ELM excitation may be caused [8] by the
interplay between steep edge pressure gradients, local magnetic shear, and the bootstrap and
Pfirsch–Schlüte currents, leading to linear instability of pressure-driven ballooning modes
and current-driven peeling modes. There are experimental indications that in some cases
the character of ELMs may depend, inter alia, on proximity to MHD stability boundaries;
for a discussion, see [1] and references therein. While it is important to identify the lin-
ear MHD instabilities that may underlie the initial stage of ELM excitation, the nonlin-
ear and bursty character of ELMs is difficult to capture using an MHD approach. This
motivates two new channels of research. First, one may ask whether ELM phenomenol-
ogy is unique to magnetic fusion plasma systems. The answer appears to be ‘no’. It has
recently been shown [9] that the scaling of frequency of avalanche pulses involving mass
loss and rapid inward edge movement from a particular sandpile model [10] (one which
self-organizes steep edge gradients) with stored energy is in a way analogous to the scal-
ing of ELM frequency with stored energy in some types of JET plasma. This outcome lends
support to a second incipient channel of research, which we pursue in this paper: applying
to ELM data, some of the other recent developments in statistical physics and time series
analysis (see, e.g. [11]). Previous work [12, 13] on applications to ELMs focused on in-
vestigating whether unstable periodic orbits can be identified in the time series of intervals
between ELM pulses in certain plasmas in the JT-60U and TCV tokamaks. However, we
find no correlation between burst amplitudes and intervals, for the ELM pulses from the
series of JET plasmas considered here, and techniques such as delay plots do not reveal
a low dimensional phase space. There is, of course, no expectation that all ELMs in all
tokamaks should have the same properties when evaluated as nonlinear time series. Here,
therefore, we adopt a different and conceptually simple statistical approach, involving the
construction and analysis of probability distribution functions (PDFs) for ELM bursts for our
series of JET discharges.

It is worth recording that it is always challenging to draw statistically meaningful inferences
from tokamak data, especially in comparison to the cleaner datasets obtainable from smaller
scale experiments in other branches of physics. For example, Wegend and Gershenfeld [14]
describe a variety of physical (and other) time series which are well adapted to the application of
modern techniques, in part, because they are quasistationary and include very large numbers
of events. In contrast, the difficulty in identifying substantial episodes of quasistationarity
yielding long clean datasets during tokamak discharges is well known. Conversely, tokamak
plasmas provide an interesting challenge for the practical application of modern time series
analysis techniques to complex large scale physical systems. This paper is thus primarily
concerned with proof-of-principle: we want to provide an indication of how useful modern
techniques may be, in the tokamak context. For some of the JET plasmas considered here, it
has indeed proven possible to construct PDFs for the ELMs that enable clear conclusions to be
drawn. This provides a new quantitative method for distinguishing ELM characteristics. A key
practical result is that the PDFs of time intervals between ELMs indicate that ELM processes
with fundamentally different statistical–physics properties can operate in different discharges.

2. Characterization of the full ELM signal

In this paper, we take a fresh look at ELMs, from a perspective which may be unfamiliar.
Much has been learnt about ELMs by classifying them on phenomenological grounds into
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Type I, Type III, and other groups. In particular, the ELMing JET plasmas considered in
this paper have previously been studied in depth in [15], to which we refer for experimental
detail, plasma characterization, and a description of the ELM phenomenology in conventional
terms. Here, however, we return to the raw ELM time series obtained from these plasmas,
and seek to evaluate their statistical properties directly, thereby testing the applicability of
modern approaches [11]. From the wide range of JET plasmas considered in [15], we have
identified four that have quasistationary episodes during which there occur enough ELMs
for statistically meaningful PDFs to be constructed. Figure 1 shows ELM traces from the
quasistationary phases of these four JET plasmas, which differ primarily in their isotopic
concentration [15]. Each trace contains approximately 50 000 data points, sampled at 0.1 ms
intervals, and includes several hundred ELM bursts.

Figure 1(a) shows the complete ELM trace from beginning to end of JET plasma 43002,
with the approximately quasistationary phase (identified by eye) outlined by dashed lines.
The trace during this phase is expanded in figure 1(b). Figures 1(c)–(e) were obtained in
the same way as figure 1(b), for JET plasmas 43392, 44028, and 44349. It is the data
imaged in figures 1(b)–(e) that is analysed further in this paper. We note that while the
total number of data points is large, the number of ELM bursts is not, and this represents
one of the most challenging aspects of the data. With only (say) 500 ELM bursts in a
given discharge, it may be possible to confirm or exclude low-dimensional behaviour (for
example quasiperiodicity), but it will be difficult to confirm or characterize high dimensional
behaviour (which fills much of phase space) unambiguously. Our objective here is therefore
to focus on these traces as time series. While it is clear from inspection that the trace for
JET plasma 43392 (figure 1(c)) stands out, it is interesting to see how far one can place
this observation on a quantitative statistical basis. Non-stationarity of the data imposes an
additional constraint. In particular, it is clear from figure 1(b) that there is a transition away
from the steady (Type III) behaviour after approximately 1 s in the ELM signal from JET plasma
43002. While it would be desirable to form PDFs for this steady state alone, such analysis is
not possible because there are only 28 bursts in this section. Likewise, the PDFs that we plot
below (section 3) for the whole of series 43002 (comprising 118 bursts) are not significantly
altered by the removal of the initial 1s. We are therefore unable to rigorously quantify the
apparent transition in behaviour in this emission, and use the whole series in the analyses that
follow.

The data points in these time series contain information about ELM bursts and about
activity during the intervals between bursts—if it is justifiable to assume that these two classes
of contribution to the signal are well defined and separable. In this section we address
two necessary preliminaries, so that the subsequent statistical analysis of these ELM burst
distributions can be developed on a firm basis. First, we need to quantify how clearly ELM
bursts can be distinguished from interburst activity in the raw time series. Second, we need
to construct an algorithm for isolating and quantifying individual ELM bursts. This algorithm
will also need to deal with the discrete nature of the sampling, which means that the actual
maximum point of each ELM burst is likely to be missing from the time series.

Figure 2 plots the power spectra of the full ELM signal time series that are displayed in
figure 1. Unlike figures 3 and 4 in the next section where, as described below, the data has
been thresholded so as to define isolated ELM bursts, figure 2 contains information about both
the ELM bursts and the higher frequency signal within which the bursts reside. Let us recall
that the Fourier transform of an N -point discrete time series xn is given by

pk = 1√
N

N∑

n=1

xn e2π ikn/N
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Figure 1. (a) Time series of ELM signal throughout the duration of JET plasma 43002, with the
visually identified quasistationary phase shown. (b)–(e) Time series of ELM emission (arbitrary
units) during quasistationary phases of JET plasmas 43002, 43392, 44028 and 44349, which differ
primarily in isotopic concentration. Sampling interval 0.1 ms.

where the frequencies in physical units are fk = fsampk/N for k = 0, . . . , N/2 and fsamp is
the sampling frequency. The power spectrum is defined to be the square of the amplitudes
with which frequencies fk contribute to the signal: Pk = |pk|2. To assist interpretation,
superimposed on each spectrum in figure 2 is a vertical dashed line located at the inverse of the
mean inter-burst time interval measured between the ELM bursts in that discharge, which we
denote νELM. Typical values for νELM are in the range 30–100 Hz. The clear (but broad) peaks
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Figure 2. Logarithmic plots of ELM emission power spectra. Least-squares lines of best fit have
slope −β as given in the sub-captions; dashed lines indicate inverse mean inter-burst interval.

visible below νELM in the power spectra of figures 2(c) and (d) correspond to the episodes of
regularly spaced ELMing that can be seen in figures 1(d) and (e).

One can define (see, e.g. [16]) the degree of persistence β in the signal as minus the slope
of the best fit straight line on a plot of log Pk against log k, or equivalently a plot of log P(f )

against log f (for an example of an application see [17]). We apply Thompson multi-tapering
to reduce the variance [18] before fitting a least-squares straight line of slope −β. The values
of β thus obtained have been confirmed by wavelet analysis.

Physically, the power spectra in figure 2 imply that, to first approximation, the high
frequency activity that persists between ELM bursts shows persistence (β ≈ 1 for ν � νELM).
Here again we are operating at the statistical limits imposed by the nature of the data and
by the physics of the ELM bursts. Since the power spectrum is averaged over all times, and
the inter-burst intervals are not equal, there is no abrupt transition from the persistent noise
between bursts, to the broadly quasiperiodic behaviour on longer timescales. It remains clear,
however, that there is a qualitative transition, localized in the frequency domain near νELM.

These results quantify the extent to which the ELM bursts constitute a statistically distinct
component of the raw signal in the JET discharges considered here. They also confirm that
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Figure 3. PDF of time intervals τ between ELM bursts for JET plasma 43002, showing: (a) best
fit inverse exponential PDF fitted by least squares; (b) a Gaussian model with the same µ and σ

as the data. Dashed lines indicate upper and lower confidence limits inferred from 99% binomial
counting errors. Computed values for the goodness-of-fit parameter R2 are (a) 0.81 and (b) 0.58.
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Figure 4. PDF of time intervals τ between ELM bursts for JET plasma 43392, showing: (a) best
fit inverse exponential PDF fitted by least squares; (b) a Gaussian model with the same µ and σ

as the data. Dashed lines indicate upper and lower confidence limits inferred from 99% binomial
counting errors. Computed values for the goodness-of-fit parameter R2 are (a) 0.93 and (b) 0.31.

it is legitimate to construct a thresholding process to define and quantify the individual ELM
bursts. We therefore turn to this second necessary preliminary to computing and analysing the
statistical properties of ELM bursts through their PDFs.

As noted above, the discrete nature of the sampling means that the exact magnitude of
the maximum point of each ELM burst is likely to be missed. To estimate the true maximum
amplitude from the discrete time series, we assume an exponential decay from the maximum,
and take a least-squares log-linear fit to the observed maximum and the subsequent point. This
is extrapolated back one timestep from the observed maximum, to give the inferred maximum
amplitude. The beginning of an ELM burst is defined as the point whose magnitude is smaller
than that at the succeeding point by a factor J > 1, whose value is chosen empirically. We find
that J = 2 selects those events that one would identify as ELM bursts by visual inspection.
Thus, our thresholded ELM characterization algorithm models the true ELM burst from the
data, in terms of an instantaneous rise from its starting point to the estimated maximum,
followed by exponential decay over two time steps. The PDFs for ELM burst properties in
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a given discharge are then obtained by binning the resulting data into n1/2 bins, where n is
the number of ELM bursts identified. This provides a compromise between resolution and
counting fluctuations. Normalization of the PDFs to unity is achieved by dividing the number
of points in each bin by n times the binwidth.

3. Statistical distributions of ELM bursts

For the four JET plasmas 43002, 43392, 44028 and 44349 whose ELM signals are shown in
figure 1, it is possible to construct PDFs of the measured distributions of ELM amplitudes,
and of the measured distributions of time intervals τ between ELMs. These PDFs are useful
insofar as their properties shed light on the underlying character of the ELMing process in the
different plasmas. Here, we focus on testing two leading hypotheses:

• The PDFs are Gaussian, implying that the measured ELM properties are randomly
distributed about characteristic (mean) values.

• The PDFs are inverse exponential. In the time domain, for example, such a distribution
would arise from a Poisson process where events are independent and the event probability
per unit time is constant.

As we show below, for our measured ELM PDFs it is not always possible to distinguish between
these hypotheses with a high level of confidence. Nevertheless, in some cases firm conclusions
can be drawn, and in all cases, the study of the PDFs provides a new quantitative perspective on
ELM physics. Our tests of these hypotheses begin by constructing best fit curves: Gaussians
are plotted using the measured mean µ and standard deviation σ of the PDF; exponentials are
fitted by least squares. We evaluate the goodness-of-fit between the measured PDFs and the
fitted Gaussian or inverse exponential model curves in two ways, as follows.

Graphically, we plot curves on both sides of the best fit which show upper and lower 99%
binomial counting errors. In figures 3–6, for example, the dashed lines reflect estimates of
the likely counting errors in the number of points in the bins, arising from the finite size of
the dataset and assuming a binomial distribution of counting errors. We have computed the
probability distribution of the number of points in each bin, given both the number n of ELMs
identified, and the expected value inferred from the fitted PDF: the dashed lines in figures 3–6
thus represent the limits between which the observed data are expected to fall on 99% of
occasions.

Mathematically, we compute the square of the correlation coefficient R, where 1 − R2 is
defined to equal the ratio of the sum of squared residuals from the model to the sum of squared
deviations of the data from the mean [19]. R2 can be described as the proportion of variation
explained by the model (as opposed to explained by data variance), or the relative predictive
power of a model over a constant (the mean), and hence is often referred to as the coefficient
of determination. A limitation of R2 is that it weights all deviations equally, regardless of their
likelihood, so that it does not capture how likely the data are to be observed, given the model.
In this respect the 99% confidence bands are more illuminating.

3.1. Time intervals between ELMs

Figure 3 displays the PDFs of the time intervals τ between ELMs for JET plasma 43002, with
best fit inverse exponential and Gaussian curves plotted in figures 3(a) and (b), respectively.
It is unclear which fitted curve provides a better model for the data. On one hand, the number
of points that lie close to the Gaussian curve, especially near its peak, is substantially greater
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Figure 5. PDF of time intervals τ between ELM bursts for JET plasma 44028, showing: (a) best
fit inverse exponential PDF fitted by least squares; (b) a Gaussian model with the same µ and σ

as the data. Dashed lines indicate upper and lower confidence limits inferred from 99% binomial
counting errors. Computed values for the goodness-of-fit parameter R2 are (a) 0.96 and (b) 0.54.
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Figure 6. PDF of time intervals τ between ELM bursts for JET plasma 44349, showing: (a) best
fit inverse exponential PDF fitted by least squares; (b) a Gaussian model with the same µ and σ

as the data. Dashed lines indicate upper and lower confidence limits inferred from 99% binomial
counting errors. Computed values for the goodness-of-fit parameter R2 are (a) 0.18 and (b) 0.26.

than the number that lie close to the exponential curve. On the other hand, the computed value
of R2 is 0.81 for the exponential, but only 0.58 for the Gaussian.

For JET plasma 43392, there are strong indications that the inverse exponential curve
(figure 4(a)) is a better fit than the Gaussian (figure 4(b)). The graphical results of figure 4 are
supported by the computed value of R2, which is 0.93 for the exponential, but only 0.31 for
the Gaussian.

Similarly, for JET plasma 44028, there are also strong indications that the inverse
exponential curve (figure 5(a)) is a better fit than the Gaussian (figure 5(b)). The computed
value of R2 is 0.96 for the exponential, but only 0.54 for the Gaussian.

Figure 6 indicates that for JET plasma 44349, neither curve is a good fit. This is confirmed
by low computed R2 values: 0.18 for exponential and 0.26 for Gaussian.

It follows that the statistical properties of the distribution of time intervals τ between
ELMs are more varied than might be inferred from visual inspection of the ELM traces of
figure 1. This implies that fundamentally different statistical processes may be at work. So
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far as we know, figures 3–6 are the first statistical characterization of ELM burst PDFs during
a discharge, and yield the first statistical differentiation between ELM burst PDFs in different
discharges. In particular, we have found that there is a good quantitative basis for inferring
that the PDFs of ELM time intervals for JET plasmas 43392 and 44028 follow an inverse
exponential distribution. This result motivates the investigation in section 3.2 of whether these
reflect an underlying Poisson process.

3.2. Test for Poisson process

In a Poisson process, there is a constant probability per unit time of an event occuring. Inverse
exponential PDFs for the intervals between events arise naturally from Poisson processes,
which suggests that the ELMs in JET plasmas 43392 and 44028 may arise from a Poisson
process. To test this hypothesis, we recall the further implication that the number of bursts
occuring in an arbitrary fixed time interval should be Poisson distributed. In figure 7, therefore,
we plot the PDFs for the number n of ELM bursts occuring within a fixed time interval T , in
(for completeness) all four of the JET plasmas. The value of T for each plasma is chosen to
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Figure 7. PDFs for the number n of ELM bursts occuring within a fixed time interval T . Solid
lines are Poisson PDFs that have the same mean µ as the data; dashed lines are for 99% binomial
counting errors. Only the numbers of bursts in JET plasma 43392 are consistent with a Poisson
distribution. Computed values for the goodness-of-fit parameter R2 are 0.23 for 43002, 0.72 for
43392, 0.15 for 44028 and 0.06 for 44349.
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be sufficiently large for a range of values of n to be observed, but not so large that a Poisson
distribution will approach its Gaussian high-mean limit (a Gaussian PDF would be parabolic
on these plots). The solid lines are Poisson PDFs that have the same mean µ as the data,
and the closely adjacent dashed lines are for 99% binomial counting errors. It is clear from
figure 7 that only the distribution of bursts in JET plasma 43392 (figure 7(b)) is consistent with
a Poisson process: its value of R2 is 0.72, compared to the very small values (0.23, 0.15, and
0.06) for the other three JET plasmas.

This test thus also provides an interesting further level of quantitative discrimination
between the ELMing processes in the JET plasmas considered here. Despite the fact that
the ELM interval PDFs for JET plasmas 43392 and 44028 are fitted by inverse exponential
distributions with similar high values of R2 (0.93 and 0.96, respectively), their Poisson fits are
radically different (0.72 compared to 0.15, respectively).

3.3. Distribution of ELM amplitudes

The PDFs of ELM burst amplitudes are shown in figure 8. In contrast to the inter-burst time
interval PDFs of figures 3–6, the degree of confidence R2 with which either Gaussian or inverse
exponential curves can be fitted to the amplitude PDFs is relatively low. Clear differentiation
can be made only for JET plasma 44349. Here R2 takes the value 0.77 for the best Gaussian
fit, but only 0.04 for the best inverse exponential. Thus the PDFs of ELM τ enable statistical
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Figure 8. PDFs of ELM burst amplitudes (arbitrary units). For 44349, a Gaussian curve with the
same µ and σ as the data fits the PDF with R2 = 0.77. This is the only convincing fitting however,
and for this reason fitted curves are not shown.
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differentiation between the JET plasmas considered, to a greater extent than do the PDFs of
ELM amplitude.

We also note that an inverse exponential distribution of inter-burst intervals τ is compatible
with the original sandpile paradigm [20] for self-organized criticality (SOC). However, a power-
law PDF of burst amplitudes is also a necessary condition for SOC [11], and figure 8 shows
that this is not satisfied for the series of JET plasmas considered here.

4. Discussion: implications for ELM physics

Thus far, we have treated the ELM data purely as time series whose statistical characteristics are
to be established, without referring to the plasmas in which the observations were made. In fact
the plasmas analysed are those produced in a systematic study [15] of ELM behaviour in JET
under varying plasma conditions, in which changes to the plasma shape, isotopic composition
and heating power were used to vary the phenomenological character of the ELMs. Although
we have been concerned primarily with the applicability and overall results of the analysis,
rather than a survey of ELM types, let us now link the results back to the corresponding plasmas,
particularly with regard to the standard ELM categorization. In this study we have shown that
the ELM data considered fall into two groups, distinguished by the nature of the PDF of
waiting time τ between ELMs. In addition JET plasma 43392 is singled out by our analysis
as being compatible with an underlying Poisson process. One might expect this grouping to
correspond to that often used in fusion plasma physics, with a discrimination between Type I
and Type III ELMs. However, what we find does not correspond to this. In fact the time
series from JET plasmas 43392 and 43002 are both identified in [15] as Type III ELMs, but
are nonetheless distinguished by the present analysis as having different statistical characters.
A possible explanation is that JET plasma 43392 (which corresponds to the hydrogen plasma
shown in figure 9 of [15]) is only marginally above the H-mode threshold, whilst JET plasma
43002 is a more secure H-mode. This suggests a hypothesis that the present analysis might help
distinguish behaviour close to and far from the H-mode threshold. This is a tentative suggestion
based on the evidence of only a few JET plasmas, but clearly invites further attention.

In this paper we have taken several steps that should encourage and assist future statistical
studies of the distributions of ELM bursts in different plasma discharges and in different
tokamaks. We find that the correlation properties of the entire ELM signal imply that a
rigorous statistical distinction between ELM bursts and inter-burst activity can be made for
the JET plasmas [15] considered. The uncertainties inherent in the discreteness of the raw
ELM signal time series are overcome using a thresholding algorithm, which in turn enables
us to construct PDFs for the magnitudes and intervals of ELM bursts. In plasmas with low
frequency (typically Type I) ELMs, the number of ELMs during quasistationary episodes is
too small for useful statistical inferences to be drawn from the PDFs. However in the four JET
plasmas considered that include substantial episodes of Type III ELMing, it is possible to make
quantitative comparisons between fitted statistical functions and the measured PDFs, despite
the relatively small number of ELMs in each sample (a few hundred). We find that inter-
burst interval PDFs can be either Gaussian or inverse exponential; furthermore it is possible
to distinguish inverse exponential cases that do, or do not, reflect a Poisson process. This
suggests that there may be several fundamentally different kinds of underlying processes at
work: these include a Gaussian process that has a characteristic waiting time between ELM
bursts, as well as a Poisson process with a fixed probability of an ELM per unit time. This
provides a new insight into ELM physics, a constraint for future models, and a new statistically
rigorous way of quantifying differences between ELM bursts (especially Type III) in different
plasmas. The techniques developed here offer a potentially fruitful additional perspective for
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ELM physics, which could also be applied in future to ELM bursts at higher frequency and
having smaller amplitude.
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