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The statistical properties of the dissipation process constrain the analysis of large scale numerical
simulations of three-dimensional incompressible magnetohydrodyrn®hi®) turbulence, such as

those of Biskamp and MiillefPhys. Plasmas/, 4889 (2000]. The structure functions of the
turbulent flow are expected to display statistical self-similarity, but the relatively low Reynolds
numbers attainable by direct numerical simulation, combined with the finite size of the system,
make this difficult to measure directly. However, it is known that extended self-similarity, which
constrains the ratio of scaling exponents of structure functions of different orders, is well satisfied.
This implies the extension of physical scaling arguments beyond the inertial range into the
dissipation range. The present work focuses on the scaling properties of the dissipation process
itself. This provides an important consistency check in that we find that the ratio of dissipation
structure function exponents is that predicted by the She and LeJ@iwys. Rev. Lett72, 336

(1994)] theory proposed by Biskamp and Miiller. This supplies further evidence that the cascade
mechanism in three-dimensional MHD turbulence is nonlinear random eddy scrambling, with the
level of intermittency determined by dissipation through the formation of current sheets.

© 2005 American Institute of PhysidPDOI: 10.1063/1.1842133

. INTRODUCTION P =((v(x+1,1) -1 =v(x,t) - 1Py ~ 1. (1)

This paper investigates the previously underexplored ) ] ) . - )
topic of scaling in the local rate of dissipation in magneto-Here v is the fluid velocity,x is a position vector] is a
hydrodynamic(MHD) flows. Turbulent fluids and plasmas differencing vector, and the average is an ensemble average.
display three properties that motivate development of statis! N€ statistical self-similarity represented by the power law in
tical theoriest (i) disorganization, in the sense that structured 1S only valid within the inertial rangé; <l <lo; herelo is
arise on all scalesji) unpredictability of detailed behavior, the characteristic macroscale, dpds the dissipation scale at
in the sense of inability to predict a signal’s future behaviorWhich the cascade terminates. The set of scaling exponents
from knowledge of its past, implying links with deterministic %p In EQ- (1) is expected to be universal since it characterizes
chaos; andiii) reproducibility of statistical measures, com- the generic cascade process. It is worth noting here that uni-
bined with the presence of statistical self-similarity. Much Versality can only be expected in the isotropic case. When

progress has been made by the heuristic treatment of scalif}!iSOtropies are present, deviation from the isotropic case
laws derived from energy cascade arguments, following Kol 2N b€ expected, and this will relate to the strength of the
mogorov and Richardson, see, for example, Ref. 1. The bas@iSotropy. In MHD turbulence, anisotropy can be intro-

idea is that energy-carrying structuresddies are injected duced in the form of an imposed magnetic field. The effect of

on large scales, nonlinear eddy interaction causes energy 18IS On the scaling exponents is investigated in Ref. 2. This

cascade to smaller scales in a self-similar manner, and ener%?ference also investigates anisotropy in terms of that intro-

is finally dissipated by viscosity on small scales. A quasistadtced by the local magnetic field even when an applied field

tionary state evolves where the rate of viscous dissipatiofs @PSent. This stems from the Goldreich and Sridhar objec-

matches the rate of energy injection. Scaling exponggts tion to the assumptio_n of local isotropy in the MHD cédda. .
characterize the resulting statistical self-similarity found inR€f- 2 structure functions are calculated with the differencing

structure functions: length perper_\dlcular and parallel j[o the local magnetic f|e_lc_1.
The perpendicular structure functions were found to exhibit

Also at Raddliffe Institute, Harvard University, Cambridge, MA, USA. stronger intermittency than the parallel_ structure functions.
PAlso at Department of Physics, University of Warwick, Coventry CV4 Exponents calculated f_ror_n the_perpendlcular structure func-
7AL, UK. tions were found to coincide with those calculated from the
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isotropic structure functions. Essentially dimensional arguphysical assumptions are made regarding the scaling of the
ments, in which the relevant physical parameters are identiocal rate of dissipation. Specifically: the hierarchical nature

fied heuristically, have been formulated to provide basic fluidof Eq. (6) above, as expressed in E) of Ref. 10; the rate

scaling information. These arguments linearly relgfeo p,
for example, the Kolmogorov 1941 phenomenolbypre-

of dissipation by the most intensely dissipating structures is
related only to the eddy turnover time as determined by the

dicts {,=p/3. As such, basic fluid scaling can be character-basic fluid scaling, as in Eq5) of Ref. 10; and the space

ized by one numbea such that

F~1pa ?)

filling nature of the most intensely dissipating structures can
be described by one parametéreir Hausdorff dimension
These three assumptions can be combined to formulate a

To exploit these concepts, let us write the equations of insecond-order difference equation for the scaling expongnts

compressible MHD in Elsé&sser symmetric fofm:
azt=-7"- V¢ = V(p+B%2) + (12 + 5/2)V?Z

+ (W2 - 9l2)V?z", 3

(4)

Here the Elsasser field variables ar&=v+B(ugp) 2
wherep is the scalar pressure,is kinematic viscosity;; is
magnetic diffusivity, ang is fluid density. The symmetry of
Eq. (3) suggests that statistical treatmentzéfmay be more
fundamental than separate treatments ahdB. In light of

V.zt=0.

that has one nontrivial solution, as in £§) of Ref. 10. This
solution can be formulated in terms of the two parameters:
the codimension of the most intensely dissipating structures,
C=D-dy, whereD is the embedding dimension amf} is

the Hausdorff dimension; and the basic fluid scaling number
expressed by in Eg. (2) above. Following Ref. 10, we may
write

(8

This two parameter formulation follows that previously
noted by Dubrullé! whose parametera and 3 correspond

,=—(1-a)p+C-C(1-(1-a)/C)P.

this, longitudinal structure functions are constructed in termg, our (1-a) and 1-A/C, respectively. The refined similar-

of Elsasser field variables hereafter:

FE = (2Dx+ 1,0 1= 29,0 Py ~ 15, (5)

ity hypothesis, as expressed in E{), is then invoked to
obtain the following expression for the structure function
scaling exponentg,:

As mentioned above, heuristic arguments that make pre-

dictions about basic fluid scaling only linearly reldfgto p.
In reality £, depends nonlinearly op due to the intermittent
spatial distribution of eddy activity. Basic fluid scaling can

{p=pa-(1-a)pg+C-C(1-(1-a)/C)pg. 9

Previously Elsasser field structure functions have been

be modified to take this into account by the application of aridentified with a SL model of the type E@9), see, for ex-

intermittency correction. A commonly applied class of inter-

ample, Refs. 12—-14 In the present paper the refined similarity

mittency correction describes statistical self-similarity in thehypothesis for MHD is tested by applying a modified form of

local rate of dissipatior; by means of scaling exponents

|
1
<6P>E<<§V|3JO

E(ﬁil)j(X*‘ |,,t) + (9J'l)i(X
+ I',t))zdl’3>p> ~ |"p,

For a review of the fractal nature of the local rate of dissi-
pation for hydrodynamics, see, for example, Ref. 7

As we shall see, the intermittent nature of the system i
captured by the nonlinear dependence;,pbn p in Eq. (6).
This nonlinearity can conveniently be expressed multiplica
tively in relation to the basic linear fluid scaling of E@).
Specifically we may write

(6)

§ ~ ()%, (7
whereg is a constant whose value is inferred from model
assumptions such as those of Kolmogorov and’

Iroshnikov—Kraichnaff® This is Kolmogorov's refined simi-
larity hypothesié. The scaling exponents, in Eq. (5) are
inferred by Eq.(7) to be {,={,q+pa That is, the intermit-

S

Eq. (7), see Eq(12), to the simulation data of Biskamp and
Mdller. This provides an important consistency check for
previous studies. Equatia®), which probes the multifractal
properties of the local rate of dissipation, but does not rely
on the refined similarity hypothesis, can also be tested di-
rectly against the simulation results, as we discuss below.
Direct numerical simulations must resolve the dissipa-
tion scald 4 so that energy does not accumulate at large wave
numbers, artificially stunting the cascade. Most of the nu-
merical resolution is therefore used on the dissipation range,
whereas it is only on scales much larger thathat dissipa-
tive effects are negligible, and scaling laws of the type dis-

cussed arise. Thus high Reynolds number simulations with
an extensive inertial range are currently unavailable. How-
ever, the principle of extended self-similar{gSS (Ref. 15

can be used to extend the inertial range scaling laws into the
range of length scales that is significantly affected by dissi-
ation but still larger thaty. Instead of considering the scal-
ing of individual structure functions, the principle of ESS
involves investigating the scaling of one order structure
function against another, on the assumption that

tency in the velocity field structure functions is achieved via
. . NN aO(i) _ (S‘q(t))(g”plﬁq)

reasoning concerning local rate of dissipation. One model .

that uses this hypothesis, and has proven successful in pre-

dicting the scaling exponents for hydrodynamic turbulenceHere it can be seen that any set of structure functions will

is that from the 1994 paper of She and Leve(ﬁlﬂz).10 Here  satisfy this relation providing

(10)
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2

S~ G(l)%, (11) 10

whereG(l) can be any function df which is independent of ;
p. Here we use the notation of Emiét al. that these authors

used to describe the general properties of generalized ex
tended self-similarity, as expressed in Eg) of Ref. 16— 10°
though generalized ESS is not discussed in the present pape
When the objective of ESS is to extend scaling into the dis—g 107"}

Differencing length
increasing

. . . ’ . X _ =3.5
sipation rangeG(l) can be rewritten at® ", whereG'(l) is @ N L5
introduced to accommodate the nonconstant flux of energy 102 —o- 1=6.5
through length scales in the dissipation range. As sG¢H) i tg.s

asymptotically approaches one as the length scale increase
from the dissipative to the inertial range.

The She-Leveque model as it has appeared so far is onl'
valid in the inertial range. Let us now discuss how this model 10 = > = " 1
can be interpreted in the framework of ESS. For example,
this problem has been tackled for hydrodynamic turbulence |

by Dubrulle™® In that paper the explicit inclusion d¢fin the o o _

. L . . A FIG. 1. Extended self-similarity for the Elsasser field variafé (order 5
refined S'm”a”ty hypOtheS|EEq' () with g—A—l/3 for hy' against order 8 compare Eq(10), for decaying MHD turbulence where
drodynamic turbulendeis replaced by a generalized length structure functions are normalized by the total energy before time averaging.
scale, which is cast in terms of the third order structure funcThis normalization reveals the same underlying scaling for points from dif-
tion as expressed in quz) of Ref. 11. This problem was ferent simulation times, as shown, after Biskamp and MiRef. 13.
addressed similarly by Benet al. where the scaling relation

/.9 1/a\pa

§ p>($ ) 12 tensely dissipating structures are thought to exist in MHD
is explicitly formulated in Ref. 17. The appropriate relation turbulence because of the propensity of current sheets to
betweeng, and 7, is NOw ¢, =74+ pady,. Using this relation  form. We refer to Fig. 5 of Ref. 13 for isosurfaces of current
combined with Eq(11) and(12) it can be seen thdk’) must  density squared, and to Fig. 2 for isosurfaces constructed
also have the forntef’) ~ G(I)™. This implies ESS exists also from the shear in the field (6,2 )2 Both figures show the
in the local rate of dissipation, such that existence of two dimensional coherent structures; Fig. 2 is

() ~ <6_|q>(7-p/7—q)- (13) more directly related to the analyses presented in the present

paper. Basic Kolmogorov fluid scaling for Alfvénic fluctua-

It can then be seen that if a She—Leveque model of the gertions has been verified for low Mach numbér=0.1)
eral type Eq.(9) is used to explain scaling exponents ob- compressibl%“’zo and incompressibjr 18 3D MHD turbu-
tained via ESS, as expressed in E#0), then two consis- lence by power spectrum analysis, and by checking for scal-
tency checks are appropriate. First Kolmogorov’s refinedng in the third order structure function such thgt1. Ex-
similarity hypothesis should be satisfied in the form B®),  tended self-similarity has also been utilized to extract ratios
and second ESS should exist in the local rate of dissipatioof scaling exponents related to an inverse cascade in labora-
as in Eq.(13). tory plasmas? In other work, a generalized version of this

The present paper performs these checks for consisten@&L model has been applied to compressible flows wkkis
for the simulation of Biskamp and Miilléf.Here the scaling allowed to vary as a fitting parameté?and in the case of
exponents’® [see Eq/(5)] were investigated via direct nu- Ref. 22 this dimension is interpreted as a function of the
merical simulation of the three-dimensioné8D) incom-  sonic Mach number. Figure 1 shows an example of the nor-
pressible MHD equations, with a spatial grid of 812 malization and ESS procedure faft* structure functions
points™®!8 The simulation is of decaying turbulence with from the data analyzed here.
initially equal magnetic and kinetic energy densities and The philosophy behind our investigation can now be
=7. Afuller discussion of the numerical procedure is presensummarized as follows. Given a simulation, the set of struc-
in the following section. Since the turbulence decays withture functionsS® can be calculated. These are expected to
time, structure functions are normalized by the total energyisplay statistical self-similarity as expressed in K§),
in the simulation(kinetic plus magnetichefore time averag- where the scaling exponends give insight into the physics
ing takes place. Biskamp and Mutdextracted the ratios of ~of the cascade process. The relatively low Reynolds numbers
scaling exponentg,/{; by ESS and directly determinef}  attainable by direct numerical simulation, combined with the
~1. These exponents were found to match a variant of théinite size of the system, make this statistical self-similarity
She—Leveque 1994 model H®) inserting Kolmogorov ba- difficult to measure directly. However, it is found that ex-
sic fluid scaling(g=a=1/3) with the most intensely dissipat- tended self-similarity of the type expressed in Ef0) is
ing structures being sheetlik€=1). Early investigations of well satisfied, allowing the ratio of scaling exponedts{;
this type assumed Iroshnikov—Kraichnan fluid scaling whergo be directly measured. There is a rangeagbriori views
the most intensely dissipating structures are sheetBle® concerning these ratios, reflecting physical model assump-
Refs. 12 and 1P makingg=a=1/4 andC=1. Sheetlike in- tions. The ratios of scaling exponents recovered from ESS
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analysis of the 3D MHD simulation data are compared with
these models, and the best fit is identified. Our investigation
thus assists in validating the physical assumptions made ir
formulating the currently favored model, namely, ES)
with g=a=1/3 and C=1 giving {,=p/9+1-(1/3)?3. In
particular, we confirm the existence of a specific type of
extended self-similarity in the local rate of dissipation, with
exponents given by Eq8) with a=1/3 andC=1 giving
T,=—2p/3+1-(1/3)P. We also show that Kolmogorov’s re-
fined similarity hypothesis, in the form E¢L2), is satisfied.

Il. NUMERICAL PROCEDURES

The data analyzed here stems from a direct numerica
simulation of decaying isotropic turbulen¢see Ref. 13 for ™
additional details The equations of incompressible MHD
are written in terms of the vorticityw=V Xv, in order to
eliminate the pressure variable. These are solved by a pset
dospectral schemgsee, for example, Ref. 23Time integra-
tion is carried out by applying the trapezoidal leapfrog
method®* The aliasing error associated with this appr(fach
is reduced to discretization error level by spherical truncation
of the Fourier gric®

The simulation domain comprises a periodic box in Fou-
rier space with 512points. Initially the fields have random
phases and amplitudesexy —k?/ (2kg)] with ky=4. The ra-  FIG. 2. (Color onling Isosurfaces of sheetlikgD) coherent structures of
tio of total kinetic and magnetic energy of the fluctuations isthe squared gradient of th&" Elsasser field variable from the 3D MHD
set to one. Cross helicity, which is proportionalﬁg{(z*)z turbulence simulation of Biskamp and Mller.

-(2)?]dV, is absent throughout the duration of the simula-

tion. The magnetic helicityHM=1/2f,A-BdV, where B 1 B

=V XA, is set to 0.HY . HereHY. =EM/ky, whereEM is X = <<—f [6:2%)(x+ I’,t)]zdl'> > ~1%. (14
the energy in the magnetic field. The diffusivities n=4 o

X 1074 [ = . . o . . . .
10 imply a magnetic Prandtl numbéry,=v/2 of one This proxy, which involves a one-dimensional integration

.The run was perform_ed over ten eddy_ turnovc_ar .tlmgs‘rather than the full 3D integration of E¢f), facilitates com-
defined as the time required to reach maximum dissipation

when starting from smooth initial fields. Structure functionszﬁgsﬁ n d\r';'(tjh r:g'rf]‘}gﬂ,z%ﬁjggsenﬁ dMal]'sC?eoffo.erzslbir;if?s? in
and moments of dissipation are calculated in time intervalscompaltatiorzltime '
3;8';5066’[\2,221;_:5?&?|Z?C(jjtezcg(f§’ during which the turbulence The SL model adopted by Biskamp and Mdiller predicts

7)== 2p/3+1-(1/3)P. (15)

Il RESULTS This is simply Eq.(8) with a=1/3 andC=1. Gradients are

In the present paper, the gradient squared measumlculated from the data of Biskamp and M[ﬂﬁeusing a
(aizit))2 is used as a proxyfor the local rate of dissipation high order finite difference scheme, and the integral is per-
(8B;=9;B))?n/ 2+(dv;+dvi)?v/2. This proxy has recently formed by the trapezium method. Normalization by the spa-
been employed to study turbulence in the thermal ion veloctial average of viscous plus Ohmic rates of dissipation allows
ity of the solar wind as measured by the Advanced Compotime averaging to be performed. Figure 3 shows an example
sition Explorer(ACE) spacecraff,7 giving results consistent of the ESS and normalization procedure txzﬁ“) order p
with those presented below. This is particularly interesting=5 against ordep=3. Statistical self-similarity is recovered
insofar as the solar wind remains one of the few accessiblwith roll-off from power-law scaling akapproaches the sys-
system of quasistationary fully developed MHD turbuléhce tem size. This roll-off behavior at lardemay be due to the
although we note that MHD intermittency studies have alsdinite size of the system, since a more extensive part of the
been performed on the reversed field pinch experiffent. simulation domain is encompassed by the spatial average
Figure 2 shows isosurface plots of the gradient squared meé#éhe integral overd!’) as| increases in Eq(14). In Fig. 3
sure for the simulation of Biskamp and Mduller. Two dimen- points identified with this roll-off are removed, and ratio of
sional coherent structures dominate the image, suggestirggaling exponentsr,/ r3) is calculated from the remaining
the dimension parameter entering an SL model should equgloints by linear regression. These ratios are shown in Fig. 4.
two, as in the model employed by Biskamp and Muller. Fol-No significant difference between the scaling recovered from
lowing Eq. (6), statistical self-similarity in the dissipation z*) andz~ can be seen. This should be expected since no
measure is expressed as theoretical distinction needs to be drawn betweén and
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10 107"
1 00 102 / ]
Characteristic length
increasing
-2 s
107 ,u"; 10 gradient = 1
=
2 2
_ s
107} 10
Differencing length increasing
10°} 10°F
=] -6 N L 1
10 N M L 10 =) = =] 0 1
107° 107 107 107 107 10 10 0 10 10
(+)4.5
X|(+)3 §

FIG. 3. Extended self-similarity in the Elsasser field variablé gradient FIG. 5. Plotto I?St, K(_Jlmogorov‘s re_fingd similarity_hypothesis as applied to
squared proxy for the local rate of dissipaticorder 5 against order)3 ~ €xtended self-similarity, Eq12). This involves taking the product of the
compare Eq(13) with the gradient squared proxy from E@.4) replacing field variable gnd dissipative s_tructure fgnctlons, in co_ntrast_ to Flgs. 1 a_nd 3.
¢ Normalization by the space averaged local rate of viscous and Ohmié:dreéement with the hypothesis would give a straight line with unit gradient.
dissipation allows time averaging in spite of the decay process. Deviatiofiormalization was performed as in Figs. 1 and 3 to allow time averaging
from power-law scaling at largkis probably a finite size effect. The solid desPite the decay process.

line is the best fit in the linear region.

intermittent nature of the signal; large values affect the aver-

z") for the vanishing values of cross helicity present in thisage [the angular brackets in E¢14)] more as the ordep
simulation. The solid line in Fig. 4 shows the ratio predictedincreases. This effect is evaluated using a similar methodol-
by Eq.(15), in contrast to the dashed line which shows theogy to that in Ref. 30. If a worst case scenario is imagined,
ratio predicted by the SL theory for hydrodynamic where the average is strongly affected by one point in the
turbulence™® Caution must be taken when calculating high signal, one would expett sl members of the spatial average
order moments, since these are strongly influenced by thi@ Eq. (14) to be directly affected by this point, whe is
tails of their associated distributions. This can easily lead tdhe grid spacing. We can then define an event as incorporat-
bad counting statistics. The orderis only taken up top  ing I/ members of the spatial average. It is found that
=6.5 for the dissipation measu(mstead ofp=8 as for the ~=5% of the average is defined by only approximately ten
Elsasser field structure functiofidecause of the extremely events for ordep=6.5. This situation is of course worse for
higher values op.

Plots were constructed in order to test Efj2). This
involves taking the product of structure functions of the field

gradient = 1

2 . (+)2

(+)3

2
10°F
7 10k i Differencing length increasing
FIG. 4. Ratio of scaling exponen{®rder p over order 3 obtained via 1q7 . A . .
extended self-similarity from the Elsasser field gradient squared proxy for 107° 107 10”! . 10° 10" 10°
the local rate of dissipation. Errors in these measurements lie within the sf

marker symbols. Solid line shows ratios predicted by a She—Leveque theory
based on Kolmogorov fluid scaling and sheetlike most intensely dissipatind-lG. 6. High order test of Kolmogorov’'s refined similarity hypothesis as

structures, Eq(15). The dashed line shows ratios predicted by hydrody- applied to extended self-similarity, EGL2). Normalization is performed as
namic She—-LevequeRef. 10. in Fig. 5.
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