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Properties of single-particle dynamics in a parabolic magnetic
reversal with general time dependence

Sandra C. Chapman

Space Science Centre, University of Sussex, Falmer, England

We investigate single charged particle dynamics in the earth’'s magnetotail by examining a
reversal with simple spatial dependence (the field lines are parabolic) but with general time de-
pendence, which includes the associated induction electric field. The parabolic spatial dependence
has, in static models, been shown by previous authors to imply that various regular and stochastic
regimes of behavior exist, with particles remaining in a given regime for all time t. Here we show
that, in general, time dependence yields transitions in behavior between the various regimes of
regular and stochastic behavior. We identify three independent parametric coordinates which are
functions of the field spatial and temporal scales, and the particle gyroscales, and time, which
will indicate the regime of particle behavior at any given t. For specific time dependent field
models these parametric coordinates can be inverted to directly give the timescales for transitions
between one regime of behavior and another in terms of the field and particle spatial and tempo-
ral scales. These parametric coordinates have no direct analogue in static models. For a general
thinning and folding sheet (representing the magnetotail magnetic field close to the center plane
just before substorm onset) this characterization implies that stochastic dynamics may only occur
over a finite time period and may not occur under certain circumstances. This may have impli-
cations for our understanding of the role played by single particle dynamics in the destabilization

or reconfiguration of the magnetotail current sheet associated with substorms.

INTRODUCTION

A considerable body of work exists [e.g., Spetser, 1965;
Sonnerup, 1971; Chen and Palmadesso, 1986; Buchner and
Zelenyi, 1989; Chen, 1992; Wagner et al., 1979] on single
charged particle dynamics in simple static models of the
magnetic field reversal in the earth’s magnetotail. These
have led to studies of particle populations in the quasi-static
magnetotail [e.g., West et al., 1978; Chen et al., 1990; Chen
and Burkhart, 1990; Burkhart and Chen, 1991; Ashour- Ab-
dalla et al., 1991] and of conditions in the pre-substorm
plasma sheet [e.g., Pulkkinen et al., 1991] and its stability
[Buchner and Zelenyi, 1987).

Generally, the characterization of particle dynamics for
a given static model requires the numerical integration of
large numbers of trajectories (sufficient to sample all possi-
ble regions of phase space) for different values of the model
scaling [Gray and Lee, 1982, Chen and Palmadesso, 1986].
A given particle will map out the surface of a static torus in
phase space and the nature of this torus (that is, whether
it is regular or not) will determine the nature of the motion
(that is, whether it is regular or stochastic).

Special cases in which the field model is scale free can
be used to analytically characterize the particle dynamics.
A well-studied example is the model where the field lines
are parabolas which are static. In this static model, regular
and stochastic regimes of particle behavior were identified,
the particle remaining within a given regime for all time
t. The dynamics were shown analytically to be specified
largely (but not completely) by a constant parameter «, a
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function of the characteristic field strength and thickness of
reversal and the particle gyroradius [Buchner, 1986; Buch-
ner and Zelenyi, 1986, 1989]. In the static parabolic model,
this parameter plays the same role as the normalized energy
H defined by Chen and Palmadesso [1986]. The parameter
& (or H) will not completely specify the nature of the dy-
namics (i.e., whether it is regular or stochastic) [Chen and
Palmadesso, 1986; Chen, 1992] there being ordering with
respect to a second parameter (e.g., Figure 19 of Buchner
and Zeleny: [1989]; see also Chapman and Watkins [1993]).
The precise nature of some regimes of behavior in the static
parabolic model have also yet to be completely elucidated
[Chen, 1992]. However, it has been suggested that x will
characterize the limiting behavior of particles ( Buchner and
Zelenyi [1989]; see also Chen [1992] for a discussion of the
validity of these limits) and in this sense is a controlling pa-
rameter. In the static model, the value of the constant x
then “characterizes” the regime of behavior of the particles
for all 2.

More recently, dynamics in a parabolic field model with
simple time dependence (and corresponding induction elec-
tric field) was investigated [Chapman and Watkins, 1993;
Chapman, 1993], and it was shown that although the same
regimes of behavior existed as in the static parabolic model,
the particle dynamics migrated from one regime to another.
In the time dependent system, the torus in phase space
which the particle maps out changes with time. Specifically,
for a single trajectory, the torus may at early ¢ be regular
(so that the motion is adiabatic, conserving an approximate
invariant, such as p) in the sense that the system is close
to an integrable limit, but at later t be irregular (so that
the motion is stochastic). For the time dependent system
in general we cannot therefore determine the regime of par-
ticle behavior (i.e. the nature of the torus) at some ¢ by
integrating the particle trajectory over large t.
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General time dependence is therefore addresed analyti-
cally within the framework of the scale free spatial depen-
dence of the static model with parabolic field lines. In prin-
ciple, this field model could be used to describe the thinning
plasma sheet close to the magnetotail center plane just prior
to substorm onset. The spatial dependence of the parabolic
field lines again produces the same regimes of behavior found
in the static model, the time dependence allows the system
to migrate between one regime and another.

In this paper we will analytically derive three (time de-
pendent) parametric coordinates in the system with gen-
eral time dependence by examining the particle Hamilto-
nian equation of motion. These parametric coordinates have
no direct analogue in any static model. The values of the
parametric coordinates at any instant will characterize the
regime of particle behavior of the system at that ¢. This
“characterization” does not correspond to an exact specifi-
cation of the dynamics of a given particle. Instead, we will
show that the parametric coordinates will indicate at any ¢
whether the system is regular (i.e., close to the limiting case
of integrable behavior) or stochastic.

We establish the conditions on these parametric coordi-
nates which indicate a transition from one class of behavior
to another. These conditions then allow the time spent by
the particles in any one regime of behavior to be determined
for specific field models. For some models, including exam-
ples which describe the thinning presubstorm plasma sheet,
particles will only spend a finite time executing stochastic
behavior. If the reversal is sufficiently thin and changing
sufficiently quickly, intervals of stochastic behavior may not
occur. The transitions in behavior are illustrated with nu-
merically integrated trajectories in a simple “thinning” mag-
netic reversal (with time-varying linking field B.(t)).

The organization of the paper is as follows. We first dis-
cuss the geometrical constraints which allow the Hamilto-
nian to be written in a sufficiently simplified form to allow
analytical parameterization. We then review the normal-
ization of the static model required for parameterization,
and establish the extent to which behavior can be “char-
acterized” analytically. This normalization is then used to
parameterize the general time dependent system. We derive
the three parametric coordinates, and indicate the possible
regimes of particle behavior as regions in parametric coor-
dinate space. The consequences of possible trajectories in
this parametric coordinate space for motion in a thinning
reversal are then discussed, and numerically integrated tra-
Jectories in the simple thinning model are presented.

CONSTRAINTS REQUIRED TO OBTAIN PARAMETRIC
COORDINATES

Two significant constraints are required to analytically
obtain a simplified Hamiltonian equation of motion and
hence parametric coordinates which characterize the dynam-
ics.

First, we shall analytically examine a system of coupled
oscillators by essentially obtaining appropriate scaling of the
particle psendopotential ¥ so that we require a system with
Hamiltonian of the form

H=3 2 4900 (1)

where p; and g, are the generalized momenta and position
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coordinates of the particle. Given the form of the Hamilto-
nian in an electromagnetic field

_ 1 AN
H=5_—(p—eA) +e¢ )

we have the constraint that in an appropriate coordinate
system p-A(g;) = F(q;). In the Earth’s magnetotail this
is readily achievable by choosing invariance in the direction
of the cross-tail current (i.e. the GSE (Geocentric Solar
Equatorial) § direction) so that A = A4, with indepen-
dent coodinates q1 = z, g2 = z. The canonical momenta
are then py = ma, p» = mz with p3 = my + €A, as a con-
stant of the motion (which is zero in an appropriate frame).
The magnetic field is then confined to the z, z plane and is
given by contours of A,. In this Hamiltonian description
the system therefore has two degrees of freedom and four
time dependent coordinates %, #, £ and z, which describe
the trajectory in four-dimensional phase space.

Second, we seek to obtain parametric coordinates which
vary with time and the (constant) field and particle scales
only. If the parametric coordinates are a function of one
variable (¢) only it is, in principle, possible to then invert
them to obtain the times at which transitions in particle
behavior will occur for a given field model. As we will see
next, the choice of a field model that is scale free in space ef-
fectively allows the spatial dependence to be separated from
the field and particle scales. For static field models, this
leads (via appropriate normalization) to the determination
of parameters such as k [Buchner and Zelenyi, 1989] which
characterize the motion for all ¢. For time dependent mod-
els this yields time dependent parametric coordinates which
characterize the motion at any given ¢.

REGIMES OF BEHAVIOR IN THE STATIC PARABOLIC MODEL

The particle behavior in the static parabolic model has
been analyzed in detail by Buchner and Zelenyi [1989] and
Chen and Palmadesso [1986]. Here we briefly reiterate the
properties of the system to establish the regimes of particle
behavior that arise as a consequence of the geometry of this
model. In this static field, particles will remain within a
given regime for all ¢; with the addition of time dependence
these regimes are preserved, but particles can migrate from
one regime to another with time. We will then identify the
extent to which parameters such as k “characterize” particle
behavior.

With X, Y and Z corresponding to GSE coordinates, the
static model is

B= (B;—‘;Z,o, B,) 3)
E=0 @)

The Larmor scales associated with the constant linking field
B; define the spatial and temporal scales with which we can
“measure” all other spatial and temporal scales. Normaliz-
ing the magnetic field to the linking field B, temporal scales
to the inverse of the gyrofrequency in this field 2, = eB./m
and spatial scales to the particle gyroradius p. = v/Q., the
static field model becomes:

B = (aoz, 0, 1)

®)

E=0 (6)
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The parameter

o0 = i“,’:—:=:—2=ﬁ211) )
partially determines the particle dynamics [Buchner and
Zelenyi, 1989; Chen and Palmadesso, 1986; Chapman and
Watkins, 1993]. In addition, it can be demonstrated an-
alytically that at least one other parameter is required to
completely specify the regime of behavior of a given particle
in the parabolic model [Buchner and Zelenyi, 1989; Chap-
man and Watkins, 1993].

Since the static parabolic model has no intrinsic scale
height, this is effectively specified by the range of z values
of a given trajectory [see Chapman and Cowley, 1985]. This
can be illustrated as follows: if we renormalize the above
equations to give new variables z* = agz, t* =t (that is,
normalizing (3) to length p./aq instead of length p.), the
equations of motion describing the system become functions
of z* (and z*, y*) and ¢* only (note that htis also renormal-
izes velocities, i.e. v*(t*) = aov(t)). The single trajectory
given by 2*(t*) is either that of a particle with small ap and
large z(t) or large ao and small z(t). These correspond to
a trajectory with mirror points far from the center plane in
a “weak” (e.g., large-scale height k) reversal or a trajectory
with mirror points close to the center plane in a “strong”
(e.g., small-scale height h) reversal, respectively. Hence the
choice of oo does not uniquely distinguish dynamics in the
static model but does, as we shall see next, characterize the
dynamics by scaling the coupling between the z and z mo-
tion.

In the static parabolic system the equations of motion are

5= ao% —z (8)
Z= —ao(ao% — )z 9)

The Hamiltonian may be written

I-Z

2
Hy =7+%-+\I’o(do,z,2) (10)

where Hj is a constant of the motion and

22
A (11)

These equations describe the behavior of two nonlinear
coupled oscillators in £ and 2. The strength of the coupling
between the two oscillators will essentially dictate the na-
ture of the particle dynamics. To parameterize the coupling
strength, we can attempt to write the Hamiltonian in the
form for two decoupled oscillators. If the z and z oscillators
were decoupled, then the Hamiltonian

1 1
\I’o = E(ao x)2 = -EA?)

H = hz(oo, %, 2) + hz(ao, 2, 2) (12)

where

z-2
he = 5+ Yz(o, z) (13)

(14)

The Hamiltonian for the coupled system (10) can be written

z'2
h: = 5+ $z(ao, 2)
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as Ho = hzo + hzo with

heo = 4 227 (15)

-2 2
1 —
hzo = % + §z2(ao-;—)2 (1 —2z(ao %) 1) (16)
or
5'2 1 2 1 22
ho=Z +3° (17277

(17)

2.2 1, Z\2
hzo = 7 + 52 ((1’0 E) (18)

In the limit of a “strong” reversal

(19)

2
z
I ap— |> 1
T
and in the limit of a “weak” reversal

22
| eo— <1 (20)
the oscillators are weakly coupled, and (15)-(18) imply seg-
ments of motion with distinct £ and z frequencies wzo & 1
and w;o R @oz/2. One limit in which the motion completely
decouples corresponds to a zero reversing field B = 0 (or an
infinite sheet thickness compared to the gyroradius h/p, —
o), so that ap = 0 and from (17) and (18) (for finite z)
the z oscillator vanishes leaving gyromotion about the con-
stant linking field B, at the unnormalized gyrofrequency
22 = eB;/m, which has been normalized to wzo = 1. The
other limit, of vanishing linking field B; = 0 (or equivalently
a vanishing sheet thickness to gyroradius h/p, — 0) so that
ao — 0o has w,p — 00 and w;0 = 1 and does not decouple
the oscillators as written in (15)-(16). This limit does not
represent a neutral sheet as in the formalism used here the
scaling (7) cannot distinguish the physically meaningful case
of a vanishing linking field from the non-physical case of a
vanishing sheet thickness (see also Chen [1992]). However,
the time dependent parametric coordinate that will be ob-
tained from a generalization of the scaling (7) will be mean-
ingful for realistic time dependent field models appropriate
for the pre-substorm geotail in which the magnetic reversal
thins with increasing ¢ (i.e., those that do not include an
infinitely thin current sheet at finite t).

Two regimes of interest here can then be identified [see
also Buchner and Zelenyi, 1989; Chen and Palmadesso, 1986;
Chen, 1992]. In a reversal which is sufficiently “weak” with
respect to the particle motion (i.e., if ao is sufficiently small
that | @oz?/z |€ 1) the oscillators are weakly coupled. The
motion will be regular (in the sense that it approaches the in-
tegrable decoupled limit ap = 0) conserving an approximate
adiabatic invariant g = v, /B. The motion is characterized
by fast z oscillations about the field, with slow z bounce
motion between mirror points (i.e. wzo 3> wz) .

For larger values of a, such that | ao2?/z |~ 1 the motion
will become strongly coupled and will be stochastic. This
regime of behavior, characterized by a¢ > 1 or apg ~ 1,
corresponds to motion which is composed of segments of u-
conserving motion when the particle is far from the center
plane, and fast oscillations in z which are approximately
I.(= § v.dz) conserving as the particle crosses the center
plane.
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The simple scale free parabolic model can represent some
aspects of more phenomenologically accurate models of the
tail current sheet in a region close to the center plane. For
u-conserving and stochastic trajectories, stochastic behavior
resulting, for example, in jumps in the particle action p, oc-
curs as the particle crosses the center plane z = 0, so that in
order to examine the conditions for stochasticity in single-
particle dynamics we accurately model the spatial region
close to the center plane. The model should therefore be
relevant to trapped particles in more complex systems pro-
vided that the segment of the particle trajectory close to the
center plane of the reversal which results in its stochasticity
(e.g., where the pitch angle of i conserving particles is being
scattered) is contained within a region where the field lines
are approximately parabolic. Far from the center plane, the
particle motion will be regular in both the parabolic model
and more phenomenologically accurate models. An addi-
tional feature of more phenomenologically accurate models
will be the inclusion of loss cones, so that particles exiting
the parabolic region with sufficiently small pitch angle will
be lost from the system (e.g., transient orbits [Chen and
Palmadesso, 1986]).

THE PARABOLIC MODEL WITH GENERAL TIME
DEPENDENCE

We will now demonstrate that the introduction of time
dependence allows particle behavior to migrate between the
different regimes summarized above and will obtain conve-
nient parametric coordinates which characterize this migra-
tion. We will consider a magnetic field of the form

B = (£(T)B. 7,0, :(T)B. )

with vector potential

(21)

A= (0 f.BuX — f,B,Z + A(T), 0) (22)

with corresponding induction electric field

E= _% =y ( szxX + szzZ + EC(T)) (23)
where, in general, the magnetic field model does not con-
strain E.(T) = —A:(T), which depends upon the chosen
frame of reference. If, for example, the Z component of the
field is constant (f, constant) this “convection” electric field
E. can be removed by a de Hoffman Teller frame transfor-
mation [Chapman and Watkins, 1993]. Generally, and for
examples of specific interest such as a thinning model where
fz decreases with time, this will not be the case.

We can again use the characteristic normalization of the
static model, that is, to normalize the magnetic field to the
characteristic z field B, and distances and times to the
Larmor scales in this field. This yields

B = (fe(go)aon,0, £() (24)

Ay = Tl Il +AGE)  (29)

Q )

and
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E=y ( fzz + fza’o + Ec(nt )) (26)
z
where ag is as defined for the static model.

Note that since the spatial dependence of the model is
still scale free, we can again rewrite the equations that spec-
ify the system as independent of ap if we renormalize such
that the new position coordinates z* = aqz; the choice of
z"(t* = 0) then specifies the ag of the system. Since the time
dependence is in general not scale free this does not elim-
inate the additional dependence on the intrinsic timescales
contained in fz(2) and f(%).

The equations of motion are

2
t=gyf, = —ffz + £z (fzdo% - At) (27)

2
y=—fz+ fzao% — A =—~4Ay (28)

2
= —gaofez = ~aofzz (—fzz + fzaoiz- - Ae) (29)

The time dependent Hamiltonian equation of motion is

H= ;—t (362 +42)+¥) (30)

where
fog 2 o A\
A T+ f,) (31)

so that time dependence results in a pseudopotential which,
as well as having the same spatial dependence as in the static
model, is a function of time dependent parameters

fz(n‘,)
()"

1
\P=§A§——f,(

A1(t) = (32)

(4
NOESARS (33)
and the frame dependent A:(t). We can transform to the
(primed) frame in which Aj(f) = 0 with 2’ = £ + A/ ),
2’ =z, and t' = ¢, provided we do not attempt to take the
limit of vanishing linking field (i.e., provided Az 4 0). The
pseudopotential then becomes

2 2
¥ = %A;f =1y (z' - ,\1’—)

7 5 (34)

Once again these equations describe the behavior of two
nonlinear coupled oscillators in z and z. If in the accelerat-
ing frame, we attempt to write them in decoupled form in
analogy to (16)-(19), then

.’2

T 1
R, = -+ Exgz” (35)

) AN CAN
k., = ZT + % (AM:%) 2? (1 -2z’ (/\1 %) ) (36)

or
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-2
z' 1.2 1, 27

) N 2
B, = ZT +% (A,A;%) 22

so that now in the weakly coupled limit the frequency of
the z oscillator w. & A2 = f: is time dependent, the fre-
quency of the z oscillator w; & A;A22'/2 is also explicitly
time dependent, and the ratio of the two scales with ;.

In analogy to the static model, and as was demonstrated
for the simple time dependent model [Chapman and Watkins,
1993], the value of the parametric coordinate A;(t) scales
the strength of the coupling between the two oscillators. If
A1 = 0, then the motion decouples. If A, is sufficiently small
then the coupling will be weak, and the characteristic motion
can be regular p-conserving. However if A; becomes suffi-
ciently large (again “characterized” by A1 ~ 1 or Ay > 1) at
some later ¢, there will be transition to stochastic motion.

The behavior identified in the static model for different
ap (constant) for all ¢ by a0 € 1, ap = 1 and ao > 1 will be
just the behavior exhibited by the time dependent system
at different times, that is for A;(t) for times when A; € 1,
A1 ~ 1, and A; > 1. Hence for example, for A; (¢) increasing
with time, particles at initially small A (¢) will be 4 conserv-
ing and, as A;(t) increases will exhibit stochastic behavior.
We can estimate the time at which the transition between
particles being p conserving to being stochastic takes place
as when A; ~ 1, provided the particles cross the center plane
on that timescale.

In addition, since

(38)

2
W(A1, A2, 7, 2, As) = %,\3 (z -\ 2 + -’;;‘) (39)

then

oH . OH . oH
a,\ +dagy-+ Az

ov v
'F Azé’k + '1’314,

3\11
+ yEc

H = X=—

= Al

aw (40)

= /\ + XQ
since E. = —A: and using (28).

The change in the particle Hamiltonian with time is, as we
would expect, given by the change in the pseudopotential,
with an additional frame dependent contribution to v-E
from the y-directed “convection” electric field E.. The lat-
ter will contribute to the (frame dependent) energy of the
particle at any given ¢ but should not affect the characteri-
zation of the overall behavior, that is, whether the particle
motion is regular or stochastic.

Equation (40) suggests that X and ) scale the rate of
change of the pseudopotential and therefore also must be
parametric coordinates which characterize the particle mo-
tion. These two parametric coordinates refer to two classes
of adiabaticity, which appear since there are two timescales
on which the pseudopotential changes. These timescales
are just the characteristic particle Larmor period given by
X2 = wz = f: and the transition timescale given by A;. If
the pseudopotential changes slowly with respect to the Lar-
mor period then the particle motion is “adiabatic” in the
commonly referred to sense, that is,
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| wa |
Wz

& wy (41)

then the parameter

_ el _1fe]

dig = X - f (42)

must indicate “particle” adiabaticity with respect to Larmor

oscillations, so that if dA2 € 1 segments of u-conserving

motion may exist, and if dXz ~ 1 or dX2 > 1, there can be
no p-conserving motion.

The nature of the system (i.e. that it is two nonlinear
coupled oscillators with time dependence) has introduced a
second timescale: the transition timescale given by Ay ~ 1.
This timescale gives a slow change in the pseudopotential
with respect to the Larmor period, that is, the system is
adiabatic if

| X < ws (43)
so that the parameter
[A1] _ o, g .
= = I3 zl]z— JzJz 44

indicates system adiabaticity. If dA\; < 1 (the “slow pas-
sage limit”), then the transition is slow; that is, it occurs
over many gyroperiods, and segments of y-conserving mo-
tion may exist, whereas if dA\; ~ 1 or dA; > 1 (the “fast
passage limit”) there can be no p-conserving motion.

We can illustrate this by estimating the time taken for A;
to change from 0 to 1. Since

d;
dt

the change A\ =~ 1 will be slow (i.e., occur over many
gyroperiods) if the corresponding At 3 1/w, so that

ZA At AN (45)

(46)

as above.

In order to characterize trajectories we only need to iden-
tify the various regimes of behavior in A1, d)1, dA2 space.
The location of a particle at any ¢ is known in this space
as A1, dA1, and d)2 are just functions of ¢ and are specified
by the magnetic field model in which the particles move.
Possible classes of trajectory are shown on Figure 1, which
is a plot of the possible regimes of behavior in this para-
metric coordinate space. The notional trajectories shown
begin in a region of regular “adiabatic” motion, at a time
when A1 € 1, d\; € 1 and dA2 € 1 so that the motion
is p-conserving. This initial condition could correspond to
motion in a reversal at the early stages of thinning, so that
the spatial scale of the reversal is large compared to the gy-
roradius, and the field is changing slowly with respect to
both the gyroperiod and the transition timescale.

Two possible paths are shown for the particles as ¢ in-
creases and the reversal thins. If the transition A; ~ 1 oc-
curs while d\1 € 1 and d)2 € 1 (a slow passage through the
transition), the particles can continue to execute segments of
- conserving motion once A1 > 1. The transition is there-
fore into stochastic behavior, which includes segments of
both p-conserving motion and fast (I;-conserving) z oscilla-
tions across the center plane. The motion can only continue
to execute segments of u-conserving motion while dA; € 1
and d); < 1, if at some later ¢ this is no longer the case
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dh, d,

FAST

stochastic

SLOW

1
}\'1
Figure 1. Notional trajectories for slow and fast passage transi-
tions for a thinning reversal are marked on a plot in parametric
coordinate d\;, d\3 versus A; space. The different regimes of par-
ticle motion are marked on the plot (dashed lines indicate their
notional boundaries).

(as shown), the motion will be entirely composed of fast
(Iz-conserving) z oscillations. If on the other hand the tran-
sition A; ~ 1 occurs after dA1 ~ 1 or dA; ~ 1 (a fast pas-
sage through the transition) then segments of p-conserving
motion cannot exist after the tramsition A; ~ 1. In this
case, stochastic motion composed of segments of both pu-
conserving motion and fast (/,-conserving) motion cannot
occur, and the transition will be from a single period of
regular p-conserving motion to a single period of regular
I,-conserving motion.

It should be emphasised that the condition for a slow or
fast transition is not simply whether the system is changing
slow or fast with respect to the particle gyroperiod (indi-
cated by dAz) but also whether the change is slow or fast
with respect to the transition timescale (indicated by dA;).

NUMERICALLY INTEGRATED TRAJECTORIES

Previously, trajectories were numerically integrated in the
simple time dependent model of Chapman and Watkins [19-
93] using a model field where f: = T/ = t/(Q.7) (where
7 is the timescale on which the field changes) and f, =1
so that A\ = aot/(Q.7) = at, A2 = 1, then dA; = o was
a constant and dA> = 0. Trajectories were then found to
exhibit a transition in behavior when ¢ > 1/a, that is, when
A1 ~ 1, and to be ordered in behavior by the constant dA; =
a. On the plot in parametric coordinate space, trajectories
would be horizontal lines, the particle moving to the right
(increasing A;) with increasing t. The parametric coordinate
dA2 could not be identified in this model as it was zero for
all trajectories.

In order to further illustrate the above results, a simple
field model has been selected which has the property that
A1 = A1(8), dAy = dA1(t), and dA; is constant; trajectories
in this model then exhibit transitions with respect to both
A1 and dA; and are ordered with respect to d);.
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Unnormalized, the magnetic field is

B.Z B,
B= ,0,
( h "7 (To + %))

which represents a “thinning” field; that is, the linking field
decreases with £. The corresponding electric field

B __B:X
=Y\ T+ Iy

has E.(T) = 0, this corresponds to a frame of reference in
which the field line passing through X = 0, Z = 0 is at rest.
We may move into an E.(T) # 0 frame by acceleration in
the =z direction; in the moving frame the particle initial ve-
locity and subsequent energisation will differ (from equation
(40)), but the z(¢) will be unchanged.

Again, normalizing the magnetic field to a characteristic
linking field B, time to the inverse of the gyrofrequency
in field B, (that is, to 1/S., and length to a characteristic
gyroradius p, = v/, yields

(47)

(48)

B= (ozoz,O (49)

1 )
(& + 57
The parametric coordinates for this system are

cao (4 b)
M=o (n,+n,r

(50)

(51)

(s 11] to i _ 1
=g (n—, + Q_zr) =a. (52)
D = (53)
2= Q.7

Examples of a fast and a slow passage in this model are
sketched in parametric coordinate space in Figures 2a and
2b, which show lines given by (52) and (53), respectively.

In order for a particle to undergo a slow passage, we re-
quire that as ¢ increases A\; € 1to A1 > 1, while both d\; <«
1 and dX; € 1. From Figure 2a we see that this particle
(represented by the line marked slow) will, if A1(t =0) < 1,
initially, execute p-comserving behavior. Once A; > 1 the
motion will become stochastic, exhibiting segments of both
p-conserving behavior when far from the center plane, and
fast z oscillations across the reversal when close to the center
plane. Once dA; > 1 the motion will be entirely composed
of fast z oscillations across the reversal. This scenario re-
quires dA; <€ 1, as shown by the horizontal line marked
slow on Figure 2b. From (52) and (53) this trajectory re-
quires Q2,7 > 1 so that both dl; € 1 and the gradient of
(52), which is 1/(Q.7) < 1. In addition, % /Q. must be
sufficiently small that all three parametric coordinates are
much less than one at the start of the trajectory, so that the
motion is initially g-conserving.

A numerical solution of such a trajectory is shown in
Figures 3a and 3b. The equations of motion were inte-
grated using an adaptive order and adaptive stepsize scheme
[Shampine and Gordon, 1975]. The normalization is the
same as used in the above discussion, (i.e. to length p,
and time 1/Q;). The field model then has oo = 0.01 (a
weak reversal) , Q,7 = 25 (a slowly changing reversal),
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Figure 2.Notional trajectories for slow and fast passage transi-
tions in the simple thinning model given in the text marked on
plots in parametric coordinate d\; (a) and dAz (b) versus )3
space. The different regimes of particle motion are marked on
the plot (dotted lines indicate their notional boundaries).

and to/(9;) = 0.01. The trajectory has initial position
r = (5 x 1072,0,1), with the z position chosen such that
the renormalized system would have z*(t* = 0) = aoz(t =
0) = ao and the z position chosen such that initially the
particle lies on the rest field line defined by the choice of
E.(T) = 0. The initial v = (0,0.5,—0.01) at ¢ = 0, with
the velocity components chosen to ensure that the particle
crosses the center plane z = 0 on a shorter timescale than
the transition timescales of the system.

Once t/(Q2.7) > 0/, that is, once t > 0.25 (approxi-
mately a quarter of a gyroperiod) the parametric coordinates
are just

t (54)

o~ %0
D [t (55)

1
Q.7 (56)

which yield the transition times, that is, Ay ~ 1 at t =
Q.7/a0 = 2500, and dA; ~ 1 at t = (Q.7)*/ao0 = 62500
(dAz = 1/25 <« 1 for all t). We can compare these times
with the numerically integrated trajectory shown in Figures

dAy =
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3a and 3b, which are plots of z(t) and z(¢). The period in
time spanning from ¢ = 0, so that A\; < 1, to ¢ = 10000, so
that A; > 1, is shown in Figure 3a. The z motion appears
almost linear due to acceleration in the induction electric
field, and the z motion is oscillatory. From the z motion
we see that before ¢ = 2500 the motion is composed of fast
oscillations combined with a slow bounce motion, the par-
ticle is not strongly pitch angle scattered on crossing the
center plane (the mirror points at ¢ = 750 and ¢ ~ 2000 are
at approximately the same z). However, once ¢ > 2500, an
interval of stochastic motion begins; on each crossing of the
center plane the particle executes fast z oscillations before
being ejected to execute a segment of u-conserving motion
away from the center plane. In Figure 3b the same trajectory

a

8000

0 2000 4000 6000 10000 12000
t

_40 0.5 1 15 2 2.5 3 35
s t x105
o210 . - . . .
1.5 R
x 1} 4
0.5 E
0 . . . . . \
0 0.5 1 1.5 2 25 3 3.5
t 5
x 10

Figure 3,A numerically integrated trajectory undergoes slow pas-
sage in the simple thinning model. The panels show z(t) (top)
and z(t) (bottom). The plot Figure 3(a) starts at the initial
condition (¢ = 0) and shows a time period spanning A;(t) < 1
to A1(t) > 1. The plot Figure 3(b) starts at the initial condi-
tion (f = 0) and shows a longer time period which also spans
dXi1(t) < 1 to dA1(t) > 1. In this model dA2 is constant and
dAz < 1 for this trajectory.
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Figure 4.A numerically integrated trajectory undergoes fast pas-
sage in the simple thinning model. The panels show z(t) (top)
and z(t) (bottom). The time period starts at the initial condition
(t = 0). The initial conditions and model parameters are identical
to the plotted trajectory in Figure 3, except that now diz > 1.

is plotted from ¢ = 0 to t = 3 x 10°, that is, until dA; > 1.
The particle continues to execute stochastic behavior; at
each subsequent crossing of the center plane the segment
of fast z oscillations is longer in time until ¢ ~ 1.2 x 10°
(dX1 ~ 2) when the motion becomes entirely composed of
fast z oscillations. Hence as implied by the above analysis,
the conditions A1 — 1 and dA1 — 1 (with dX2 € 1) give
the approximate times after which a transition in dynamics
will occur, the exact times at which the dynamics can be
identified to change being dependent upon initial conditions
(being sensitive to the times at which the particle crosses
the center plane, for example).

The fast trajectory sketched in parametric coordinate
space in Figure 2 corresponds to the gradient of (52), 1/(Q.7)
> 1. However this implies dA; > 1, so that segments of
u-conserving motion cannot exist. A numerical solution of
such a trajectory is shown in Figure 4, in the same format
as Figure 3. The field model in this case has identical pa-
rameters to above, except that now Q.7 = 0.02 (d); = 50);
that is, the reversal now changes quickly. The initial po-
sition and velocity of the particle is also identical to the
previous case. From Figure 4 the motion can be seen to be
entirely composed of fast z oscillatory motion and appears
to be regular.

CONCLUSIONS

Under certain constraints we can obtain a system which
yields parametric coordinates which are functions of the field
and particle spatial and temporal scales, and time, that
characterize particle dynamics of a time dependent rever-
sal with parabolic field lines.

Provided that the particles cross the center plane on the
transition timescales identified in the system we have shown
the following;:

1. In general, the different regimes of particle behavior
may be ordered with respect to three time dependent
parametric coordinates which are readily obtainable
for a field model of any given time dependence. Essen-
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tially, these are given by the (time dependent) scaling
of the strength of the coupling between the z and z
oscillatory motion and the particle and system adia-
baticity.

2. For the case of a thinning reversal, two types of transi-
tion are possible: a slow transition from pu-conserving
to stochastic motion, then subsequently to regular
motion entirely composed of z oscillations across the
center plane, and a fast transition into z oscillatory
motion with no interval of stochastic motion.

3. For specific models for the field the parametric coordi-
nates can be inverted to give the approximate times at
which transitions between the different types of mo-
tion occur.

Multispacecraft in situ measurements, such as those of the
proposed Cluster mission [Rolfe, 1990 and references therein]
are needed to unambiguously determine both the character-
istic length scale and timescale of the field in terms of the
particle Larmor scales. This will allow the parametric co-
ordinates to be determined and hence give estimates of the
times at which transitions between one class of motion and
another should occur. In particular, this should allow the
duration of the period of stochastic motion to be determined.

It has been suggested that the change in the particle dis-
tribution as the dynamics evolves in the presubstorm thin-
ning plasma sheet may produce substorm-related instabili-
ties [Buchner and Zeleny:, 1987] or may thermalize the dis-
tribution sufficiently to lead ultimately to a reconfiguration
of the magnetotail [Cowley, 1991; Mitchell et al., 1990, and
references therein]. The implication of these results, that
stochastic motion may persist for a finite time or under cer-
tain circumstances may not occur, may therefore have im-
plications for our understanding of the role played by single-
particle dynamics in the substorm cycle.
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